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FUNDAMENTALS
Dynamical systems, solutions,
and challenges
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The Circular Restricted Three-Body Problem < -
Generalities e

r=2y+U,
y = —2z + U,

i =U,.
1 1— 1
U(z,y,z) = 5(-?32 +9°) + o Yy % +5p(l—p)
1 :
K(d,9,2) = 5 (8 + 9"+ 2°) Ly;

1
LX)=K+U+xy+yi — 5”(1 — 1)

A(T) = /0 LX) de
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The Circular Restricted Three-Body Problem < -
Solutions e

« 7 families of Periodic Orbits in the Earth-Moon L; — L, region
Halo, Lyapunov, DROs
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The Circular Restricted Three-Body Problem @
Solutions e

« 7 families of Periodic Orbits in the Earth-Moon L; — L, region
Halo, Lyapunov, DROs

« 7 families of Quasi Periodic Orbits associated to the Periodic Orbits
GMOS correction from the perturbed-centre dynamics
Olikara and Scheeres, 2012

Note: only one sample of the resulting manifold is retained per QPO.
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The Circular Restricted Three-Body Problem @
Solutions ——

« 7 families of Periodic Orbits in the Earth-Moon L; — L, region
« 7 families Quasi Periodic Orbits associated to the Periodic Orbits
« 10 families of Heteroclinic Connections between Periodic Orbits (forward and backward)
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The Circular Restricted Three-Body Problem @
Our research o

« Systematically explore the state of solutions
« Generate physical orbits
» Generate novel solutions

Novelty? @~ A former contribution on Periodic Orbits:

Litteri, W., Gil, A.F., Vasile, M., et al.

Generation of Periodic Orbits in the Restricted
Three-body Problem with a Variational Autoencoder.
Celest Mech Dyn Astron 138, 25 (2026).
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ORBIT GENERATION
A Generative Al approach
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Orbit Generation Framework
A unified DFT-Chebyshev representation

Fourier Transform and Chebyshev
decomposition of the residual.

X(t) =~ XFFT(?f) + rcheb(t) = X FFT—Cheb (1)

r(t) = X(t) — Xppr(t)

Compact representation for both periodic
and non periodic trajectories.
nprr = 50, Nchep = 50,

dv =2+ 3(2nFFT + nCheb) = 452.

Note: On 200 nodes, the trajectory parametrisation
is of dimension 1202 (1200 + Period + Energy).
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Comparison between the reconstructed trajectory using
the mixed Fourier-Chebyshev representation (in green)
and the reference trajectory (blue) for the worst
reconstructed sample by FFT-only (orange) in the dataset.
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Orbit Generation Framework
Dataset

Type of subset Number of
samples

Nirain = 3038

Training The model is optimised
on these objects

Validation Training assessment
(e.g., detect overfitting)

Test Model assessment

« 24 families of orbits
» Features space of d,, = 452
* Subset partitioning by energy bands

Nya = 868

Tltest = 4‘32
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Subset partitioning strategy:
training, , test bands.
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Orbit Generation Framework
Normalising Flow Models
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Learn an invertible and differentiable transformation f : R% — R

Forward process: w = f(v)

Inverse process: v = f 1(w) =

w Is the latent variable
Training function:

logp (vi)
train =1

log p(v) = logp(w) + log |[J(f(v))]

Ngrain = 3038
n, = 16 (number of layers)

LNLL - =
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g(w)

Real Non-Volume Preserving

Normalising Flow (Real-NVP)
Dinh et al., 2017

f:fna Dfna—lo'--o.fQOfl
Yi = fe(Xk. b, Sk ti)  fe,k=1,...,n,4

Vi =br ©@xk+ (1 —bg) ® (x ® 5(PrOXk) + t(br ® xk))
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Orbit Generation Framework
Physics-informed training

The Gradient of the Action Functional is
used as an integral metric on the
generated trajectory.

B

- 1

Ephy:i - E E f'phys(X?});
=1

1 s

2
[-:phys(Xz') — W ([VXEA(X,‘)]‘?) .
q j=1

L= [-:NLL + Aphys‘{:

q
phys

The physics loss is computed on the
perturbed decoded samples from a centre
point defined on the training batch B;.

Wpert = Weenter + O€

e~N(,I),c= 01
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Variational physics loss setting.
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Orbit Generation Framework @ N
Physics-informed training dynamics Do

=
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Loss terms
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Training dynamics over 200 epochs. The dashed line
denotes the training loss; the solid line the validation loss.

AEROSPACE CENTRE of EXCELLENCE 13



Orbit Generation Framework @

Generation
« Gaussian Sampling
Sample from a Gaussian distribution in the e T~< Family encodings
latent space and reconstruct the samples ’ o .
: . / ®
Easy to implement, but not systematic /@ ° /
Wins ~ V(0,1 ! O
inf (0, { ® o ® o'
\\ ® ”1. l[
« Class-aware diagonal Gaussian Sampling AN o ® °
Gaussian Sampling from the class statistics Sel - - e T ~<
information ., o, -7 o //’ . S
Wint ~ N (U, 0¢) / ® P \
|
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Orbit Generation Framework
Refinement

A Multiple Shooting (MS) method enforces
continuity of the state of the decoded trajectory

Fro=X/ - X, =0, k=1,...,N—1
Fy=X;—Xny=0,

FX)=0
X =X"1-XN.DF'FX" ), r=1,..., Nyax
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DFT(f~1(w))
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)_(0
Periodicity
Refinement (MS) [«—— constraint
(if needed)
)_(out
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RESULTS
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Inversion of the Test Dataset @
Physics and similarity metrics S

24
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Hrms
|
Distribution of the generated test solutions by physics metric. Generation of trajectories from the test set encodings.

Colour is assigned by the family (1-24).
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Inversion of the Test Dataset
Physics and similarity metrics

102
| ||Xtrue - Xrecl |2

Erel =
v ||Xtrue| |2 + €

n. of samples

,_.
<

0.000 0.001 0.002 0.003 0.004 0.005
Erel

Distribution of the generated test solutions by
similarity metric to the reference trajectories.
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Generation of trajectories from the test set encodings.
Colour is assigned by the family (1-24).
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Class-aware sampling @
Generation FoauaG

0.0001637 0.00013108
00001364 0.00012350
%)
-0.0001092  E -0.00011591
>
0.0000820 0.00010833
: : 0.0000547 0.00010075
Selection of generations from Class 1 (Halo North L1). Selection of generations from Class 17 (Halo South L1 to
Colour is by physic metric Halo North L2). Colour is by physic metric
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Class-aware sampling
Refinement

0.21706
0.19785
0.17863
0.15941

0.14020

Selection of refined generations, coloured by physic Selection of refined generations, coloured by similarity
metric of the generated orbits. metric to the generated trajectories.
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On the role of the Physics loss @mmm

It enforces physical consistency of the trajectories

+0.15

+0.25

0.0
0.5
1.0

-’({j 1.5

Worst generated trajectories under class-aware conditional sampling.
Left: Aphys = 0, 9rms = 3.8 X 107'(class 24).

Right: Appys = 1000, grms = 6.5 x 1072(class 7).
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Exploratory generation
Sampling out of the known family manifold
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Exploratory generation @
Sampling out of the known family manifold o
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Generation of trajectories at increasing normalised radial distance from the family prototype.
Left: Per-class physics loss (coloured from blue to red) and aggregated mean (thick black line).
Right: Per-class normalised Euclidean distance between the generated and refined orbits
(coloured from blue to red), and aggregated mean (thick black line).
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CONCLUSION
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Conclusion and O I

An unconditioned Flow Model trained on a dataset of varieties of periodic solutions to the CR3BP can
generate samples conditioned to the specific class, by a class-aware sampling strategy.

The gradient of the action functional provides an integration-free physic metric which improved the
quality of the generations.

Systematic exploration at high distance from the dataset reveals orbits with increasingly high
associated physics loss.

Future Work

Implement more expressive representations to deal with POs, QPOs, HCs in a unified framework
|deas?

Search for novelty in the dataset

AEROSPACE CENTRE of EXCELLENCE
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Exploratory generation @
Sampling out of the known family manifold o

160 160
-120 L 120
W~
L 30) -80
40 40
0 0

Detail of the generated trajectories from exploratory generation. Right: detail up to r = 100.
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   n DFT = 50 ,  n Cheb = 50 ,  


   d v = 2 + 3  ( 2  n FFT +  n Cheb ) = 452 .


   


   n train = 3038


   n val = 868


   n test = 432
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