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Example: the Earth’s satellite orbits

The double origin of frozen orbits
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𝑐! 𝑎, 𝑖 𝑒" 𝑥" + 𝑦", unperturbed + 𝑐" 𝑎, 𝑖 𝑒	sin 𝑔 𝑦, linear

Frozen orbits: heuristic definition

Example:  J2+J3 at LEO

Frozen orbits by the Lidov-Kozai mechanism

Example:  J2+J4 + J22 + Moon

𝑐! 𝑎, 𝑖 𝑒" 𝑥" + 𝑦", unperturbed + 𝑐" 𝑎, 𝑖 𝑒"cos 2𝑔 𝑥" − 𝑦", quadratic =
𝑐! + 𝑐" 𝑥" + 𝑐! − 𝑐" 𝑦" + 𝑂 𝑒#

Frozen orbits at (and around) the forced equilibrium

𝑔̇ ≈ 0, , 𝑒̇ ≈ 0

As the altitude increases, the J4 + J22 terms compete with the 
Moon’s tidal terms (Moon gives the dominant contribution at
altitudes beyond ≈ 2 Earth radii)

Moon′s term (averaged) ≈ −
9𝜇$𝑎"sin" 𝑖 𝑒"

16𝑎%&&'( cos 2𝑔



Complexity of the problem for Moon-orbiting satellites

SELENA Propagator (2022) 
(C.E (UniPD) - K. Tsiganis, I. 
Gkolias – M. Gaitanas (AUTh), C. 
Yanez (CNES) 



Zone of essentially non-secular dynamics (altitude 𝑎− 
𝑟𝐿 < 100 km): Lunar mascons dominate, no tractable 
secular force model. 

Low Altitude Zone of essentially secular dynamics 
(altitude 100 km ≤𝑎−𝑟𝐿< 500 km): semi-major axis 
variations ~ 10−3, (two orders of magnitude smaller than 
those required for re-entry. Cumulative effect of various 
harmonics of degree 𝑛≤ 10 (total lunar gravity force 
perturbation about two orders of magnitude larger than 
the one due to the Earth’s tide).

Middle Altitude Zone of essentially secular dynamics 
(altitude 500 km ≤ 𝑎− 𝑟𝐿 ≤ 5000 km): near the lower limit 
of this zone the lunar multipoles produce a force 
perturbation superior by more than one order of 
magnitude to the Earth’s tidal perturbation. However, this 
is reversed at the higher limit, where the problem 
becomes essentially one perturbed by the Earth plus few 
harmonics 𝑛= 2 and 𝑛= 3. 

High Altitude Zone of essentially secular dynamics 
(altitude 𝑎−𝑟𝐿 > 5000 km): any perturbation other than the 
Earth’s tide becomes negligible.

Altitude zones for the characterization of secular dynamics (E. Legnaro & C.E. 2024) 





Earth’s lunicentric (PALRF) radius vector

SELENA: NAFF model obtained by the INPOP efemeris



Earth’s lunicentric (PALRF) radius vector

Earth’s radius vector model containing all terms responsible for secular resonances
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Table 1 Fourier coefficients
retained in the approximation of
the Earth’s PALRF radius vector
in Eq. (9)

s i A(s)i [km] B(s)
i [km] ω

(s)
i [rad/days]

x 1 382469.63 – –

x 15 730.56 3836.11 0.19751

x 20 14796.88 14794.17 0.228027

x 32 1369.26 −2010.23 0.425537

x 37 −1285.72 148.03 0.461792

y 8 60.59 −1403.61 0.017202

y 19 8406.78 −1596.08 0.19751

y 23 29773.72 −29749.79 0.228027

y 34 −3262.64 −2223.90 0.425537

y 39 148.26 1287.76 0.461792

z 5 −2579.36 2895.76 0.00286858

z 15 −825.59 1073.41 0.194642

z 23 −44649.42 2554.55 0.230895

ϕ4 = ϕ4,0 + #̇"t . (11)

Using the ratios Ai/Bi of the various coefficients reported in Table 1, we can compute the
corresponding initial phases ϕi,0, i = 1, 2, 3, 4 of the angles ϕi at 12 noon of the JD2000.
Computing also the Fourier amplitudes Ci = (A2

i + B2
i )

1/2, we are led to the following
compact final model of the Earth’s PALRF radius vector, equivalent to the one reported in
Eq. (9):

x⊕(t) = x⊕(ϕ1(t),ϕ2(t),ϕ3(t),ϕ4(t))

= C (x)
1 − C (x)

15 cos(ϕ1 + ϕ2 − 2ϕ4)+ C (x)
20 cos(ϕ1 − ϕ2)

+ C (x)
32 cos(2ϕ1 − 2ϕ4)+ C (x)

37 cos(2ϕ1 − 2ϕ3) ,

y⊕(t) = y⊕(ϕ1(t),ϕ2(t),ϕ3(t),ϕ4(t))

= C (y)
8 cos(ϕ4)+ C (y)

19 sin(ϕ1 + ϕ2 − 2ϕ4)

− C (y)
23 sin(ϕ1 − ϕ2) − C (y)

34 sin(2ϕ1 − 2ϕ4) − C (y)
39 sin(2ϕ1 − 2ϕ3) ,

z⊕(t) = z⊕(ϕ1(t),ϕ2(t),ϕ3(t),ϕ4(t))

= −C (z)
5 sin(ϕ2 − ϕ3)+ C (z)

15 sin(ϕ1 + ϕ3 − 2ϕ4) − C (z)
23 sin(ϕ1 − ϕ3) ,

(12)

with the angles ϕi given by Eq. (11) and the numerical constants summarized in Table 2.
Finally, the Moon’s angular velocity vector ω! projected in the PALRF frame can be

approximated as

ω!,x $ 0 , ω!,y $ 0 , ω!,z $ ϕ̇1 = 0.229968 [rad/days] . (13)
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ellipse of semi-major axis a⊕ = 382470 km, eccentricity e = 0.0547 andmeanmotion equal
to the Moon’s rotation frequency, so that the guiding center of the Earth’s epicycle is along
the x−axis of the PALRF frame. Here, instead, we adopt a still simple, but more precise
model which has a maximum error of ∼ 103 km on the Earth’s PALRF position vector r⊕
with respect to the high-accuracy ephemeris and that is designed as follow. First of all, we
observe that a crucial role is played by four fundamental frequencies, given by:

ϕ̇1 = λ̇! = 2π/(27.322) = 0.229968 [rad/days]
ϕ̇2 = $̇! = 2π/(8.84 · 365.26) = 0.0019443 [rad/days]
ϕ̇3 = ḣ! = −2π/(18.6 · 365.26) = −0.000924193 [rad/days]
ϕ̇4 = %̇$ = 2π/(365.26) = 0.017202 [rad/days] .

(7)

Computing the periods associated with the four fundamental frequencies, we recognize
that 2π/λ̇! % 27.322 days is the sidereal lunar month, 2π/$̇! ≈ 8.84 years is the preces-
sion period of the longitude of pericenter $ of the Moon’s geocentric orbit in the ecliptic
frame (sometimes erroneously reported as the period of precession of the argument of the
pericenter), −2π/ḣ! ≈ 18.6 years is the precession period of the longitude of the nodes
of the Moon’s geocentric orbit in the ecliptic frame and 2π/%̇$ ≈ 365.25 days is the Solar
year. Thus, we set

r⊕(t) = (x⊕(t), y⊕(t), z⊕(t)) (8)

with
x⊕(t) ≈ A(x)

1 +
∑

i∈{15, 20, 32, 37}

(
A(x)
i cosω

(x)
i t + B(x)

i sinω
(x)
i t

)
,

y⊕(t) ≈
∑

i∈{8, 19, 23, 34, 39}

(
A(y)
i cosω

(y)
i t + B(y)

i sinω
(y)
i t

)
,

z⊕(t) ≈
∑

i∈{5, 15, 23}

(
A(z)
i cosω

(z)
i t + B(z)

i sinω
(z)
i t

)
,

(9)

where the time t = 0 corresponds to 12 noon of the Julian Day 2000. We readily check
that all the considered frequencies (ω(x)

i ,ω
(y)
i ,ω

(z)
i ) can be derived as linear combinations

of the four fundamental frequencies introduced in (7), having:

ω
(x)
15 = ω

(y)
19 % ϕ̇1 + ϕ̇2 − 2ϕ̇4 , ω

(x)
20 = ω

(y)
23 % ϕ̇1 − ϕ̇2 ,

ω
(x)
32 = ω

(y)
34 % 2 (ϕ̇1 − ϕ̇4) , ω

(x)
37 = ω

(y)
39 % 2 (ϕ̇1 − ϕ̇3) ,

ω
(y)
8 % ϕ̇4 , ω

(z)
5 % ϕ̇2 − ϕ̇3 ,

ω
(z)
15 % ϕ̇1 + ϕ̇3 − 2ϕ̇4 , ω

(z)
23 % ϕ̇1 − ϕ̇3 .

(10)

The frequencies and constants used in Eq. (8) have been selected from those reported in
Tables 1, 2, 3 of Efthymiopoulos et al. (2023) so that the Fourier amplitudes C (s)

i =√
(A(s)

i )2 + (B(s)
i )2 are larger than 103 km. The retained coefficients are summarized in

Table 1.
Finally, consider the angles:

ϕ1 = ϕ1,0 + λ̇!t ,

ϕ2 = ϕ2,0 + $̇!t ,

ϕ3 = ϕ3,0 + ḣ!t ,
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Table 2 Numerical constants of the compact Earth ephemeris model in Eq. (12)

Amplitudes Initial phases
x⊕ y⊕ z⊕
i C(x)

i [km] i C(y)
i [km] i C(z)

i [km] j ϕ j,0 [rad]

1 382469.63 8 1404.92 5 3877.95 1 −1.12751856

15 3905.06 19 8556.95 15 1354.18 2 −0.34221198

20 20924.03 23 42089.48 23 44722.44 3 −2.75562949

32 2432.26 34 3948.49 4 1.52765585

37 1294.21 39 1296.27

3.2 Secular Hamiltonian

Setting V (r, t) = V SSM
! (r) + V SSM

⊕ (r, t) in the Hamiltonian (1), with the potentials
V SSM
! (r), V SSM

⊕ (r, t) computed by the formulas of subsection 3.1, we arrive at a Hamilto-
nian model in Cartesian coordinates and momenta (x, y, z, px , py, pz) whose equations of
motion can be solved numerically to obtain satellite trajectories for any initial condition in
the PALRF frame.

To proceed with an analytical theory, instead, the Hamiltonian is first expressed in Delau-
nay canonical action-angle variables

L =
√
GM!a, G = L

√
1 − e2, H = G cos i, " = M, g = ω, h = $, (14)

via the Keplerian elements (a, e, i) (satellite orbit’s semi-major axis, eccentricity and incli-
nation), with a = a(L), e = e(L,G), i = i(L,G, H) as well as the angles ( f , g, h) (where
f = f (", e) = true anomaly, g = argument of perilune and h = longitude of the nodes), for
the potential term V!, or (u, g, h) (u = u(", e) = eccentric anomaly) for the potential term
V⊕. As in Efthymiopoulos et al. (2023), we then consider a first canonical transformation
from osculating to mean elements

X : (a, e, i, ", g, h) → (a, e, i, ", g, h) (15)

aiming to average the Hamiltonian with respect to the fast angle ". The transformation (15)
is computed in ‘closed form,’ i.e., without expansions in the orbital eccentricity, using the
set of formulas provided in Efthymiopoulos et al. (2023) (see Section 4.7, in particular
Section 4.7.2). From the standard theory of transformations in closed form, we then have
that, applying the transformation (15) to the Hamiltonian H(a, e, i, ", g, h) leads to

H(a, e, i, ", g, h) = Hsec(a, e, i, g, h) (16)

with

Hsec(a, e, i, g, h,ϕ1,ϕ2,ϕ3,ϕ4) =
GM!
2a

− ω!,z H + V SSM
! + V SSM

⊕ (17)

where

V SSM
! (a, e, i, g, h) =

(
1
2π

∫ 2π

0

r2

a2η
V SSM
! d f

)

a=a,e=e,i=i,g=g,h=h

123



Validation of the simplified secular model (SSM)
E. Legnaro and C. Efthymiopoulos

Fig. 4. Each panel shows nine different realizations of the integration of one orbit with the lunar potential truncated at different maximum degrees varying from 𝜔
𝜀
= 2 to 𝜔

𝜀
= 10

(the resulting orbits are shown with different colors). In all six panels we have the same initial conditions for the five Keplerian elements 𝜗0 = 0, 𝜛0 = 63.5⋛ ,𝜚0 = 𝜍0 = 𝜑0 = 0, and
semi-major axes corresponding to the altitudes of 300 km, 500 km, 700 km, 900 km, 2000 km and 3000 km. In all computed trajectories the perturbations due to the Earth and the
Sun are included. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

order in the three small quantities 𝛻𝜕
ℵ
(ℶ), ℷ

ℵ
(ℶ), ℸ

ℵ
(ℶ), noticing that

only the constant Sun’s distance ⊳
3
⊲

= (𝜕
⊲
(ℶ)2 + ℷ

⊲
(ℶ)2)3ω2 appears

in the denominator of the 0
⊲
, and, finally, making all trigonometric

reductions, we obtain an approximate model for the Hamiltonian which
takes the form:

∱
⊲1

= ∱
⊲1 ,0(2, 𝜗, 𝜛) +∱

⊲1 ,1(2, 𝜗, 𝜛, 𝜀,3, 4ℵ , 4⊲ ) . (21)

Then, we compute:

5𝜀(2, 𝜗, 𝜛) =
6∱

⊲1 ,0
67

= 1
⌋

8
9
2

⌈

.

𝜗

6∱
⊲1 ,0
6𝜗

ε cos 𝜛
. sin 𝜛

6∱
⊲1 ,0
6𝜛

⌉

(22)

53(2, 𝜗, 𝜛) =
6∱

⊲1 ,0
6,

= 1
⌋

8
9
2

⌈

1
. sin 𝜛

6∱
⊲1 ,0
6𝜛

⌉

.

Note that, besides (𝜀,3, 4
ℵ
, 4

⊲
), in the complete SM the Hamiltonian

,
⊲1 ,1 depends also on the angles <9ℶ and 5ℏ

9
ℶ, the latter dependence

being, however, through terms of negligible size.
We then define the ‘>1𝜀 + >2(3 + ⋆

9
) + >3𝜚9

resonance’, with ≨> =
{

>1, >2, >3
}

ϑ Z3 as the two dimensional surface ∲≨>
in the 3D space of

elements (2, 𝜗, 𝜛) where the commensurability

∳≨>
ϖ=

⦃

(2, 𝜗, 𝜛) ϖ >1 5𝜀(2, 𝜗, 𝜛) + >2( 53(2, 𝜗, 𝜛) + 𝜍
ℸ
) + >3<9 = 0

⦄

(23)

holds. Here, the angle ⋆
9
is defined as ⋆

9
= ⋆0 + 4

ℵ
, and it indicates

the angle of the PALRF 𝜕-axis with respect to a chosen fixed frame.
The value of ⋆0 depends on the choice of fixed frame and on the initial
epoch.

Fig. 6 shows the curves corresponding to the most important (low-
order) resonant surfaces ∲≨>

in the (𝜛, 𝜗) plane for fixed 2 and at the
bottom in the (𝜛, 2) one for fixed 𝜗 = 0. Opposing Fig. 6 to Fig. 5, we can
observe that, at all altitudes, the domains where re-entry takes place are
crossed by several of the resonances shown in Fig. 6. However, a quick
analysis can show that, at both low and high altitudes, not all of these
resonances are important for eccentricity growth. Deferring a detailed
analysis to a separate paper, we may summarize the way resonances
act in this problem as follows. Recalling basic symmetries (the so-called
‘D’Alembert’ rules) of the Hamiltonian, it follows that:

1. The Hamiltonian ∱
⊲1 ,0 contains contributions only from the

even degree zonal harmonics (𝐴2, 𝐴4,…) of the lunar multi-
pole potential expansion 0

9
, as well as a negligible contribu-

tion from the Earth’s potential term 0
ℵ
(of relative importance

⨋((8
ℵ
ω8

9
)(2ω𝐵

9
)2 (2ω2

9
)3) with respect to the 𝐴2 term, see

Fig. 1). Thus, the locations of all resonances are determined,
practically, by the even zonal harmonics 𝐴2𝐶 , 𝐶 = 1, 2,…. We
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Convergence

E. Legnaro and C. Efthymiopoulos

Fig. 7. Left: The values of the normalized coefficients 𝜔𝜀
𝜗𝜛

(blue) and 𝜔𝜚
𝜗𝜛

(red) as a function of the order 𝜗. The horizontal line corresponds to the threshold value 5 ω 10ε6.
Numerical values are reported in Appendix A. Right: Comparison between the evolution of the eccentricity of an orbit with initial conditions 𝜍 = 𝜑

𝛻
+ 500 km, 𝜕 = 0.01, ℵ = 60⋛,

ℶ = 0⋛, ℷ = 0⋛, ℸ = 0⋛ using the complete Hamiltonian ∱
𝜚ℸ

(red), or the simplified model ∱
𝜚𝜚ℸ

(black). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Fig. 8. The inclination at which ⊳ℷ = 0 for circular orbits as a function of the altitude.

of all the secular resonances involving the angle 𝜛(⊲ + 0
𝛻
) through

terms ∲(1
2
𝜍
2ϑ𝜍3

𝛻
sin(𝜛3

𝛻
)), where 3

𝛻
ϖ 0.1 is the obliquity of the Moon.

We have already seen that the coefficient 1
2
𝜍
2ϑ𝜍3

𝛻
yields a negligible

contribution to the 24 resonance compared with the zonal harmonics
of the lunar potential. Since the tesseral harmonics do not contribute
to other resonances, and the Earth yields a negligible contribution,
we conclude that no resonance other than 24 has developed separatrices
in all three zones of altitude considered in the present study, i.e. up to
𝜍 ε 𝜑

𝛻
= 10 000 km. The above conclusion can be substantiated

with numerical experiments in the complete model ∱
𝜚ℸ

, obtaining an
indirect indication of the separatrix width of each of the resonances
of Fig. 6 by computing Fast Lyapunov Indicator (FLI) maps [37], as
in the left column of Fig. 9 for three different altitudes. The right
column in the same figure shows the lifetime maps for the same grids of
initial conditions, as indicated in the caption. The FLI maps reveal the
existence of separatrix structures associated with the 24 resonance, but
give no hint of important secular resonances other than 24. Overlaying
a lifetime map with the theoretical resonant web illustrated in Fig. 6
shows that at the altitude of 500 km only the 24 resonance is inside the
domain of re-entering orbits (see Fig. 10, left), while some secondary
spikes in the re-entry domain may be associated with other resonances.
This fact indicates that the extent of the principal re-entry domain is
determined by the only developed separatrices of the model, i.e. the
ones of the 24 resonance, while the presence of other resonances
within that zone at higher altitudes is not dynamically important (see
Fig. 10, right). In addition, comparing the lifetime maps with FLI maps
reveals that the domains of initial conditions leading to eccentricity
growth and re-entry are way more extended than the chaotic separatrix

layers of the 24 resonance indicated through the FLI maps. We now
theoretically interpret this effect, following an analysis of the structure
of the separatrices of the 24 resonance in the simplified model ∱

𝜚𝜚ℸ
.

3.3. Integrable model and the separatrices of the 2g-resonance

A resonant Hamiltonian model for the 24 resonance can be obtained
starting from the simplified model ∱

𝜚𝜚ℸ
, by following the same pro-

cedure as in [32] for the case of Earth satellites. We here summarize
only the main steps leading to this model. First, we consider Modified
Delaunay variables
5 = 𝛻 =

⌋

1
𝛻
𝜍, 0 = 6 + 4 + ⊲ = ℸ + ℷ +ℶ,

7 = 𝛻 ε 8 = 𝛻

⌈

1 ε
⌋

1 ε 𝜕2
⌉

, 9 = ε4 ε ⊲ = εℷ εℶ,

. = 8 ε, = 𝛻

⌋

1 ε 𝜕2(1 ε cos ℵ), < = ε⊲ = εℶ.

(25)

We fix a value of the semimajor axis, which, in turn, gives the location
ℵ
ℏ
of the 24 resonance, according to the procedure discussed in the

previous subsection. Next, we perform a series expansion in powers of
the Hamiltonian ∱

𝜚𝜚ℸ
in powers of the small quantities 7 (which is

∲(𝜕2)) and . ε .ϱ (which is of the order ∲(ℵ ε ℵϱ), with .ϱ = .(𝜕 =
0, ℵ = ℵϱ)). This leads to a truncated polynomial representation of the
Hamiltonian∱

𝜚𝜚ℸ
in the variables (7 ,>. = .ε.ϱ). We then introduce

resonant action–angle variables

⋆
≨
= 7 , ⋆

𝐴
= 7 + (. ε.ϱ), 𝐵

≨
= 9 ε <, 𝐵

𝐴
= <, (26)

and, finally, the Poincaré canonical variables

𝐶 =
⌋

2⋆
≨
sin 𝐵

≨
, 𝐷 =

⌋

2⋆
≨
cos 𝐵

≨
. (27)
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Comparison with the full grid 
integration

E. Legnaro and C. Efthymiopoulos

Fig. 7. Left: The values of the normalized coefficients 𝜔𝜀
𝜗𝜛

(blue) and 𝜔𝜚
𝜗𝜛

(red) as a function of the order 𝜗. The horizontal line corresponds to the threshold value 5 ω 10ε6.
Numerical values are reported in Appendix A. Right: Comparison between the evolution of the eccentricity of an orbit with initial conditions 𝜍 = 𝜑

𝛻
+ 500 km, 𝜕 = 0.01, ℵ = 60⋛,

ℶ = 0⋛, ℷ = 0⋛, ℸ = 0⋛ using the complete Hamiltonian ∱
𝜚ℸ

(red), or the simplified model ∱
𝜚𝜚ℸ

(black). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Fig. 8. The inclination at which ⊳ℷ = 0 for circular orbits as a function of the altitude.

of all the secular resonances involving the angle 𝜛(⊲ + 0
𝛻
) through

terms ∲(1
2
𝜍
2ϑ𝜍3

𝛻
sin(𝜛3

𝛻
)), where 3

𝛻
ϖ 0.1 is the obliquity of the Moon.

We have already seen that the coefficient 1
2
𝜍
2ϑ𝜍3

𝛻
yields a negligible

contribution to the 24 resonance compared with the zonal harmonics
of the lunar potential. Since the tesseral harmonics do not contribute
to other resonances, and the Earth yields a negligible contribution,
we conclude that no resonance other than 24 has developed separatrices
in all three zones of altitude considered in the present study, i.e. up to
𝜍 ε 𝜑

𝛻
= 10 000 km. The above conclusion can be substantiated

with numerical experiments in the complete model ∱
𝜚ℸ

, obtaining an
indirect indication of the separatrix width of each of the resonances
of Fig. 6 by computing Fast Lyapunov Indicator (FLI) maps [37], as
in the left column of Fig. 9 for three different altitudes. The right
column in the same figure shows the lifetime maps for the same grids of
initial conditions, as indicated in the caption. The FLI maps reveal the
existence of separatrix structures associated with the 24 resonance, but
give no hint of important secular resonances other than 24. Overlaying
a lifetime map with the theoretical resonant web illustrated in Fig. 6
shows that at the altitude of 500 km only the 24 resonance is inside the
domain of re-entering orbits (see Fig. 10, left), while some secondary
spikes in the re-entry domain may be associated with other resonances.
This fact indicates that the extent of the principal re-entry domain is
determined by the only developed separatrices of the model, i.e. the
ones of the 24 resonance, while the presence of other resonances
within that zone at higher altitudes is not dynamically important (see
Fig. 10, right). In addition, comparing the lifetime maps with FLI maps
reveals that the domains of initial conditions leading to eccentricity
growth and re-entry are way more extended than the chaotic separatrix

layers of the 24 resonance indicated through the FLI maps. We now
theoretically interpret this effect, following an analysis of the structure
of the separatrices of the 24 resonance in the simplified model ∱

𝜚𝜚ℸ
.

3.3. Integrable model and the separatrices of the 2g-resonance

A resonant Hamiltonian model for the 24 resonance can be obtained
starting from the simplified model ∱

𝜚𝜚ℸ
, by following the same pro-

cedure as in [32] for the case of Earth satellites. We here summarize
only the main steps leading to this model. First, we consider Modified
Delaunay variables
5 = 𝛻 =

⌋

1
𝛻
𝜍, 0 = 6 + 4 + ⊲ = ℸ + ℷ +ℶ,

7 = 𝛻 ε 8 = 𝛻

⌈

1 ε
⌋

1 ε 𝜕2
⌉

, 9 = ε4 ε ⊲ = εℷ εℶ,

. = 8 ε, = 𝛻

⌋

1 ε 𝜕2(1 ε cos ℵ), < = ε⊲ = εℶ.

(25)

We fix a value of the semimajor axis, which, in turn, gives the location
ℵ
ℏ
of the 24 resonance, according to the procedure discussed in the

previous subsection. Next, we perform a series expansion in powers of
the Hamiltonian ∱

𝜚𝜚ℸ
in powers of the small quantities 7 (which is

∲(𝜕2)) and . ε .ϱ (which is of the order ∲(ℵ ε ℵϱ), with .ϱ = .(𝜕 =
0, ℵ = ℵϱ)). This leads to a truncated polynomial representation of the
Hamiltonian∱

𝜚𝜚ℸ
in the variables (7 ,>. = .ε.ϱ). We then introduce

resonant action–angle variables

⋆
≨
= 7 , ⋆

𝐴
= 7 + (. ε.ϱ), 𝐵

≨
= 9 ε <, 𝐵

𝐴
= <, (26)

and, finally, the Poincaré canonical variables

𝐶 =
⌋

2⋆
≨
sin 𝐵

≨
, 𝐷 =

⌋

2⋆
≨
cos 𝐵

≨
. (27)
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Cartography of lunar satellite frozen orbitsFully analytical propagator for lunar satellite… Page 23 of 30    45 

Fig. 9 Numerical survey of frozen-orbit candidates in the (i, e) plane for a = RL + 300 km, g(0) = 90◦, and
h(0) = 0◦. Left: amplitude !g = gmax − gmin; right: stop-code classification of the orbital behavior

divisors very small or exactly equal to zero. Such cases are singular and are not covered by
the analytical propagator.

Outside, now, the inner parallelogram, we have a second group of five resonances which,
in all panels of Fig. 6, form a nearly vertical bundle around the ‘2g-’ or ‘critical’ resonance
(R2,0,0,0,0). We defer to a future paper a detailed discussion of the resonances adjacent to
the critical one, noting only that in most cases the whole bundle is within the domain of
re-entry orbits found in Fig. 5 of Legnaro and Efthymiopoulos (2024). Such orbits, in turn,
are due entirely to the structure of the separatrices of the critical resonance, as explained in
Legnaro and Efthymiopoulos (2024). Furthermore, the interaction between the resonances
of the bundle and the 2g + 2"̃ − 2#! appears to create an extended resonance overlap
domain in Figs. 1 and 2 for ap = a > 2000 km, which covers all orbits with inclinations in
the approximate range 30◦ ∼ 70◦, as also seen in Fig. 7.

Finally, at low altitudes and inclinations beyond the domain of the 2g-multiplet, we can
still have regular nearly polar orbits, which are reproduced by the analytical propagator with
sufficient accuracy. As seen in Fig. 8, such orbits must have initial conditions not very close
to the "̃ − h! resonance (R0,1,0,−1,0), which is a resonance generated at low altitudes at
inclinations near 90◦, andmoves toward the 2g-multiplet zone at higher altitudes (see Fig. 6),
as well as the transient resonance 2g−2"̃+2#! (R2,−2,2,0,0) which appears at the altitude
700 km, merges with the domain of re-entry orbits at the altitude ∼ 1500 km, and disappears
at the altitude ∼ 2000 km.

5.4 Frozen orbits

Frozen orbits are of particular interest for lunar missions, as they provide a dynamical
mechanism for keeping the orbital geometry nearly constant over secular timescales, thus
reducing station-keeping costs and simplifying operations. In the present framework, we
consider as frozen orbits the trajectories which exhibit a bounded libration of both the mean
eccentricity e as well as the mean argument of the perilune g. Such orbits can be identified
through pure numerical propagation over a grid of initial mean conditions in the (i, e) plane,
for fixed values of the mean semi-major axis a and of the initial angles g and h. Figure9
shows the results of such a survey for orbits with a = RL + 300 km, g(0) = 90◦, and
h(0) = 0◦. The left panel displays the amplitude !g = g

max
− g

min
(in radians) over the

integration interval, while the right panel classifies the orbital behavior according to different

123

Fully analytical propagator for lunar satellite… Page 25 of 30    45 

Fig. 10 Secular evolution over 10 years of a frozen orbit with a = RL + 200 km and initial mean elements
e(0) = 0.02, i(0) = 19◦, g(0) = 90◦, !(0) = 0◦, h(0) = 0◦

Fig. 11 Analytical (black) and numerical (red) mean-element propagation for three representative frozen lunar
orbits over a 5-year time span. Rows correspond to a = RL + 300, RL + 200, and RL + 100 km

all proper variables x′ from their values at time t0 to the ones at time t through Eqs. (37) and
(11):

x′(t) = Pt0,t (x
′(t0)) . (43)

123

Altitude: 200, 500, 800 km



Most theoretical frozen orbits found in literature under truncated secular models, or 
simplified models of the evolution of the Earth’s radius vector, cease to exist in the 
integration under a more complete model (cf. Giacaglia et al. (1970); Kneževic and Milani 
(1998), Elipe and Lara (2003), De Saedeleer (2006),  Lara et al. (2009a,b)). 

Main contributor to the phenomenon: the structure of secular resonances
E. Legnaro and C. Efthymiopoulos

Fig. 6. The curves corresponding to the intersection of the resonant surfaces ∱𝜔𝜀
with the plane 𝜗 = 𝜛𝜚𝜍𝜑𝛻, with the constant value of the semi-major axis as indicated in each

panel, for the most important secular resonances of the problem. The altitudes are the same as in the corresponding lifetime maps of Fig. 5. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article).

with respect to the small quantities 𝜕ℵ
ℶ
(𝛻), ℷ

ℶ
(𝛻), ℸ

ℶ
(𝛻), (iii) ignoring the

negligible contribution of the Sun and (iv) setting ⊳
ℸ
= 𝜛𝜚𝜍𝜑𝛻 = ⊳

⊲
=

2.64 ω 10ε6 radϑs, as well as ⊳
ℵ
= ⊳

ℷ
= 0, leads to the simplified secular

Hamiltonian ∲
001

. The right panel of Fig. 7 shows an orbit leading
to re-entry, as integrated with the full Hamiltonian ∲

01
, or with the

simplified Hamiltonian ∲
001

, showing that the orbital evolution is
nearly identical with the two models all the way up to the re-entry.

As an additional test, Fig. 8 shows the value of the inclination 2(𝜗)
where the 23εresonance (plane ∳2,0,0) intersects the plane 4 = 0, as a
function of the altitude 𝜗ε 5

⊲
. The black curve shows the computation

with the integrable part of the complete model ∲
01 ,0 plus the 6 2

2 terms
of the secular model. The remaining curves show the same curve as
obtained under various truncations in the Moon’s zonal harmonics.
Note that the 62 term alone yields 2

𝜛52𝛻2𝜛𝜗7
= 63.4⋛, which holds as

well for any value of 4 ⨋ 0. Since the 62 term is dominant over all
other lunar harmonics at high altitude, the location of the resonance
converges towards the value 2

𝜛52𝛻
as 𝜗 ε 5

⊲
increases, and the critical

value is essentially reached at 𝜗ε 5
⊲
ϖ 5000 km. As concluded from the

convergence of the curves, the correct dependence of the location of the
23εresonance on the altitude is essentially recovered for all altitudes
𝜗 ε 5

⊲
> 100 km, by the addition of the first three important zonal

harmonics, i.e., adding 62, 64 and 66.
Having checked that the terms of the ensemble ∳

001
are the

only important ones as regards the behavior of secular resonances,
we proceed to check which of the resonances have well-developed
separatrices as a function of the altitude 𝜗 ε 5

⊲
. By property 2 above,

all the zonal terms within the set ∳
001

(even or odd) contribute
only to the separatrices of the 23 resonances. On the other hand, by
D’Alembert rules the tesseral harmonics 822, 831, 031 841 and 871
generate trigonometric terms according to the rule that the 8

𝜍9
or 0

𝜍9

harmonic generates terms with arguments 913 ± 9., where 0 ⨌ 91 ⨌
𝜍 ε 2. None of these terms involve the angle . + ,

⊲
, thus the tesseral

terms do not create separatrices for any of the secular resonances of
the problem. Finally, the Earth’s term contributes to the separatrices
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Fig. 6. The curves corresponding to the intersection of the resonant surfaces ∱𝜔𝜀
with the plane 𝜗 = 𝜛𝜚𝜍𝜑𝛻, with the constant value of the semi-major axis as indicated in each

panel, for the most important secular resonances of the problem. The altitudes are the same as in the corresponding lifetime maps of Fig. 5. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article).

with respect to the small quantities 𝜕ℵ
ℶ
(𝛻), ℷ

ℶ
(𝛻), ℸ

ℶ
(𝛻), (iii) ignoring the

negligible contribution of the Sun and (iv) setting ⊳
ℸ
= 𝜛𝜚𝜍𝜑𝛻 = ⊳

⊲
=

2.64 ω 10ε6 radϑs, as well as ⊳
ℵ
= ⊳

ℷ
= 0, leads to the simplified secular

Hamiltonian ∲
001

. The right panel of Fig. 7 shows an orbit leading
to re-entry, as integrated with the full Hamiltonian ∲

01
, or with the

simplified Hamiltonian ∲
001

, showing that the orbital evolution is
nearly identical with the two models all the way up to the re-entry.

As an additional test, Fig. 8 shows the value of the inclination 2(𝜗)
where the 23εresonance (plane ∳2,0,0) intersects the plane 4 = 0, as a
function of the altitude 𝜗ε 5

⊲
. The black curve shows the computation

with the integrable part of the complete model ∲
01 ,0 plus the 6 2

2 terms
of the secular model. The remaining curves show the same curve as
obtained under various truncations in the Moon’s zonal harmonics.
Note that the 62 term alone yields 2

𝜛52𝛻2𝜛𝜗7
= 63.4⋛, which holds as

well for any value of 4 ⨋ 0. Since the 62 term is dominant over all
other lunar harmonics at high altitude, the location of the resonance
converges towards the value 2

𝜛52𝛻
as 𝜗 ε 5

⊲
increases, and the critical

value is essentially reached at 𝜗ε 5
⊲
ϖ 5000 km. As concluded from the

convergence of the curves, the correct dependence of the location of the
23εresonance on the altitude is essentially recovered for all altitudes
𝜗 ε 5

⊲
> 100 km, by the addition of the first three important zonal

harmonics, i.e., adding 62, 64 and 66.
Having checked that the terms of the ensemble ∳

001
are the

only important ones as regards the behavior of secular resonances,
we proceed to check which of the resonances have well-developed
separatrices as a function of the altitude 𝜗 ε 5

⊲
. By property 2 above,

all the zonal terms within the set ∳
001

(even or odd) contribute
only to the separatrices of the 23 resonances. On the other hand, by
D’Alembert rules the tesseral harmonics 822, 831, 031 841 and 871
generate trigonometric terms according to the rule that the 8

𝜍9
or 0

𝜍9

harmonic generates terms with arguments 913 ± 9., where 0 ⨌ 91 ⨌
𝜍 ε 2. None of these terms involve the angle . + ,

⊲
, thus the tesseral

terms do not create separatrices for any of the secular resonances of
the problem. Finally, the Earth’s term contributes to the separatrices
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Fig. 9. (left) FLI maps, and (right) lifetime maps in a grid of initial conditions in the (𝜔, 𝜀) plane for orbits with 𝜗 = 𝜛 = 0⋛ at the altitudes 𝜚ω𝜍
𝜑
= 500 km (top row), 𝜚ω𝜍

𝜑
= 1000 km

(middle row), 𝜚ω 𝜍
𝜑
= 1500 km (bottom row). The numerical trajectories are computed in the complete Hamiltonian ∱

𝛻𝜕
, while the FLI is computed by calculating the associated

variational equations of motion. The thick points in the lifetime maps correspond to theoretical predictions of the borders of the domains of re-entry obtained through the model
of the 2ℵωresonance discussed in Section 3.3. The dashed curves indicate the ‘planes of fast drift’ defined in the same subsection. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

Fig. 10. The resonant web described in 3.1 and show in Fig. 6 on top of the lifetime map for 𝜚 = 𝜍
𝜑
+ 500 km. The only resonance clearly within the domain of re-entering

trajectories is the 2ℵ one. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article).
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Fig. 5. Lifetime maps with 𝜔
𝜀
= 10, 𝜗

𝜀
= 100, 𝜛0 = 𝜚0 = 0, 𝜍

𝜑𝛻𝜔
as indicated in the top of the color bar in each panel, and various values of the altitude, as indicated in the

legend above each panel. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

refer to this property in short as that ‘the even zonal harmonics
define the centers of the resonances’.

2. The 𝜕2 term contributes no trigonometric term of first order in
𝜕2 to the Hamiltonian term ∱

ℵℶ ,1, while it contributes a (here
neglected) term ∲(𝜕 2

2 ) cos(2𝜀) after second order normalization
in closed form. The remaining even zonal harmonics 2ℷ > 2 all
contribute a first order ∲(𝜕2ℷℸ

2ℷ
⊳
⊲
2ω02ℷ+1) cos(2𝜀) term to ∱

ℵℶ ,1.
On the other hand, the odd zonal harmonics 𝜕2ℷ+1, ℷ = 1, 2,…
contribute to odd trigonometric terms ⊲ sin(𝜀), ⊲3 sin(3𝜀), etc, with
amplitudes following a similar scaling as for the odd zonal
terms. The Earth’s potential contributes a ∲(⊲21

2
(0ω0

⊳
)3) cos(2𝜀)

to ∱
ℵℶ ,1. We shortly refer to the above set of properties as that

‘the exact position of the fixed points, and the form of the separatrices
of the 2𝜀-resonance, are determined by both the zonal harmonics
𝜕
𝜔
, 𝜔 = 2, 3,… and the Earth’s tidal term 3

2
’. As seen in Fig. 1,

owing to their large value (due to the lunar mascons), the zonal
harmonics are the main terms to determine the position of the
fixed points and form of the separatrices of the 2𝜀εresonance, at
least up to the end of the middle-altitude zone.

3. No zonal harmonic contributes to any other secular resonance
of the ensemble (23). Tesseral harmonics 4

𝜔,5
, ℵ

𝜔,5
, with 𝜔 ∳ 2,

1 ⨋ 5 ⨋ 𝜔, do not contribute any term to ∱
ℵℶ ,0, while they

contribute cosine and sine trigonometric terms to ∱
ℵℶ ,1. The

latter terms necessarily contain the satellite’s longitude of the
nodes 6, but not 6 + 7

⊳
, which is the argument of interest

for secular resonances. On the other hand, trigonometric terms
involving the argument 6 + 7

⊳
are due to the Earth’s potential

3
2
, of relative importance proportional to the sine of the Moon’s

obliquity 8
⊳

ϑ 0.12 rad. We shortly refer to this property as
that ‘the form of the separatrices of all secular resonances of the
form 91𝜀 + 92(6 + 7

⊳
) with 92 ⨌ 0 is determined only by terms

in 3
2
proportional to sin(8

⊳
)’. Since such terms are one order of

magnitude smaller than the respective Earth’s contribution to
zonal harmonics, their impact on the structure of the resonance
web is negligible even for high-altitude orbits.

4. Trigonometric terms in ∱
ℵℶ ,1 depending on the angle 𝜚

⊳
are

produced only by the Earth potential 3
2
, and they are of order

∲(⊲21
2
(0ω0

⊳
)3) sin(8

⊳
) sin(.

,
), where .

⊳
is the inclination of the

Moon’s orbit with respect to the ecliptic, .
⊳
ϑ 0.09 rad.

3.2. Simplified secular hamiltonian model

Fig. 7, in conjunction with what was exposed in the previous
subsection, allows now to construct a simplified secular Hamiltonian
model (hereafter ∱

ℵℵℶ
), which contains only a small subset of terms

of ∱
ℵℶ

, while, yielding essentially the same long-term behavior of the
orbits. The left panel of Fig. 7 shows the values of all the normalized
GRAIL coefficients <4

𝜔5
(blue) and <ℵ

𝜔5
(red) as a function of the degree

𝜔, with 2 ⨋ 𝜔 ⨋ 10. These values are reported in Appendix A. The
horizontal line corresponds to an arbitrary threshold value 5ϖ10ε6. We
find twelve harmonics whose normalized value is above such threshold,
namely the set

⨍⨎
ℵℵℶ

=
⌋

420,422,430,431,ℵ31,440,441,460,470,471,480,490
⌈

. (24)

Using (i) only the harmonics of Eq. (24), (ii) the simplified form of the
PALRF Earth vector, given in Eq. (19) (expanding again up to first order
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FLI maps

Re-entry times

The even zonal harmonics define the centers of the 
resonances’. H0 contains contributions from the even degree 
zonal harmonics (𝐽2,𝐽4,…), as well as from the Earth’s tidal 
potential, (of relative importance ((𝜇𝐸∕𝜇𝐿)(𝑎∕𝑅𝐿)2 (𝑎∕𝑎𝐿)3) with 
respect to the 𝐽2 term, i.e. negligible). Thus, the locations of all 
resonances are determined, practically, by the even zonal 
harmonics 𝐽2𝑗, 𝑗 = 1,2,…. 

‘The form of the separatrices of the 2𝑔-resonance, are 
determined by all zonal harmonics 𝐽𝑛, 𝑛 = 3,4… and by the 
Earth’s tidal term. The 𝐽2 term contributes no trigonometric 
term to the Hamiltonian H1. The remaining even zonal 
harmonics 2𝑗 > 2 all contribute a first order O(𝐽2𝑗𝑅L

2𝑗𝑒2∕𝑎2𝑗+1) 
cos(2𝑔) term to H1. Odd zonal harmonics 𝐽2𝑗+1, 𝑗 = 
1,2,…contribute to odd trigonometric terms 𝑒sin(𝑔),𝑒3 sin(3𝑔), 
etc, with the same scaling. The Earth’s potential contributes a 
O(𝑒2𝜇𝐸(𝑎∕𝑎𝐿)3) cos(2𝑔) to to H1. 

The form of the separatrices of all secular resonances of 
the form 𝑘1𝑔 + 𝑘2(ℎ + 𝜆𝐿) with 𝑘2 ≠ 0 is determined only by 
terms of the Earth’s tidal potential proportional to sin(𝜀𝐿), 
where 𝜀𝐿 ≃ 0.12 rad is the Moon’s obliquity. Tesseral 
harmonics 𝐶𝑛,𝑚, 𝑆𝑛,𝑚, with 𝑛≥ 2, 1 ≤ 𝑚 ≤ 𝑛, do not contribute 
to H0, while they appear in H1 through the satellite’s longitude 
of the nodes ℎ, but not through the slow angle ℎ + 𝜆𝐿 . 

Trigonometric terms in H1 depending on the angle 𝛺𝐿 are 
produced only by the Earth’s tidal potential, and they are of 
order O(𝑒2𝜇𝐸(𝑎∕𝑎𝐿)3) sin(𝜀𝐿) sin(𝑖𝑝), where 𝑖𝐿 ≃ 0.09 rad is the 
inclination of the Moon’s orbit with respect to the ecliptic.
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Fig. 11. Phase portraits of the integrable Hamiltonian H
I
at an altitude of a * r

L
= 500 km at the inclinations i0 = 50˝, 55˝, 57˝, 57.25˝, 60˝, 60.5˝, 62˝, 66˝, 66.25˝, 67˝, 70˝, 75˝.

The blue curve shows the separatrix passing through the central fixed point, whenever this point is unstable. Light-blue curves are tangent and entirely contained within the disc
e = e

re
end define the borders of initial conditions of orbits protected from collision. Frozen orbits are plotted in red. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)
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Fig. 14. Visualization of the theoretical prediction of the borders of initial conditions in the plane (i, e), for fixed altitude, separating the initial conditions of orbits leading to
re-entry from those which do not detailed in 3.4. Fig. 9 shows such predictions for !0 = 0, which corresponds to the vertical scanning direction. Thus, we find a value of the
eccentricity for a given value of J

F
by intersecting C(e, g; J

F
) (green curve) with the vertical axis. (For interpretation of the references to colour in this figure legend, the reader

is referred to the web version of this article.)

Fig. 15. Two phase portraits (left)of the integrable resonance model for the altitude a * r
L
= 500km, at the label values of the inclination i0 = 55˝ (top) and i0 = 65˝ (bottom).

The middle panels show a zoom to the disc e < e
re
, and the right panels the numerical FLI maps for the same initial conditions (see text).
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The middle panels show a zoom to the disc e < e
re
, and the right panels the numerical FLI maps for the same initial conditions (see text).
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Fig. 15. Two phase portraits (left)of the integrable resonance model for the altitude a * r
L
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re
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Fig. 9. (left) FLI maps, and (right) lifetime maps in a grid of initial conditions in the (i, e) plane for orbits with ⌦ = ! = 0˝ at the altitudes a*r
L
= 500 km (top row), a*r

L
= 1000 km

(middle row), a* r
L
= 1500 km (bottom row). The numerical trajectories are computed in the complete Hamiltonian H

SM
, while the FLI is computed by calculating the associated

variational equations of motion. The thick points in the lifetime maps correspond to theoretical predictions of the borders of the domains of re-entry obtained through the model
of the 2g*resonance discussed in Section 3.3. The dashed curves indicate the ‘planes of fast drift’ defined in the same subsection. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

Fig. 10. The resonant web described in 3.1 and show in Fig. 6 on top of the lifetime map for a = r
L
+ 500 km. The only resonance clearly within the domain of re-entering

trajectories is the 2g one. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article).
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Fig. 3: Analytical (black line) versus numerical (red line) propagation of the mean elements
(e(t), i(t)) for four orbits with initial conditions `(0) = 0, g(0) = �0.4 rad, h(0) = 0.7 rad,
e(0) = 0.1, i(0) = 15� and (constant) semi-major axis corresponding to the group of panels
a = R$ + 500 km (top left), a = R$ + 700 km (top right), a = R$ + 900 km (bottom left),
a = R$+2000 km (bottom right). In each group of panels, the first row shows the evolution
of the corresponding elements within the first year of propagation, the second row within the
fifth year of propagation, and the third row shows the corresponding errors of the comparison
of the analytical and numerical solution in log10 scale.
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Secular dynamics and resonances

Fig. 6: The curves ep(ip) of all the dynamically important resonances for prograde orbits
(i < 90�) and for the set of values of the semi-major axis ap = a = R$ + �a with �a = 300,
500, 700, 900, 2000, 3000 km. The limits in eccentricity in each plot is 0  ep  �a/a, same
as in Figure 5 of [1]. The parallelogram with thick blue border indicates the limits of the
corresponding panels in Figs. 1 and 2 of the present paper. The parallelogram is crossed by
the resonances R2,1,0,1,�2 (resonant angle: 2g+ e⌦+h$�2`�, purple), for ap = R$+300 km

and ap = R$+500 km, and R2,2,�2,0,0 (resonant angle: 2g+2e⌦�2$$, blue), for the entire
set of values of ap. The corresponding curves compare well with the centers of the narrow
yellow strips found in the panels of equal value of the semi-major axis shown in Figs. 1 and
2. Outside the parallelogram, at all values of the semi-major axis, we have the bundle of
resonances collectively referred to as ‘2g-multiplet’, with the ‘2g-resonance’ (R2,0,0,0,0, red)

in the center, and the resonances 2g + (e⌦ � h$) (first left), 2g � (e⌦ � h$) (first right),

2g+ 2(e⌦� h$) (second left), 2g� 2(e⌦� h$) (second right). Finally, in the domain of polar

orbits we have the secular resonance e⌦�h$ (R0,1,0,�1,0), which appears at inclinations near
90� at low altitudes and approaches to the 2g-multiplet as the altitude increases, as well as
the transient resonance 2g�2e⌦+2$$ (i.e. R2,�2,2,0,0, which appears at the altitude 700km
and disappears at the altitude ⇠ 2000km.)
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Summary

1.  Frozen orbits are produced either near the forced equilibria of zonal potential 
perturbations beyond J2, or by the Lidov-Kozai mechanism (near the critical inclination 
for the 2g-resonance).  In the latter case, the mechanism can be activated either by 
even zonal harmonics or by third-body tidal perturbations. 

2. In the moon’s case, lunar mascons affect mostly the Moon’s zonal harmonics, hence  
the produce separatrices which are highly distorted/topologically different from the 
figure-8 separatrices of the symmetric Lidov-Kozai phase portrait of the 2g-resonance 
applicable in simpler cases (e.g. for Earth satellites). 

3. (1) and (2) above, combined with the Earth’s synchronous rotation around the Moon, 
imply that no other secular resonance is important in the phase space, except for the 
2g-resonance or multiplets thereof involving the slow frequencies of the Earth’s 
lunicentric radius vector.  Such multiplets accumulate also around near-polar orbits. 

4. Due to (1), (2), and (3) above, frozen orbits are obuiquitous around the forced 
equilibria created by odd zonal harmonics, and way less obuiquitous around the stable 
equilibria of the 2g-resonance, or around polar orbits. Many of the orbits found in 
simplified or highly truncated secular models stop to exist when more complete models 
of the gravity and of the evolution of the Earth’s lunicentric radius vector are considered.   


