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Motivation
Long-term Stability of Periodic Orbits in the Earth-Moon System



Circular Restricted 3-Body Problem (CR3BP)

• Motion of 𝑚! (s/c) under gravitational 
effects of 𝑚" (E) & 𝑚# (M)
• Assume 𝑚! ≪ 𝑚", 𝑚#

• 𝑚", 𝑚# in circular orbits about mutual 
barycenter
• Study motion of 𝑚! in the synodic rotating 

frame s.t. 𝑚",# remain fixed
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Families of Periodic Orbits
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Earth-Moon 𝐿$ Halo Orbits
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Earth-Moon 𝐿$ Halo Orbits

Stable Region:
Normally Elliptic
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𝜈 =
1
2
𝜆! + 𝜆!"#

Earth-Moon 𝐿$ Halo Orbits

Stable Region:
Normally Elliptic

How can we rigorously characterize the stability of trajectories in this region?
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Long-term Confinement in Hamiltonian Systems

𝐻(𝑞, 𝑝) = 𝐻! 𝐼 + 𝜖𝐻"(𝑞, 𝑝)
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KAM (Kolmogorov-Arnold-Moser) Theory: 

Long-term Confinement in Hamiltonian Systems

Perpetual Stability

𝐻(𝑞, 𝑝) = 𝐻! 𝐼 + 𝜖𝐻"(𝑞, 𝑝)
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KAM (Kolmogorov-Arnold-Moser) Theory: 
• Survival of sets of positive measure covered by 

invariant tori (for 𝜖 > 0 small)

Long-term Confinement in Hamiltonian Systems

Perpetual Stability

𝐻(𝑞, 𝑝) = 𝐻! 𝐼 + 𝜖𝐻"(𝑞, 𝑝)
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KAM (Kolmogorov-Arnold-Moser) Theory: 
• Survival of sets of positive measure covered by 

invariant tori (for 𝜖 > 0 small)

• Trajectories on invariant tori lie on the torus ∀𝑡; 
hence, perpetual stability

Long-term Confinement in Hamiltonian Systems

Perpetual Stability

𝐻(𝑞, 𝑝) = 𝐻! 𝐼 + 𝜖𝐻"(𝑞, 𝑝)
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KAM (Kolmogorov-Arnold-Moser) Theory: 
• Survival of sets of positive measure covered by 

invariant tori (for 𝜖 > 0 small)

• Trajectories on invariant tori lie on the torus ∀𝑡; 
hence, perpetual stability

Nekhoroshev Theory (1977):

Long-term Confinement in Hamiltonian Systems

Perpetual Stability Effective Stability

𝐻(𝑞, 𝑝) = 𝐻! 𝐼 + 𝜖𝐻"(𝑞, 𝑝)
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KAM (Kolmogorov-Arnold-Moser) Theory: 
• Survival of sets of positive measure covered by 

invariant tori (for 𝜖 > 0 small)

• Trajectories on invariant tori lie on the torus ∀𝑡; 
hence, perpetual stability

Nekhoroshev Theory (1977):
• Bound the drift of trajectories over exponentially 

long but finite times

Long-term Confinement in Hamiltonian Systems

Perpetual Stability Effective Stability

𝐻(𝑞, 𝑝) = 𝐻! 𝐼 + 𝜖𝐻"(𝑞, 𝑝)
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KAM (Kolmogorov-Arnold-Moser) Theory: 
• Survival of sets of positive measure covered by 

invariant tori (for 𝜖 > 0 small)

• Trajectories on invariant tori lie on the torus ∀𝑡; 
hence, perpetual stability

Nekhoroshev Theory (1977):
• Bound the drift of trajectories over exponentially 

long but finite times

• In near-integrable Hamiltonian systems*, variation 
in 𝐼 remains strictly bounded for 𝑇 ∝ exp(𝜖!")

Long-term Confinement in Hamiltonian Systems

Perpetual Stability Effective Stability

𝐻(𝑞, 𝑝) = 𝐻! 𝐼 + 𝜖𝐻"(𝑞, 𝑝)
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KAM (Kolmogorov-Arnold-Moser) Theory: 
• Survival of sets of positive measure covered by 

invariant tori (for 𝜖 > 0 small)

• Trajectories on invariant tori lie on the torus ∀𝑡; 
hence, perpetual stability

Nekhoroshev Theory (1977):
• Bound the drift of trajectories over exponentially 

long but finite times

• In near-integrable Hamiltonian systems*, variation 
in 𝐼 remains strictly bounded for 𝑇 ∝ exp(𝜖!")

Long-term Confinement in Hamiltonian Systems

Perpetual Stability Effective Stability

Dynamics near periodic orbits can be constructed as nearly integrable

𝐻(𝑞, 𝑝) = 𝐻! 𝐼 + 𝜖𝐻"(𝑞, 𝑝)
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Normal Form Construction
For Fixed Points of Poincaré Maps via Jet Transport
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Generating Map Dynamics via Jet Transport

Γ1
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Generating Map Dynamics via Jet Transport

Γ1

𝒙2

Σ

Σ

*𝒙2
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Generating Map Dynamics via Jet Transport

Γ1

𝒙2

Σ

Σ

*𝒙2

𝑃 *𝒙2 + 𝜉 = Poincaré 
return map
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Generating Map Dynamics via Jet Transport

Γ1

𝒙2

Σ

Σ

*𝒙2

𝑃 *𝒙2 + 𝜉 = Poincaré 
return map

Jet transport used to 
generate expansion

𝑃 *𝒙2 + 𝜉 = 𝐺 𝜉
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Generating Map Dynamics via Jet Transport

Γ1

𝒙2

Σ

Σ

*𝒙2

𝑃 *𝒙2 + 𝜉 = Poincaré 
return map

Jet transport used to 
generate expansion

𝑃 *𝒙2 + 𝜉 = 𝐺 𝜉

=.
342

.
5 63

𝐺53𝜉5

Goal: Normalize dynamics
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Normalization via Near-Identity Transformations
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Normalization via Near-Identity Transformations

Linear Normalization
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Diagonalize linear system:

Λ = 𝑉%&𝐺&𝑉 = diag 𝜆&, 𝜆$, 𝜆&%&, 𝜆$%&

Normalization via Near-Identity Transformations

Linear Normalization

Normal block of Monodromy matrix Φ(𝑇)
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Diagonalize linear system:

Λ = 𝑉%&𝐺&𝑉 = diag 𝜆&, 𝜆$, 𝜆&%&, 𝜆$%&

Linear change of variables: 𝑐& 𝜉 = 𝑉𝜉

Normalization via Near-Identity Transformations

Linear Normalization

Normal block of Monodromy matrix Φ(𝑇)
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Diagonalize linear system:

Λ = 𝑉%&𝐺&𝑉 = diag 𝜆&, 𝜆$, 𝜆&%&, 𝜆$%&

Linear change of variables: 𝑐& 𝜉 = 𝑉𝜉

Normalization via Near-Identity Transformations

Linear Normalization High-Order Iterative Scheme

Normal block of Monodromy matrix Φ(𝑇)
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Diagonalize linear system:

Λ = 𝑉%&𝐺&𝑉 = diag 𝜆&, 𝜆$, 𝜆&%&, 𝜆$%&

Linear change of variables: 𝑐& 𝜉 = 𝑉𝜉

Apply near-identity changes of variables:

𝑐' 𝜉 = 𝜉 − 𝜒' 𝜉 ,

Normalization via Near-Identity Transformations

Linear Normalization High-Order Iterative Scheme

Normal block of Monodromy matrix Φ(𝑇)
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Diagonalize linear system:

Λ = 𝑉%&𝐺&𝑉 = diag 𝜆&, 𝜆$, 𝜆&%&, 𝜆$%&

Linear change of variables: 𝑐& 𝜉 = 𝑉𝜉

Apply near-identity changes of variables:

𝑐' 𝜉 = 𝜉 − 𝜒' 𝜉 ,
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( )'
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Normalization via Near-Identity Transformations

Linear Normalization High-Order Iterative Scheme

Solution to a homological equation!

Normal block of Monodromy matrix Φ(𝑇)
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Diagonalize linear system:

Λ = 𝑉%&𝐺&𝑉 = diag 𝜆&, 𝜆$, 𝜆&%&, 𝜆$%&

Linear change of variables: 𝑐& 𝜉 = 𝑉𝜉
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Normalization via Near-Identity Transformations

Linear Normalization High-Order Iterative Scheme

Solution to a homological equation!
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Normal block of Monodromy matrix Φ(𝑇)

0 (unless unavoidable resonance)
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Diagonalize linear system:

Λ = 𝑉%&𝐺&𝑉 = diag 𝜆&, 𝜆$, 𝜆&%&, 𝜆$%&

Linear change of variables: 𝑐& 𝜉 = 𝑉𝜉

Apply near-identity changes of variables:

𝑐' 𝜉 = 𝜉 − 𝜒' 𝜉 ,

𝜒' 𝜉 = 4
( )'

𝑏(𝜉( , 𝑏(,+ =
𝑅(,+
', '%&

𝜆+ − 𝜆(

Normalization via Near-Identity Transformations

Linear Normalization High-Order Iterative Scheme

Solution to a homological equation!

𝜆+ − 𝜆( 𝑏(,+ = 𝑅(,+
',('%&) − 𝐹(,+

',(')

Normal block of Monodromy matrix Φ(𝑇)

Diophantine: 𝜆+ − 𝜆( ≥ .
'! for 𝑗 = 𝑘

0 (unless unavoidable resonance)
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Normalizing change of variables: 𝑐 𝜉 = 𝑐2 ∘ 𝑐# ∘ ⋯ ∘ 𝑐7 𝜉



33Motivation Main ResultsNormal Form Construction Proof Sketch

Normalizing change of variables: 𝑐 𝜉 = 𝑐2 ∘ 𝑐# ∘ ⋯ ∘ 𝑐7 𝜉

𝑐/0 ∘ 𝐺 ∘ 𝑐 𝜉 = 𝐹(2) 𝜉 + 𝑅(2) 𝜉
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Normalizing change of variables: 𝑐 𝜉 = 𝑐2 ∘ 𝑐# ∘ ⋯ ∘ 𝑐7 𝜉

𝑐/0 ∘ 𝐺 ∘ 𝑐 𝜉 = 𝐹(2) 𝜉 + 𝑅(2) 𝜉
Normal Form

Integrable Twist Map
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Normalizing change of variables: 𝑐 𝜉 = 𝑐2 ∘ 𝑐# ∘ ⋯ ∘ 𝑐7 𝜉

𝑐/0 ∘ 𝐺 ∘ 𝑐 𝜉 = 𝐹(2) 𝜉 + 𝑅(2) 𝜉
Normal Form

Integrable Twist Map

𝑧# = 𝐹 $ 𝑧, 𝑧 , 𝑧%# = 𝑧%	exp iΩ%
$ 𝑟

Ω%
$ 𝑟 = nonlinear

frequencies
𝑟%& = 𝑧%𝑧% = orbital = const.

radii
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Normalizing change of variables: 𝑐 𝜉 = 𝑐2 ∘ 𝑐# ∘ ⋯ ∘ 𝑐7 𝜉

𝑐/0 ∘ 𝐺 ∘ 𝑐 𝜉 = 𝐹(2) 𝜉 + 𝑅(2) 𝜉
Normal Form Remainder

Integrable Twist Map Non-integrable Remainder

𝑧# = 𝐹 $ 𝑧, 𝑧 , 𝑧%# = 𝑧%	exp iΩ%
$ 𝑟

Ω%
$ 𝑟 = nonlinear

frequencies
𝑟%& = 𝑧%𝑧% = orbital = const.

radii
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Normalizing change of variables: 𝑐 𝜉 = 𝑐2 ∘ 𝑐# ∘ ⋯ ∘ 𝑐7 𝜉

𝑐/0 ∘ 𝐺 ∘ 𝑐 𝜉 = 𝐹(2) 𝜉 + 𝑅(2) 𝜉
Normal Form Remainder

Integrable Twist Map Non-integrable Remainder

𝑧# = 𝐹 $ 𝑧, 𝑧 , 𝑧%# = 𝑧%	exp iΩ%
$ 𝑟

Ω%
$ 𝑟 = nonlinear

frequencies
𝑟%& = 𝑧%𝑧% = orbital = const.

radii

𝑅 $ (𝜉) ∝ 𝒪( 𝜉 $'()

Encapsulates all non-integrable terms…

Exclusively drives drift away from fixed point
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Normalizing change of variables: 𝑐 𝜉 = 𝑐2 ∘ 𝑐# ∘ ⋯ ∘ 𝑐7 𝜉

𝑐/0 ∘ 𝐺 ∘ 𝑐 𝜉 = 𝐹(2) 𝜉 + 𝑅(2) 𝜉
Normal Form Remainder

Bound ∥ 𝑅 7 ∥C over a local domain Establish Nekhoroshev escape times

Integrable Twist Map Non-integrable Remainder

𝑧# = 𝐹 $ 𝑧, 𝑧 , 𝑧%# = 𝑧%	exp iΩ%
$ 𝑟

Ω%
$ 𝑟 = nonlinear

frequencies
𝑟%& = 𝑧%𝑧% = orbital = const.

radii

𝑅 $ (𝜉) ∝ 𝒪( 𝜉 $'()

Encapsulates all non-integrable terms…

Exclusively drives drift away from fixed point
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Proof Sketch
Classical Analytical Bounds
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Estimate size of coefficients of the initial map:

𝐶) ≔ F
* +)

𝐺*) ≤
I𝐶
J𝜌)

Cauchy Estimates
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Estimate size of coefficients of the initial map:

𝐶) ≔ F
* +)

𝐺*) ≤
I𝐶
J𝜌)

Cauchy Estimates

Iterative Lemma:

𝜖$ ≔	∥ 𝑅 $ ∥,! 	≤ 𝜖&
2𝑁-

𝛾

$

Coefficient Growth due to Normalization
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Estimate size of coefficients of the initial map:

𝐶) ≔ F
* +)

𝐺*) ≤
I𝐶
J𝜌)

Cauchy Estimates

Iterative Lemma:

𝜖$ ≔	∥ 𝑅 $ ∥,! 	≤ 𝜖&
2𝑁-

𝛾

$

Coefficient Growth due to Normalization

Let 𝑎 < ,
&
 be a target physical confinement radius. 

Then:

∥ 𝑅 $ ∥"	≤ 𝜖&
2𝑎
𝜌

𝐴𝑎𝑁- $, 	 𝐴 =
4
𝜌𝛾

Truncated Remainder Bound
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Estimate size of coefficients of the initial map:

𝐶) ≔ F
* +)

𝐺*) ≤
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Cauchy Estimates

Iterative Lemma:
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2𝑁-

𝛾
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Coefficient Growth due to Normalization

Let 𝑎 < ,
&
 be a target physical confinement radius. 

Then:

∥ 𝑅 $ ∥"	≤ 𝜖&
2𝑎
𝜌

𝐴𝑎𝑁- $, 	 𝐴 =
4
𝜌𝛾

Truncated Remainder Bound

Factorial growth of coefficients will overtake 
geometric decay of high-order polynomials. 

Stop normalization at the optimized order to 
minimize size of the remainder:

𝑁./0 ≔ argmin$ 𝐴𝑎𝑁- $ =
1
𝑒

1
𝐴𝑎

(
-

Optimal Normalization Order
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Estimate size of coefficients of the initial map:

𝐶) ≔ F
* +)

𝐺*) ≤
I𝐶
J𝜌)

Cauchy Estimates

Iterative Lemma:

𝜖$ ≔	∥ 𝑅 $ ∥,! 	≤ 𝜖&
2𝑁-

𝛾

$

Coefficient Growth due to Normalization

Let 𝑎 < ,
&
 be a target physical confinement radius. 

Then:

∥ 𝑅 $ ∥"	≤ 𝜖&
2𝑎
𝜌

𝐴𝑎𝑁- $, 	 𝐴 =
4
𝜌𝛾

Truncated Remainder Bound

Factorial growth of coefficients will overtake 
geometric decay of high-order polynomials. 

Stop normalization at the optimized order to 
minimize size of the remainder:

𝑁./0 ≔ argmin$ 𝐴𝑎𝑁- $ =
1
𝑒

1
𝐴𝑎

(
-

Optimal Normalization Order

Let (𝑧, 𝑧) be the complexified NF coordinates. For 
each 𝑖 = 1,… , 𝑛, define the orbital radius: 𝑟%& = 𝑧%𝑧%

The one-step drift in radius is bounded by:

Δ𝑟% ≤	∥ 𝑅 $"#$ ∥"≤ 𝜖./0

Radial Drift
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Main Results
Stability Time + Confinement Region
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Theorem: Effective Stability Time
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Theorem: Effective Stability Time

Σ

*𝒙2
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Theorem: Effective Stability Time

Σ

𝑎/2
*𝒙2

If:

𝑧(2)
𝑎 ≤ 𝑎2 ≔

1
𝐴 2𝑒 _

confinement radius

𝑧(2) ∈ 𝒟C/a,
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Theorem: Effective Stability Time

Σ

𝑎

𝑎/2

𝑧(2)

𝑧(3)*𝒙2

𝑎 ≤ 𝑎2 ≔
1

𝐴 2𝑒 _
confinement radius

𝑧(2) ∈ 𝒟C/a,

If:

𝑧(3) ∈ 𝒟C , 	 ∀𝑘 ≤ 𝑇bcc(𝑎)
Then:
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Theorem: Effective Stability Time

Σ

𝑎

𝑎/2

𝑧(2)

𝑧(3)*𝒙2

𝑎 ≤ 𝑎2 ≔
1

𝐴 2𝑒 _
confinement radius

𝑧(2) ∈ 𝒟C/a,

If:

𝑧(3) ∈ 𝒟C , 	 ∀𝑘 ≤ 𝑇bcc(𝑎)

𝑇bcc 𝑎 = 𝐶	exp 𝜏
1
𝑒

1
𝐴𝑎

#
_

Effective stability time

Then:

𝐴 = 4/𝜌𝛾	& 𝐶 = 𝜌/4𝜖& positive constants
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Theorem: Effective Stability Time

Σ

𝑎

𝑎/2

𝑧(2)

𝑧(3)*𝒙2

𝑎 ≤ 𝑎2 ≔
1

𝐴 2𝑒 _
confinement radius

𝑧(2) ∈ 𝒟C/a,

If:

𝑧(3) ∈ 𝒟C , 	 ∀𝑘 ≤ 𝑇bcc(𝑎)

𝑇bcc 𝑎 = 𝐶	exp 𝜏
1
𝑒

1
𝐴𝑎

#
_

Effective stability time

Then:

𝐴 = 4/𝜌𝛾	& 𝐶 = 𝜌/4𝜖& positive constants

If a trajectory is guaranteed to remain stable for an exponentially long 
time, what is the region that contains it during that time?
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Let 𝑇 > 𝐶 be a prescribed minimum effective stability time. 

Corollary: Confinement Region 
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Let 𝑇 > 𝐶 be a prescribed minimum effective stability time. 
To guarantee confinement of the discrete trajectory ∀𝑘 ≤ 𝑇, the confinement 
radius 𝑎 must be bounded by:

𝑎 𝑇 ≤
1

𝐴𝑒_ 1 + 1𝜏 ln
𝑇
𝐶

_

where 𝐴 = d
ef

 and 𝐶 = e
dg!

.

Corollary: Confinement Region 
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1
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Earth-Moon 𝐿$ Halo Orbits
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Earth-Moon 𝐿$ Halo Orbits
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𝜈 =
1
2
𝜆! + 𝜆!"#

Earth-Moon 𝐿$ Halo Orbits

What is the 
confinement region?
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𝑇 = 2×10#2	years

𝑎 𝑇 ≈ 38	km
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Giorgilli, Delshams, Fontich, Galgani, Simó (1987)

𝑇 = 2×10#2	years

𝑎 𝑇 ≈ 38	km

Comparison: Sun-Jupiter 𝐿d 

𝑎 𝑇 ≈ 𝒪 1	km → 𝒪 10h	km -
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Historical Perspective: Sun-Jupiter 𝐿+
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Historical Perspective: Sun-Jupiter 𝐿+

1987

𝒪(1	km)
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Historical Perspective: Sun-Jupiter 𝐿+

1987

1988

𝒪(1	km)
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Historical Perspective: Sun-Jupiter 𝐿+
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Historical Perspective: Sun-Jupiter 𝐿+
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Historical Perspective: Sun-Jupiter 𝐿+
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Historical Perspective: Sun-Jupiter 𝐿+
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𝒪 10)	km ≈ 0.127	d(𝑆, 𝐽)

≈ 51	cmScaling from d(𝑆, 𝐽) to d(𝐸,𝑀): 𝒪(10	000	km) → 𝒪(10	km)

Our result: ≈ 38	km
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Back-up Slides
Just in case
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Cauchy estimates of the initial map:

𝐶) ≔ F
* +)

𝐺*) ≤
I𝐶
J𝜌)

Cauchy Estimates

Goal: Estimate size of Taylor 
coefficients of the initial Poincaré 
map 

Classical technique (see Papa 
Rudin) to give optimal bounds on 
derivatives of a holomorphic 
function. 
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Iterative Lemma:

𝜖$ ≔	∥ 𝑅 $ ∥,! 	≤ 𝜖&
2𝑁-

𝛾

$

Coefficient Growth due to Normalization
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Let 𝑎 < ,
&
 be a target physical confinement radius. 

Then:

∥ 𝑅 $ ∥"	≤ 𝜖&
2𝑎
𝜌 𝐴𝑎𝑁- $, 	 𝐴 =

4
𝜌𝛾

Truncated Remainder Bound

Goal: Translate coefficient bound into 
geometric bound on the actual remainder 
function evaluated over a specific domain. 

Final component before optimizing 
truncation order (in the usual way). 
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Factorial growth of coefficients will overtake 
geometric decay of high-order polynomials. 

Halt normalization at the optimized order to minimize 
magnitude of the remainder:

𝑁./0 ≔ argmin$ 𝐴𝑎𝑁- $ =
1
𝑒

1
𝐴𝑎

(
-

Optimal Normalization Order
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Let (𝑧, 𝑧) be the complexified NF coordinates. For 
each 𝑖 = 1,… , 𝑛, define the orbital radius: 𝑟%& = 𝑧%𝑧%

The one-step drift in radius is bounded by:

Δ𝑟% ≤	∥ 𝑅 $"#$ ∥"≤ 𝜖./0

Radial Drift
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Example: Earth-Moon 𝐿, NRHO

For details & application, see paper at DOI: 10.1007/s10569-026-10314-1
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Why did we pick a “bad” example?

𝑇 ≈ 10	days


