
INTRO MAIN RESULT GET THE JET CONCLUSION

Controllability on the Group of
Diffeomorphisms

Marco Caponigro
(joint work with A. Agrachev)

IECN/INRIA Nancy

Santiago de Compostela, July 8th, 2010



INTRO MAIN RESULT GET THE JET CONCLUSION

Exponentials

Let M be a smooth connected manifold. Let V,Vt be complete.

Autonomous v.f. V ∈ VecM Nonautonomous v.f. Vt ∈ VecM{
q̇(t) = V(q(t))
q(0) = q0 .

{
q̇(t) = Vt(q(t))
q(t0) = q0 ,

For every fixed t

etV(= exp(tV)) −→
exp

∫ t

t0
Vτ dτ

is a diffeomorphism of M which maps any q0 ∈ M to the value of the
solution at time t of the system.
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Our goal

Let F ⊂ VecM be a family of vector fields we set

GrF = {et1f1 ◦ · · · ◦ etk fk : ti ∈ R, fi ∈ F , k ∈ N} .

Our purpose is to study the relation between GrF and Diff0(M).

Thurston 1971

If M is compact then the group Diff0(M) is simple.

If F = VecM then GrF is a normal subgroup of Diff0(M). Therefore

Gr(VecM) = Diff0(M)
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The main result

Theorem
If

M is compact
GrF acts transitively on M,

then
Gr {af : a ∈ C∞(M), f ∈ F} = Diff0M.



INTRO MAIN RESULT GET THE JET CONCLUSION

Control Systems

By Control System we mean a system of the form:

q̇ = fu(q), q ∈ M, u ∈ U ,

where
q ∈ M is called state;
u ∈ U is called control;
U ⊂ Rm is called set of control parameters.

We represent the control system by a family of vector fields

F = {fu : u ∈ U} ⊂ VecM .

Control systems ⇐⇒ Families of vector fields
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Controllability

Reachable set

Rq = {q ◦ et1f1 ◦ · · · ◦ etk fk : fi ∈ F , k ∈ N, ti ≥ 0} .

Orbit

Oq = {q ◦ et1f1 ◦ · · · ◦ etk fk : fi ∈ F , k ∈ N, ti ∈ R}
= {q ◦ P : P ∈ GrF} .

If a family F is symmetric, namely if F = −F , then Rq = Oq.

Definition: Controllability
A system F is controllable ⇐⇒ Rq = M, for every q ∈ M .

Remark
GrF acts transitively on M ⇐⇒ Oq = M, for every q ∈ M .
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The main result

Theorem
If M is compact and GrF acts transitively on M, then

Gr {af : a ∈ C∞(M), f ∈ F} = Diff0M.

If F is symmetric then

Controllability on M
⇓

Controllability “on” Diff0(M)
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The main result

Main Theorem
Let M be a compact connected manifold and F ⊂ VecM.
If GrF acts transitively on M, then there exist

a neighborhood O of the identity in Diff0(M);
a positive integer µ

such that every P ∈ O can be presented in the form

P = ea1f1 ◦ · · · ◦ eaµfµ ,

for some f1, . . . , fµ ∈ F and a1, . . . , aµ ∈ C∞(M).

Remark
The number of exponentials µ does not depend on P.
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Bracket Generating families

Lie(F) = span{[f1, [. . . [fk−1, fk] . . .]] : f1, . . . , fk ∈ F , k ∈ N}
Lieq F = {f (q) : f ∈ Lie(F)}.

Definition
We say that the family F is bracket generating if

Lieq F = TqM for every q ∈ M .

Theorem (Chow–Rashevsky)

Let F be a bracket generating family of vector fields. Then

Oq = M, for any q ∈ M .



INTRO MAIN RESULT GET THE JET CONCLUSION

Application to control systems

Corollary

Let {f1, . . . , fm} be bracket generating. Consider the system

q̇ =
m∑

i=1

ui(t, q)fi , q ∈ M , (1)

with controls that are
piecewise constant in t,
smooth in q.

For every P ∈ Diff0(M) there exist controls ui(t, q) such that

P =
−→
exp

∫ 1

0

m∑
i=1

ui(t, ·)fi dt.

Remark
M non-compact =⇒ controls measurable in t.
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Outline of the proof

STEP 1 Localization of the problem;
compactness of M,
cut-off functions and a result by Palis & Smale

STEP 2 Considering a full-dimensional case;
Controllability assumption,
Orbit Theorem of Sussmann

STEP 3 Restriction to a 1-dimensional problem with parameters;
Implicit Function Theorem

STEP 4 Linearization of diffeomorphisms
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Proof Idea

Consider a linear ODE on U ⊂ R:{
ẋ = βx
x(0) = x0

the solution ϕ(t, x0) = etβx0 at time t = 1 is the linear diffeomorphisms,
namely a rescaling of a factor eβ .

The linear diffeomorphism of U ⊂ R,

x 7→ αx
∣∣
U , α 6= 1, (α > 0) ,

is the exponential of the linear vector field log(α)x ∂∂x

The change of coordinates that linearizes the diffeomorphism can be
recovered from the solution of a first order linear PDE.
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Improvements

q̇ =
m∑

i=1

ui(t, q)fi , q ∈ M ,

with {f1, . . . , fm} bracket generating .
For every P ∈ Diff0(M) there exist controls ui(t, q) that are

(i) piecewise constant w.r.t. t,
(ii) smooth w.r.t. q.

such that P is the flow at time 1 of the system.
Is it possible to assume controls more regular?
Is it possible to add a drift to the system?
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Get the Jet

Let {f1, f2, . . . , fm} bracket generating. Consider the system

q̇ = f0(q) +
m∑

i=1

ui(t, q)fi(q), q ∈ Rn,

with controls ui such that, for every i = 1, . . . ,m:
(i) ui is polynomial with respect to q ∈ Rn;

(ii) ui is a trigonometric polynomial with respect to t ∈ [0, 1].
Let r and k be positive integers, ε > 0, and B ball in Rn. For any
P ∈ Diff0(Rn), there exist controls u1(t, q), . . . , um(t, q) such that, if Φ is
the flow at time 1 of the system then

Jk
0(Φ) = Jk

0(P) and ‖Φ− P‖Cr(B) < ε.

Where

Jk
0(P)(z) = P(0) + (DP(0)) · z +

1
2

(D2P(0)) · z⊗2 + · · ·+ DkP(0)
k!

· z⊗k.
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Conclusion and Open Problems

Is it possible to realize exactly a diffeomorphism as exponential
of a control affine system with drift?
Is it possible to assume the control to be more regular?

What about the group of volume preserving diffeomorphisms?
Is it possible to realize a volume preserving diffeomorphism as
composition of exponential of divergence free vector fields?
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Thank you for your attention

Main Theorem
Let M be a compact connected manifold and F ⊂ VecM.
If GrF acts transitively on M, then there exist

a neighborhood O of the identity in Diff0(M);
a positive integer µ

such that every P ∈ O can be presented in the form

P = ea1f1 ◦ · · · ◦ eaµfµ ,

for some f1, . . . , fµ ∈ F and a1, . . . , aµ ∈ C∞(M).

¡Gracias!
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