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The Circular Restricted Three-Body Problem
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Two spaces, one physical problem

R3BP lives in synodic variables;
KS lives in a larger regularized phase space with a physical submanifold.

Synodic RTBP
Xyn C RO

(X7y7z7).<7}-/7z.)

params: g
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Two spaces, one physical problem

R3BP lives in synodic variables;
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Synodic RTBP ® KS phase space
Zt;yn C R® > 2&}(57ph C Xks C R
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Two spaces, one physical problem

R3BP lives in synodic variables;
KS lives in a larger regularized phase space with a physical submanifold.

Synodic RTBP ® KS phase space
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params: params: C, uks, Oside
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Two spaces, one physical problem

R3BP lives in synodic variables;
KS lives in a larger regularized phase space with a physical submanifold.

Time regularization

dt ,
g = r=1ul

Synodic RTBP q> KS phase space
ét;yn C RO > éki(s’ph C Xks C R®
(X=y7z7)-<7y=z-) < \U (Ul,...7U47V17...7V4)
ph
params: u params: C, uKs, Oside
Voho® =idy,, on the physical submanifold.

4/27



Two spaces, one physical problem
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Two spaces, one physical problem

R3BP lives in synodic variables;
KS lives in a larger regularized phase space with a physical submanifold.

Time regularization

g = r=1ul

Synodic RTBP KS phase space
X RO [ . 1 X RE Extended KS
syn C ) > Aksph C Aks C Xics ph.fanl C R
(Xa}/7zv)-<7}}=z-) h \Uph (U1,...7U47V1,...,V4) (Ul,...,U4,V1,...,V4,t)
params: (i params: C, UKS, Oside
_ . Xispn 7 0 € Xks
Voho® =idy,, on the physical submanifold.
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Chart convention: uxs and ogge

| use one formula for both primary charts. The table fixes the convention.

Chart regularized primary location oOgge HKS Mheg = 1 — ks
primary 1  large primary +u +1 I 1—p
primary 2 small primary w—1 -1 1—-pu I

Earth—Moon values

© = 0.0121505856093

primary 1 (Earth): pxs = 0.01215, m, = 0.98785
primary 2 (Moon): uks = 0.98785, myee = 0.01215

uks is the mass of the other primary in this notation.
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Chart convention: uxs and ogge

| use one formula for both primary charts. The table fixes the convention.

Chart regularized primary location oOgge HKS Mheg = 1 — ks
primary 1  large primary +u +1 I 1—p
primary 2 small primary w—1 -1 1—-pu I

Earth—Moon values

— T o © = 0.0121505856093

Xsyn = XKS Oside HKS primary 1 (Earth): uxs = 0.01215, my; = 0.98785
primary 2 (Moon): uks = 0.98785, myee = 0.01215

uks is the mass of the other primary in this notation.
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Deterministic KS chart
For a given SYN position, choose the representative associated with the larger of

SA = r + Xks, SB = I — XKs;, r=\/xks+y*+2?

Chart A: sp >0 Chart B: sg >0
u = oA w=2 Uy = B u =2
1 2 ; 2 2U1’ 2 2 ; 1 2U2
z z
= —_— = 0, _ - O
u3 20y’ Ug Ug 2y u3

Choose A when . Choose B when .

‘r=0<:>sA:sB:0‘

Both charts are valid on their overlap; the rule char fixes a unique representative.
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Deterministic KS chart selection

p= VYT

A

Xks AP0 =r

> XKS

(=r,0) (r,0)
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Deterministic KS chart selection

p= VYT

both charts valid
sa >0, sg >0
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Deterministic KS chart selection

p= VYT

both charts valid
sa > 0, sg >0

Chart A degenerates
sp=r+xks =0

Chart B degenerates
SB = I — XKS = 0

XKS

(=r,0) (r,0)
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Deterministic KS chart selection

p= VYT

sa>0, |

Chart A degenerates
sp=r+xks =0

Chart B
xgs < 0

both charts valid
s >0

SA = SB

Chart B degenerates
SB = I — XKS = 0

Chart A
xks > 0

(7"7 O)

(r,0)

XKS
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Deterministic KS chart selection
p=y*+22

Chart A degenerates
sa=r+xks =0

Chart B
xks < 0

SA

both charts valid
SA > 07

SB

sg >0

Chart B degenerates
sg=r—xgks =0

Chart A
xxs > 0

SA — SB = 2XKS =

A:

XKS > 07

B : XKS<0‘

(r,0)

XKS
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¢: SYN — KS and its quasi-inverse

® The choice of charts A/B provide a uniquely transformation:

®: SYN — KS, (x,%) — (u,v), v=u, t =|ul?

~
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®: SYN — KS and its quasi-inverse

® The choice of charts A/B provide a uniquely transformation:

¢: SYN — KS,

(x,%) = (u,v),

® To define its inverse KS — SYN, we introduce

Then

uy

u
L) = |

Ug
= L(u)u

—uy
u
Ug

—u3

and

—u3
— Uy
Uy
u2

X
y
z
0

v=u', t =l

Ug
—us
uz
—uy

2
= ——=L(u)v.
lul|?
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®: SYN — KS and its quasi-inverse
® The choice of charts A/B provide a uniquely transformation:

®: SYN — KS, (x,%) — (u,v), v=u, t =|ul?

® To define its inverse KS — SYN, we introduce

u —uy —us Ug
o u» u —Uy —Uus
L(u) = Uz U m Uy
us —us u» —u
Then
XKS X
y y 2
=L | = —=L .
S (u)u and 5 ME (u)v
0 0

def
8KS = Ugvi — u3vp + upvz — uivg = 0},

~ Ugly — uzlp + tpuz — uqug = 0 and

8/27
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First integrals and KS manifold

Proposition: physical constraint set Flow invariance
8KS = UaVi — U3V + UpV3 — U1 Va, d d
— =0 —Egs = 0.
dngS ) g5 CKs

1 — pks
Excs = [IvII? = Ilulhics (u; €) — ==,

Xksph = {(u,v) € Xks: gxs =0, Exs = 0}.

(depends on C, pxs)

10/27



First integrals and KS manifold

Proposition: physical constraint set

8KS = UaVi — U3V + UpV3 — U1 Va,

1 — pks
Excs = [IvII? = Ilulhics (u; €) — ==,

Xksph = {(u,v) € Xks: gxs =0, Exs = 0}.

(depends on C, pxs)

Flow invariance

d d
“gxs =0,  —Fgs=0.
dngS ) = KS

Transformations for |ju|| # 0
b Xsyn — XKS,ph

wph: XKS,ph — Xsyn

10/27



From the vector fields to the KS time-h map

Physical dynamics

x = fsyn(X; 11, x € Xeyn C RC.

Flow:
syn

pe (% p)-
The Jacobi constant:C = C(x).
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From the vector fields to the KS time-h map

Physical dynamics

x = foyn(X; 1), x € Xeyn C RC.

Flow:
syn

pe (% p)-
The Jacobi constant:C = C(x).

Regularized dynamics
z=(u,v) € Xks C RS,

Z' = fxs(z; pxs, €), t' = [jul®.

Flow:
05 (z; pks, C).

C parameter and

Z(O) S XKS,ph - Z(S) S XKS,ph for all s
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Collision: the physical target is not the ambient origin

Collision in position Intersect with the physical manifold
Atu=0, gks =0, and
2 2, 2 2 2 =
Xgs+y +z2=r5  r=|ul EKS:||V||2—1$-

sz Therefore

(xks,y,z) =(0,0,0) <= r=0

col —

2

cPh = {(o,v) v))? = l_’ms} ~ S
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Collision: the physical target is not the ambient origin

Collision in position Intersect with the physical manifold
Atu=0, gks =0, and

ds+y?+2=r~  r=]ul’. Eis = lv]]? — 155,
sz Therefore
(xks,y,z) =(0,0,0) <= r=0
h 1— pks
ezt = {o): vip = 2125 = 52

Since Exs(0,0) = —1=4Ks £,

‘(0,0) is an ambient KS equilibrium, but it is not a physical collision state.
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Phase fibers via Stereographic Projection |

1.6

Phase fibers in KS at the Moon

pEarth

canonical primaries

0.8
uz; 0

-0.8

Phase fibers in KS at the Earth

Egrth

canonical primaries

gMoon
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Phase fibers via Stereographic Projection 1l

Phase fibers in KS at the Moon Phase fibers in KS at the Earth

add Lagrange points add Lagrange points

L5,
] L,&Muon
o4
Egrth
usz 0 r a3
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Phase fibers via Stereographic Projection I

Phase fibers in KS at the Moon Phase fibers in KS at the Earth
B/(2m) = 0.03 8/(2m) = 0.03
»
16 QEarth 08 | = uﬂ\ﬂ“";m
0.8 r Mpo'fﬁ ' ’ Egrth
L u3 0 - e
-0.8
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Phase fibers via Stereographic Projection IV

Phase fibers in KS at the Moon Phase fibers in KS at the Earth
B/(2m) = 0.50 (sign copies) 8/(2m) = 0.50 (sign copies)

LEE—
1.6 L Earth U‘,{\guon
—_ 0 08 r - ‘e
0.8 | o ..'M‘L,‘).z +L4 T—Egqrth
L
uz 0 r ] sL5 3 us 0 L L3

16/27



Overview

Y

Y

KS lift

charts, fiber,

regularized time

physical
subset
first integrals

and constraints

origin
theorem

critical value

and resonance

normal form
Hamiltonian

and time-h map

next steps



The KS origin: a sharp spectral transition

Proposition: origin linearization
At (u,v) = (0,0),

u =v, v/ = hks(0) u,
with
2
HKS | Hks C
hgg(0) = =2 + =82 |
ks (0) 5 + 4 4
Hence

hks(0)ls O

0 I
Ay = ( 4) : A2 = hks(0) |
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The KS origin: a sharp spectral transition

Proposition: origin linearization One critical value
At (u,v) = (0,0), Define
u = v, v = th(O) u, CI?S = 2uKks + M%{S
i so that hks(0) = — C—4Cf§s_
K pky C Therefore
s ="+
C< Gy = )\:j:% Cis — C,
Hence C=Cs = 2=0,
C>Cg = A= :EI%\/C— Cks

_ 0 Iy 2
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The KS origin: a sharp spectral transition

Proposition: origin linearization
At (u,v) = (0,0),

u =v, v/ = hks(0) u,
with
2
prs | prs €
hkg(0) = —= + === — —,
ks(0) ="+~ 3
Hence
0 Is 2
Ao = , A5 = hks(0) |
0 (hKS(O)I4 o) ks (0)

One critical value
Define

Cits = 2uks + pikg

_ C-Cgg

so that hxg(0) = :

Therefore
C< Gy = )\:j:%\/Cf;S—C,
C=CGg = A=0,

C>Chy — A==+il,/C— G,

C>Cig=originl:1:1:1
linear resonance.
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KS origin

th(O) / th(O; C=0)

0.75

0.5

0.25

-0.25

spectral

KS-origin stability: normalized comparison

T

saddle (h>0)
neutral (h<0)
E/M normalized curve —

L

L L

0.25

05 075
c/¢

*

E/M case

Ciiartn = 2.95154520420

Glioon = 0.0244488079492

KS-Moon origin stability peyy Ks-Earth origin stability ey

0.006 ' saddle (h>0) 006 —
y ' neutral (h<0)
N hys(0) —
0.004 ' (0 oo
0.002
S ' o 00
2 o
20002 o %
0.004 g: .
S
0.006 g
£
0008 g 002}  saddle (h>0)
g neutral (h<0)
-0.01 E‘ o
0 001 002 003 004 005 006 28 285 29 295 3 305
¢ c
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KS time-h map

Time-h map near the ambient KS origin
Fix h > 0 and define

def

Fhc = oh5(-; pxs, C).

Although (0,0) ¢ Xks ph, it is an equilibrium of the ambient KS system. Hence

Fh7c(0) = 07 Mh7C tg Dthc(O) = ehAO(C)'

For C > Cgg,

speC(Mh,C) = {ei97 e—iG}’ 0= (”J(C)h7 w(C) = %\/ - CI*(S

each multiplier having multiplicity 4.
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Linear modes at the KS origin

AlC) = <th(()O)I4 g) ’

Cis—C
A = his(0) = =55, —.

My, c = (),

A —s eM
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Linear modes at the KS origin

AlC) = (th(()O)M
A2 = hgg(0) =
Mp,c = e"(©),
A —s e

Iy
O M

Cks — C

4

A Y
1 11 1

Z; 1 - 1 -1

0 1 1 1

us 1 - 1 -1

v D) 5 Y

v2 A=A A

0 A - =X

' A A A A

Oy O_ | Sy S O4
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Linear modes at the KS origin

AlC) = (th(()O)I4 g) ’

Cig — C
N = hgs(0) = 55—
4
My, c = (),
A —s e
Planar / LC

St uz=us=v3=vy=0.

Y -A
(1 1 1 ]
t 1 - 1 -1
u2
0 11
us 1 - 1 -1
oA A A=A
22 ID W XA
0 A - =X
4
I A=A A A

5+ S_ O+ Oo_ ‘ 5+ S_ O+ o_
Transverse to LC

o4t : up=uwm=vi=w=0.
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Periodic orbits near the elliptic KS origin

Lyapunov center theorem
If DH(0) = 0, D?H(0) has

+27iw

simple imaginary pair and no other
eigenvalue is an integer multiple of
2Tiw.

Then a one-parameter family of
periodic orbits bifurcates from 0, with
period 1/w.

Not applicable here
For C > (g, 1:1:1:1 Resonance.
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Periodic orbits near the elliptic KS origin

Lyapunov center theorem
If DH(0) = 0, D?H(0) has

+27iw

simple imaginary pair and no other
eigenvalue is an integer multiple of
2Tiw.

Then a one-parameter family of
periodic orbits bifurcates from 0, with
period 1/w.

Not applicable here
For C > Cgg, 1:1:1:1 Resonance.

Weinstein—Moser theorem (’70)
DH(0) = 0 and D2H(0) is definite on
the resonance space E,,.

Then, on every sufficiently small nearby
energy level H(0) + ¢, there are at least

1

geometrically distinct periodic orbits,
with periods

7% — 7b, Tb = —.

in our case £, =R® = 4 p.o.
23/27



Normal form of the KS time-h map
For fixed (h, C), expand near the origin: Fj c(z) = My cz + Fo(z) + F3(z) + - - -.

Polynomial conjugacy

<N
Seek a near-identity transformation 7 O »z=Q;0(2)
N
<N _ g
Qh,C(Z) =Z+ 22 TJ(Z) Fll:lg =N commutes to order N Frc
J:
and a normal-form map F,TE’SN(Z) - Fo.c(2)
N QfT,c
NF,<N
Frc= (2) =MpcZ+) F(2)
j=2

such that

<N <N NF,<N N+1
Fnco@Qrc — ThcoFnc™ =0(1ZINh).
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Normal form of the KS time-h map

For fixed (h, C), expand near the origin: Fj c(z) = My cz + Fo(z) + F3(z) + - - -.

Polynomial conjugacy
Seek a near-identity transformation

and a normal-form map

N
Fro=N(2) = MpcZ +Y " F¥(2)
j=2

such that

<N <N _  NF,<N N+1
FhcoQyc— TicoFnc™ =0(|Z] ).

But physicality must follow
NOFO lives in Xks

Physical constraints:
<N <N
Erc(Z) = Exs(Qc(2): €),

Ehg,,cv(z) ngs(Qh%Q(Z)).

Physical candidates satisfy

=<N ~<N
EZ:C =0, 8hc =0.
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Planar

0.25

02 |

0.15
0.1
0.05

-0.05
-0.1
-0.15
-0.2
-0.25

example

p=2 C=3.2 R,=0.0779442

T T
Exs=0 ——

SlL-
L
S0'L-

S6°0-
60"
S8°0-

0.08
0.006 0.06
0.004 0.04
0.02

0.002
u? S0

0

-0.02

-0.002
-0.04
-0.004 006
-0.006 -0.08

P=2 C=3.2 Rep=0.0779442

SLo-

S0°0
1’0
SL0

0.006

0.004

0.002

-0.002

-0.004

-0.006

Exs
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Example

p=2 C=3.2 R;o=0.0779442

Exs=0 —— 0.0006
0.06 ! 2222 0.0004
0.04 0002, 0.0002
0.02 | oW, )

z 0 0002 -0.0002
002 f oo -0.0004
-0.04 -0.0006
-0.06
03
02
. 0.
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Thank you
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