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Exponentials

Let M be a smooth connected manifold. Let V, V; be complete.

Autonomous v.f. V € VecM Nonautonomous v.f. V; € VecM
g(t) = Vig(1) g(t) = Vilq(®)
q(0) = qo. q(to) = qo0,

For every fixed ¢

t
& (= exp(1V) & [ vedr

to

is a diffeomorphism of M which maps any ¢y € M to the value of the
solution at time ¢ of the system.
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Our goal

Let F C VecM be a family of vector fields we set
GtF = {eo-..0e . 1, e R, f; € F, k € N}.

Our purpose is to study the relation between GrF and Diffy(M).
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Our goal

Let F C VecM be a family of vector fields we set
GtF = {eo-..0e . 1, e R, f; € F, k € N}.

Our purpose is to study the relation between GrF and Diffy(M).

Thurston 1971
If M is compact then the group Diff,(M) is simple. J

If 7 = VecM then GrF is a normal subgroup of Diff,(M). Therefore

Gr(VecM) = Diffy(M) J
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The main result

Theorem
If

@ M is compact

@ GrF acts transitively on M,
then

Gr{af :a € C*°(M), f € F} = DiffoM.
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Control Systems

By Control System we mean a system of the form:

q=fulg), qEMucU, )

where
@ g € M is called state;
@ u € U is called control,
@ U C R™is called set of control parameters.
We represent the control system by a family of vector fields

F={fu :uecU} CVecM.

Control systems <= Families of vector fields )
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Controllability

Reachable set

R, ={qoeMo...0oe : fic F keN,t>0}.

Orbit

O, = {gqoero...oe% . fc FkeN,tcR}
{goP : PcGrF}.

If a family F is symmetric, namely if ¥ = —F, then R, = O,.

Definition: Controllability
A system F is controllable <= R, =M, forevery g e M.

Remark
GrF acts transitively on M <— O, =M, foreverygec M.
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The main result

Theorem
If M is compact and GrF acts transitively on M, then

Gr{af : a € C*(M), f € F} = DiffoM.

If 7 is symmetric then

Controllability on M

I
Controllability “on” Diffy(M)
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The main result

Main Theorem

Let M be a compact connected manifold and F C VecM.
If Gr.F acts transitively on M, then there exist

@ a neighborhood O of the identity in Diffy(M);
@ a positive integer u
such that every P € O can be presented in the form

— paifi au,
P=¢ O"'Oe‘““,

forsomefi,....f, € Fanday,...,a, € C*(M).
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The main result

Main Theorem

Let M be a compact connected manifold and F C VecM.
If Gr.F acts transitively on M, then there exist

@ a neighborhood O of the identity in Diffy(M);
@ a positive integer u
such that every P € O can be presented in the form

— paifi au,
P=¢ O"'Oe‘““,

forsomefi,....f, € Fanday,...,a, € C*(M).

Remark
The number of exponentials 1 does not depend on P.
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Bracket Generating families

(] LIC(]:) = span{[fh [ .. [fkfl,fk] .. H i, i € Fok e N}
@ Lie, F = {f(q) : f € Lie(F)}.

Definition
We say that the family F is bracket generating if

Lie, F =T,M foreveryqcM.

Theorem (Chow—Rashevsky)
Let F be a bracket generating family of vector fields. Then

O,=M, foranygeM.
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Application to control systems

Corollary
Let{fi,...,fu} be bracket generating. Consider the system

ZM1ICI1a qgeEM, (1)
i=1

with controls that are
@ piecewise constant in t,
@ smooth in gq.
For every P € Diffy(M) there exist controls u;(t,q) such that

—exp/ Z ,)fi d.




MAIN RESULT
[e]e] lelele]

Application to control systems

Corollary
Let{fi,...,fu} be bracket generating. Consider the system

q:Zul<t7Q)ﬁ qua (1)
i=1
with controls that are
@ piecewise constant in t,
@ smooth in gq.
For every P € Diffy(M) there exist controls u;(t,q) such that

1 m
P:er)/ > it ).
0 =1

Remark
M non-compact = controls measurable in z.
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Outline of the proof

step 1 Localization of the problem;

@ compactness of M,
e cut-off functions and a result by Palis & Smale

ster 2 Considering a full-dimensional case;

e Controllability assumption,
@ Orbit Theorem of Sussmann

step 3 Restriction to a 1-dimensional problem with parameters;
e Implicit Function Theorem
step 4 Linearization of diffeomorphisms
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Proof Idea

Consider a linear ODE on U C R:

x=fFx

x(0) = xp
the solution ¢(t,xy) = e’x, at time ¢ = 1 is the linear diffeomorphisms,
namely a rescaling of a factor ¢”.

The linear diffeomorphism of U C R,
xr—>ax|U, a#l, (a>0),

is the exponential of the linear vector field log(a)x2
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Proof Idea

Consider a linear ODE on U C R:

x=fFx

x(0) = xp
the solution ¢(t,xy) = e’x, at time ¢ = 1 is the linear diffeomorphisms,
namely a rescaling of a factor ¢”.

The linear diffeomorphism of U C R,
xr—>ax|U, a#l, (a>0),

is the exponential of the linear vector field log(a)x2

The change of coordinates that linearizes the diffeomorphism can be
recovered from the solution of a first order linear PDE.
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Improvements

q:Zui<t7Q)fia C]EM,

i=1

with {f1,...,fn} bracket generating .
For every P € Diffy(M) there exist controls (¢, q) that are

(i) piecewise constant w.r.t. ¢,
(i) smooth w.r.t. .
such that P is the flow at time 1 of the system.
@ Is it possible to assume controls more regular?
@ Is it possible to add a drift to the system?
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Get the Jet

Let {fi,5,-...fn} bracket generating. Consider the system

g="rolg) + Y _uw(t,q)f(q), qeR,
i=1

with controls u; such that, forevery i =1,... m:
(i) u; is polynomial with respect to ¢ € R";
(ii) u; is a trigonometric polynomial with respect to 7 € [0, 1].
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Get the Jet

Let {fi,5,-...fn} bracket generating. Consider the system

g="rolg) + Y _uw(t,q)f(q), qeR,
i=1

with controls u; such that, forevery i =1,... m:
(i) u; is polynomial with respect to ¢ € R”;
(ii) u; is a trigonometric polynomial with respect to 7 € [0, 1].
Let r and k be positive integers, ¢ > 0, and B ball in R". For any
P € Diffy(R"), there exist controls u; (¢, q), .. ., ux(t,q) such that, if @ is
the flow at time 1 of the system then

J5(®@) =J5P) and ||® — P|lo) < J

Where
D'P(0) o
oY

JE(P)(2) = P(0) + (DP(0)) - 2 + %(DZP(O)) Pt
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Conclusion and Open Problems

@ Is it possible to realize exactly a diffeomorphism as exponential
of a control affine system with drift?

@ Is it possible to assume the control to be more regular?




CONGLUSION

Conclusion and Open Problems

@ Is it possible to realize exactly a diffeomorphism as exponential
of a control affine system with drift?

@ Is it possible to assume the control to be more regular?

@ What about the group of volume preserving diffeomorphisms?

@ Is it possible to realize a volume preserving diffeomorphism as
composition of exponential of divergence free vector fields?
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Thank you for your attention

Main Theorem

Let M be a compact connected manifold and F C VecM.
If GrF acts transitively on M, then there exist

@ a neighborhood O of the identity in Diff,(M);
@ a positive integer u
such that every P € O can be presented in the form

— i auf)
P_e O...oelH’

forsomefi,....f, € Fanday,...,a, € C*(M).

iGracias!
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