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Motivation

Long-term Stability of Periodic Orbits in the Earth-Moon System




Circular Restricted 3-Body Problem (CR3BP)

* Motion of m3 (s/c) under gravitational
effects of mq (E) & m, (M)

* Assume m3 K my,m,

* M4, M, in circular orbits about mutual

barycenter L,

* Study motion of m5 in the synodic rotating
frame s.t. m; , remain fixed
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Families of Periodic Orbits




Earth-Moon L, Halo Orbits
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Earth-Moon L, Halo Orbits

Ly Halo Family Stability
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How can we rigorously characterize the stability of trajectories in this region?
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Long-term Confinement in Hamiltonian Systems

H(q,p) = Hy(I) + €H,(q, p)
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Long-term Confinement in Hamiltonian Systems

H(q,p) = Hy(I) + €H,(q, p)

KAM (Kolmogorov-Arnold-Moser) Theory: Nekhoroshev Theory (1977):

* Survival of sets of positive measure covered by * Bound the drift of trajectories over exponentially
invariant tori (for € > 0 small) long but finite times

* Trajectories on invariant tori lie on the torus V¢t; * In near-integrable Hamiltonian systems™, variation
hence, perpetual stability in I remains strictly bounded for T « exp(e~%)

[ Dynamics near periodic orbits can be constructed as nearly integrable }




Normal Form Construction

For Fixed Points of Poincaré Maps via Jet Transport

Normal Form Construction



Generating Map Dynamics via Jet Transport

[y

Normal Form Construction
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Generating Map Dynamics via Jet Transport

P(x, + &) = Poincaré
Iy y return map
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Generating Map Dynamics via Jet Transport

P(x, + &) = Poincaré
Iy 3 return map

[Je’r transport used ’roJ

generate expansion

P(Xy +¢&) =G(&)

—_— k=0 |j|=k

Normal Form Construction




Generating Map Dynamics via Jet Transport

P(x, + &) = Poincaré
Iy 3 return map

[Je’r transport used ’ro]

generate expansion

5 P(EO‘FSE)_G(SE)

% =) 2, G"s”
e k=0 |j|=k
[Goal: Normalize dyndmics}/

Normal Form Construction
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Normalization via Near-ldentity Transformations

Linear Normalization

Diagonalize linear system:

A = V16V = diag(1y, 15, A7, 45D
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Normal block of Monodromy matrix ®(T')

Normal Form Construction
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Normalization via Near-ldentity Transformations

High-Order lerative Scheme

Diagonalize linear system:

A = V16V = diag(1y, 15, A7, 45D
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Normal block of Monodromy matrix ®(T')

Linear change of variables: ¢;(&) = V¢&

Normal Form Construction



Normalization via Near-ldentity Transformations

High-Order lerative Scheme

Diagonalize linear system: Apply near-identity changes of variables:

A =V716Y = diag(Ay, A5, 275, 250 k(&) =& — xk(),
/'

Normal block of Monodromy matrix ®(T')

Linear change of variables: ¢;(&) = V¢&

Normal Form Construction
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Normalization via Near-ldentity Transformations

High-Order lerative Scheme

Diagonalize linear system: Apply near-identity changes of variables:

A =V716Y = diag(Ay, A5, 275, 250 c(§) =& — xx($),
e Rl (k=1)

Normal block of Monodromy matrix ®(T) ¥ie(&) = E bjfj b = ji
) , B ]
ljl=k / A~ 4

Linear change of variables: ¢;(&) = V¢&

Solution to a homological equation!

[ (Al — }l])b],l — R]{fi(k_l) —\I%Z(k) ] [ Diophcm’rine: |/1l — Ajl > % for |]| =k }
Y
0 (unless unavoidable resonance)

Normal Form Construction
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[ Normalizing change of variables: c(§) = cyocy 020 cy(&) J
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[ Normalizing change of variables: c(§) = cyocy 020 cy(&) J

cThoGoc(§) =FM(O+RME)

Normal Form

4 h

Integrable Twist Map

Normal Form Construction



[ Normalizing change of variables: c(§) = cyocy 020 cy(&) J

cThoGoc(§) =FM(O+RME)

Normal Form

4 h

Integrable Twist Map

z' = FWN(z,7), z; = z; exp (iﬂgm (r))

N : - :
Qf )(‘r) = nonlinear 1 = z;Z; = orbital = const.

\ frequencies delell j

Normal Form Construction



[ Normalizing change of variables: c(§) = cyocy 020 cy(&) J

cTtoGoc(®) =FM@+ R

Normal Form Remainder
4 Integrable Twist Map N Non-integrable Remainder A
z' = FWN(z,7), z; = z; exp (iﬂgm (r))
QEN) (r) = nonlinear 17 = z;z; = org.i.'rql = const,
\ frequencies radi j \ /

Normal Form Construction



[ Normalizing change of variables: c(§) = cyocy 020 cy(&) J

cTtoGoc(§) =FN(E) +RME)

Normal Form Remainder

Integrable Twist Map N

2= FM(2,7), 2! =z exp (mgm(r)) RM (&) o« 0(JEIN*1

4 )

Non-integrable Remainder

(V) 5 _ Encapsulates all non-integrable terms...
Q;"(r) = nonlinear 1 = z;Z; = orbital = const.
\ frequencies radii j \ Exclusively drives drift away from fixed point j

Normal Form Construction



[ Normalizing change of variables: c(§) = cyocy 020 cy(&) }

cTtoGoc(®) =FM@+ R

Normal Form Remainder

Integrable Twist Map A (

2= FM(2,7), 2! =z exp (mgN><r)) RM (&) o« 0(JEIN*1

Encapsulates all non-integrable terms...

4 )

Non-integrable Remainder

QEN) (r) = nonlinear 17 = z;z; = orbital = const.
\ frequencies radii j \ Exclusively drives drift away from fixed point J

[Bound | RW) |, over a local domain ]—[ Establish Nekhoroshev escape times ]

Normal Form Construction




Proof Sketch

Classical Analytical Bounds

Proof Sketch
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Cauchy Estimates

Estimate size of coefficients of the initial map:

C
Cy = 2 |ij| Sﬁ

ljl=k

Proof Sketch
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Estimate size of coefficients of the initial map:

Proof Sketch



Cauchy Estimates

Estimate size of coefficients of the initial map:

¢
Cr = 2 |G| < 5

ljl=k

Coefficient Growth due to Normalization
lterative Lemma:

N

2N7*
ey =l R Il < & (=)

Truncated Remainder Bound

Let a < g be a target physical confinement radius.
Then:

2a 4
I RM |, < e, (7) (AaN™V, A=—

Proof Sketch



Cauchy Estimates Optimal Normalization Order

Estimate size of coefficients of the initial map: Factorial growth of coefficients will overtake
~ geometric decay of high-order polynomials.

K C

Ck’=2|Gj|S~—k . »
T2k P Stop normalization at the optimized order to

minimize size of the remainder:

Coefficient Growth due to Normalization 1,1 %
lterative Lemma: Nopt = argminy (AaNT)N = |— (_)
e \Aa
N

2Nt
ex = 1R Iy, < e (=)

Truncated Remainder Bound

Let a < g be a target physical confinement radius.
Then:

2a 4
I RM |, < e, (7) (AaN™V, A=—

Proof Sketch



Cauchy Estimates Optimal Normalization Order

Estimate size of coefficients of the initial map: Factorial growth of coefficients will overtake
~ geometric decay of high-order polynomials.

C
Cy = z|6}‘|s~—k . .
T2k P Stop normalization at the optimized order to
minimize size of the remainder:
Coefficient Growth due to Normalization 1,1 %
lterative Lemma: Nopt = argminy (AaNT)N — E (E)
2NT\N
en =1 R® Iy, < & () —
14 Radial Drift

Let (z,z) be the complexified NF coordinates. For

. . . . . 2 =
Truncated Remainder Bound eachi =1, ..., n, define the orbital radius: 17" = z;z;

Let a < g be a target physical confinement radius.

Then: The one-step drift in radius is bounded by:

2a 4 |Ar; | < || R(Nopt) |.< €
IR |, < 6, (7) (AaN®N, A= — i a< €opt

Proof Sketch




Main Results

Stability Time + Confinement Region

Main Results



Theorem: Effective Stability Time




Theorem: Effective Stability Time




Theorem: Effective Stability Time

D |f:
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confinement radius

Main Results
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Theorem: Effective Stability Time

If:

© L
27 €Dap - A= 00= gm0

confinement radius
Then:

Z(k) € Da' Vk < Teff(a)

Tefr(a) = C exp (T %(A_la)TD

Effective stability time

A=4/py & C = p/4e, positive constants

Main Results



Theorem: Effective Stability Time

|f:
© 1
z € Dayo, S Qo = o
-
If a trajectory is guaranteed to remain stable for an exponentially long
time, what is the region that contains it during that time?
. ,
X0 eD,, Vk < Ter(a)
1
aj? 1/1\z
Teff — EXP \T |— (—)
(4

= 4/py & C = p/4€, positive constants

Main Results



Corollary: Confinement Region

Let T > C be a prescribed minimum effective stability time.

Main Results



Corollary: Confinement Region

Let T > C be a prescribed minimum effective stability time.

To guarantee confinement of the discrete trajectory Vk < T, the confinement
radius a must be bounded by:

a(T) <

(i in ()

4
where A = — and C = L.
pY 4€;

Main Results
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Earth-Moon L, Halo Orbits

L, Halo Family Stability

What is the
confinement region?
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T = 2x10° years

radii=(0.0002,0.0002), nmesh=(64,64)

-0.20195

-0.202

-0.20205

[H

-0.2021

a(T) = 38 km
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T = 2x101° years Comparison: Sun-Jupiter L,

radii=(0.0002,0.0002), nmesh=(64,64)

-0.20195

-0.202

-0.20205

-0.2021

-0.20215 ¢

-0.2022

Giorgilli, Delshams, Fontich, Galgani, Simé (1987)

a(T) ~ O(1 km) —» 0(10% km)

Main Results
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Cauchy Estimates
Cauchy estimates of the initial map:

Ck =
ljl=k

Goal: Estimate size of Taylor
coefficients of the initial Poincaré
map

Classical technique (see Papa

Rudin) to give optimal bounds on
derivatives of a holomorphic
function.

Proof For analytic maps on D), the standard Cauchy estimate gives:

1
k
16k < =

© sup |G (s)].
P

Isloo<p
Let M be the constant
M= sup |G(s)l,
Isloc<p
so that the previous inequality is written more simply as:
641 < 2.
Now, we bound the Cy by

M M(n+k-1
G < —=—( ) 28)
U\Z:kpk pk k

where the binomial coefficient comes from the number of j such that |j| = k in dimension
n.
To bound the binomial coefficient, consider

ntk—1\ (k+n-D' 1 =
( k )* K= 1! *(n—l)!"l_[(ker)'

n=1
Forallk > landalll<m<n-—1,

k+m<k+m-—1),

n—1
n(k+m)<(k+n71)"’l. (31)

m=1

Since k > 1, we have that (n —1) < (n— 1)k and thus (adding k to both sides) k+n —1 < nk.
Substituting this into the previous bound:
_ n—1
nk=1) T et gy et (32)
k (n—1!
Thus, substituting the bound on the binomial coefficient, we obtain the new bound for Cy. as:
M-b
Cr < —— k"1 (33)
P
Next, we need to remove the polynomial growth of the k"~!, a common Nekhoroshev
trick. Call C = M - b, so that we have
(34)

We want a bound of the form:

Proof Sketch

with explicit constants. The trick will be to replace k" ~! by some exponential in k and slightly
shrinking the analyticity radius. Hence, we find a constant for “exponential domination.” Fix
€ > 0. Consider the function for x > 0:

fx) =x""leer, (36)

This function f is smooth and has a global maximum since f — 0 as x — oo. Taking its
derivative, we get

Fl@x) =x""1e™ (n—1) —ex). 37

So, the critical point is: x4 = (n — 1)/€. And the maximum value occurs at xx and is

n—1
o= (222 e
€e

The discrete version for integers k > 1 gives the bound
n—1 n—1
kn~1 < (7) eek‘ (39)
€e

Hence, we use this bound on the polynomial growth to obtain a uniform bound on the Cy

via:
c _C (n-1\""_,
Gspsple) < S

Denote by € the new constant term
C=C-(n—1/ee)" L.
Convert the remaining exponential into a slightly smaller radius
1 1
—~ ek = —-
P (pe=€)

< p, and note that 5 — p as € — 0. Finally, we obtain the desired

(42

—€

Define p = pe
Cauchy estimate:

Ce < - 43)

u]




Coefficient Growth due to Normalization

lterative Lemma:

2NT\N
en =1 RM |, <e

Lemma 2 (Coordinate Transformation) Let p > 0 be the radius of the polydisc D, C C". Let
GK&=1 (s) be the homogeneous polynomial of exact degree k representing the un-normalized
terms after k — 1 steps. Assume the linear frequencies satisfy the Diophantine condition
|Ai = M| > [ for v > 2 and for all | j| = k.

Let$§ = & be the domain shrinking factor. Then, the homogeneous polynomial xi (s) of
degree k that solves the homological equation satisfies:

1. Function bound: || x|, < "7 | RE-&=D
41

2. Derivative bound (Cauchy estimate): |[Dxx |l ,—s < % | R &=Dy 5.
Moreover, if the un-normalized terms are small enough to satisfy the threshold condition

ok (k=1) 1
—_||R% k= < -,
5y | lp < 2
then the coordinate transformation ci(s) = s — xx(s) satisfies the following diffeomorphism
guarantees:

(46)

3. Forward Map: cy is a biholomorphism onto its image, mapping D,_s — D,;

1

4. Inverse Map: The inverse transformation c, " is rigorously defined as an analytic mapping

—1.
ck . Dp_25 —> 'Dp_g;.

Lemma 3 (Composition and Remainder Bound) Assume the hypotheses of Lemma 2. Further-
more, assume the intermediate map G*~V satisfies the domain bound ||G>% &1 || p—28 S
8/2. Then, the newly composed map after the k-thnormalization step, G® = ¢! oG* Doy
satisfies:

1. Domain of Analyticity (Topological Validity): The full map G® is a well-defined analytic
function on the shrunken polydisc D,_35, and it maps this domain strictly into D,,.

2. Recursive Remainder Bound: There exists a universal constant C > 0 such that the norm
of the new remainder is bounded by:

kt
k k,(k—1 k,(k—1
IR®|,, < IR ’||pk,l+7||R‘ Mooy

kr+l k2t 1 k
HIRSEDI, [ fua (— + —)]
Pt lpe-1y Y2 \8  pr—1

Lemma4 (Iterative Lemma) Assume the hypotheses of Lemma 2 and 3 hold for all steps
k < N. Define the quantities:

Pk ‘= pk—1 — 36, (110)
& = IR, (1)
Define the linear small divisor and quadratic penalties by

NT 2 N'H—l 8 N2!+ 1
L:=—, Q= + 7 (112)
14 194 9%
respectively. Suppose the initial perturbation €, satisfies the strict threshold condition
< L
QL ————-
23 00 +20)N2
Then, for all 2 < k < N, the quadratic remainder terms remain strictly bounded by the
linear terms, Q€y_1 < L, and the sequence of remainders € satisfies the recursive bound:

(113)

2NT
€ < €-1(1+2L) < €1 . (114)
14

Consequently, unrolling this recursion yields the factorial-type bound:

2NT N
eNgéz( ) .
14

Proof Sketch



° Proof By the geometric definition of domain shrinkage, the radius of analyticity after N
Truncaied Remqlnder Bound normalization Steps is:

B - . . N
Let a < . be a target physical confinement radius. p=p=3 35=p-3w(L)=p-L
Then: =

Thus, by Lemma 4, the remainder R™") is a well-defined analytic function on the polydisc
D,/> and its norm is bounded by:

_Pr
=3 (131)

2a
I RM |, <e, " (AaN®)V,

2NT\V
||R‘N)||p/z=eN<ez< » ) (132)

Because N steps of the normal form procedure have been completed, all non-resonant terms
up to and including degree N have been eliminated from the remainder. Consequently, the
Taylor series expansion of RY) around the origin begins with terms of at least degree N + 1.

G od I . TrCI ns I d fe CcO effiCie n1' b oun d i n1'0 By the general Schwarz Lemma (or standard Cauchy bounds), the norm of such a function

on a smaller interior domain D, (where a < py) scales strictly by the ratio of the radii to

g eom e1' ric b oun d on 1'h eq C‘|'U ad I remd in d er the power of the lowest non-vanishing degree. Therefore, projecting from py down to a, we

obtain:
o L] [ [ N+l
function evaluated over a specific domain. o, <, (2) )

Substituting py = p/2 yields the spatial decay factor:

Final component before optimizing RO, < ex (%)”“,
Truncation Order (in The USUGI WGY)- Finally, inserting the recursive bound from Lemma 4, we obtain:

INT\N /24 \ N+
(N) -
Lemma5 (Truncated Remainder Bound) Let the assumptions of Lemma 4 hold. Let a > 0 be IR Nl < €2 ( y ) ( ) ) '
a target physical radius such that a < p/2. Then, the remainder R™N) after N normalization
steps, evaluated on the strictly smaller polydisc D,, satisfies the exact algebraic bound:

2a 4aN*\N
(V) 2a o N IRM|, < e (—) ( ) :
IR |lo < €2 — ) (AaN")", A (130) P 1%
0

Finally, defining the geometric constant A = % completes the proof.

Factoring out one power of (2rp) aligns the exponents:

Proof Sketch



Optimal Normalization Order

Factorial growth of coefficients will overtake
geometric decay of high-order polynomials.

Halt normalization at the optimized order to minimize
magnitude of the remainder:

1
| 1\7
Nopt = argminy (AaN")N = o

Proposition 6 (Optimal Truncation) Assume the remainder after N normalization steps sat-
isfies the bound:

2a 4

IRM, < e (—) (AaNDN, A= — (137)

o Py
with €, p,y,T > 0 constants independent of N and a. For a fixed physical radius a,
satisfying the strict algebraic condition

1

the optimal number of normalization steps, Nop; > 2, that minimizes the remainder bound
is:

1/ 1\~
Nopl: ;(E) . (139)

Evaluated at Nop:, the remainder is exponentially small with respect to a, satisfying

2a
IRM|. < e (7) exp(—7 Nops).

Proof To prove the upper bound of the remainder, we isolate the factor that depends on the
normalization order N. Let

g(N) = (AaN)V, (141)
where N here is thought of as a continuous (i.e., not discrete) variable. Since the pre-factor
€2(2a/p) > 0 and is independent of N, it suffices to minimize g. Moreover, since g(N) > 0

for N > 1, the minimum of g(N) coincides with the minimum of In g(N), so we will
minimize the latter:

Ing(N) = NIn(AaN") = NIn(Aa) + tNInN (142)

Computing the derivative with respect to N, we get:

d T
N Ing(N) =In(AaN®) +t

Setting the derivative to zero yields
In(AaN®) = —1,

and exponentiating gives

Solving for N, we obtain:
1
(i)
N=-|—
e \ Aa

2

d T
Tz ey =5 >0. (147)

Note that this is a minimum by

Because the normal form procedure requires a natural number of steps, we select the optimal
discrete order by taking the floor

Nopt = ! ! : 148
P e\ Aa ’ (148)

Let us show now that Nop > 2. If a < ﬁ we can simply plug in this value of a to the
expression for Nop to find

1 T
o ()
A (/\(2&')’ )

To compute the magnitude of the remainder at this optimal order, we substitute the exact
optimal relationship back into the continuous function g(N):

8(Nopt) = (AaNop)™? < (e7")Nor = exp(—7 Nopr). (150)
Multiplying by the N-independent pre-factor, the total optimal remainder bound is

N < 2ﬁ _
IR la < €2 o exp( TNopt)-

This completes the proof.

Proof Sketch



Radial Drift

Let (z,Z) be the complexified NF coordinates. For
each i = 1, ..., n, define the orbital radius: T'l-z = Z;jZ;

The one-step drift in radius is bounded by:

|Ar| < Il RWMowt) < €qp

Proposition 7 (Radial Drift Bound) Let (z, z) be the complexified normal form coordinates
in the local polydisc D,, where z; = x; + 1y;. For each degree of freedom, j = 1, ..., n, we
define the orbital radius in the i-th phase plane as ri2 = z;Z;. Under the discrete Poincaré
map GNert, the one-step drift in the radius Ar; = ri('l) - r[-(o)
exponentially small remainder. Specifically, for any point in D,

is strictly bounded by the

|Ari| < ||[RWer)||, (152)

where || RN ||, < e Nopi» the exponentially small upper bound derived in Proposition 5.

Proof Innormalized coordinates, the Poincaré map decomposes into an integrable twist map,
F®opt)  and the truncated remainder, RMort) | where the i-th element of the integrable twist
map is given by:

F (29, 20) = 20 exp[ian (). GL53)

Consequently, the twist map is an exact isometry on the radii, hence preserving the radius

]

N v
IF," | = 120 = 1. (154)
Applying the map, the updated i-th coordinate is

Nopt) " N, -
) = @0, 29) + &y 9, 29), (155)

To bound the drift of the radius, rl.(l) = [zfl) |, we just apply the reverse triangle inequality:
(Nopt)

1

=R, (156)

1 0 1 (Nopt) 1
|r()_r1()|:|ZI()I_IF, PK|’<'ZI()_F

4

Taking the supremum over the domain D, immediately yields the result:
(N() )
|Ari| < IR lla-

as desired.

Proof Sketch




Earth-Moon L, NRHO

Example

Ly Halo Family Stability
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Why did we pick a “bad” example?

Ly Halo Family Stability
I I
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Fig. 1 Transition-challenging region within the Earth-Moon L; halo family, recreated from Park and Howell, ks
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