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Systems of Interacting Particles

Let X be a finite subset of an affine space A over a field K.

For every pair x,y € X there exists an interaction ?Ly = @x,ya@,

Ozy € K.
If X varies, the ¢, , are functions of the points in X.
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Typical hypotheses:

(0) A is an Euclidean affine space.

(1) Newton's 3" Law: ?m,y = —?y,x > Pzy = Py (Symme-
try).

(2) Isotropy and homogeneity of space: ¢, , depends only on
mutual distances between points in X.

Total force on z: ?m =) F

y#xr - LY
X is an equilibrium < ?x = 8 forallz € X, i.e,

Zg@x,yﬂ/zﬁ, Vre X

yeX

= > eyt [ =D ey |z=0, VzeX
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For each z € X, let w, : X — K be the function
We(y) = Pay, fy#z, and we(z) == @uy
yF#T
Each pair (X, w,) is a weighted system with configuration X and

weight function w,.
Example

For central configurations, A = EN, and w(y) = m(y)(||z7|| 3+
AM),ify #x.

We define the moments of a weighted system (X, w) by

po =Y w(x), )= w@)pt, pa(p)=" wx)pt’,

zeX rzeX zeX
Vp € A.

Crucial fact
The weighted systems of interacting particles (X, w,) have pug =0
and pp = ?x Vo e X.




A Key Result on g, 11 and s

Theorem 1 (Huygens-Leibniz-Konig)
For every p,q € A, we have that

p2(p) = p2(q) = pa - (11 (p) + 11 (q))- (1)
Therefore
1. if po # 0 and G = bar(X,w), then p2(p) — pa(G) = ,u()]ﬁQ,
for all p € A,
2. ifpup =0 and yy = U, then wa(p) — pa(q) = 2 - qp, for all
p,q € A, and

3. for every q € A, the Leibniz’s identity

popz(q) — p1(q)* = Z w(:n)w(y)@2

{z,y}CX

holds.




Moments and Mutual Distances

Corollary 2

wy = 8 <~ o =0 and Z{xy}CX

(y)z3? = 0.

Corollary 3

Suppose g = 0. The following are equivalent:

(i) m = O;

(ii) peo is constant;

(iii) the restriction of ug to X is constant.
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The equivalence (i) <= (iii) in Corollary 3 corresponds to
Corollary 4
The weighted system (X, w) has u1 = O if and only if jio = 0 and

S wE@ - =00 S w(e)@P - 7+ 7 =0,
zeX zeX\{z} ( )
2

holds for every x,y € X.

4

Equations (2) generalize to systems (X, w) with p; = O a famous
set of identities known in Celestial Mechanics as Albouy-Chenciner
equations for central configurations.
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View weight functions w as vectors in the weight space K™ =: W.

Let d, be the weight function: §,(y) =1 if z =y, and ,(y) =0 if
T # .

Finally let B(X) = (@Q)xyex be the so-called relative configura-
tion matrix. ’

The first set of formulae in (2) in Corollary 4, can be written as
(0z —0y)B(X)w =0, =z,yelX.

Differences 0, — 6, « # y, form a basis of the space D = Ker(zi).
So the kernel of B(X) as a bilinear form restricted to D is the sub-
space

Wo(X) ={weWst. u = 8}

In particular, B(X) is the null form on W (X)!
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Theorem 5

A configuration X of interacting particles is an equilibrium <—
the corresponding weighted systems (X, w,) are such that

Combined with the theory of moments, we obtain the following
equilibrium equations.

Corollary 6

A configuration X is an equilibrium of a system of interacting
particles <= there holds one of the following sets of identities

> e (TP - B+ 22%) =0, (3)
zeX\{z}
or
Z ¢x7ug0y7zlﬁ2 = 0' (4)
{u,z}CX

for every pair of particles x,y € X.
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Constraints on Mutual Distances

Traditionally the constraints for n bodies forming a configuration
X ={z1,...,z,} to have dimension d < n — 1 are given by the
annihilation of Cayley-Menger determinants

0 1 1 ... 1 1
1 0 $12 ... Sin—-1 Sin

D(X)=|1 sa1 0 ... S2u-1 Son | where s;; = 777"
1 sp1 Sn2 oo Spn—1 O

The volume V' of the (n — 1)-dimensional simplex X with vertices
T1,...,T, satisfies

—1)"
V2= Qn_l((n)_l)!QD(X).
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X has dimension less than n — 1 <= D(X) = 0.
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Direct Constraints

Issue: Cayley-Menger determinants are large! For some problems,
there is a simpler alternative.

Corollary 7

Let (X,w) and (X', w") be weighted systems with the same
nonzero total weight and the same barycenter. The difference
between the respective o has the same value at all points.
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Example: the (Rhombus+1)-Body Problem

Parameters: m; =ms=m, mo=myq =1, 12 =1+ 12,

oLl _2m_ 2 m
4 3 B 43
r3(8 — 13)

Relation: m = .
8r3 — I3

Let s; be the squared distance from m; to ms. Corollary 7 implies

51— 89+ 53 — 54 = 2(r2 = 1).
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Number of Independent Constraints

Definition
The codimension of a configuration X of n points and dimension d
is (n —1) —d =: codim(X).

Theorem 9

Let X be a configuration of dimension d < n — 1. The mutual
distances of X are such that precisely (COdiméx )H) functionally
independent Cayley-Menger determinants of subconfigurations of
X vanish.




Moments and Barycentric Coordinates

“We expose the theory of Dziobek configurations more simply (no
Cayley-Menger determinants!) and more completely than in any
published paper.” (A. Albouy, 2002)

Proposition 10
Letpe Ajz € X.
1. If up # 0 and G = bar(X,w), then pi(p) = /LQ]E.
2. If uo =0 and w(zx) # 0, then pi(p) = w(m)(ﬂ: where G, is

the barycenter of the weighted system (X \ {=z}, w‘ X\{z} )"

Corollary 11

If pp = 8 then for every x € X with w(x) # 0, we have that
x = bar <X \ {x},w‘X\{w})
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Wo(X) and Volume Barycentric Coordinates

A basic fact and the “codimension exterior-power formula”

dim Wo(X) = codim(X) . A+l yy,(x) = {0}.

If X\ {z} is a simplex with the same dimension, d, as X, then
Corollary 11 serves as a definition of barycentric coordinates for x
with respect to X \ {z}. Mobius introduced nice, geometrically
meaningful homogeneous barycentric coordinates.

Proposition 12

Let X = {z1,...,2,}, and let X; be the subconfiguration
X\ {z;}. Let X; be the augmented configuration matrix of X,
and let A; = det(X)). We have that
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codim(X) =1 & (—A1, A9, —Ags, ..., (—1)"A,) spans Wy(X). )
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Bases of Wy (X)

We call X a Dziobek configuration when codim(X) = 1.
A Dziobek fan for a configuration X of codimension ¢ is a diagram:

(1) (2 (c-1) _(c)
D__ D D D

Sg is a d-dimensional simplex S, called a core of X.
DW 1=1,...,care all Dziobek subconfigurations containing Sj.

Each Dziobek fan produces a basis of Wy (X)!
For instance, for n =7, d = 2, if Sy = {21, x9,x3}, then

Wy = (—Ause7, A2se7, —Ass67, Ause7, 0,0, 0),

Wy = (—Au467, A2467, —A3467, 0, Ayse7, 0, 0),

We = (—Au457, A2as7, —A3457,0,0, Ayser, 0),

Wi = (—A1456, A2456, —A3456, 0, 0,0, Ays67) ai
iy

form a basis (since Ays67 # 0).
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Membership in W (X)

Theorem 13

Let X be a configuration of dimension d such that Ag.o. ., # 0.
We have that (w, ..., wy,) € Wo(X) if and only if the identities

n

(=) wilhay2.n = Z Wl g o Fopr E= 1 d+ 1 (D)
I=d+2

hold

There is a nice connection with Algebraic Geometry: changes of
bases of W (X) produce the classical Pliicker relations for
Grassmannians by means of the above formulze!
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Generalized Dziobek Equations

A family § = {(X, f) 7 of weighted systems is symmetric if the
corresponding weight matrix F = (fj(x;))1<i j<n is Symmetric.

Theorem 14

Let K =R or C. Let F}, j =1,...,n be the weight vectors

associated with the symmetric family § = {(X, f;)}]_; of

weighted systems. The following assertions are equivalent:

(a) F; e Wy(X),Vj=1,...,n.

(b) The equation F = WEWT s satisfied by the weight matrix
F of §, for some n x ¢ basis matrix VW of Wy(X) and some
¢ X ¢ symmetric matrix ¥ of scalars, where ¢ = codim(X).

Corollary 15

Dziobek central configurations (¢ = 1) satisfy

mim; (s> + AM) = (~1)HoAA;, 1<i<j<n.
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Thank You!
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	A Classical Problem

