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A Solar System tale

One cannot predict the Solar System's dynamics because of the chaotic
nature of the inner Solar System
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One cannot predict the Solar System's dynamics because of the chaotic
nature of the inner Solar System
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Mercury’s eccentricity can be pumped to values large
enough to allow collision with Venus within 5Gyr



Solar Systems’
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Solar Systems

nner planets e-i density functions
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Laplace-Lagrange (LL) dynamics

Secular Hamiltonian truncated at degree 2

Sums of terms of constant amplitudes and frequencies

HiL =X Qg X+¥ -Qy-y

New variables through diagonalization
X" =0, X, x; (t) = x; (0)E9S*

y* = OyT vy, yi(@®) = y;(o)EtSjt
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Ergodic dynamics and Angular Momentum Deficit (AMD)

Eccentricities and inclinations are free as long as Angular Momentum Deficit (AMD) is conserved
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Integral of motion in the
secular framework
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Inner Solar System Quasi-Integral

* Mogavero+ 2023: e
. . . - proper modes other quantities
o Why is the probability of collisions so | | ‘ ' . ‘
low? 0.4 1 — X —— Uy | —— AMD; e, — &

o Longterm evolution of the inner Solar
System

o Existence of a Quasi-Integral (Ql) of
motion: AMD;

Time (Gyr)

Mogavero+ 2023



Inner Solar System Quasi-Integral
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More restrictive
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Is AMD,, ; conservation valid beyond the
Solar System?



Dynamical setup

o1 * Integrations
Z 00 2 . o N-body (REBOUND) and secular integrations
0.1 (Gauss method), GR
o 7 sets of 250 systems
Zj . | o Each set has a different AMD/AMD,, ratio
o:l- . o Increase AMD/AMD, ratio up to instability
2 ol [ *) { o Uniform distribution of AMD between planets
>_0.1' K/.
P )
—0.2 o, . .
sl * Critical Hill AMD: AMDy,
0.2 0.0 0.2 ~0.10.0 0.1 © PFOXV for Stab”ity
x 1A 2 AU o Limiting AMD ensuring stability in the Hill
e 4-planet systems framework
o 3 Mg

o Qipner =0.1 AU
o Period ratio ~U(1.77, 1.93) Rein+ 2012, Petit+ 2018 12



Time series example
Systems from 2 # sets (i.e. # AMD)

—— AMD; AMD. — AMD —_— |x1*|2 mode Staljdgrd
deviations

o001 — * Low AMD

0.005 ' o Very good conservation of the mode
0.000 { 1® } o Excellent conservation of AMD_ and
~0.005 AMD.

0010 o LL-like dynamics

Ergodisity std

0.10] M fr ° H|gh AMD

- I, ] o Secular chaotic dynamics

~0.05] o Large mode variations

‘2'10 | E— o Small changes in AMD. and AMD,
—0.15+

0 20 40 60 80 100
Time [Myr]

Each quantity has the mean over 100 Myr subtracted
and is normalized by the AMD
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AMD, AM

from stabi

* Bulk of distributions is lognormal

* Conservation to ~ percent level for

ity to instability

stable systems —Qls

D, AMD, conservation

[ std:(AMD;)/{(AMD)

[ ] std((AMDc)/(AMD)
[ std:(AMD)/(AMD)
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IREERS
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107!
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T
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103 1072
; AMD/AMDy; = 0.446
’_‘—l, med(eg) = 0.046
1074 1073 1072 1071
0.4% unstable systems ;

AMD/AMDy = 0.746
med(eg) = 0.063

1074

10.8% unstable systems
AMD/AMDy = 1.111
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1074

51.6% unstable systems : ;
AMD/AMDy = 1.647 I
med(eg) = 0.091
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Modes less conserved
than AMD components

As AMD increases
distributions shrink,
modaes saturate

Modes: Ergodicity limit
reached

Qls: Always lower than
ergodicity limit
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AMD, AMD,, AMD. and modes conservation trends

medaistrip (Stdy (Quantity)) / (AMD)

Typical eccentricity

1071 4

1074 4

Critical AMD coefficient AMD / AMDy
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Difference of behavior modes and AMD,_ => Quasi-integrals of motion



Power series form of secular Hamiltonian

Hec in power series of (xy, —1Xy; Vi, —Vk)

SeC - Z h’lll, l’ (A) H x] l] xl] l,J l,] l) T) l’; i, € NN

LLI/ 1/

Proper mode variables:

dark magic X = VFE-", y*=\/FE“9’*
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Power series form of secular Hamiltonian

Hec in power series of (xy, —1Xy; Vi, —Vk)

SeC - Z h’lll, l’ (A) H x] l] xl] l,J l,] l) T) l’; i, E NN

LLI/ 1/

. Proper mode variables:
dark magic <* = \/FE-W*, y* = /_I’* o

L) | kken

N

t(k-0*+kr-0r") /*

Hsec ZE( ‘ ‘I] 2]
! j=

Cppr =@, y) A1), v,y RV



Time derivative of a dynamical quantity

Cppr =@, y) A1), v,y RV

N ki .
For a 1 h H ) dCy’y, — ! . ) *g ’TMN*k,k/ . . * ', I x
given harmonic (k, K’) ” =2(y,y) - (K, K) Ij I''"2°h sin(k-0*+KkK -0")
\ J
j=1 Y
¢ = Cst?

d g+ S
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Time derivative of a dynamical quantity

Cppr =@, y) A1), v,y RV

2

IkJI ki ]

d);y, =2(y,7) - (kK K) 2 1'72 h**¥sin(k- 0" + K - 6™)

=t

N N
AMD Zx ]* Z I]* = C]_,Oi Al\/[])1 == CO,]_I AMD = Cl,l

.
[uxy
.
[uxy

dAMD, dAMD; ~ dAMD ,
ocij, ocz:kj, ” ocij+kj=0(D’A1embert)
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Resonances and AMD,, ; exchanges

sin(k-0*+K -08")

k=1(1,-1,00), k'=(1,-1,0,0)

sin(¢p) = sin(+16; — 165 + 16"] — 16"

% =0, — g, +S1— S, possibly resonant
dAMD, Z P dAMD; z T
oC P X g —
dt Lo dt !

J J

conserving
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Resonances and AMD,, ; exchanges

sin(k-0*+K -08")

k=1(1,1,0,0), k'=(-1,-1,0,0)
sin(¢p) = sin(+16; + 16, —10'; — 105

dAMD, 2 k£ 0 dAMD; 2 L% 0
XX : X .
dt ) dt IR

J J

non conserving

do
4 —J1 -+ QZA_Sly_SZJ not resonant

>0 >0
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Resonances and AMD,, ; exchanges

sin(k - 0* + K - e’*) I AMD, j-conserving [ AMD¢ j-non-conserving
Order 4 Order 6
k=(1,100), k'=(-1,-10,0) 105 [T cominzrea oy | | ]
. 104-é
. . * * I % ! % % 103_%
sin(¢p) = sin(+16; + 16, — 1607 — 165 10 ]
101~;
dAMD dAMD, | -
€ e k + O, IOC k,' - O E Order 8 E Order 10
dt / dt / | |
j j o
., 10% 3
. 5 10°
non conserving S 102
10t
% — + —G, —S§ not resonant | 1073 1073 1071 1-(1)_1 | 1075 1073 1071 1-01
dt \‘gl v ng 1Y 2/ |k-g+ k' S|/gmax |k g+ K S|/gmax
>0 >0

Order = ||(kK,K)||;
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Conclusions

* Conservation of AMD.. ; beyond the Solar
System = Quasi integrals of motion AMD

reservoir

* Conserved since last perturbation,
AMD. ;are tracers of the dynamical history

* AMD, ;are easy to compute

e exchanges | exchanges

* Low AMD systems have LL-like dynamics
despite confined chaos
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