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Consider a nearly-integrable Hamiltonian system

H(p,q) = h(p)+€R(p.q) with (p,g) € DCR"xT"

e Nekhoroshev proved that the actions, under suitable applicability conditions, remain
confined over a finite but exponentially long time:

llp(t) —p(0)|| <&’ for [t|<eY®, with a,b>0

The estimates are obtained by the construction of a suitable canonical transformation.

Several works focus on improving the exponential stability exponents, which determine
the order of magnitude for both the stability time and the bounds on the actions.
Some references

Quasi-convex case Péschel (1993); Lochak—Neishtadt (1992); Bounemoura—Marco
(2011); Zhang (2017)

Steep case Guzzo—Chierchia—Benettin (2016)
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Set up

Let H(p,q) = h(p) +€R(p,q) with (p,q) € D CR" x T".

@ We define D C R" open domain, the projection of D in the action space.

@ We consider a complex extension of the domain: V1D x Wy T" for ry,sp € R..

@ We introduce the norm:

IRlns = sup_ Y [Re(p)l exp(|Kll150)
EEV,OI'ID keZp,

where Zj ={k € Z" : | k||; < K}

@ We suppose: ||8R(B7ﬂ)|

|f0,50 -

<E and SUPpev, NMD “822/7(2)“2 =M

(E and M are upper bounds on the norms of €R(p,q) and the Hessian of h(p))
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Definitions
Definition 1: resonant frequency
The frequency vector @(p), with ®(p) = V,h(p), satisfies a resonance of order
kez"\{0}, if
k-o(p)=0
W
Definition 2: o, K non- resonant condition
A domain D CR" xT" is called &, K non-resonant modulo A, for A C Z}\{0}, if
k-o(p)|>a VkeZi\{AUO}, (p.g)€D
for some a € R4. If A=0, then D is a completely a, K non-resonant domain.
Definition 3: Diophantine condition
A frequency vector @(p) is said to satisfy the Diophantine condition if
¢ n
lk-0(p)| > e Y keZ"\{0)

= ikl

for some constants C € Ry and 7> n—1.



Non Resonant Stability Estimate

Theorem (Poeschel 1993)

Suppose the domain D completely o, K-non-resonant.
For some positive parameters j and ¢, such that 1/j+1/¢ =1, and r such that

. o
r S mln(W7r0) B

let E be bounded by
1 oar
IRllr.so < E < 575 5 -
Then, for any initial condition (BO’QO) € D, the evolution of the system in the action
space is bounded as

K
lp(t)=poll<r  forall e <T=22 ex,{%) ,

This theorem provides explicit estimates on the parameters ensuring the stability.

These parameters (rg,s0, M, K, &, E,£) must satisfy certain applicability conditions.
Since these conditions allow some freedom in parameter choice, we propose an
optimization algorithm to maximize the stability time.



Optimization of the parameters

Optimization of Non Resonant Stability Estimates

For a given initial condition (p,,q,) we aim to choose the parameters that maximize the
stability time. The conditions to be satisfied are:

1 ar
Emin= ||R(Bovg0)“r0450 <EL 277( 7 - -
g Choice of arbitrary parameters

o < Omax = inf |KQ(PO)| (I’o,So,M,K,OC,E,E)

keZj, -

+

M= Mpn= sup  (192h(p)]2) £ = Emin and 1= mas.

lp=pglisro > = N

o ) M = Mpin and & = Qmax
r < Fmax = min (l\/IK (1—£>,r0> N
(r07503K7£)

K = supkeng (lIkll1) = Kimin

K
such that T = % exp <650> is maximized.
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Optimization of the parameters

Techniques: Implementation of Perturbation Theory

Perturbation Theory

It is convenient to reduce the norm of the perturbing function by implementing
perturbation theory, based on the construction of near-identity canonical
transformations defined by the generating functions {x(’)},-zl:,v.

H(B7ﬂ) exp (Lx(N)) o---oexp (L;((l)) > H(N) (B(N),Q(N))

OPTIMIZATION
ALGORITHM

exp (—Lx(l))o~-oexp (_LX(N)> Y

(P 90111, T) < (M, g™, 1r M| T)
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Techniques: Sequences of Diophantine frequencies

Non-autonomous 1D system: o(p) = (@w1(p1),1)

Close to a resonance of order (ki,k2), we construct sequences of irrational frequencies

that converge to the resonant frequency @) = —ko/ki:
. k s oo _ ki k2) ko S zoe , koiy
Flkke) ke 2o ke Allke) _ ke
> ki z+vy — ) > ki z+y k1)

for z € Z\{0}, s € R, y being the golden ratio, y = (v5—1)/2

Proposition

The numbers r;k;’k”, Aﬁf;’kz) satisfy the inequality

|k1(1)1+k2‘ > v(1(171(2)622\{9} :

c
[k’

From Liouville Theorem: an irrational algebraic number ®; of degree 2 satisfies the
Diophantine condition for some positive constant C and for 7 =1,



Conservative Spin orbit model

Assumptions

@ Triaxal satellite S
@ Spin axis L to the orbital plane
@ S moves on a Keplerian orbit around a central planet P

1D time dependent Hamiltonian

2
H(qi,p1.t) = %1 cos(2q1 — 2f(t))

&
C2r(t)3

with € =2(l,— 1,)/lc, ® = (@1,1) = (p1,1)




Applications to rotational dynamics:Spin orbit model

Spin orbit resonance of type k> : kg

A spin-orbit resonance of type kp : ki occurs if (Definition 1):
®-k=kit—ky =0

which implies that the body S; makes k; rotations within ky orbital
revolutions.

e We want to approach a specific resonance without intersecting any other
resonances:

Sequences of Diophantine frequencies — Resonant frequency k;/k;

r(zs1,1) A;;A)
04 06 0.8 1.0 12 14 16



Applications to rotational dynamics:Spin orbit model

Results

We consider as initial conditions (p(0),q(0)) = (p1(0),0,0,0) such that
o(p(0): = (TE27.1) o (p(0): = (A¥F").1) J
Logyo(ITD
b)

Stability time for z = .,100 with s =1.6 (1:1 resonance) and s =0.6 (3 : 2 resonance) for
(a) e =1073 after N 2 perturbative steps, (b) € = 1073 after N =3 perturbative steps.
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Applications to rotational dynamics:Spin orbit model

1:1 1:1

p1 p1
12 12
] el iinlsinialsiuistieiteintuinly = 11 _ _ _

v-‘_‘- -
LTSS
[
0.8} 0.8f
ql ql
0 1 2 3 4 5 6 0 1 2 3 4 5 6

The Comparison between the last value of p; for which the algorithm provides results (blue line)
and a resonant normal form computation of the width of the 1:1 resonance (red line) for (a)
£ =103 after N =2 perturbative steps, (b) e= 1073 after N = 3 perturbative steps.



Applications to rotational dynamics:Spin Spin-orbit model

Conservative Spin Spin orbit model

Assumptions

o Triaxal satellites S1, S,
@ Respective spin axes L to the orbital plane

@ 51, S move around each other on Keplerian orbits around their
barycenter




Applications to rotational dynamics:Spin Spin-orbit model

2D time-dependent Hamiltonian

Spin-orbit terms Spin-spin-orbit terms
pi | P
H(q1,92,p1,p2,t) = ottt Vi(r,f,q1,q2)+HVa(r,f,q1,92)
21 21
m klék)

_m Z Sklt(:k) 2 i_"_i (4 _4f(t))
B(0) A\ Ms, ) \112 7 28 <%

(1) (2
m e l; &l 35 1
V2 - I’5(t) ( MS1 ) < M52 ) (24 COS(44f( ) 2q1 2q2) §COS(2q1 2q2))

, m= GMs, Ms,, and {ng)}k:m the principal moments of inertia.

Units

Ms, +Ms, =1, N 4+1P =1, =23



Applications to rotational dynamics:Spin Spin-orbit model

Techniques: Sequences of Diophantine frequencies

Non-autonomous 2D system: (p) = (w1(p), w2(p),1)

Definition
A spin-spin-orbit resonance of type k3 : ki : ko occurs when (Definition 1):

=0 with @ = (w1,0,1) and k= (ki,kz,—k3)

==

Q.

(~4:-2:-2)
Definition
A spin-orbit/spin-orbit resonance of type
(k31 :ki)s,, (k32 : ko)s, is an intersection between
the spin-spin-orbit resonances of types k31 : k1:0 NG
and k3o :0: kp: S Nty

(1:1)s,

kiw; — k31 =0, kowp — k3o =0

(1:1)s,




Sequence of Diophantine frequencies

In the general n-dimensional case, we define the vector ® = (®;,...,0,-1,1) € R" such
(0] b1 1
. o
: = : o - ) (1)
Op—1 b1 .
1 1 0 - 0 ant

where (by,...,by—1) € R”, the (n—1) x (n—1) dimensional matrix & has rational
coefficients a; with det.</ # 0, and « is a real algebraic number of degree n. The vectors
defined by (1) satisfy the Diophantine condition (Definition 3).

n =3 encompasses the case of a 2D non-autonomous system.

Diophantine frequencies for 2D time-dependent Hamiltonian
Given a spin-orbit/spin-orbit resonance of type (k31 : k1)s,, (k32 : k2)s,:

. . +
(kiks1) k3 31 3 o\ zoe [ k31

) =224 Do+ et ) 5 2=
Lz k1 (Z + z ) ( k1 ’

3 3 +
(kaksz) k3o | (33 34 o\ zoe [k3p
. =—4+(—=a+—«a — | ==
2.z ko (z + z ) ( ko )



Applications to rotational dynamics:Spin Spin-orbit model

Results

We consider as initial conditions (p(0),q(0)) =

ky,k: ko, k:
0(p1(0), p2(0)); = (@791 w2k 1)

(p1(0),p2(0),0,0) such that

055 060
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o

Tl

Stability time around the spin-spin-orbit resonance (1:1)s,,(3:2)s,, (a) for & = & = 1075 after
two perturbative steps and (b) for & = 3-107> and & = 10~* after two perturbative steps.
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Conclusions and future works

Method and Applications
@ Effective stability estimates near resonances, based on the non-resonant
formulation of Nekhoroshev's theorem given in Poeschel.

@ Optimization algorithm to maximize the stability time, combined with a reduction
of the norm of the perturbing function via perturbation theory.

@ Two model problems in rotational dynamics, the spin-orbit and the spin-spin-orbit
problems, with long stability times computed on a grid of points along the
Diophantine sequences.

Future works
@ Implement a similar method for the resonant case.

@ Extend and optimize the non-resonant method for observed binary systems.

Reference

Celletti, A., Dogkas, A., Guido, A.F. Effective stability estimates close to resonances
with applications to rotational dynamics. Nonlinearity, 2026.

= = = — SN



