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Motivations

How does the presence of a third primary body affect L, and L5 Lagrangian points in
the Restricted Three Body Problem?
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Motivations

How does the presence of a third primary body affect L, and L5 Lagrangian points in
the Restricted Three Body Problem?

/PO \\ Pl P2

V4 L5

More generally, how to build coherent restricted four body problems?
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Types of QBCP

Poincaré QBCP Hill QBCP
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Three-Body Problem (3BP)

We consider the general planar 3BP,

mid; = G| e i, i, €{0,1,2}
j#'l 7‘7,7

@ & (wi,v;) and q; £ (i4,7;) are the positions and velocities,

def
Qi; = dj — Qis
G is the gravitational constant.

Hamiltonian with six degrees of freedom.
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Conserved Quantities in the TBP

1 T
Total energy: (a,p) 5P P ;Z e
2
Center of mass: 2 m;q; = 0.
i=0
2
Total linear Momentum: Z pi = 0.
i=0

2
Total angular Momentum: L= Z qi X Pi-
i=0
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Periodic motion on the TBP

Absolute Periodic Orbits Relative Periodic Orbits
Positions and velocities of all the Relative positions and velocities of all
bodies return to their initial values the bodies w.r.t. the centre of
after a certain time, the period. masses are periodic functions.

Relative Periodic Orbits are said to be periodic on a rotating frame.

Let v € R denote a solution of TBP, then it is a relative periodic orbit if there exist a
block-diagonal rotation Ry € Mi2(R) of angle # and a value 7" > 0 such that

Y(t+T) = Roy(t).
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Relative Periodic Orbits of the TBP based on alighments

» We use an inertial reference frame and coplanar setup.

» The origin is fixed at the center of mass.

» Our RPO start with the 3 bodies aligned (syzygy configuration).

» The second alignment does not necessarily occur along the same initial line.

» At time T, the bodies will align again, at a line at an angle 8 from the initial line.

> If a Relative Periodic Orbits (RPO) occurs, a —6 planar rotation restores the
system to its initial configuration, maintaining the same alignment pattern.
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Construction of Relative Periodic Orbits of the TBP - |

Y

» Variables P; = (z;,y;,%;,y;) for j =0,1,2.

v

Full phase space is 12-dimensional.

» Center of mass fixed at the origin.

v

One body (F) is deducible from the other. ';
! j/ Py P, T
Reduced phase space is 8-dimensional. X J

Alignment section:

g:\\
D
2

v

Besides:
» Normalization G = 1 and mg + mq + mo = 1. Y = {z1y2 = w2y}
» Initial position at {y = 0} and z; = 1.
(Syzygy condition) /20



Construction of Relative Periodic Orbits of the TBP - |I

1. Given initial (.731,yl,il,y'l,xg,yg,iig,yg) = (1,0,0,@1,1‘2,0,07?;2) in X.

2. (Xj,Yj,Xj,Y}) for j = 1,2, TBP until second cut on ¥ (output: flying time T').

w

. Compute 6 = atan2(Y2, Xo).

4. Impose equal relative configuration:
4.1 Same distance of P; to the CM: |(X1,Y1)|| = [(z1,91)] |
4.2 Same Py velocity: ||(X1,Y1)| = [ (&1, 91)] (X1, Y:
4.3 Same distance of P; to the CM: |[(X2,Y2)| = [ (22, v2)] [(X2,Y2)| = |z2|
4.4 Same P, velocity: [[(X2, Ya)| = |(i2,52)] |(X2, Ya) [ = |ge]

4.5 Same angle of P; w.rt. {y = 0}: X1 X1+ 1Y, = x4 + Y11 X1 X, +Y1Y1 =0
4.6 Same angle of P, w.r.t. {y = 0}: XoXo + YoVs = oin + Y212 XoXo 4 YaYs =0

(X1, ") =1
(
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Stability of Relative Periodic Orbits of the TBP

Given a RPO ~ with angle ¢, we define

» Rotated monodromy matrix in the full phase space:
M =R_yD¢r(7(0))
where Ry = diag(Ry, ..., Rg) € M12(R) and Ry € My (R).
» Rotated monodromy matrix in the reduced phase space:
Mied = Rg D é1(2)

where z = (q17p17q27p2) € RS! R@ = diag(Raa s 7R9> € MS(R> and
Rg GMQ(R).

The Reduced Monodromy matrix has 8 eigenvalues, being 4 of them 1's.
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Poincaré solutions



Poincaré mo >> myp, Mo

By considering:

> mo >> my,m,
»mog+mp+mo =1 G=1and z1 = 1. Kr\\\

Period of body 1 is 2 meanwhile body 1 describes a circular orbit.

Sense of the continuation, P, approaches P;:

Fo 0 IP1 IPQ

J ‘ -
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Poincaré example: my = 1 — m; — mgy, m; = 1073, my = 107*

6 =0.462250 T =6.761963

Each point (z2, Uyl)

is a 12f

Relative Periodic

Orbit L1l

of the 3BP.

Click for video

25 35 4.5

0 real eigenvalues
2 real eigenvalues
4 real eigenvalues

Body 2, Body 1, Body 0
Y(t): angular position at t.
Vt=T)=146
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Hill solutions
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Hill Solutions my >> m; >> ma»

By considering:

P2 )

> mg >>myp >> Mo,
»mog+my+me=1 G=1and z; = 1.

% P g

Period of body 1 is 2 meanwhile body 1 describes a circular orbit.

Sense of the continuation, P, gets apart from P;:

Fo 0 IPIIPZ

I |71
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Hill example: my=1—m; — mo, m; = 10_4, mo = 1076

14

6 =0.051681 T =0.051690

0.8
Each point (z2,vy,) 13
0.6

=

is a 04

0.2

Relative Periodic

Orbit oo :
! 1 o 02 o4 o6 o8 1
of the 3BP. 2 .
2 -/‘I é 8 10 DO T2 T
0 real eigen\Z/aIues Body 2, Body 1, Body 0
2 real eigenvalues Y(t): angular position at t.
4 real eigenvalues Wt=T)=40

Click for video
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Conclusions & Future work

» Systematic construction of coplanar RPO to explore planetary systems; inside or
outside our solar system.

» Different families of RPO continued to reasonable limits.

» Solutions found features natural phenomena of many real systems; they can be
used as basis model to their study.

» Find bounded chaotic configuration.

» Given a RPO, the dynamical equivalents of L4 and L5 is now being explored.
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"No, you weren't downloaded.
You were born."

Jerry King

https://www.maia.ub.es/"angel/
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