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A. Dogkas & G. BaùA. Dogkas & G. Baù
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Source : (Left) Milani, A. & Knezevic, Z. Secular perturbation theory and computation of asteroid proper elements. Celestial Me-

chanics and Dynamical Astronomy 49, 347–411 (Dec. 1990)

(Right) Morbidelli, A. & Henrard, J. Secular resonances in the asteroid belt: Theoretical perturbation approach and the

problem of their location. Celestial Mechanics and Dynamical Astronomy 51, 131–167 (June 1991)
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In a completely non-resonant domain, there exists a transformation exp(Lχ) such
that if H(1) = exp(Lχ)H, then

H(q, p) = h(p) +RK(q, p) H(1)(q, p) = h(p) + ⟨RK⟩
q
(p) +R(1)(q, p)

and as a result, the new actions p(1) and the associated orbital elements

a(1) = exp(Lχ)a ≃ a+ {a, χ}

e(1) = exp(Lχ)e ≃ e + {e, χ}

i (1) = exp(Lχ)i ≃ i + {i , χ}

are almost constant, and they are called proper elements.

O(1) O(ε) O(1) +O(ε) O(ε2)
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Source : SpaceDys website, https://newton.spacedys.com/
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The motion of an asteroid is approximated by a restricted N + 1-body problem

HAS(x , y , t) =
∥y∥2

2
−

µ

∥x∥
− µ

N∑
j=1

mj

m0

(
1∥∥x − x j (t)

∥∥ −
x · x j (t)∥∥x j (t)

∥∥3
)


ẋ j =

y j

mj

ẏ j = Gmj

−
(m0 +mj )∥∥x j

∥∥3 x j +
∑

k ̸=j,k ̸=0

mk

(
(xk − x j )∥∥x j − xk

∥∥3 −
xk

∥xk∥3

)
with µ = Gm0, and G ≃ 4π2 (AU)3(M⊙)−1(yr)−2 the gravitational constant.
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1∥∥x − x j

∥∥ =



(Laplace’s development)

1

xj

∞∑
s=0

(
−1/2

s

)
A−s−1/2V s ,

A =
∥∥x − x j

∥∥2 /x2
j , when e = 0, i = 0

V =
∥∥x − x j

∥∥2 /x2
j − A

(Laskar & Robutel 1995 based on Laplace 1785)

(Hansen-Tisserand development)

1

xj

∞∑
s=0

Ps

(
cos(Sj )

)( x

xj

)s

, cos(Sj ) =
x · x j

x xj

(Hansen 1855, Tisserand 1889, Laskar & Boué 2010)
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▶ IntroductionIntroduction

• Asteroid families in the main belt

▶ Development of the perturbing functionDevelopment of the perturbing function

• Historical developments

• Le Verrier’s development

• Generalized Yuasa-Tisserand corrections

• Preliminary convergence results

▶ Proper Elements of AsteroidsProper Elements of Asteroids

• Resonant domains

• High-degree analytical proper elements



CELMEC IX, Viterbo, Italy, 14-18 September 2026

Development of the perturbing functionDevelopment of the perturbing function
Le Verrier’s developmentLe Verrier’s development

A. Dogkas & G. BaùA. Dogkas & G. Baù
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Instead, considering the mutual inclination Jj ,
(Le Verrier 1855)

cos(Sj ) = cos
(
(νj − τj )− (ν − τ)

)
+ 2η2

j sin(νj − τj ) sin(ν − τ),

with ηj = sin(Jj/2), ν the true longitude, and
τ = ϕ+Ω.
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1∥∥x − x j

∥∥ =
∞∑
k=0

∞∑
s=−∞
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k∑
ζ=0

(−1)k+z+ζ

2

(
−1/2
k

)(
k
z

)(
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ζ
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aj

(
a

aj

)ξ

Bs,ξ
k

(
a/aj

) exp(i(2ζ − k + s)ωj + i(2z − k − s)ω)

 1

δj

(
δ

δj
− 1

)ξ

exp(i(2ζ − k + s)fj + i(2z − k − s)f )


η2k

j exp(−i(2ζ − k + s)ϕj + i(2z − k − s)ϕ)

,
with δ = r/a, f = true anomaly, ω = argument of pericenter.
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Solving for the Euler angles associated with the asteroid’s and planet’s planes

ρ1 = α1

(
1− ϵ1 cos(θ)

)
cos(ϕ+ ϕj ) =

α1

ρ1

(cos(θ)− ϵ1)

sin(ϕ+ ϕj ) =
α1

ρ1

√
1− ϵ21 sin(θ)

ρ2 = α2

(
1− ϵ2 cos(θ)

)
cos(ϕ− ϕj ) =

α2

ρ2

(
cos(θ)− ϵ2

)
sin(ϕ− ϕj ) =

α2

ρ2

√
1− ϵ22 sin(θ)

θ = Ω− Ωj , α1 = 1− cos(i) cos(ij ), ϵ1 = sin(i) sin(ij )/α1, ρ1 = (1− cos(Jj )) = 2η2
j

α2 = 1 + cos(i) cos(ij ), ϵ2 = sin(i) sin(ij )/α2, ρ2 = (1 + cos(Jj ))
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A. Dogkas & G. BaùA. Dogkas & G. Baù
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Setting

e ∼ ej ∼ sin(i) ∼ sin(ij ) ∼ ε,

the convergence domain is bounded from below
by the convergence domain of the majorant
series

1∥∥x − x j

∥∥ =
∞∑
d=0

Cdε
d ≤

∞∑
d=0

∥Cd∥ εd

and for a choice of a and aj , the convergence
radius is given by the linear regression on the
tail of Cauchy’s criterion for each coefficient.

Figure for a = 1 AU, aj = 5.20427 AU (Jupiter at J2000), and∥Cd∥ =
∥∥∥∑N

j=0 cn exp(kn · q)
∥∥∥ =

∑N
j=0|cn|.
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We get, therefore a lower bound of the conver-
gence domain. Then we can approximate the
remainder because of d-degree truncation as

Ed =
∣∣∣∥Cd∥ εd

∣∣∣ ε/R

1− ε/R

with R the radius of convergence.

Setting a tolerance 10−3 we find the regions
where Ed ≤ 10−3 for each degree d .

Figure for aj = 5.20427 AU (Jupiter at J2000), and∥Cd∥ =
∥∥∥∑N

j=0 cn exp(kn · q)
∥∥∥ =

∑N
j=0|cn|.
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We approximate the positions of the secular resonant planes, of degree d ,

k · ∇pN = 0, k ∈ Kd ,

using the generalized Le Verrier development.

e = 0.1, g = argument of pericenter, γ = longitude of pericenter, h = longitude of the node
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We approximate the widths of the secular resonances, of degree d ,∣∣m · ∇pN
∣∣ ≤ 2

√∥∥Rk∈[m](p0)
∥∥ (m · ∇p0

)2 N (p0), k ∈ Kd , m ·∇p0N (p0) = 0,

using the generalized Le Verrier development.

e = 0.1, g = argument of pericenter, γ = longitude of pericenter, h = longitude of the node
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Future works and possible extensions

▶ Study in detail and refine the preliminary results on the convergence of this
development.

▶ Study the dynamical properties and topology of the important secular
resonances in the main asteroid belt.

▶ Use of resonant proper elements (Dogkas & Vartolomei 2026) for the
improvement of the analytical classification of asteroid families.
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sert de base au calcul des perturbations des mouvements des planètes. Annales de l’Observatoire
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