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Introduce myself
Have worked on Cel. Mer. Since 2020

Background:Theoretical high energy physics.
X General Relativity

PhD Stanford 1998,

post-doc Tel-Avio, Princeton IAS
Hebrew U, Jerusalem since 2002
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The problem



Three-body problem
Given initial conditions

⑧ Me,E,
<ab

me,is ass No
me,E

F=Mb
Easy to define

Goal: predict the motion. not easy to solve.

Non hierarchical - comparable ma
=>Egalitarian "separations



S

simulation



Rich

fruitful

& deep
problem.

Started w. Newton, over 330years ago.

Closely related to

Perturbation theory
symplectic structure of mechanics

chaos Poissonbrackets
Topology.



O tionMes



Three-body problem believed not to have

a deterministic solution.Poincare1890

Unsolvable?



Computer simulations

produce statistics

Agehyan & Anosova 1967, Aarseth,
Valtonen, Hut Bahcall, Bayd McMillan



Random-like motion

The correct goal:
Given chaotic initial conditions

a statistical solution

rather than a deterministic one.

Monaghan 1976



Flux-based theory

Main result



Notation for main result

les ofpericenterOutcome parameters Lang --> L I L

u =(s,EF, l,Wre--> effective/outerS=1,2,3 escaper identity binary/inner

E+ E =E, r + =[



Differential decay rate Flux-emissivity
reduction.

-dT(u) =E(u)kF(n) (kinematic -dynamics)
Probabilitate

↑

- ↑

by
&

asymp. Flaxregularized emissivi E

phase volume. absorptivity exact reduction!

dF(u)-da tallygete- l-lF
Insight: -central force

(drdE) =T -> binary
binary period

binary constant ks =m.c
2
= mano(G MaMe



Deta. of Ein
E :=probability for
chaotic absorption (capture)
for random binary phase

1-0
-- -

Kirchhoff'slaw/detailed balance

021 Emissivity: Absorptivit



Exact reduction of statistical solution

Theory name:

Flux-based statistical theory.



Evidence



Escape probabilityIs

I blind assumption:Elul=const

Marginalize overdiTuT
For 2IEILs kmax* k: =mx=mem Gmemb

I,(E,[ma3)- a k t1, (E):= -2E
*Impossible
for binary to

carry
all

ang. mom.



Validation through measurementof

escape probability
Manwadkar, BK,Trani, Leigh

MNRAS 2021

Set upinitial conditions

M3
·
Me

⑧

at'rest
M,v

Average over position ofmy over celestial sphere.
Select for chaotic evolutions.



Escape probabilities - measured vs predictions
Ring legend: Outer - measured (Manwadkar, BK, Trani and Leigh 2021),
Middle - BK2020 (flux-based), Inner - Valtonen-Karttunen 2006

data from
Manwadkar, B4,
Trani & Leigh 2021

P, 2m,



SKIP MKTL 2021

~ P,M



1A] Measure Chaotic Absorptivity 1B] Predict the Outcome Distribution 2] Measure the Outcome Distribution

Perform binary-single scatterings with 

non-zero relative velocity and 


different binary energies/angular momentum 

  


Determine if the scattering resulted in chaotic 
capture or not to compute absorptivity as a 
function of binary energy and binary angular 

momentum (see below plot)

Multiply the absorptivity distribution (measured 
in left column) by the 


flux factor (see Equation 5) to get the predicted 
outcome distribution of chaotic three-body 

interactions in binary energy and binary angular 
momentum space.

Run large ensemble of three-body simulations 
and stop simulation when the interaction 

ends.


Filter for interactions that have an chaotic 
escape (see Section 4.2.2)


Compute the outcome distribution in binary 
energy and angular momentum space 


for these chaotic escapes. 


Compare  
these!

Afiner test



-

SKIP
-

Contour map S of predicted & measured
outcome distrib.

Binary
parameters

EB Manwadkar,
Trani XBK

CMDA 2024



Flux-based statistical

theory-

Main idea



Re-examination oftheory'sfoundations

Replace
P < 0-

probability phase-space volume

i & F/Fby Decay rate phase-volume flux

leaby container analogy

:



Container is pipe joint
Orientation Geometry decomposition

=2const

More later...



Reformulation

Dynamical reduction

BK2 2023



Dynamical reduction

*Simplify the dynamicsthrough choice

offewer variables [formulation]

*Conserved quantities enable it

Lagrange 1772
Lemaitre 1952

Montgomery & Moeckel 201



Outline of proces

*Translations & it

*Planar reduction & i, 5

*In-plane rotation & (4,0,4x8
Triangle geometry space

*Eg. ofmotion in non-coord. basis



Coordinatesfor center ofmass frame

,, 3 vector d.of.

o
=m,i +mc +MyE I vector constraint

In 2-body
I = -

In 3-body relative positions (transl inwar)
Fab =Fa-rs:Fir, Es, E,

not independent:FiztEs+ rs1 =0



Inspired by Lagrange's solution to the cubic

Define complex relative position
->

w =ri +y +I,
BR2023

y =exp(27j/3)
RIj]=K

2e
&

:21 +y
+5 =0

Translation invar

-Transforms nicely under perm: 1t 203- 1
w-y
-

2493 Ws e

9 dof - 6 dof!



Motion ofplane + within plane

->



Bi-complex w Factor rotations ->I
Presentas phase

Wi =w.(X
+iy)

body axes
SO

er=wr, + W, i+Wij + wi ij

j-related to permutations
i - plane rotations

i2jz - 1
3 ij =ji independent& commuting.

4 d.of + rotating body (2xdof+ead



Triangle geometry space eliminate rotational phase

w =(w, +jw) 4d(w) -> 3d(0)

Q:= (w*e) ,() 2* =- i

ri), t=1=).=(?), s-i
+, =7] Pauli-like matrices

0 =Q, +Q, +Qs

Q.= = (9,0,0, +Q Inspired by
isotropic oscillator,
Stokes, Poincare,
Pauli, Hopf, Block



Spherical cordinates-Triangle geometry space sizet shape
-

triane
= ~sino as (p-a-1) a =1,2,3

r

equilateral poles r
2
=r2Qe23

·
collinear equator 2-3 collision

shape sphere (4,04) Montgomery - Moeckel 2013



Overall:Orientation Geometry decomposition
Reduced config. space

=2const Equi-V surface

R =... Triangle geometryspace
Lemaitre 1952

-(r,0,4) Montgomery-Moeckel 2013

Rotating body + 3 d.of pipe joint chaotic core



Overall formulation Orientation Geometry decomposition

Gravitational attraction:conservative force field toward pipe centers.

centrifugal potential: outgoing
Coriolis force :magnetic-like field t



~ Lagrangian mechanicskIP
S↑ w. non-coordinatevelocities

wa= Bi (g)dg"
Torsion dr= I Cabubva

Lagrange - Poincareeg. ofmotion Poincare 190

(eta) + cabwis-Dah
↑extra term

- ea.S
e.g. Rigid body 1: Zijwiwsh= 1(2)"s;S;



-
Formulation h

25(5,9): =L - w. =h0 +2 +22 0(54)
↑ motion potential

geometry space
L =
+3"(8 sinoyY-(mecy)

I =Imara"(my s+9) M =m,+M2+Ms

↳=22),sinocase)
Mc =M, Mc+M2Mg+ MyM1

My =m, m, M3
2

For ="( - "(4-1)

shape sphere metric conformal to round s



21 =55; La-(mm,(-caso-siacoslf-singa)+ce)
in "-gauge"

Magnetic-like a form

sinody do

B== MM, Jo (m,m, (1-sinocase)+cyc.)

monopole charge at g = 0.



- 2 ==5 +n,E JaJp 6, p =12

I =ricot is twice triangle area

EG
=I [MMs4239s +cyc.] ~ I

- 1

92 Fir [cus=-eig sinE]
in tgauge

(Ji, Jj]=- Eijh Ju

centrifugal potential



Equations ofmotion

* 5i = - (5:,253

(8) =gi =(r,0,4



Developments
Planar (201) 3-body system

System & natural question
arXiv: 2608

Dandekar, Springer, Zard, Trani, BK, Birnholtz



Escape probabilities ->E is not subleading
b challenge!



Outgoing
binary eccentricity

- preserves

agreement



Flux-based theory
predicts chaos in

the double pendulum

ar Xiv: 2608

Peleg Hahem & BK



The double pendulum
- Prototypical chaotic system
- Flip events:
an arm turns over

- Flips persist
- Mean flip rate=?

see video



Prediction us, simulated full ensemble average



w. ensemble scatter shown

due to the regular componentin phase space



Prediction vs. individual trajectories MFR

from the chaotic ensemble



Anatural flip criterion and the saddle orbit

⑧

& &

&

E =2.5

- See two videos

and website



The story of the

three-body problem

arXir: 2510



Thank
you for your

attention o

Grazie per l'attenzione d


