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Abstract: We prove sharp results on polynomial decay of correlations for nonuniformly
hyperbolic flows. Applications include intermittent solenoidal flows and various Lorentz
gas models including the infinite horizon Lorentz gas.
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1. Introduction

Let (A, np) be a probability space. Given a measure-preserving flow 7; : A — A
and observables v, w € LZ(A), we define the correlation function py, ,, () = fA v wo
Trdup— [yvdua [, wdpa. The flow is mixing if lim;_, oo oy, (t) = O forall v, w €
L2(A).

Of interest is the rate of decay of correlations, or rate of mixing, namely the rate
at which p, ,, converges to zero. Dolgopyat [21] showed that geodesic flows on com-
pact surfaces of negative curvature with volume measure (15 are exponentially mixing
for Holder observables v, w. Liverani [26] extended this result to arbitrary dimensional
geodesic flows in negative curvature and more generally to contact Anosov flows. How-
ever, despite ongoing progress [3,5,11,12,35], exponential mixing remains poorly un-
derstood in general.

Dolgopyat [22] considered the weaker notion of rapid mixing (superpolynomial decay
of correlations) where p, () = O(t~9) for sufficiently regular observables for any
fixed ¢ > 1, and showed that rapid mixing is ‘prevalent’ for Axiom A flows: it suffices
that the flow contains two periodic solutions with periods whose ratio is Diophantine.
Field et al. [23] introduced the notion of good asymptotics and used this to prove that
amongst C” Axiom A flows, r > 2, an open and dense set of flows is rapid mixing.

In [28], results on rapid mixing were obtained for nonuniformly hyperbolic semiflows,
combining the rapid mixing method of Dolgopyat [22] with advances by Young [36,
37] in the discrete time setting. First results on polynomial mixing for nonuniformly
hyperbolic semiflows (., (t) = O(t~9) for some fixed g > 0) were obtained in [29].
Under certain assumptions the results in [28,29] were established also for nonuniformly
hyperbolic flows. However, for polynomially mixing flows, the assumptions in [29] are
overly restrictive and exclude many examples including infinite horizon Lorentz gases.

In this paper, we develop the tools required to cover systematically large classes of
nonuniformly hyperbolic flows. The recent review article [30] describes the current state
of the art for rapid and polynomial decay of correlations for nonuniformly hyperbolic
semiflows and flows and gives a complete self-contained proof in the case of semiflows.
Here we provide the arguments required to deal with flows. Our results cover all of the
examples in [30].

By [28], rapid mixing holds (at least typically) for nonuniformly hyperbolic flows
that are modelled as suspensions over Young towers with exponential tails [36]. See
also Remark 8.5. Here we give a different proof that has a number of advantages as dis-
cussed in the introduction to [30]. Flows are modelled as suspensions over a uniformly
hyperbolic map with an unbounded roof function (rather than as suspensions over a
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nonuniformly hyperbolic map with a bounded roof function). It then suffices to con-
sider twisted transfer operators with one complex parameter rather than two as in [28],
reducing from four to three the number of periodic orbits that need to be considered in
Proposition 6.6. Also, the proof of rapid mixing only uses superpolynomial tails for the
roof function, whereas [28] requires exponential tails.

Examples covered by our results on rapid mixing include finite Lorentz gases (in-
cluding those with cusps, corner points, and external forcing), Lorenz attractors, and
Hénon-like attractors. We refer to [30] for references and further details.

Examples discussed in [29,30] for which polynomial mixing holds include nonuni-
formly hyperbolic flows that are modelled as suspensions over Young towers with poly-
nomial tails [37]. This includes intermittent solenoidal flows, see also Remark 8.6.

The key example of continuous time planar periodic infinite horizon Lorentz gases is
considered atlength in Sect. 9. In the finite horizon case, exponential decay of correlations
for the flow was proved in [5]. In the infinite horizon case it has been conjectured [24,27]
that the decay rate for the flow is O (1 ~!). (An elementary argument in [6] shows that this
rate is optimal; the argument is reproduced in the current context in Proposition 9.14.)
We obtain the conjectured decay rate O(¢~!) for planar infinite horizon Lorentz flows
in Theorem 9.1.

Remark 1.1. (a) In [29], the decay rate Ot~ 1) was proved for infinite horizon Lorentz
gases at the semiflow level (after passing to a suspension over a Markov extension and
quotienting out stable leaves as in Sects. 3 and 6). It was claimed in [29] that this result
held also in certain special cases for the Lorentz flow, and that the decay rate O (r=(!=¢))
held for all € > 0 in complete generality. The spurious factor of 1€ was then removed in
an unpublished preprint “Decay of correlations for flows with unbounded roof function,
including the infinite horizon planar periodic Lorentz gas” by the first and third authors.
Unfortunately these results for flows do not apply to Lorentz gases since hypothesis (P1)
in [29] is not satisfied. The situation is rectified in the current paper. (The unpublished
preprint also contained correct results on statistical limit laws such as the central limit
theorem for flows with unbounded roof functions. These aspects are completed and
extended in [8].)

(b) A drawback of the method in this paper, already present in [22] and inherited by [28—
30], is that at least one of the observables v or w is required to be C" in the flow direction.
Here m can be estimated, with difficulty, but is likely to be quite large. In the case of the
infinite horizon Lorentz gas, this excludes certain physically important observables such
as velocity. A reasonable project is to attempt to combine methods in this paper with the
methods for (stretched) exponential decay in [5, 15] to obtain the decay rate O (t~1) for
Holder observables v and w (cf. the second open question in [30, Section 9]).

In PartI of this paper, we consider results on rapid mixing and polynomial mixing for a
class of suspension flows over infinite branch uniformly hyperbolic transformations [36].
In Part II, we show how these results apply to important classes of nonuniformly hyper-
bolic flows including those mentioned in this introduction. The methods of proof in this
paper, especially those in Part I, are fairly straightforward adaptations of those in [30].
The main new contribution of the paper (Sect. 6 together with Part II) is to develop a
general framework whereby large classes of nonuniformly hyperbolic flows, including
fundamental examples such as the infinite horizon Lorentz gas, are covered by these
methods.

Remark 1.2. The paper has been structured to be as self-contained as possible. It does
not seem possible to reduce the results on flows in Part I of this paper to the results on
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semiflows in [30]. Instead, it is necessary to start from scratch and to emulate, rather
than apply directly, the methods in [30]. Some of the more basic estimates in [30]
are applicable and are collected together at the beginning of Sect. 4 (Lemma 4.2 to
Proposition 4.10) and Sect. 5 (Propositions 5.1 to 5.3), as well as in Sect. 5.2 (Proposi-
tions 5.8, 5.12 and 5.13). Also, results on nonexistence of approximate eigenfunctions
in [30] are recalled in Sects. 6.2 and 8.4.

Notation We use the “big O” and « notation interchangeably, writing a,, = O (b,) or
a, < b, if thereis a constant C > 0 such thata, < Cb,, foralln > 1. There are various
“universal” constants Cq, ..., C5 > 1 depending only on the flow that do not change
throughout.

Part I
Mixing rates for Gibbs—Markov flows

In this part of the paper, we state and prove results on rapid and polynomial mixing for a
class of suspension flows that we call Gibbs—Markov flows. These are suspensions over
infinite branch uniformly hyperbolic transformations [36]. In Sect. 2, we recall material
on the noninvertible version, Gibbs—Markov semiflows (suspensions over infinite branch
uniformly expanding maps). In Sect. 3, we consider skew product Gibbs—Markov flows
where the roof function is constant along stable leaves and state our main theorems for
such flows, namely Theorem 3.1 (rapid mixing) and Theorem 3.2 (polynomial mixing).
These are proved in Sects. 4 and 5 respectively. In Sect. 6, we consider an enlarged class
of Gibbs—Markov flows that can be reduced to skew products and for which Theorems 3.1
and 3.2 remain valid.

We quickly review notation associated with suspension semiflows and suspension
flows. Let (Y, u) be a probability space and let F' : ¥ — Y be a measure-preserving
transformation. Let ¢ : ¥ — R* be an integrable roof function. Define the suspension
semiflow/flow

F:Y? > 7Y%, Y? ={(y,u) €Y x[0,00) :u € [0, p(y)]}/ ~, (1.1)

where (v, ¢(y)) ~ (Fy, 0) and F;(y, u) = (y, u +t) computed modulo identifications.
An F;-invariant probability measure on Y¥ is given by u¥ = u x Lebesgue/ fY pdu.

2. Gibbs-Markov Maps and Semiflows

In this section, we review definitions and notation from [30, Section 3.1] for a class
of Gibbs—Markov semiflows built as suspensions over Gibbs—Markov maps. Standard
references for background material on Gibbs—Markov maps are [1, Chapter 4] and [2].

Suppose that (Y, 1) is a probability space with an at most countable measurable
partition {Y;, j > 1} andlet F : Y — Y be a measure-preserving transformation. For
6 € (0, 1), define dg(y, y') = Gs(y_'y/) where the separation time s(y, y') is the least
integer n > 0 such that F"y and F"y’ lie in distinct partition elements in {Y;}. It is
assumed that the partition {)_’j} separates trajectories, so s(y, y') = oo if and only if
y = y'. Then dp is a metric, called a symbolic metric.

A function v : Y — R is dp-Lipschitz if [v]p = sup,_,/ [v(y) — v(Y)|/do(y, y')
is finite. Let F»(Y) be the Banach space of Lipschitz functions with norm [[v]y =
[V]oo + [V]6- _

More generally (and with a slight abuse of notation), we say thata functionv : ¥ — R
is piecewise dy-Lipschitz if |117jv|9 = SUDy yrc; yty [v(y) — v(y")|/dg(y, ') is finite
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for all j. If in addition, sup; |1y/_v|9 < oo then we say that v is uniformly piecewise

dg-Lipschitz. Note that such a function v is bounded on partition elements but need not
be bounded on Y.

Definition 2.1. The map F : Y — Y is called a (full branch) Gibbs—Markov map if

° F|17,- : 171 — Y is a measurable bijection for each j > 1, and

e The potential function log(dji/dji o F) : Y — R is uniformly piecewise dg-
Lipschitz for some 6 € (0, 1).

Definition 2.2. A suspension semiflow F,: Y > Y% asin (1.1) is called a Gibbs—
Markov semiflow if there exist constants C; > 1,6 € (0, 1) suchthat F : ¥ — Y isa
Gibbs—Markov map, ¢ : ¥ — R* is an integrable roof function with inf ¢ > 0, and

|1yj<p|9 < Clinfyjfp forall j > 1. (2.1)

(Equivalently, log ¢ is uniformly piecewise dy-Lipschitz.) It follows that supy, ¢ <
2C11nf17j<p forall j > 1
For b € R, we define the operators

My : L®°(Y) — L®°(Y), Myv=e¢voF.

Definition 2.3. A subset Zo C Y is a finite subsystemof Y if Zo = (0,5 F " Z where Z

is the union of finitely many elements from the partition Y i }. (Note that F| 70+ Zo — Zo
is a full one-sided shift on finitely many symbols.)

We say that M}, has approximate eigenfunctions on Zj if for any a¢ > 0, there exist
constants «, £ > o and C > 0, and sequences |bx| — oo, ¥ € [0, 27), ux € Fo(Y)
with |ug| = 1 and |ug|g < Clbg|, such that setting ny = [£ In |bg|],

|(Myur)(y) — Vg (y)] < Clbx| ™ forall y € Zo, k > 1. (2.2)

Remark 2.4. For brevity, the statement “Assume absence of approximate eigenfunctions”
is the assumption that there exists at least one finite subsystem Z such that M does not
have approximate eigenfunctions on Zj.

3. Skew Product Gibbs—Markov Flows

In this section, we recall the notion of skew product Gibbs—Markov flow [30, Section 4.1]
and state our main results on mixing for such flows.

Let (Y, d) be a metric space with diamY < 1, and let F : Y — Y be a piecewise
continuous map with ergodic F-invariant probability measure . Let WW* be a cover of
Y by disjoint measurable subsets of Y called stable leaves. For each y € Y, let W¥(y)
denote the stable leaf containing y. We require that F(W*(y)) C W*(Fy) forally € Y.

Let Y denote the space obtained from Y after quotienting by 1, with natural projec-
tion 77 : ¥ — Y. We assume that the > quotient map F : ¥ — Y is a Gibbs—Markov map
as in Definition 2.1, with partition {Y;}, separation time s(y, '), and ergodic invariant
probability measure L= Tty /L.

LetY; =m" ly.. ;; these form a partition of ¥ and each Y; is a union of stable leaves.
The separatlon time extends to Y, setting s(y, y') = s(wy, wy’) fory, y € Y.
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Next, we require that there is a measurable subset Y C Y such that for everyy e Y
there is a unique y € Yy nws (y). Let m : Y — Y define the associated projection
my = y. (Note that Y can be identified with ¥, but in general 0 # [L.)

We assume that there are constants C; > 1, y € (0, 1) such that for all n > 0,

d(F"y, F"y') < Cpp™ forally,y €Y with y' € W*(y), 3.1
d(F"y, F'y) < Coy 007" forally,y e Y. (3.2)

Let ¢ : ¥ — R* be an integrable roof function with inf ¢ > 0, and define the
suspension flow! F, : Y — Y% asin (1.1) with ergodic invariant probability measure
u?.

In this section, we suppose that ¢ is constant along stable leaves and hence projects to
a well-defined roof function ¢ : ¥ — R*. Tt follows that the suspension flow F; projects
to a quotient suspension semiflow F; - YY - Y’. We assume that F, is a Gibbs—
Markov semiflow (Definition 2.2). In partlcular, increasing y € (0, 1) if necessary, (2.1)
is satisfied in the form

lp(y) — ("] < Clmfysoys(”) forall y,y' € ¥;, j > 1. (3.3)

We call F; a skew product Gibbs—Markov flow, and we say that F; has approximate
eigenfunctions if F; has approximate eigenfunctions (Definition 2.3).
Fix n € (0, 1]. Forv : Y¥ — R, define

lv(y, u) —v(y', u)|
Sup / Y( y/) 9
(y,u),(y ,u)eY?, y#y' e{d(y, y) +ys0-)}
lo(y, u) —v(y, u)]|

[V]oo,n = sup T , lvlly,y = llvlly +1vlso,y-
), (yu)EY?, uztu’ lu —u'|

lvl, = vlly = vloo + [vly,

(Here |u — u'| denotes absolute value, with u, u’ regarded as elements of [0, 00).) Let
H, (Y?) and H,, ,(Y?) be the spaces of observables v : Y¥ — R with |Jv]|,, < oo and
llvlly,y < oo respectively.

We say that w : Y¥ — R is differentiable in the flow direction if the limit o,w =
lim;—,o(w o F; — w)/t exists pointwise. Note that d;w = %—’5 on the set {(y,u) : y €
Y, 0 < u < ¢(y)}. Define Hy o, (Y?) to consist of observables w : Y¥ — R that
are m-times differentiable in the flow direction with derivatives in H,, (¥'#), with norm
lwlly0m = >1—o 18] wily .

We can now state the main theoretical results for skew product Gibbs—Markov flows.
Theorem 3.1. Suppose that F; : Y? — Y% is a skew product Gibbs—Markov flow such
that ¢ € LY1(Y) for all g € N. Assume absence of approximate eigenfunctions.

Then for any q € N, there exists m > 1 and C > 0 such that

lpv,w O] < Cllvllyllwlly,omt™ forallveH,(Y?),w € Hyom(¥?),t > 1.

Theorem 3.2. Suppose that F; : Y? — Y% is a skew product Gibbs—Markov flow
such that u(¢ > t) = Ot~ P) for some B > 1. Assume absence of approximate
eigenfunctions.

Then there exists m > 1 and C > 0 such that

1w, (] < Cllvlly yllwllyomt= P~ forallve Hy (Y9, w e Hyom(¥Y¥),t > 1.

1 Strictly speaking, F; is not always a flow since F' need not be invertible. However, F; is used as a model
for various flows, and it is then a flow when ¢ is the first return to Y, so it is convenient to call it a flow.
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Remark 3.3. Our result on polynomial mixing, Theorem 3.2, implies the result on rapid
mixing, Theorem 3.1 (for a slightly more restricted class of observables). However, the
proof of Theorem 3.1 plays a crucial role in the proof of Theorem 3.2, justifying the
movement of certain contours of integration to the imaginary axis after the truncation step
in Sect. 5.2. Hence, it is not possible to bypass Theorem 3.1 even when only polynomial
mixing is of interest.

These results are proved in Sects. 4 and 5 respectively. For future reference, we
mention the following estimates. Define ¢, = Z?;(l) po FJ.

Proposition 3.4. Let n € (0, B). Then

(a) [, "o Filyg,~ndp < (n+1) Jy @"g=i/mydp foralli > 0,n > 1,1 > 0.
(b)If u(p > 1) = O(t™F) for some B > 1, then [, p"1(p=gydp = O~ F=).

Proof. Writing ¢" o F! = ¢" o F! LigoFist/my + @70 Fil{(poFigt/n}, we compute that

/ 9o Fi1{¢n>t}dﬂ
Y

:/YﬁanoFil{woF">t/n}l{fﬂn>’} d:u"'/yﬁonOFi1{¢oFi<t/n}l{§0n>f}dl’L
n—1 N

</Y<P"°Fll{¢oFf>z/n} du+2/y<;) LigoFisi/ny dit
j=0

I\"
=fw"1{¢>t/n}du+nf () 1{¢>t/n}du<(n+1>/¢”1{¢>I/n}du,
Y Y Y

proving part (a). Part (b) is standard (see for example [30, Proposition 8.5]). O

4. Rapid Mixing for Skew Product Gibbs—Markov Flows

In this section, we consider skew product Gibbs—Markov flows F; : Y¥ — Y¢ for
which the roof function ¢ : ¥ — R* lies in L9(Y) for all ¢ > 1. For such flows, we
prove Theorem 3.1, namely that absence of approximate eigenfunctions is a sufficient
condition for rapid mixing.

First, we introduce an auxiliary roof function ¢ : ¥ — R satisfying inf ¢ > 0 and
¢ < ¢.LetF, : Y? — Y% denote the corresponding Gibbs—Markov semiflow. Through-
out, the notation H,, (Y ‘7’), Hy,,,(Y‘p) and Hyvo,m(Y‘ﬁ) represents spaces of observables
on Y¢ with finite norms lvlly, < oo, [lvlly,, < oo and |[vly,0,m. but with the norms
weighted by the original roof function ¢. In particular, we now have

[v(y, u) — vy, u)l
|U|)/ = Sup ’ S( /) .
o), (0 wex?d, yzy PO, ) +y 0]

Remark 4.1. As far as the arguments needed for Theorem 3.1 are concerned, we could
assume ¢ = ¢. In fact, the only situation where ¢ and ¢ differ is in Sect. 5. There we
work with a bounded roof function ¢ = ¢(N), yet keep the original roof function as a
weight in the definition of the norm. Distinguishing ¢ and ¢ provides a formalism that
extends our estimates immediately to the case of the bounded roof function.

Throughout this section, we suppose that pu(¢ > t) = Ot~ ) (and thus (¢ > 1) =
O(t?)) where B > 1. For notational convenience, we suppose that inf ¢ > 1.
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4.1. Some notation and results from [30]. LetH = {s € C : Res > 0} and H= {s €
C : Res > 0}. The Laplace transform py 4, (s) = fooo e py.w(t) dt of the correlation
function py 4, is analytic on H.

Lemma 4.2 ([30, Lemma 6.2]). Consider a skew product Gibbs—Markov flow with ¢ =
¢. Letv € LYY?),e>0r>1. Suppose that

(i) s > pyw(s) is continuous on {Res € [0, €1} and b +— py (i) is C" on R for all
w e H,(Y?).
(ii) There exist constants C, a > 0 such that

o) < C(bl+ D* |wly, and 155),(b)] < C(Ibl+ D¥[lwlly.
forallw e H,(Y?), j <r,andalls =a+ibe Cwitha € [0, €].
Let m = [a] + 2. Then there exists a constant C' > 0 depending only on r and a, such
that
lov,w(@®| < CC'wllyomt™" forallw € Hyom(¥Y?), 1 > 1.
O

Remark 4.3. Since py y, is not a priori well-defined on MH, the conditions in this lemma
should be interpreted in the usual way, namely that 0, ,, : H — C extends to a function
g : H — C satisfying the desired conditions (i) and (ii). The conclusion for Pv,w then
follows from a standard uniqueness argument.

For completeness, we provide the uniqueness argument. By [30, Corollary 6.1], the
inverse Laplace transform of p, ,, can be computed by integrating along a contour in
H. Since g = py,,y on H, we can compute the inverse Laplace transform f of g using
the same contour, and we obtain p, ,, = f. Hence p, ,, = g is well-defined on H and
satisfies conditions (i) and (ii), so the conclusion follows from [30, Lemma 6.2].

Define vy (y) = f‘my) e"v(y, u)du and w(s)(y) = "Z)(y) e S"w(y,u)du.

Proposition 4.4 ([30, Proposmon 6. 3 and Corollary 8 6]). Let v, w € L®(Y?) with

vdu? = 0. Then pyn = Jn on H where J is the Laplace transform of an
Yo n=| 0
L function J,, : [0, 00) — R forn > 0, and

j;,(s)z |(p|1_lfye_s‘7’"vs W(s)o F"du  foralls e H,n > 1

Moreover, | Jo(1)| = O(Jv|so|w]eo = B~).2 O

LetR: LY(Y) —» L! (Y ) denote the transfer operator corresponding to the GlbbS—
Markov quotient map F : ¥ — Y. So [;vwo Fdi = [y Rvwdji forallv e L'(Y)

and w € L®(Y). Also, for s € H, define the twisted transfer operators
R(s): L'(Y) = L'(Y), R(s)v = R(e*%v).

Proposition 4.5. Let 6 € (0, 1) be as in Definition 2.1. There is a constant C > 0 such
that

IR"vllp < C X A(d)|1avlle forv e Fo(Y),n > 1,

where the sum is over n-cylinders d = (\;_y__,_i F_’Y-l., JOs e evs n—1 = L.

.....

2 All series that we consider on H are absolutely convergent for elementary reasons. Details are given in
Lemma 4.12 but are generally omitted.
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Proof. This follows from [30, Corollary 7.2]. O
Fix ¢ > 0 with
max{l, — 1} < g < B.

Letn € (0,1], y € (0, 1) be as in Sect. 3. Shrinking 5 if needed, we may suppose
without loss that

q+2n <8,

Let y; = " and increase 6 if needed so that 6 € [y11/3, 1).

A function f : R — R is said to be C¥ if f is C'9) and £19D is (¢ — [¢])-Holder.
Moreover, given g : R — [0, 00) and E C R, we write | 9 (b)| < g(b) for b € E if
forallb,b’ € E,

If OB < g), k=0,1,...,[q], and
| F1D @) — 1B < (3(b) +gB)Ib — B[P,

For f : H — Rand E C H, we write | f©(s)| < g(s) fors € E if | 9 (ib)| < g(b)
in the sense just given for ib € E and |f(k)(s)| < g(s) f(irs e E,k=0,...,[q]. The
same conventions apply to operator-valued functions on H.

Remark 4.6. Restricting to ¢ as above enables us to obtain estimates for the rapid mixing
and polynomially mixing situations simultaneously hence avoiding a certain amount of
repetition. The trade off is that the proof of Theorem 3.1 is considerably more difficult.
The reader interested only in the rapid mixing case can restrict to integer values of ¢
with greatly simplified arguments [30, Section 7] (also see version 3 of our preprint on
arxiv).

Following [30, Section 7.4], there exist constants My, M and a scale of equivalent
norms

[v]e }
= [ B b € R?
ol = max {lvle, 3 s
on Fy(Y) such that
||§(s)"||;, < M; foralls =a+ibe Cwitha €[0,1]andalln > 1. 4.1)

Proposition 4.7. There is a constant C > 0 such that
|R@D (s)|lp < C foralls =a+ibeCwith0<a< 1.

Proof. 1t is shown in [30, Proposition 8.7] that [|[R@ (s)|ls < C(b] + 1). Using the
definition of || ||, the desired estimate follows by exactly the same argument. O

Remark 4.8. Estimates such as those for R in Proposition 4.7 hold equally for R4
for all ¢’ < q. We use this observation without comment throughout.

Define Hs = H N Bs(0) for 8 > 0. Let T = (I — R)~!. We have the key Dolgopyat
estimate:
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Proposition 4.9. Assume absence of approximate eigenfunctions. Then f(s) cFo(Y) —
Fo(Y) is a well-defined bounded operator for s € H\{0}. Moreover, for any § > 0, there
exists o, C > 0 such that
IT@(s)]lg < CIb|* foralls =a+ib e C\Hs with0 < a < 1.
O

Proof. For the region 0 < a < 1, |b| d, this is explicit in [30, Corollary 8.10].
The remaining region A = ([0, 1] x [, 8])\11-]13 is bounded. Also, 1 ¢ spec R(s) for
s € IF]I\{O} by [30, Proposition 7.8(b) and Theorem 7.10(a)]. Hence || 7@ llo is bounded
on A by Proposition 4.7. 0O

Proposition 4.10 ([30, Proposition 7.8 and Corollary 7.9]). There exists § > 0 such that
R(s) Fg(Y) — Fy(Y) has a C1 family of simple eigenvalues L(s), s € Hs, isolated
in spec R(s) with A(0) = 1, A(0) = —|¢|1, IA(s)| < 1. The corresponding spectral
projections P (s) form a C1 family of operators on Fy (1_/) with P(0)v = fy vdp. O

4.2. Approximation of vy and W(s). The first step is to approximate vy, w(s) : ¥ — C
by functions that are constant on stable leaves and hence well-defined on Y.
For k > 0, define Ay : L°(Y) — L°°(Y),

AszwoFkon—woFk_lonoF, k>1, Aopw=wom.
Proposition 4.11. Let w € L*°(Y). Then

(a) Arw is constant along stable leaves.
(b) Y7 _o(Axw) o F*F =wo F'om.

Proof. Part (a) is immediate from the definition and part (b) follows by induction. O
Define
Vi(s) = e PF Ajug,  Wils) = e 5% A (s).
By Proposition 4.11(a), these can be regarded as functions \_/j, Wy on Y. Similarly we

write Agw € L®(Y).
Also, for k > 0, we define Ey : L°°(Y) — L°°(Y),

EszwoFk—woFkojT.

Lemma 4.12. Let v, w € L®°(Y?). Then

oo n—1
pow = Jo+1gl7! (ZA +ZZBnk+ZZC,k)
n=1 k=0 j=0k=0

on H, where
As) = f ¢Sy, (Ey1@(s)) o F dp,
Y
Bi(s) = / P By (AkB(s)) 0 FP K d,
Y
Cixls) :ﬁﬁ(s)max{f—"—lvO}T(s)Rf“Vj(s) Wi (s) di.
Y

All of these series are absolutely convergent exponentially quickly, pointwise on H.
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Proof. Since this result is set in the right-half complex plane, the final statement is
elementary. We sketch the arguments. Lets € C Witha = Res > 0.Itisclear that |vg| <

a” " vlsoe® and [D(s)|oe < @' |woo. Hence |4y (s)] < 2a72[v]oc|wloce "D and
|Bn 1 ()] < 4a72|]oo|wloce ™=V, Similarly, | V; (oo < 2a~ oo andIWk(S)Ioo <
2a Hwlse™ k. As an operator on L*°(Y), we have|R(s)|oo <e 4 Hence|C,k(s)| <

2(1 —a) 1|U|oo|w| —amdx(] lk)

By Proposition 4.4, py.w(s) = Jo(s) + |(p|1 Yoot fy ey, W(s) o F"dp for
s € H. By Proposition 4.11(b), foreach n > 1,

/ e Py, W(s)o F'dp = / e Py, W(s)o F" omo Fdu
Y Y
+/ e Py (W(s)o F" ' —W(s)o F" ' om)o Fdu
Y
— Z/ ey (Ar(s)) o F" %o Fdu + A,(s).
4
Also, by Proposition 4.11(b), foreachn > 1,0 < k <n — 1,

f e Py, (Ar(s)) o F" %o Fdu = / eSOy o F (Arii(s)) o F¥ K du
Y Y

n
= Z/ e (A jug) o F' AyT(s) o F" K dpu+ B, 4 (s)
; Y

n
=2 ﬁ eI R, A (s) 0 F' ™ dji + Bis).

Next,

/7[“?’""?’ Ajus Agin(s) o F" % ajp = /yeﬂ%RJ’AJ-us Ar(s) o F" *ap
Y

= /;e_S(ﬁ"’kRjAjvs (e %A (s)) o F" % ajn =/?1?(s)"—’<1efAjus Wi(s)dit
Y

:/?ﬁ(s)n_k_leH(e_s‘z’OFjAjvs) Wk(s)d;l=/17§(s)”_k_1R-/+1Vj(s) Wi (s) dja.

Altogether,
oo n—1
Z/ Sy W(s) o F"dp = ZA (s)+ZZBnk(s)+C(s)
n=1 k=0
where

oo n—1 n

C(s) = ZZZ/ R(s)" 1RV, (s) Wi(s) da.

n=1 k=0 j=0

Now

oo n—1 n

ZZZR@)" laj by = > Z R&)" ™ a;j by + > ZR(S)” k-1,

n=1k=0 j=0 0<j <k n=k+1 j>k>0n=j
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ook o j—1 ) S .
=YY T)ajbe+Y Y R ) T ()a; by = > R(s)m>U=k=LOIT (5)a; by.
k=0 j=0 j=1k=0 j.k=0

This completes the proof. O

For w € L®(Y¥), we define the approximation operators

w(Fkny, u) — w(Fk"nFy, u)

k>
w(my, u) k =

Rew(y,u) = { o
Ekw(y, u) = w(Fky, u) — w(Fkrry, u), k>0
fory e Y,u € [0, p(FFy)]l.

Proposition 4.13. (a) Let w € Hy(Y¢), k > 0. Then forally € Y, u € [0, (F¥y)],
|Akw(y, w)] < 2C2y{ lwlly@(F*y)" and |Exw(y, )| < 2Cayf wl,@(F*y)".
(b) Letw € Hy (Y?), k > 0. Then forall y, y' € Y, u € [0, g(F*y)1 N[0, ¢(FFy)],
Rew(y. u) — Rew(y's )] < 4Cop; 0K wl, p(Fhy).

(c)Letw € HV,H(Y‘Z’), k> 0.Thenforally € Y, u,u’ € [0, g(Fky)],
[Akw(y, u) = Agw(y, u')] < 2/wlooplu — u|".

Proof. (a) Clearly |Zow(y, u)| < |w|eo. By (3.1), fork > 1

1Axw(y, 10)] < [wly@(F*y)(d(Frmy, FF 1 Fy) 4+ s Fmn FlnEy)y
= (w|, (F*y)d(Ffry, F*n Fy) < Coy N wl, o (F*y).
Also, |Akw| 2|w|eo, SO
|Arw(y, w)| < 2Cs|lwl, min{1, y*1o(F¥y)} < 2Cpf M wll, o(F*y)".

This proves the estimate for Akw, and the estimate for E rw 1is similar.
(b) First suppose that k > 1 and note by (3.2) that

d(F'my, Ffmy) < Coy* 007k a(F"n Fy, F*"'w Fy') < Cop* 007k,
It follows that
lw(FEy,u) — w(F* ey, w)] < lwl, p(FX ) d(Fry, Fruy')y + 55 mFan)
< wly @(F y)(Cay 007 4 0007y <20y 00K ) o (FRy).
Similarly, |w(F*='z Fy, u) — w(F*="'2 Fy', u)| < 2C2y° 0=k |w|, o(F¥y). Hence
|Acw(y, u) — Agw (Y, )] < [w(Fmy, u) — w(F*ry’, w)
+|lw(F ' Fy, u) — w(F*'n Fy', u)|
<AC O Kl p(FEy).
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Also, [Ayw(y, u) — Agw(y', u)| < 4|w]oo, 50

~ —k
1Akw(y. u) — Agw(y', w)] < 4Cy O K ), @(Fryyn.

The case k = 0 is the same with one term omitted.
(c)Fork > 1,

|Acw(y, w)—Agw(y, )| < [w(Frry, u) — w(Frmy, u)|
+|w(Fk_17tFy,u) w(F* l71Fy,u)| 2|wloo,ylu —u'|".

The case k = 0 is the same with one term omitted. 0O

We end this subsection by noting for all £ > 0 the identities
GFEy) g(F* -
Apvs(y) = / e Apv(y, u)du, Arw(s)(y) = / e U Arw(y, u)du,
0 0

g(FYy) N oY)
Epvs(y) =/ M Exv(y, u) du, Ew(s)(y) =/ e " Erw(y, u) du.
0 0

4.3. Estimates for A, and Bp . We continue to suppose that u(p > t) = 0P
where 8 > 1, and that ¢, 1, y1, 6 are as in Sect. 4.1. Let ¢’ = 1/(2C1). As shown in
the proofs of Proposmons 4.15 and 4.16 below, A and B,, x are Laplace transforms of
L functions A,, B, : [0, 00) — R. In this subsection, we obtain estimates for these
functions A, By k.

Proposition 4.14. There is a constant C > 0 such that
Jye@oF'lyy,  ~ndiu < Cn [, ¢lig=cimydp foralln > 1,1 > 0.
Proof. Since F is Gibbs—Markov, there is a constant Cq (called C; in [30]) such that
IR@Lig=cloo < Co Y kPILy;@loo L1y, plusc)

<2C0C1 Y u(Y)infy; @lingy gocey < K [y9ligsce) dit.

where K = 2CC. Similarly, |[Rg|oo < K|@|1 and [R1{p>c)loo < Ku(p > cc).
Now

n
/YWoF”l{wn+1>r} dp < nywoF"wl{won/n}du
=0

n n
= ny¢R"(<p1{¢on>t/,,})du = nywR"*f(l{wn}th) dp.
j=0 j=0

Forl<j<n—1,
|y 0 R" gy RI0) dia| < Lol IR (gt RO 9) o

<ol IR @loo | R" 1 {p=t/nyloo < 10111R@lo0l Rl{g=r/n}loe < K2l@l70le > 't/n).
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For j =n,
| Jy @ R (Lgmrym RO @) ditl < IR@loo [y ¢ Lig=rymydie < K@l [y @ligmcri/ny dit.
Finally for j =0,
| [y @ R (Lig=1/myRI @) din] < |11 R( Lig=i/n)loo < K101 [y @ligsct/my dit,
completing the proof. O
Proposition 4.15. There is a constant C > 0 such that
1A, ()] < CrPyl vloslwl, 0+ )" forallv e L®(Y?), w e H, (Y%),n > 1,1 > 0.

Proof. We compute that
An(s) = / e g (Ep—1W(s)) o F dpe
Y
70 By .
=// v(y,u)/ e @D p w(Fy, u')du' dudp
v Jo 0

() G M=
=// v(y, u) e Ep_iw(Fy, t —@u(y) +uw)dt dudp.
Y Jo @n(y)—u

Hence
¢y ~ .
Ap(t) = / / v(y, u)1{¢,l(y)—u<t<¢n+1(y)—u}En—lw(Fyv t—¢u(y)+u)dudp.
Y JO

By Proposition 4.13(a), |En 1w(Fy, t —@p(y) +u)| < 2Cp" |w|y<p’7(F”y) and so
[An ()] < 2C2)/1n_l|v‘oo|w|y fy¢¢n ° F”1{¢n+1>t} dp < 7/1n|U|oo|w|y fy‘p(p ° Fnl[(pn+|>t} du.
The result follows from Propositions 3.4(b) and 4.14. O

Proposition 4.16. There is a constant C > 0 such that

1Bui ()] < CrnPyl o], lwleo (¢ + D™PY forall v e H, (Y%), w € L®(Y?),
>1,k>0,t>0.

Proof. We compute that
Buis) = [ €5 By (A0 0 P H
Y
GEY) rG(F"y) .
/[ / e S (F"y)— M+M)E v(y, u)Akw(an ky u)du' dudp

GFHy)  rGa(F"y)+u - - ok
/ [ / 5 Eyv(y, gu(F™y) — 1 +w) Agw(F' ¥y ) dt du d.
%

n—1 (Fn+1 y )+u

Hence

G(Fy)
By k(1) = /Y /0 LG (P y)su<t <G (P y)+u)
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X Eqv(y, gu(F"y) =t +w)Agw(F>~*y, u) dudyp.

By Proposition 4.13(a), |E v(y, g (F"y) —t +u)| < 2Cp(' vl @T(F"y). Also |Ak
w(F? %y, u)| < 2|w|s. Hence

| B k()] < 2C2)’1n|v|y|w|oo/ goFn @ o F'l{g,,10Fn=1) d it
Y
< V{’Ivlylwloofywo F' g, >y dit.

The result follows from Propositions 3.4(b) and 4.14. O

4.4. Estimates for C; j.k- For the moment, we suppose that u(¢ > t) = O(t=P) where
B > 1, and that ¢, n, y1, 0 are as in Sect. 4.1. We fix some notation. Recall that the
function Wk (s) : ¥ — C can be regarded as a function Wi (s) : Y — R. The inverse
Laplace transform of Wk (s) will be denoted as Wi (t) : Y — C, while the inverse Laplace

transform of Wy (s) will be denoted as Wk (t) Y — R. The same notatlonal convention
applies to different functions associated to VJ (s). First, we estimate Wk ®:Y > R

Proposition 4.17. There is a constant C > 0 such that
Wi ()1 < Clhk+ VP yFlwll, ¢+ )™ forallw e Hy(Y9), k > 0,1 > 0.

Proof. Forall k > 0,

- . gy -
Wi(s)(y) = e %D AL (s)(y) = f e S GOITOAL v (y, u) du
0
Gr+1 () v .
=/ e Rpw(y, t — Ge(y)) dt.
Ok (y)

Hence
Wi () = L ()<t <gun ) Dew (v, £ — G(0)),

and |Wi ()| < 2C2y ||w Iy (@ o Fhyn 1{gs; >1) by Proposition 4.13(a). It follows that

IWi(D)1 = [Wi(0)]1 < 2C2(k+ Dy Hwlly fy 0" Lgsrjgeny die
< (k+ D1 N, ¢+ DT < ke DAY wll, ¢+ 179,

by Proposition 3.4. O

Proposition 4.18. There exists C > 0 such that

I(RHD (s)lg < ClA(Is|+ 1) foralls =a+ibe Cwitha €[0,1]andall € > 1.
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Proof. By Proposition 4.7, there exists a constant M > 0 such that |I§(P) Oy <M
forall p < ¢. Also ||R(s)”||;7 M by (4.1).
For g > 1, note that (R[)(q ) consists of £9 terms (counting repetitions) of the form
RM R ... R ﬁ(pk)ﬁnkn’
wheren; > 0,1 < p; <g,ni+---+m1+k=4¢, pr+---+pg =q.Since k < ¢
”ﬁ"l RPD ... R RPo) Rkt Iy < M?HM".
Hence [(RO)@ (s)llo < (Mo + D)(Is| + DIRH)D ()], < €4(Is| +1). O

Proposition 4.19. Let v € M, (Y?). Define Iy(s) = Iy f0¢(y) eSO~y (y w)dudp.
Then

Y20ty Vidu=1y onH.

Proof. For j > 1,
. gy , .
/Vj(s)du=// e SCEWV=O (Figy, u) —v(F/ ' Fy, u)dudp
Y v Jo

G(FIy) L '
:// e*S(‘p(FJY)*”)v(any,u)dud,u

@Fi~1y) I .
_// S GET N0y (RIly ) dudp,

while [, Vo(s)du = [, [$@ e @O0y (xy, u) du dp. Hence

o~ Gy
Z/ Vj(S)dMZ/f eSOEy(Fl gy w)ydudp
=odr Y Jo

gy
= ZJ(S)+/ / e CEDN=OGFTy uydudp = Z(s) + Io(s),
Y Jo

where

@(F'y) .
Z](s)z/Y/O e CEI=O(F gy, u) — v(F y, u) dudpu.
By (3.1),
w(F my, u) —v(F'y, w)| < |vly o(F y)d(F' 7wy, F'y) < Coy” vy o(F7y).
Also, [v(F/my, u) — v(F'y, u)| < 2|v|se, SO
w(Fzy, u) = v(F'y, u)] <2Cay [vll, o(F'y)".

Hence [Z;(s)] < 2Cay{ Ivlly fy(¢ o F/)"dp = 2Cay{ |lvlly [y 9"+ dp — 0 as
J—>o00. O



Polynomial Decay of Correlations for Flows 71

The remaining estimates in this section are not needed in Sect. 5 (except in the proof
of Proposition 5.10 as explained at the time). Hence, in the remainder of the section we
specialize to the rapid mixing case, so ¢ and j are arbitrary, ¢ = ¢, and all functions
previously regarded as C?9 are now C*°.

Note that

. . 1. 1 / 1.
. 5 (y,y')— 37 353" 3J 5 /
mln{ylj, yf@ ) 1< Yeovre <yy g5y, 4.2)

Proposition 4.20. For each r € N, there exists C > 0 such that
IRV )llg < Cllsl+ Dy vl forallv e My (Y¥),s € H, j > 0.

Proof. For j > 0,
~ j (Fly ; ~
Vis)(y) = e y)Ajvs(y) = / e S y)_”)Ajv(y, u)du.
0
Hence
) o(F/y) i ‘ ~
V")) = (=1 f e WD (o(FTy) — w) Aju(y, u) du.
0

By Proposition 4.13(a), |Ajv(y,u)| < 2Cay] '|lvll,@(Fiy)". Hence V@)1 <

2C2y] " vlly ¢+ 0 .
Fix a (j + 1)-cylinder d for the Gibbs—Markov map F : Y — Y. Since F/d is a
partition element,

() i—1 i—1 .
14V )loo < Cov{ " HIvlly 11514 0P loe < QCH™2Cay{ ™ vl inf g, ¢

Let y, y' € d with o(F/y) > @(F/y"). Then

VP60~ V00N = D (h+ L+ I+ 1),
where
@(Fly) : . -
= / e SWEMNW ((FIy) —u) Aju(y, u) du,
O(Fiy"
Q(FIy ; . . -
= / (0 sty TN @(Fy) —w) A jo(y, u) du,
0
e(Fiy' - ) ) -
= f e WEITO(Q(FIy) — ) — ((FIy) —w) YA ju(y, u) du,
0
e(FIy' . . - -
= / eSWEDITO (G(FIyy —u) {Aju(y, u) — Aju(y, u)} du.
0
By (3.3),

(F7y) = @(FIy)| < Crinf g y* T3 = €y 0 inf gy .
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Hence by Proposition 4.13(a,b),

() ()
V60 = VGO < Usl+ Dy ol inf 7, ¢+
At the same time, the supnorm estimate (4.3) yields

|‘—/§r)(s)(y) V(r)(s)(y ) K Vl ||v||y1anjd¢)

Combining these estimates and using (4.2) we obtain that

() () 3 ! .
V7)) = V6O < (sl + Dy P00 )y inf 75, 9™,

In other words,

11V (9)le < (sl + Dy lvlly inf 7, 07

Using this and (4.3), it follows by Proposition 4.5 that

(r)

a2 o _.
IRV (5)llo < (Is]+ D vly Yy Ad)infg o' o FI

< (sl + Dyl o' 0 FT dit = (sl + Dy llvlly fye™ du,
completing the proof. O

Define Dj, = R‘ZTR/“V], j.€ = 0. Let § and A be as in Proposition 4.10, and
recall that Hs = H N Bs(0).

Proposition 4.21. For each r € N, there exists a, C > 0 such that for all v € H,, (Y?),
j,£>=0,andalls =a+ib e Cwitha € [0, 1],

(@) IDY)(9)loo < CC+ 1"y (b1 + )0l for s & H,

(b) | (D) = (1= 26" [y Vi) didloo < CE+ 1Y y{ ol fors € H.

Proof. Let p € N, p < r.By Propositions 4.18 and 4.20, ||Rf+1v(">(s)||9 <y (bl +

Divll,, and [(RYP(s)llg < (€+ 1" (bl +1).
For s ¢ H;, it follows from Proposition 4.9 that |77 (s)|ls < (|b| + 1) for some
a > 0. Combining these estimates,

((RIT RV ()]0 < IRTRIFIVH O ()9 < (€ + 1) %P (6] + D+ vl

completing the proof of (a).

Next, suppose that s € Hs. By Proposition 4.10, R=2P+ RQ where P(s) is the
spectral projection corresponding to A(s) and Q(s) = I — P(s). By Proposition 4.10,
A(s) is a C*° family of isolated eigenvalues with A(0) = 1, A"(0) # 0 and |A(s)| < 1,
and P (s) is a C* family of operators on Fy(Y) with P(0)v = fy vdi. Also

T=0-2""P+0Q; onHs\{0},
where Q1 = /fQ is C* on Hls. Hence

RT=(1-0)""MP+R'QO1=10—-1)""2PO)+2°02+ R'Q; onH;\{0},
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where 0> = (1 — A)~ (P — P(0)) is C*® on H;. Also, (1 —A)~al =1 -1~ -
A+ 1), 50
Dj¢—(1—0"'POR™MV; =0;, onHy,
where
Qje=(—0"T4 4+ DPO) +2°02+ R' Q1) RIHV;.

It follows from the estimates for R/7*'V; and RY that [(RQ1 R/ V))®) (s)|oo < (£ +
1)’)/1]/3 lv]l, fors € Hs. Since |A(s)| < 1, the proof of Proposition 4.18 applies equally
to A, so |Q§fz(s)|oo L+ 1)’+1y1]/3||v||y for s € His.

Finally P(O)R/*'V; = [; V;djx = [, V; du completing the proof of part (b). O

By Lemma 4.12, é: = Zf’kzo 6j,k is analytic on H. As shown in the next result, C
extends smoothly to H.

Corollary 4.22. Assume absence of eigenfunctions and letr € N. There existsa, C > 0
such that

ICO ()] < CpL+ D*[vlly wlly.
foralls =a+ib e H with a € [0, 1], and all v, w € H, (Y?) with fw vdu? = 0.
Proof. Let{ = max{j —k—1, 0}. Recall from Lemma 4.12 that 6j,k = [7 Dj Widfi.

Let p € N, p < r. By Proposition 4.17, |[Wi (1)1 < (k + D yK|w]l, ( + 1)79, s0
WP ()1 < (k+1)P*!yK|lw],. Combining this with Proposition 4.21(a),

ICYLs < b1k + Dy e+ P yf ol wl, - for [b] > 6,

and the proof for |b| > § is complete.
For |b| < 8, we use Proposition 4.19 to write

C=% iy (P = A =07" [y Vidu}Widp+ 0 =07 1o X [y Wedp.

Proposition 4.21(b) takes care of the first term on the right-hand side, and it remains to
estimate g = (1 — 1)~ y. Now

o(y)
10(0)=// v(y,u)dudu=|¢|1/ vdp? =0, (4.4)
Y JO Yo

so it follows from Proposition 4.10 that g is C® with [ (s)| < |v]|ec on Hs. O

Proof of Theorem 3.1. Recall that § and g can be taken arbitrarily large. Hence it fol-
lows from Proposition 4.4 that supz |Z)(r)| < |V|so|w|oo for all r € N. Similarly,
by Propositions 4.15 and 4.16, supg |Z£Lr)| < n’+3y1"|v|oo|w|y and supg |I’3\'§r,)<| <
n'+3 Y1'|v]y |w|oo. Combining these with Corollary 4.22 and substituting into Lemma4.12,

we have shown that p, ,, : H — Cextends to py 4 : H — C.Moreover, we have shown
that for every r € N there exists C, « > 0 such that

15, ()] < C(1bl + D¥[[vlly lwlly fors =a+ib e Cwitha € [0, 1],

for all v, w € H, (Y?) with fw vdu? = 0. The result now follows from Lemma 4.2
and Remark 4.3. O
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5. Polynomial Mixing for Skew Product Gibbs—Markov Flows

In this section, we consider skew product Gibbs—Markov flows F; : Y¥ — Y? for which
the roof function ¢ : ¥ — R* satisfies u(¢ > ) = O(+—#) for some g > 1. For such
flows, we prove Theorem 3.2, namely that absence of approximate eigenfunctions is a
sufficient condition to obtain the mixing rate O (r—B-Dy,

If f: R — Ris integrable, we write f € R(a(t)) if the inverse Fourier transform
of fis O(a(t)). We also write R(¢t~7) instead of R((t + 1)~P) for p > 0. We use the
same notation for Banach space valued functions f : R — B, writing || f || € R(a(t))
if the B-norm of the inverse Fourier transform of f is O (a(t)).

Proposition 5.1 ([30, Proposition 8.2]). Let g : R — R be an integrable function such
that g(b) — O as b — +oo. If| f 9] < g, then f € R(|g|1t™%). O

The convolution f % g of two integrable functions f, g : [0, c0) — R is defined to

be (f xg)(t) = [y f(x)g(t — x)dx.

Proposition 5.2 ([30, Proposition 8.4]). Fix b > a > 0 with b > 1. Suppose that
f, g : [0, 00) — R are integrable and there exist constants C, D > 0 such that | f (t)| <
Ct+1)"%and |g(t)] < D(t+ 1)~ for t > 0. Then there exists a constant K > 0
depending only on a and b such that |(f xg)(t)] <K CDK(t+ 1) % fort > 0. O

Proposition 5.3. Define f(b) = b~ (e~1"? —1) for b € R\{0}. Then there exists C > 0
such that ||1g_f@®)lle < Cinfy @46~ for all b € R\{0}.

Proof. This is contained in the proof of [30, Proposition 8.13]. O

5.1. Modified estimate for R/*! \_/j. In this subsection, we improve the estimate obtained
in Proposition 4.20. No auxiliary roof function is required here, so ¢ = ¢. Asin Sect. 4.1,

q+2n < B.

Proposition 5.4. There exists C > 0 such that
IRV @bl < Cy{Pllwlly 1107,

forallv € H,, (Y?) such that v is independent of u, and all b # 0, j > 0.
Proof. Recall that

- Iy @oFI Ny @oFJ
Vi(s) = e Ajug = /0 e S = gy Ajv= /0 e *"du Ajv.

Hence R/V;(s) = [ e™* du R/ (Ajv) = —s~!(e7*¥ — 1)R/ (A v). It follows that
RIFVi(ib) = iR(f (B)R' (A jv)), (5.1)
where f(b) = b~ (e7P? —1).

Let d € Y be a j-cylinder and let y, y’ € d. Then the arguments in the proof of
Proposition 4.13(a,b) show that

1A o] < ¥ vl o(FIp), 1A 0(p) — AjuO)] < vi 2 7 vl o(F7y)".
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On the other hand, |A jv(y) — Ajv(y)| € yljllvlly @(Fiy)", so by (4.2),

oy ,
1A 0() — AN < ¥ P00, @(FIy)".
Using (3.3), it follows that
[1a(1g, 0 F))Ajvlee < ¥j llvlly supy 9" < 2C1¥{ [v]l, infy ¢,
and similarly,
= i/3 . =j i/3 .
141y, 0 FH)Ajvle < v vlly infy,@". [1a(ly, o F)Ajvlle < v lvlly infg, "
By Proposition 4.5,
. . _ o
115, R (Ajv)lle = IR (15, 0 FHA)lle < v{*lIv]ly infy, .
Hence by Proposition 5.3,
5, f 9 BIRT(Ajv)lle < infy @16~ |15, R (A jv) g
j/3 : 2051 —(1—
< yi" Ivlly infy T+ |b| =7,

Applying Proposition 4.5 once more and using (5.1),

IRV ib)llo = IR(S QBRI (A jv)le < Y AL S DGR (A 0)]lo
k

/3 (-
<y PIvlly fy 972 dp b=
asrequired. 0O

Recall that 17]- (1) : ¥ — R denotes the inverse Laplace transform associated to
Vits) : Y — C.

Proposition 5.5. There is a constant C such that
i+1v7 /3 _
IRV (0lla < Cy{™ vl 4+ 171,
forallv e Hy, ,(Y?) withv(y,0) =0andall j >0, t > 0.
Proof. For j > 0,

- ¢(F/y) i ~ e(Fly) ,
vj(s)(y):/o ¢Sl y)_”)Ajv(y,u)du:/O TR ju(y, @(Fly) — 1) dt,

o)
Vi) () = Ligriyy=n Ajv(. o(Fiy) —1).
Recall that ¢’ = 1/(2Cy). Fix a (j + 1)-cylinder d. By Proposition 4.13(a), for y € d,

- ,
Vi)W < 2Cp] ™ Iolly 9(F7 ) 1 gla=1)

- ‘
<ACICay] " Ivlly inf 74 9" ing (5.2)

Fjd¢)>c’t}'
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Fory,y €d,
lp(Fy) — o(F/y")| < Crinf g, ¢ y* 0070
so by Propositions 4.13(b,c), for ¢ € [0, go(Ff y1NIo, (p(F-/y )1,
R0, p(FIy) = =Kjv(y', p(Fy') —1)]
<4C7 Y ol inf 7y @7 + 20los |0 (F y) — @(FI Y|
< Ol inf 0" (5.3)
Similarly, for € [p(F7y"), o(Fiy)],
1A0(y, (FIy) = )| = [Aju(y, p(FIy) — 1) = Kjv(y, 0)] < 2[vlooyl@(FIy) — 1]
< 2vloo |0 (FIy) — p(FI " < 0 ooy inf 71 07 (5.4)
For y, y' € d with <p(ny) go(ny)
Vi) = V()0

Rjo(y. @(Fiy) = 1) = Rjo(y' o(FIy) =), @(F/y) > 1
= 1400, @(Fy) —1), Q(F/y) > 1> @(F/y')
0, p(Fly) <t

If (F/y") > t, then using (5.3),
Vi) = VioyoH < 7 ol i, glesnint 4 @
< J/Y(y 2 Iolly.nLing 7, g=eninf Fia .
If o(F/y) > t > @(F/y'"), then using (5.4),
Vi = VOO < loolin 1, gmeninf 749"
Hence in all cases,
Vi) = VOO < ol it 1, gmeninfig 97

On the other hand, by (5.2), |V;(t)(y) — V; O <« V1 ||v||y infz;, 0 1{1nf
Combining these estimates and using (4.2),

Vi) = Vi) OO < 10wl L ing -

Hence

Fiqge>c't}

_. n
Fide>c't} lanJd(p :

A .
11aVi@lle < " 10llynin 7, , poenyint pra @7
By Proposition 4.5,
e /3 _ ) _.
IRV 0)lle < 7 10llyor Xg B ing, gors ooy (infa @ 0 FIY
3 _.
< 7/1]/ ”U”)/J? /Y l{woff>c’t}((p ° F])nd/’L = Vl/ ||U||y n /Y 1{go>c’t}‘/)n du.

Now apply Proposition 3.4(b). 0O
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Remark 5.6. Recall that Rj+1\_/j (s) is the Laplace transform of Rj+1\7j (). It follows
from the estimates in Propositions 5.4 and 5.5 that R/*! V() can be recovered as the

inverse Fourier transform of R/ +1\_/j (ib). The arguments are completely standard and
hence generally omitted; they are written out carefully once in the proof of Corollary 5.11.
(In the proof of Corollary 5.11, the verification is carried out in a situation where there
is a bounded roof function ¢(N). The required integrability conditions are not uniform
in N but this is of no consequence.)

A further convention: we often consider expressions of the form « (b) R/*! \_/j (ib). For

brevity, we refer to these as k R/ “\_/j and regard them as functions of the real variable
beR.

Corollary 5.7. Let k : R — R be C* with [ ® (b)] = O((b* + 1)) for all k € N.
Then ||k RI*\V;llg € R(y{"* |vll,., t79) for all v € H, ,(Y¥), j >0

Proof. Write v(y, u) = vo(y) + vi(y, u) where vo(y) = v(y,0). We have the corre-

sponding decomposition V = V] 0+ Vj 1. The function g(b) = k (b)|b|~1 =" is inte-

grable and ||(KR/+1VJ,0)(4)||9 < ylj/ llvll,., g by Proposition 5.4. Hence, ||/<R~/+1Vj,o||g

€ R(ylj/3||v||,, ¢=9) by Proposition 5.1. Also, « € R(¢~9) by Proposition 5.1, 30 [|x R/*!
Vitlle € R(yl/ llvlly,, t~7) by Propositions 5.2 and 5.5. O

5.2. Truncation. We proceed in a manner analogous to [30, Section 8.4], replacing ¢
by a bounded roof function. Given N > 1, let Y(N) = ;. infy, =N Y;. Define
@(N) = N on Y(N) and ¢(N) = ¢ elsewhere. (Unlike [30], it is not sufﬁc1ent to take
¢(N) = min{e, N}.) Note that ¢(N) < 2C|N by (3.3).

Consider the suspension semiflows F; and Fyy , on Y¢ and Y*™) respectively. (Here,
Fy ; is computed modulo the identification (y, ¢(N)(y)) ~ (Fy,0) on Ye) ) Let
Pv.w and ,om‘nC denote the respective correlation functions. In particular, p“”“c (1) =
Jyow vw o Fy du?™ — [Loo v du? ™) [0 w du?™) where the observables
v, w: Y™ 5 R are the restrictions of v, w : Y¥ — R to Y*M).

Proposition 5.8 ([30, Proposition 8.19]). There are constants C, ty > 0, No > 1 such
that

v, (@) — B (1) < Clvloglwloo NP + N=F7D),
forallv,w € L*°(Y¥), N > Ny, t > tp. O

When computing the norms of observables v : Y*V) — R, we retain ¢ as the weight
function in the denominator. It follows that [[v]|, , = |[v'[|,., wWhere v’ is the extension
of v by zero to Y?. This convention is in accordance with the formalism introduced in
Sect. 4; with ¢ (N) playing the role of ¢ (see Remark 4.1).

Note also that v € H,,,(Y?) restricts to v]yew) € Hy, (Y™ with [[v]yem |y <
llvily,,. The similar convention applies to observables w € H, (Y ¢(N)). However, re-
stricting w € H,.0.m(Y?) to Y™ need not preserve smoothness in the flow direction.
Below we prove:

Lemma 5.9. Assume absence of approximate eigenfunctions. In particular, there is a
finite union Z C Y of partition elements such that the corresponding finite subsystem
Zo does not support approximate eigenfunctions. Choose N1 = |1 z¢| + 3.
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There existm > 1, C > 0 such that
1P ()] < Cllvlly,gllwlly,omt™#Y,

forallv e Hy,,,(Y‘/’(N)), w e Hy,o,m(Y‘/’(N)), NZ>N,t> 1

Proof of Theorem 3.2. Letm > 1, N; > 3 be as in Lemma 5.9. As discussed above, the
observable v : Y¥ — C restricts to an observable v : Y#™) — C with no increase in the
value of [|v||,,,, but restricting w € Hy 0., (Y?) to Y¢W) need not preserve smoothness

in the flow direction. To circumvent this, following [29,30] we define an approximating
observable wy : Y*W) > R, N > Nj,

w(y, u) (v,u) € Y(N) x [N =2, N]
wy (v, 1) = { Y — N+2)dy j(y) (v.u) € Y(N) x [N—=2,N —1],
w(y, u+¢(y) — N) (y,u) € Y(N) x (N — 1, N]

where the dy ;j(y) are linear combinations of B{w(y, N — 2) and B,iw(y, o(y) — 1),
i = 0,...,m, with coefficients independent of y and N uniquely specified by the
requirements 8! wy (y, N—2) = 3/ w(y, N—2) and 8! wy (y, N—1) = d'w(y, (y)—1)
fori =0,...,mJ3

It is immediate from the definitions that wy is m-times differentiable in the flow
direction. We claim that [[wy|ly,0,m < C'|wlly,0,m+1 for some constant C’ independent
of N. By Lemma 5.9,

oy (D] < CCvlly pllwlly,0mer £~ P70,

vV, WN
Also,
1P (1) — PSS ()] < [Vloo ([Wloo + Wiy loo) N (Fyy | Sn)
= [Vl ([Wloo + [WN o) LM (SN) < 21| so]wlec it (9 > N) K [v]oo|w]oo N7F,
SO
o5 O < v llypllwlly omer 770+ N7F).

Taking N = [¢], the result follows directly from Proposition 5.8.

It remains to verify the claim. Fix k € {0, ..., m}.Let (y, u), (y/,u) € Y(N) x [N —
2, N — 1], where y, y’ lie in the same partition element. Then

0fwy (v, ] < @m o+ D38 1y ()]

< C Y (10fw(y, N = 2)[+ 9wy, p(») — D) < 2C|wlly.0.m,
where C is a constant independent of N. Also, by (3.3), for0 <i < m
0w (y, 9(») = D = djw(y, o) = DI < 18/ wlacle(y) — ()
< GO wloop () ).
3 In fact dy,j(y) = (l/j!)t)iiw(y, N —2) for 0 < j < m but the remaining formulas are messier. When

m = 1, forinstance, dy 2 (y) = =3w(y, N —2) = 20;w(y, N —2) +3w(y, ¢(y) — 1) = dsw(y, ¢(y) — 1),
dy3(y) =2w(y, N =2)+rw(y, N —2) = 2w(y, ¢(y) — 1) + drw(y, ¢(y) — D).
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Hence

0fwy (v, 1] — fwn (Y, )] < @m+ DTS dy j(v) — di ()]
<Yy (19iw(y, N —2) = dlw(y', N = 2)[ + |8} w(y, p(y) — 1)
— 3wy, 9y — D)
<20 Yo 19wl e(Id(y, y) + 00}
m i i /
+C Zi:o 19wy, o(y) = 1) = w(y, ¢(y) = D
2C|wlly.0meId (Y, Y) + y @Y+ CCrlwlly 0me19(0)y "

<
<3CCH|wlly.0mr1eMId(y, ) + 00},

This completes the verification of the claim on the region Y(N) x [N —2, N — 1] and
the other regions are easier to treat. 0O

Our strategy for proving Lemma 5.9 is identical to that for [30, Lemma 8.20]. Let
trunc

: [0, 00) — [0, 1] be a C*° function vanishing on [0, 1] and replace ,ommC by x0y%°-

—_—
s and the smoothness of ¢ are unchanged unlformly in

frun¢ vanishes for

Then the asymptotics of p,
N. Hence, as in [30, Sectlon 6.1], we may assume without loss that Py,
t <L

The next step is to show that the inverse Laplace transform of p{}7¢ can be computed
using the imaginary axis as the contour of integration (cf. Remark 5.6).

PropositionS 10. Let N > N, v,weH, (Y9N, Then there existse > 0, C > 0,

> 0, such that ,om"‘C is continuous on {Res € [0, €]} and |/0mmc ()] < C(bl+ ¥
foralls =a+ibwitha € [0, €].

Proof. In this proof, the constant C is not required to be uniform in N. Consequently,
the estimates are very straightforward compared to other estimates in this section.

The desired properties for p;})¢ hold provided they are verified for all the constituent

parts in Lemma 4.12. Note that if f is integrable on [0, c0), then f satisfies the required
properties with @ = 0. By Proposition 4.4, [Jo(#)| < |V|co|W]eo(t + 1)~2 (since ¢(N)
is bounded) and hence is integrable.

By definition of Nj, the truncated roof function ¢ (N) coincides with ¢ on the sub-
system Z, so absence of approximate eigenfunctions passes over to the truncated flow
for each N > Nj. Also ¢(N) is bounded. Hence the estimate for C comes from Corol-
lary 4.22 with r = 0.

It remains to consider the terms A, and B,. Starting from the end of the proof of
Proposition 4.15, we obtain

|4n()] < 4CICIN Y olalwly [y @7 0 F 1y, =ny dpe.

Hence, by Proposition 3.4, [A,(1)] < nP*1=1y v|oolwl, (1 + )=#=7. Similarly

|Bn k()] < nﬂ+1}/1n|v|y|w|oo 1+ t)i(ﬂin)- Hence Z,@] Ay and 20§k<n<oo Bk
are integrable, completing the proof. O

Choose ¥ : R — [0, 1] to be C*° and compactly supported such that v = 1 on a
neighbourhood of zero. Let k,, (b) = (1 — ¥ (b)) (ib)™™, m > 2.



80 P. Bélint, O. Butterley, I. Melbourne
Corollary 5.11. Let N > Nj,m > a+2, v € HV(Y‘”(N)), w e Hy,o‘m(Y‘P(N)). Then

PR (1) f w(b)e’h’p‘mnc(zb)db+— / i (D)™ ;ﬂg},& (ib)db.

Proof. We proceed as in the proof of [30, Corollary 6.1 and Lemma 6.2]. Recall our
assumption that ,otrunc vanishes for ¢ near zero, so that

p/ff,“}(s) =s7"p4, (s) foralls € HL. (5.5)

Using the elementary estimate | o4 (a +ib)| < 4a~"|(Is]*+ 1)~ vl (jwloo +197w]o0)
for s = a+ib € H, it follows from the classical inverse Laplace transform formula that

P (1) = zi / €I G e i)
T

—00

for all ¢’ > 0. By (5.5) and Proposition 5.10, we have p“unc(e’ + ib) C(|b] + nH—2

for every b € R and every €' € [0, €). Hence, by continuity of ,om‘“C and dominated
convergence,

o0 —_—
znptrunc(t) / elb[pg%lc(lb)db
—00
/ W (b)e'” prune (ibydb + f (1 — Y (b))e'™ pirnc (ib)db.

By Proposition 5.10, equation (5.5) extends to H\ {0} and the result follows. 0O

__ From now on we suppress the superscript “trunc” for sake of readability. Notation
R, T and so on refers to the operators obtained using ¢(N) instead of ¢. We end this
subsection by recalling some further estimates from [30]. The first is a uniform version
of Proposition 4.9.

Proposition 5.12 ([30, Proposition 8.27]). Assume absence of approximate eigenfunc-
tions. Then there exists m > 2 such that

||/<m(b)?(ib)||9 € R(t™%) uniformlyin N > Nj.
O

The remaining estimates in this subsection are required when b is close to zero. By
Proposition 4.10, for each N > 1 there exists § > 0 such that

R(ib) = A(b)P(b) + R(ib)Q(b) for |b| < 8,

where A, Pand Q =1 — P are C*® on (=8, 8) and A(0) = 1, A’(0) = —i|@(N)|; and
PO)v = fy vd . In fact, as shown in [30, Section 8.5], § > 0 can be chosen uniformly

in N. Moreover, ||ﬁ(‘1)(ib)||9 is bounded uniformly in N on (-4, §),so A, P, Q are C4
uniformly in N on (-4, §).
Define

P(b) =b""(P(b) — P(0), *=5b"'1—=xrb).



Polynomial Decay of Correlations for Flows 81

Proposition 5.13. There exists a constant C > 0, uniform in N > 1, such that
1G7HD b, G PYDib)lle < CIoI™ ™ for |b] < 8,

b1~ g1 < B—21
1 q < B —1
ment in the proof of [30, Proposition 8.26] gives the same estimates for 2! completing
the estimates for "' P. O

Proof. By [30, Proposition 8.18], || P4 (b)|lg < . The argu-

5.3. Proof of Lemma 5.9. Let ¢ and «;,, be as in Corollary 5.11 with the extra property
that supp ¢ C (-4, §). By Proposition 5.1,

¥, km € R@™P) forall p>0,m > 2. (5.6)

By Corollary 5.11, we need to show that ¥ (b) oy, (ib) € R(||v]ly.nllwlly t=#~D) and
Km(b);av,w(ib) € R(”U”y,n”w”y t_(ﬁ_l)) forallv € Hy,n(Y(p(N))’ w e HV(YW(N))’
uniformly in N > Nj.

Let A = Y% A, B =32 57 0By, C = > k=0 C, . Recalling Re-
mark 5.6, we refer to functions of the type b +— W(b)jz)(i b) as ¢Z). By Lemma 4.12,
it remains to show that each of the terms

o~ ~ ~

1//‘767 WX, ‘(pgﬂ Wé, ijz)a KmAa KmBa chﬂ

lies in R(|[vlly,ylwll, ~¥~D) uniformly in N > 1.

By Propositions 4.4, 4.15 and 4.16, Jo, A, B € R(|[v]ly |w], t~#=D). (Estimates
such as these that hold even before truncation are clearly independent of N.) By (5.6)
and Proposition 5.2, uniformly in N > 1,

Yo, VA, VB, knlo, kmA, knB € R(Il, [wl], = D).

Hence it remains to estimate w@ and k,,C. The next lemma provides the desired esti-
mates and completes the proof of Lemma 5.9 (recall that g > g — ).

Lemma 5.14. Assume absence of approximate eigenfunctions. Fix Ny as in the statement
of Lemma 5.9. There exists m > 2 such that after truncation, uniformly in N > Ny,

(@) nC € R(Ivllyyllwll, t=9), and
(5) ¥C € Rlvllypllwlly, 1=#=D),

forallt > 1,ve™H, ,(Y?), weH, ().
Proof. (a) Let £ = max{j — k — 1, 0} and recall that
Cix = [; DjuWedii, Dj,=R‘TRI*'V,.
By Proposition 5.12, we can choose m > 2 such that ||/<m,57"\||9 € R(¢t~7) uniformly

in N > Ny. Write i, = K3k —5k2, where i is C °°, vanishes in a neighborhood of zero,
and is O(|b|™"). Then

= ~ =
lkmDjeloo < llicsR Ml lkm—sT llo 2 R7* Vi llo.
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The estimates for R’ and R/*+! ‘_/j in Proposition 4.18 and Corollary 5.7 hold even before
truncation and hence are uniform in N > 1. Using (5.6) and Propositions 5.1 and 5.2,

_ B o . B
liesRE lg € R(CE+ DPE79),  [icaR* Villg € Ry MMvlly. 7).

uniformly in N > 1. Since ¢ > 1, it follows from Proposition 5.2 that uniformly in
N = Ny,

_ _ i/3 — i/3 _
inDj eloo € R(E+ DP9 w170 xy! ol 179) € R(€+ Py vl 179).

Also, [Wil1 € R((k + DF*yf|lw]l, 79) by Proposition 4.17 and this is uniform in
N > 1. Applying Proposition 5.2 once more, uniformly in N > Ny,

o~ . i 3 —
kmCix € R(G + Py e+ Dy kol o lwll, 19,

and part (a) follows.
(b) As in the proof of Proposition 4.21, we write

Dje=1-0""[,Vidu+Qje.
where
Qje= (-4 +1DPO) +2°02 + REQ1) RV,

Here, 02 = (1 —A)~Y(P — P(0)) = A~1P.
By Proposition 4.19,

C= Zj,k fy Dj,liWk dp = Zj,k fY QMWk dp+(1 =2 2k fY Wid,

where Io(s) = [, [ e @O0y (y, u) dudp.
Choose ¥ to be C* with compact support such that y; = 1 on supp . By Propo-

sition 5.13 we know that ||Q§‘”(ib)||9 < C|b|~U=" . Proposition 4.18 tells us that

||(1’?7)(q )(i b)|lg < CLi(|b| + 1) and, by standard perturbation theory, a similar estimate
holds for A¢(b). Using also Corollary 5.7, this means that, uniformly in N > 1,

o /3 -

WA QaRI* Ve € R((€+ 1Py vl 1 79).
The other terms in Q , are simpler and we obtain that |/ Q; ¢l € R((E * Dﬂyl]ﬂ
Ivlly. ¢77). Hence by Proposition 4.17, uniformly in N > 1,

W Z/Y Q) eWidu € R(Ivllyyllwlly 7). Z/Y Widp € R([wll, 179).
Jsk k

To complete the proof, it remains to estimate ¥ (1 — A)~! . Recall from (4.4) that
15(0) =0, s0 (1 — A~y = A~1T; where

~ w(y)
Ti(s) = s (Io(s) — Ip(0)) = s~ ! / /O (eSO~ _ Dyo(y, u)dudpu,
Y

with inverse Laplace transform 11 (1) = — [, fOW(y) Lip(y)>r+uyv (v, ) du d .. Proposi-
tion 3.4(b) implies that |1;(1)] < [vloo [y @lig=rydit K [v|oot~#~D, uniformly in
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N > 1, and by the arguments in the Egoof of Corollagy 5.11 (see also Remark 5.6), 11(t)
is the inverse Fourier transform of I (ib). Hence, I| € R(|v]oo t~#~D). Combining
this with Proposition 5.13, we obtain that

Yyl — )»)7110 — wifl'i] c R(fq * |V]oo t*(ﬁ*l)) € R(Jv|o t*(ﬁ*l))’

uniformlyin N > 1. O

6. General Gibbs—-Markov Flows

In this section, we assume the setup from Sect. 3 but we drop the requirement that ¢ is
constant along stable leaves.

In Sect. 6.1, we introduce a criterion, condition (H), that enables us to reduce to the
skew product Gibbs—Markov flows studied in Sects. 3, 4 and 5. This leads to an enlarged
class of Gibbs—Markov flows for which we can prove results on mixing rates (Theo-
rem 6.4 below). Our strategy for proving Theorem 6.4 is that we introduce an auxiliary
skew product Gibbs—Markov flow for which the results of the previous sections apply.
Then we construct a measure-preserving semiconjugacy between the two suspension
flows. This way we can relate the decay rates, for an appropriate class of observables on
the Gibbs—Markov flow, to the decay rates of observables on the skew product Gibbs—
Markov flow. Condition (H) plays a crucial role in our arguments. In Sect. 6.2, we recall
criteria for absence of approximate eigenfunctions based on periodic data.

6.1. Condition (H). Let F' : Y — Y be amap as in Sect. 3 with quotient Gibbs—Markov
map F : Y — Y,and define Y; = Y; NY.Letp : ¥ — R* be an integrable roof
function with inf ¢ > 1 and associated suspension flow F; : Y¥ — Y¥.

We no longer assume that ¢ is constant along stable leaves. Instead of condition (3.3)

we require that
lp() — 9(y)| < Ciinfy,p y*0") forally,y € ¥;, j > 1. 6.1)

(Clearly, if ¢ is constant along stable leaves, then conditions (3.3) and (6.1) are identical.)
Recall that 7 : Y — Y is the projection along stable leaves. Define

X)) = 2 Z0(@(F"my) — o(F"y)),
for all y € Y such that the series converges absolutely. We assume

(H) (a) The series converges almost surely on Y and x € L*°(Y).
(b) There are constants C3 > 1, y € (0, 1) such that

X)) — x(O)I < C3d(y, y) +y*O)) forall y,y €Y.

When conditions (6.1) and (H) are satisfied, we call F; a Gibbs—Markov flow. (If ¢ is
constant along stable leaves then x = 0, so every skew product Gibbs—Markov flow is
a Gibbs—Markov flow.)

Since inf ¢ > 0, it follows that ¢, = Z?;(]) @o FJ > 4|y |+ 1 for all n sufficiently
large. For simplicity we suppose from now on thatinf ¢ > 4|x |-+ 1 (otherwise, replace
F by F™).

Define

O=¢+x—xoF. (6.2)
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Note that inf ¢ > inf ¢ — 2|x|eec > 1 and [, §du = [, ¢dp,so @ : ¥ — R is an
integrable roof function. Hence we can define the suspension flow Fi Y9 - Y9 Also,
a calculation shows that @(y) = > 24 (¢(F"my) — p(F"7 Fy)), so ¢ is constant along
stable leaves and we can define the quotient roof function ¢ : Y — R* with quotient

semiflow F, : Y - v*. -

In the remainder of this section, we prove that F; is a skew product Gibbs—Markov
flow (and hence F, is a Gibbs-Markov semiflow), and show that (super)polynomial
decay of correlations for F, is inherited by F;.

Proposition 6.1. Let F, : Y? — Y% be a Gibbs—Markov flow. Then EF:Y? > Y%isa
skew product Gibbs—Markov flow.

Proof. We verify that the setup in Sect. 3 holds. All the conditionsonthemap F : ¥ — Y
are satisfied by assumptlon Hence it suffices to check that ¢ satisfies condition (3.3).

Lety,y € Y for some j > 1. By (3.2), d(y, y) < ngs(y))andd(Fy Fy") <

Cay* 0™ ‘.,By H)b). [x () = x(Y)] < 2C2C3°0 and [x(Fy) = x (FY)| <
2C,C3y°¥)~1 Hence by (6.1) and (6.2),

5 = G0N Ie() — DI+ () = x ODI+X (Fy) = x (FY)] < infy, ¢y,

Also, infy;¢ < infy;¢+2|x|oo < infy,@+3 inf ¢ < infy,@+Jinfy,@. Henceinfy,p <
2infy, @ and |¢(y) — G(y)| < infy,§y*0") as required. O

Corollary 6.2. There is a constant C > 0 such that

lp(y) — ()| < Cinfy,{d(y, y) +d(Fy, Fy') +y*O) forally,y € Y;, j > 1.

Proof. Lety = Ynws ),y = Y nws (v'). Since ¢ is constant along stable leaves,
it follows as in the proof of Proposition 6.1 that

150) — 0N = 16() — §(G)| < infy,@ y*TF) = infy, ¢ ° 0.
Hence by (6.2) and (H)(b)
lo(y) — NI < 1@() — o)+ Ix (Fy) — x(FY) |+ x () — x O
< infy;@{y* 0 +d(Fy, Fy') + y* "™ 4+ d(y, y)).
The result follows since 3 FY-FY) = =100 g

Next, we relate the two suspension flows F; : Y¥ — Y? and F, :Y? — Y% Note
that (y, ¢(y)) is identified with (Fy, 0) in the first flow and (y, ¢(y)) is identified with
(Fy, 0) in the second flow. Define

g ¥ > Y0 gy = (a4 x (0 + xleo),
g Y=Y g (o) = u—x() +1Xleo).
computed modulo identifications. Using (6.2) and the identifications on Y?,

g+(y, () = (3, () + x () + xloc) = (¥, G(¥) + x (Fy) + [X]c0)
~ (Fy, x(Fy) +xloo) = g+(Fy,0),
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so g4 respects the identification on Y% and hence is well-defined. It follows easily that
g+ : Y? — Y% is a measure-preserving semiconjugacy between the two suspension
flows. Similarly, g_ is well-defined and g_ o g4 = Fp)y, : Y? — Y?.

Given observables v, w : Y — R, letv =vog_, W =wog_: Y? — R. When
speaking of H,, (Y¥) and so on, we use the metric di(y, y') = d(y, y')" on Y instead of
d.Lety; =y

Let H* n(Y“’) ={v:Y’—>R: ||v||;, < oo} and H
lwll

VOm(Y‘p):{w:Y‘/’—HR:

v.om < oo} where

Il = vl +1ve Fayllyn:  Twly om = lwlly.om + 1w o Fapylly,0m-

Lemma 6.3. Letv € H* (Y9, w e 'H* oum( (Y?), forsomem > 1.Thenv € H,, ,(¥Y? 7),
W € Hy, 0.m(Y?), and ||v||yl,n < 4cs||v||y,,7, |
Proof. We have v(y,u) = v(y,u — x(¥) + | x|oo). It is immediate that [V]|eo < |V]oo.

Now let (y,u), (y',u) € Y?. Suppose without loss that x(y) > x(y'). First, we

consider the case u — x (¥) + [Xloo < @(¥), u — x(¥) + | xloo < 9(¥). By (H)(b) and
the definition of |[v]|, ,,

[0 lly,00m < 2C3 MW ¢ e

10(y, u) — 0y, )| < Jv(y, u— x () +1xloo) = v 1 — x () + | xo0)|
+ Oy u— x () + Ixloo) = v u — x () + [ x1oo)|
< ol oA, ¥) + Y O) + [ulseylx () = x G)I"
<20l GO, ¥) + 1 OY) + [Vlo.y C3(d (3, ¥') + y Oy
< 2G5 1vlly @i (v, ) + 770,

Second, we consider the case u > x(¥) + |xloo = x(3") + | x|co. Then we can write
g-(y,u) = Fo(y,u — x () — Ixloo), g-(v'su) = Fo(y';u — x (") — |xloo) where
0 =2[Xloc, SO
9(y, ) = 00w = [v o Fo(y,u = x(3) = IXlo) =v o Fo (v, = X (V') = |x1o0)]-
Proceeding as in the first case,

5(y, 1) — 50, w)] < 2C3]lv 0 Folly @) (d1 (v, ¥) + 717,

This leaves the case u < x(¥) + [Xloo < 2|xloo and u > min{e(y) + x(y) —

[xloo» @)+ x (") — I xloo} = Inf @ — 2| x |co- This is impossible since inf ¢ > 4| x |0o-
Hence

50y, ) — 30/, )] < 2C3v]l5, 61 (y. ¥) + v forall (v u), (v, u) € Y7,

50 1511y, < 2C3lvll%,,
The estimate for V|, splits into cases similarly. Let 0 < u < u’ < @(y). Then

[V]oo,ylu — u'l" u' = x () +xloo < @(y)

[0(y, u) — 0(y, u")| <
h [vo Fyloonlu —u'l" u = x(+Ixleo

This leaves the case ' — x (¥) + [xloo > @(¥) and u < x(¥) + |x|co. But then u’ — u >

() +2x() > 9() — 2lxloe > 39(¥) > 3, s0 we obtain [3(y, u) — V(y, u')| <
2|v]oe < 4|v]oc|lu —u|7. Hence |V]oo,y < 4||v||)*j,,7 completing the estimate for [|0]], ;.

The calculation for w is similar. O
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We say that a Gibbs—Markov flow has approximate eigenfunctions if this is the case
for F; (equivalently F;).

Theorem 6.4. Suppose that F; : Y? — Y? is a Gibbs—Markov flow such that (¢ >
1) = O@t™P) for some B > 1. Assume absence of approximate eigenfunctions. Then
there exists m > 1 and C > 0 such that

oo < ClllE lwls o, P forallv e s, (Y9), weH,, (¥, > 1.

Proof. Since g, is a measure-preserving semiconjugacy and g_ o gy = F2|y|>
/ vwoFtd,u‘p:/ vog_ ogywog_ogyoFdu?
Ye V44
=/ 5og+zbol?;og+du‘p=/~f)i}of,du¢
Ye Yo

where F; does not possess approximate eigenfunctions. Note also that u(¢ > 1) =
O(t~P). By Lemma 6.3, o € Hy, ,(Y¥), W € Hyy 0.m(Y?).
By Theorem 3.2, we can choose m > 1 such that |p, ()| = | fW, vwo Frdu? —

Jya 0du? [y 0 du?) K NBlly, @1y, 0m =P~ <8CTIVIG w1~ #70.
a

6.2. Periodic data and absence of approximate eigenfunctions. In this subsection, we
recall the relationship between periodic data and approximate eigenfunctions and review
two sufficient conditions to rule out the existence of approximate eigenfunctions. We
continue to assume that F; is a Gibbs—Markov flow as in Sect. 6.1.

Define ¢, = Z?;(l) @ o F/. Similarly, define ¢, and ¢,. If y is a periodic point of
period p for F (that is, F”y = y), then y is periodic of period £ = ¢, (y) for F; (that
is, Fry = y). Recall that 7 : ¥ — Y is the quotient projection.

Proposition 6.5. Suppose that there exist approximate eigenfunctions on Zy C Y. Let
a, C, by, ni be as in Definition 2.3. If y € 7~ Zy is a periodic point with FPy =y and
Fry =y where L = ¢,(y), then

dist(bgni £ — pyg, 2nZ) < C(inf @) ' L|bg| ™% for all k > 1. (6.3)
Proof. Define y = 7y € Z and note that F?y = FPiy = 7 FPy = j. By (6.2),
Pp (V) = @p(¥) = 0p(y) + x () — x (FPy) = L.
Now (M v)(3) = O y(FP3) = ¢£u(5). Hence substituting  into (2.2), we
obtain |eibk”k£ — eiPVE| < Cplbr|™%. Also £ = ¢p(y) = pinfo. O

The following Diophantine condition is based on [22, Section 13]. (Unlike in [22],
we have to consider periods corresponding to three periodic points instead of two.)

Proposition 6.6. Let yi, y2, y3 € (JY; be fixed points for F, and let L; = ¢(y;),
i = 1,2,3, be the corresponding periods for F;. Let Zg C Y be the finite subsystem
corresponding to the three partition elements containing 7wy, T y2, T y3.

If (L1 — L3)/(L2 — L3) is Diophantine, then there do not exist approximate eigen-
functions on Zy.
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Proof. Using Proposition 6.5, the proof is identical to that of [30, Proposition 5.3]. O

The condition in Proposition 6.6 is satisfied with probability one but is not robust.
Using the notion of good asymptotics [23], we obtain an open and dense condition.

Proposition 6.7. Let Zg C Y be a finite subsystem. Let yo € 7~ Zgy be a fixed point
for F with period Lo = ¢(yo) for the flow. Let yy € 7~ Zo, N > 1, be a sequence of
periodic points with FN yy = yy such that their periods Ly = ¢y (yn) for the flow F;
satisfy
Ly =NLo+k+EnyY cos(No+wy) +o(y™),
wherek € R,y € (0, 1) are constants, Ex € Ris a bounded sequence withlim inf y_,
|[En| > 0, and either (i) @ = 0 and oy = 0, or (ii) w € (0,7) and wy € (wg —
/12, wo + 1w /12) for some wq. (Such a sequence of periodic points is said to have good
asymptotics. )
Then there do not exist approximate eigenfunctions on Zj.

Proof. Using Proposition 6.5, the proof is identical to that of [30, Proposition 5.5]. O

By [23], for any finite subsystem Z, the existence of periodic points with good
asymptotics in 7! Zy is a C2-open and C*°-dense condition. Although [23] is set in
the uniformly hyperbolic setting, the construction applies directly to the current set up
as we now explain. Assume that (Y, d) is a Riemannian manifold. Let Z; and Z; be two
of the partition elements in Z and set Z; = Intz~!'z j for j = 1,2. Assume that Zj,
Z, are submanifolds of Y and that F and ¢ are C” when restricted to Z; U Z, for some
r>=2.

Let yo € Z; be a fixed point for F and choose a transverse homoclinic point in Z5.
Following [23], we construct a sequence of N-periodic points yy, N > 1, for F with
orbits lying in Z; U Z5. The sequence automatically has good asymptotics except that in
exceptional cases it may be that liminfy_, o |Ex| = 0. By [23], the liminf is positive
for a C2 open and C” dense set of roof functions .

Combining this construction with Proposition 6.7, it follows that nonexistence of
approximate eigenfunctions holds for an open and dense set of smooth Gibbs—Markov
flows.

Part I1
Mixing rates for nonuniformly hyperbolic flows

In this part of the paper, we show how the results for suspension flows in Part I can be
translated into results for nonuniformly hyperbolic flows defined on an ambient manifold.
In Sect. 7, we show how this is done under the assumption that condition (H) from Sect. 6
is valid. In Sect. 8, we describe a number of situations where condition (H) is satisfied.
This includes all the examples considered here and in [30]. In Sect. 9, we consider in
detail the planar infinite horizon Lorentz gas.

7. Nonuniformly Hyperbolic Flows and Suspension Flows

In this section, we describe a class of nonuniformly hyperbolic flows 7; : M — M that
have most of the properties required for 7; to be modelled by a Gibbs—Markov flow.
(The remaining property, condition (H) from Sect. 6, is considered in Sect. 8.)

In Sect. 7.1, we consider a class of nonuniformly hyperbolic transformations f :
X — X modelled by a Young tower [36,37], making explicit the conditions from [36]
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that are needed for this paper. In Sect. 7.2, we consider flows that are Holder suspensions
over such a map f and show how to model them, subject to condition (H), by a Gibbs—
Markov flow. In Sect. 7.3, we generalise the Holder structures in Sect. 7.2 to ones that
are dynamically Holder.

In applications, f is typically a first-hit Poincaré map for the flow 7; and hence is
invertible. Invertibility is used in Proposition A.1 but not elsewhere, so many of our
results do not rely on injectivity of f.

7.1. Nonuniformly hyperbolic transformations f : X — X. Let f : X — X bea
measurable transformation defined on a metric space (X, d) with diam X < 1. We
suppose that f is nonuniformly hyperbolic in the sense that it is modelled by a Young
tower [36,37]. We recall the metric parts of the theory; the differential geometry part
leading to an SRB or physical measure does not play an important role here.

Product structure Let Y be a measurable subset of X. Let WW* be a collection of disjoint
measurable subsets of X (called “stable leaves”) and let YW be a collection of disjoint
measurable subsets of X (called “unstable leaves™) such that each collection covers Y.
Given y € Y, let W¥(y) and W (y) denote the stable and unstable leaves containing y.

We assume that for all y, y’ € Y, the intersection W¥(y) N W¥(y") consists of
precisely one point, denoted z = W*(y) N W“(y’), and that z € Y. Also we suppose
there is a constant C4 > 1 such that

d(y,z) < Cad(y,y") forally,y' €Y, z=W*'(y) N W"Q). (7.1)

Induced map Next, let {Y;} be an at most countable measurable partition of ¥ such
that Y; = Uer,- WS(y)NY forall j > 1. Also, fix t : ¥ — Z* constant on partition

elements such that 7™y e Y forally € Y. Define F : ¥ — Y by Fy = fTWy_ Let
u be an ergodic F-invariant probability measure on Y and suppose that 7 is integrable.
(It is not assumed that t is the first return time to Y.)

As in Sect. 3, we suppose that F(W*(y)) C W*(Fy) forall y € Y. Let Y denote the
space obtained from Y after quotienting by WW*, with natural projection 7 : ¥ — Y. We
assume that the quotient map F : ¥ — Y is a Gibbs—Markov map as in Definition 2.1,
with partition {Y;} and ergodic invariant probability measure i1 = .. Let s(y, ')
denote the separation time on Y.

Contraction/expansion Let ¥; = T Yj; these form a partition of ¥ and each Y is a
union of stable leaves. The separation time extends to Y, setting s(y, y') = s(7y, 7Y’)
fory,y €Y.

We assume that there are constants Cp > 1, y € (0, 1) such that for all n > 0,
v,y €Yy,

d(f"y, fY) < Coy""Wd(y, y) forall y' € W (y), (72)
d(f"y, f1y') < CoysO=0) forall y' € Wh(y), (1.3)
where ¥, (y) = #{j = 1,...,n: f/y € Y} is the number of returns of y to ¥ by time n.
Note that conditions (3.1) and (3.2) are special cases of (7.2) and (7.3) where Y can be
chosen to be any fixed unstable leaf. In particular, all the conditions on F in Sects. 3

and 6 are satisfied.
In Sects. 7.3, 8.4 and 9, we make use of the condition

FW'(y)yNnY;))=W"(Fy)ynY forallyeY;, j>1. (7.4)
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Remark 7.1. Further hypotheses in [36] ensure the existence of SRB measures on Y,Y
and X. These assumptions are not required here and no special properties of © and i
(other than the properties mentioned above) are used.

Remark 7.2. The abstract setup in [36] essentially satisfies all of the assumptions above.
However condition (7.2) is stated in the slightly weaker formd ( ™y, fy") < Coy¥»().
As pointed out in [20], the stronger form (7.2) is satisfied in all known examples where
the weaker form holds.

Condition (7.4) is not stated explicitly in [36] but is an automatic consequence of the
setup therein provided f : X — X isinjective. We provide the details in Proposition A.1.
In the examples considered in this paper and in [30], the map f is a first return map for
a flow and hence is injective, so condition (7.4) is not very restrictive.

Condition (7.4) is also used in [30, Section 5.2] but is stated there in a slightly different
form. In [30], the subspace X is not needed (and hence not mentioned) and the stable
and unstable disks W*(y), W¥(y) are replaced by their intersections with Y. Hence
the condition F(W"(y) NY;) D W"(Fy) for y € Y; in [30, Section 5.2] becomes
F(W'(y)ynY;) D W'(Fy)NY for y € Y; in our present notation and hence holds
by (7.4).

Proposition 7.3. d(f"y, f"y') < C2Ca(y V"M d(y, y') +y OY)=VnO) forall y, y' €
Y,n>0.

Proof. Let z = W*(y) N W*(y'). Note that s(z, ') = s(y,y") and ¥, (z) = ¥ (y).
Hence

d(fy, ') <d(fMy, f'2) +d(f"z, 1Y) < Co(y V"D d(y, z) + @Y= @)
< CCa(y"" N d(y, y') + y 0¥y

asrequired. 0O

7.2. Holder flows and observables. Let T; : M — M be a flow defined on a metric
space (M, d) with diam M < 1. Fix n € (0, 1].

Given v : M — R, define [v|cn = sup, . [v(x) — v(x")|/d(x, x")" and |[v]cn =
[V|oo + [V|cn. Let CT(M) = {v : M — R : ||[v[lcn < oo}. Also, define |v|con =
SUPyepm. =0 [V(Trx) —v(x)|/1" and let COMMy={v:M—>R: [V]oo + [V]comn < 00}
(Such observables are Holder in the flow direction.)

We say that w : M — R is differentiable in the flow direction if the limit o,w =
lim;o(w o T; — w)/t exists pointwise. Define ||w||cnm = Z’;l:o ||8,Jw||C,7 and let
CrP(M) ={w: M — R:|w|cnm < 00}.

Let X C M be a Borel subset and define C"(X) using the metric d restricted to X.
We suppose that Tj,(,)x € X for all x € X, where o : X — R* lies in C"(X) and
inf & > 0. In addition, we suppose that for any D; > 0 there exists D, > 0 such that

d(T;x, T;x") < Dyd(x,x")" forallt € [0, Di],x,x" € M. (7.5)

Define f : X — X by fx = Tjx)x. We suppose that f is a nonuniformly hyperbolic
transformation as in Sect. 7.1, with induced map F = f* : Y — Y and so on.
Define hy = Zﬁ;%) h o f/. We define the induced roof function

p=h Y >R o= 528‘1 h(fty).
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Note that 7 < ¢ < |h|ooT SO @ € LY(Y) and inf ¢ > 0. Define the suspension flow
F,:YY - Y?asin (1.1).

To deduce rates of mixing for nonuniformly hyperbolic flows from the corresponding
result for Gibbs—Markov flows, Theorem 6.4, we need to verify that

(i) Condition (6.1) holds.
(i1) Condition (H) from Sect. 6 holds.
(iii) Regular observables on M lift to regular observables on Y?.

Ingredients (i) and (ii) guarantee that the suspension flow F; : Y¥ — Y is a Gibbs—
Markov flow and ingredient (iii) ensures that Theorem 6.4 applies to the appropriate
observables on M.

In the remainder of this subsection, we deal with ingredients (i) and (iii). First, we
verify that ¢ satisfies condition (6.1). Let d;(y, y') = d(y, y))" and y; = y".

Proposition 7.4. Let y, y' € Y; for some j > 1 andlet £ =0, ..., t(y) — 1. Then

lhe(y) — he(y)| < CaCalhly €(di(y, y') + v ).
Moreover,
lp(y) — 9()| < 2C3C4(inf )~ |kl infy, 1O forally,y € ¥, j > 1.
Proof. Note that y,(y) = 0, so by Proposition 7.3,

d(fy, f'') < C2C4d(y, y') +y°0)). (7.6)

Hence

—1
he(y) = he(Y) < Y IA(FTy) = h(f7y)]
j=0

-1

< Ihly D d(fIy, fF1y)1 < CoCalhly Ui (v, y) + v ),
j=0

establishing the estimate for h,. Also, t(y) < (inf h)~linf ly; @, so taking £ = 7(y)
and using (7.3) with n = 0, we obtain the estimate for ¢. O

Next we deal with ingredient (iii) assuming (ii). Define 7 : Y¥ — M as w(y, u) =
T.y.

Proposition 7.5. Suppose that the function x : Y — R satisfies condition (H).
Then observables v € C"(M) N C%"(M) lift to observables ? = vow : Y¥ — R

that lie in ’H;jz’,](Y‘p) where y, = y"2 and the metric d on Y is replaced by the metric
2
da(y, y) =d(y, y)".
Form > 1, observables w € C""™ (M) lift to observables 0 = wom € ’H;jz,o‘m(Y‘/’).

Moreover, there is a constant C > 0 such that || V|| < Cllvlien + vl con) and

112, 0. < Cllwllcnn.

*
Y2,n
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Proof. Let 0 = 2|x|co. We show that || o Fys|l,,; < llVlien + [[v]lcon. The same
calculation with o = 0 shows that [|0]|,, , < [[vllcn + V]| con, SO ”5”)*/2»'1 <L lvllen +
lvllco.n, We take D1 = |h]oe + 2| |00 With corresponding value of D 1n (7.5)

Let (y,u), (y',u) € Y¥ with y,y’ € Y; for some j > 1. There exists ¢, ¢ €
{0, ..., t(y) — 1} such that

u € [he(y), hest MO [he (V) ke (0]
Suppose without loss that £ < ¢’. Then
u=he(y)+r=he(y')+r,
where r € [0, |h|oo] and ¥’ = u — he(y') > u — hy(y’) > 0. Note that T,y =
T Thyyyy = Tr f*y. Hence 0(y, u) = v(T, fy) and s0 0 o Fy (y,u) = v(Tosr f5Y).

Similarly, T,,y’ = T f¢y and © o F,(y',u) = v(Tyip f¢y'). Also, o +r € [0, Dq].
By (7.5) and (7.6),

2
0(Toar F£3) = vToir FE < WlendToar £o3, Tour FEY)T < DYP0lend (fly, £4)

< len(d v ) + 7300,

Since u > hy(y’) > £inf h, it follows from Proposition 7.4 that

[0 (Totr FEY ) =0Ty £ < Pl o Ir = 71T = [0l cou lhe(v) = he (V)]

& Wl con €y, YY) +v3 0y < (inf ) ol o u(da(y, Y'Y + 30,
Hence

|1~) o Fo'(y, u)—17vo Fa(y’, u)| = |U(To+rfzy) - U(To+r/f£y/)|
< (e + [lcon) @ + D(da(y, y') + 30

whenever s(y, y') > 1. For s(y, y’) = 0, we have the estimate |0 o F,(y,u) — 0 o

Fo (', 10)] < 2fvlos = 2[olooys ™ < J0loc 90 (@d2(v, ¥ + 75 ), s0 in all cases
we obtain
[V 0 Fy(y,u) — 0o Fo(y,u)| < (Ivlicn + [v]con) (u + 1) (da(y, y') + 7/2s(y,y )
< Z(HUHC'? + |v|c()n)(p(y)(d2(y’ y/) + V;(y’y ))

Also,
Do Fo(y,u) — 0o Fe(y,u)| = [0(To4uy) — V(Touwy) < |v|conlu —u'|",

S0 ||V o Fyllyy.p <K [V]co + |v|co.n as required. O
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7.3. Dynamically Holder flows and observables. The Holder assumptions in Sect. 7.2
can be replaced by dynamically Holder as follows. We continue to assume thatinf 4 > 0.

Definition 7.6. The roof function #, the flow T; and the observable v are dynamically
Holder if v € CO*”(M) for some 1 € (0, 1] and there is a constant C > 1 such that for
ally,y €Y;, j > 1,

@ [h(f'y) — h(fEY)] < C@d(y, y)" +y*0¥)) forall 0 < £ < T(y) — 1.
(b) For every u € [0, 9(y)] N [0, ¢(y)], there exist ¢, € R such that [t — /| <
C(u+1)(d(y, y)"+y*0)) and setting z = W*(y) N WH(y"),

max {[v(T,y) — v(T;2)], [W(Ty) — v(Tp2)|} < Clu+ DAy, y)" +y*0).

Also, we replace the assumption w € C"" (M) by the condition that 8," w lies in
C%1(M) and satisfies (b) forallk = 0, ..., m.

Remark 7.7. In the proof of Proposition 7.5, we showed that |v(T,y) — v(T,y)| =
15(y, u) — B(y, u)| < @+ Dy, y)" + ) (for modified d and y) under the
old hypotheses. Hence, taking t = t’ = u, we see that Definition 7.6 is indeed a relaxed
version of the conditions in Sect. 7.2.

It is easily verified that condition (6.1) remains valid under the more relaxed assump-
tion on 4 in Definition 7.6(a). Also, it follows as in the proof of Proposition 7.5 that
[0y, u) = 0(y, u")| < [vlconlu —u'|".

Nextwe estimate |0(y, u)—0(y’, u)| and |Do Fy (y, u)—voF, (y', u)| for (v, u), (y', u)
€ Y%, where 0 = 2|00 If s(y, y") =0, then |0(y, u) — 0(y', u)|, Do Fs(y,u) — o
Fo ()| < |V|oo p(¥)(da(y, y) + yzs(y’y/)) as in the proof of Proposition 7.5. Hence
we can suppose that y, y’ € Y; for some j > 1. Set z = W*(y) N W*(y’) and choose
t, t' as in Definition 7.6(b). Then

[0(y, u) — 00y, w)| = [v(Tuy) — v(T,y")|
< (Twy) — ()| + [v(Tyz) — v(Tu )| + v(Tiz) — v(Ty2)|

<4CP(NA(y, YV + 70 + ol coslt — 117 < () (daly, ¥) + 73 0)).

Hence |i(y, u) — 50, )] < () (da(y, ¥')" +y30) for all (y,w), (', u) € Y¥,
and so v € H,, ,(Y?).

To proceed, we recall that z = WS(y) N W¥(y'), so Fz = W5(Fy) N W“(Fy')
by (7.4). Hence

d(Fy, FY') < d(Fy, F2) +d(Fz, Fy) € d(y.2) +y*®") < Cad(y, y') +y*0".
(7.7)
To control ¥ o Fy (y, u) — ¥ o F;(y', u), we assume without loss that ¢(y) > ¢(y'),
and distinguish three cases.
If u+o0 < @(y'), we argue as in the bound for 0(y, u) — 0(y’, u).
If u + 0 > @(y), then there exists 0 < iz < o and #’ > u such that T,y = Tz Fy
and T+, Y = Ty Fy'. By Corollary 6.2 and (7.7),

i —il'| = lo(y) — ()] < (M) @(y. y) +y*0))

and so

V(T Fy) = v(Ty Fy)| < 9 (0)(da(y.y) + 7,2,
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On the other hand, choosing ¢ and ¢’ for i as in Definition 7.6(b), we get
[v(Ti Fy) — v(Tz Fy")|
< (T Fy) = v(TiF2)| + [v(T Fz) — o(Tp Fy')| + [v(T;Fz) — v(T7 F2)|
<2C(@+ D(Fy, Fy) +y* T 00) s ol o, | =71 < da(y, ) + 13
where we have used (7.7) and u < o. Hence
100 Fo(y,u) = 0o Fo(y, u)| < [0(Ti Fy) — v(Tz Fy)| + [v(Ti Fy") — v(Ty Fy')|

L pWda(y, y) + 130,

Finally, if ¢(y') < u+0 < ¢(y), there exist 0 < uy, us < ¢(y) — ¢(y’) such that
Fy =T, Tu+oy and T4y = T, Fy'. Using again Corollary 6.2 and (7.7),

[Vo Fy(y,u) —vo Fa(y/v w) = w(Tyey) — U(Tu+oy/)|
< W(Tusoy) — V()| + [0(Fy) —v(FY)| + [v(Fy") = v(Tyss Y
= v(Tus0y) — U(Tu|+u+a.)’)| +[v(Fy) — U(Fy')l + |U(Fy/) - U(Tusz/)|
< pda(y.y) + 13,

This completes the verification that v € H}, , (Y¥). A similar argument shows that
w € H")jz,o’m(Y‘P), completing the verification that Proposition 7.5 holds under the
modified assumptions.

8. Condition (H) for Nonuniformly Hyperbolic Flows

In this section, we consider various classes of nonuniformly hyperbolic flows for which
condition (H) in Sect. 6 can be satisfied. We are then able to apply Theorem 6.4 to obtain
results that superpolynomial and polynomial mixing applies to such flows as follows:

Corollary 8.1. Let T; : M — M be a nonuniformly hyperbolic flow as in Sect. 7.2 and
assume that condition (H) is satisfied. Then

(a) F; : Y? — Y? is a Gibbs—Markov flow.

(b) Suppose that u(e > t) = O(tP) for some B > 1 and assume absence of approxi-
mate eigenfunctions for F;. Then there exists m > 1 and C > 0 such that

1pv.w(®] < Clvllen + vl con) lwllenm £~ ED,

forallv e C"(M)NCO"(M), w e CT"™ (M), t > 1.

Proof. Part (a) follows from the discussion in Sect. 7.2 (so ingredient (i) is automatic
and ingredient (ii) is now assumed).

As described in Sect. 6.1, there is a measure-preserving conjugacy from F; to Tz, so
part (b) is immediate from Theorem 6.4 combined with Proposition 7.5. O

The analogous result holds for nonuniformly hyperbolic flows and observables sat-
isfying the dynamically Holder conditions in Sect. 7.3.

We verify condition (H) for three classes of flows. In Sect. 8.1, we consider roof
functions with bounded Holder constants. In Sect. 8.2, we consider flows for which
there is exponential contraction along stable leaves. In Sect. 8.3, we consider flows with
an invariant Holder stable foliation. These correspond to the situations mentioned in [30,
Section 4.2].

Also, in Sect. 8.4, we briefly review the temporal distance function and a criterion
for absence of approximate eigenfunctions.
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8.1. Roof functions with bounded Holder constants. We assume a “bounded Holder
constants” condition on ¢, namely that for all y, y' € Y,

lo(y) —(y)| < C1d(y, y") forall y’ € W'(y), (8.1)
o) — O < Cry*eY) forally € W'(y), s(y,y) = 1. (8.2)
This leads directly to an enhanced version of (6.1):

Proposition 8.2. |¢(y) —¢(y)| < C1Ca(d(y, Y)+y* ) forally,y € Y, s(y, y') =
1.

Proof. Letz = W*(y) N W*(y). Then

lp(y) — @]+ e — o)
Ci(d(y, 2) +y*@) < C1Cad(y, y') +y° O,

lp(y) — ()]

NN

asrequired. 0O
Lemma 8.3. If conditions (8.1) and (8.2) are satisfied, then condition (H) holds.
Proof. By (7.2) and (8.1),forally e Y, n > 0,
lp(F"y) —o(F"y)| < Cid(F"rmy, F"y) < C1Cay"d(ry, y) < C1Coy".
It follows that
XN < Xnlo lp(Fy) — o(F"y)| < C1C2(1 —y)~ L.

Hence |x oo < C1Ca2(1 — y)~! and condition (H)(a) is satisfied.
Next, let y, y' € Y, and set N = [%s(y, )1, y1 = y /2. Write

x) —x(Y) =A@y, ny") — Ay, y') + B(y) — B(Y'),

where
N—-1 00
Ap,q) =Y _(@(F"p) —p(F"q)),  B(p)= Y (p(F"mp) — p(F"p)).
n=0 n=N

By the calculation for | x|, We obtain |B(p)| < C1Ca(1 — y)_lyN forall peY.

Also, yN < y—l,}/%s()’»y’) — y—lyf(%y/)’ SO B(p) — 0(,)/15()%}’/)) for p=y, y/.
Forn < N — 1 we have s(F"y, F"y’) > 1, so by Propositions 7.3 and 8.2,

[Q(F"y) = o(F"y)| < CiCa(d(F"y, F"y) +y* 007" < C(y"d(y, y) +y° 007,

where C = 2C2C1 C,>. Hence

N-1 N—1
A< Y 10(F"y) — o(F"y)] < C Y ("d(y. y') + 750077
n=0 n=0

<SCA=P A+ ™) <Ca =T Ao + 1)

Similarly for A(ry, wy"). Hence |x (y) — x ()| < d(y, y') + yf(y’yl), so (H)(b) holds.
O
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8.2. Exponential contraction along stable leaves. In this subsection, we suppose that
h € C"(X) and that f is exponentially contracting along stable leaves:

d(f"y, f'y) < Cy"d(y,y’) foralln > 0andall y,y €Y withy' € W*(y).
(8.3)
Note that this strengthens condition (7.2). Proposition 7.3 becomes

d(f"y, f1y) < C2Ca(y"d(y, y) + v 0070 foralln >0, y,y €Y. (84)
Lemma 8.4. If condition (8.3) is satisfied, then condition (H) holds.

Proof. Let y1 = y", y» = yll/ 2 We verify condition (H) with y, and di(y, y") =

d(y,y")", using the equivalent definition for yx,
X)) = 2o (h(f"y) = h(f"y)).
By (8.3),
X< 2o 1hlyd (frry, f"3)" < Calhly XonZo vi'di(ry, y) < Calhly(1 = y)) 7"
Hence |x|co < Calh];(1 — y1)~! and condition (H)(a) is satisfied.

Next, let y,y’ € Y and set N = [%s(y, ¥)]. Write x(y) — x(y') = Ay, my’) —
A(y,y") + B(y) — B(y'), where

N—-1 00
A(p.q) =Y _(h(f"p) = h(f"q).  B(p)= Y _(h(f"mp) —h(f"p)).
n=0 n=N
By the calculation for | X |oo, we obtain |B(p)| < Calh|,(1 — y)"lyN forall p € Y.
Is(vy" - ,
Also, ¥ < 7'y = 9710 s0 Bp) = 000 forp =,y

Finally, by (8.4) using that ¥, < n,

N-1 N—1
A< Lhly D d(f"y, 1Y) < CoCalhly Y (vftdi (p.y) + 707"
n=0 n=0

C2Calhly (1= y)) " (i (v, y) + 907

<
< CoCalhly (1 —y) " di(p, y) + 950,

Similarly for A(ry, my'). Hence |x (y) — x ()] < di (v, y") + 73", s0 (H)(b) holds.
O

Remark 8.5. In cases where h lies in C"(X) and the dynamics on X is modelled by a
Young tower with exponential tails (so ux(z > n) = O(e~ ") for some ¢ > 0), it
is immediate that ¢ € L9(Y) for all ¢ and that condition (8.3) is satisfied. Assuming
absence of approximate eigenfunctions, we obtain rapid mixing for such flows.
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8.3. Flows with an invariant Holder stable foliation. Let T; : M — M be a Holder
nonuniformly hyperbolic flow as in Sect. 7.2 and let A be an attractor for this flow. We
suppose that (M, d) is a Riemannian manifold, that X isa C 2 embedded cross-section
for the flow and that Y C X N A is a set with hyperbolic product structure for the return
map. We assume that the flow possesses a T;-invariant Holder stable foliation WW* in
a neighbourhood of A (a sufficient condition for this to hold is that A is a partially
hyperbolic attracting set with a DT;-invariant dominated splitting 7o M = E** & E“,
see [4]). We also assume that diam Y can be chosen arbitrarily small. In this subsection,
we show how to use the stable foliation YW** for the flow to show that x is Holder, hence
verifying the hypotheses in Sect. 6.1.

Remark 8.6. Asdiscussedin [30, Section 4.2(iii)], this framework includes (not necessar-
ily Markovian) intermittent solenoidal flows, and yields polynomial decay O (¢~#=1)
for any prescribed B > 1. These results are optimal by [31] in the Markovian case and
by [9] in general.

Remark 8.7. The results of this subsection concerning flows with an invariant Holder
stable foliation are not required for the study of billiard systems in Sect. 9.

First, we show that if W¥(y) and W**(y) coincide forall y € Y, then F; : Y¥ — Y¥
is already a skew product (so x = 0). (We remind the reader that }* is the collection
of stable leaves of the hyperbolic product structure on X and that YW** is the collection
of strong stable manifolds for the flow on M.)

Proposition 8.8. Suppose that W*(y) and W**(y) coincide for all y € Y. Then ¢ is
constant along stable leaves W*(y), y € Y.

Proof. ForyyeY,
{Toy :y € W)t ={Fy:y e W(yo)l = FW (yo) C W' (Fyo) = W (Fyo).
But setting 1o = ¢(y0),
Ty :y € W)}t = T,y W (yo) € W (T y0) = W* (Fyo).
Hence ¢|wss(yy) = ¢(yo). O

We can choose a d,,-dimensional ball X c W¥(yp) C X for some yp € Y such
that the strong stable manifold W**(x) is uniformly large (in the sense of containing a
dg-dimensional ball of uniform radius) for all x € X. We define the new cross-section
to the flow X* = J, .y W** (x). Shrinking Y if necessary, there exists a neighbourhood
(within X)) of Y which we denote by X and a unique continuous function ¢ : X >R
with |¢| < %infgo such that ¢|y = 0 and {T;((x) : x € )?} C X*. Moreover, ¢
is Holder since X is C? embedded in M and X* is Holder by the assumption on the
regularity of the stable foliation W?**. Let Y* = {T;(,y(y) : y € Y}. Define the new roof
function

P YT =R 9" (Tryy) = 9(0) + L (Fy) — ().

We observe that ¢* is the return time for the flow 7; to the cross-section X*, restricted
to Y*.

Lemma 8.9. Under the above assumption on YWW**, condition (H) holds.
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Proof. We show that x = —¢. The result follows since ¢ is Holder.
Letn > 0, y € Y. By Proposition 8.8 applied to ¢* : Y* — R™*, we have that
O (Te(Fray F'my) = @*(Ty(pnyy F"y). Hence by definition of ¢*,

Q(F"y) — o(F"y) = C(F"ry) — C(F"y) + ¢ (F™y) — c (F™ ' wry).

Let n be the Holder exponent of £. By (7.2), |[p(F"my) — o(F"y)| < 2C3|¢],(y™)" so
the series x (y) = Z;'Lozo(w(F "ry) — @(F"y)) converges absolutely. Moreover,

N—1
x() = lim_ X_(j)(go(F"ny) —¢(F"y)

= lim (¢Gry) = ¢+ e(FYy) = c(FVay)) = £(ry) = L.

Finally, ¢ (wry) =0since ¢|y =0. O

8.4. Temporal distance function. Dolgopyat [22, Appendix] showed that for Axiom A
flows a sufficient condition for absence of approximate eigenfunctions is that the range
of the temporal distance function has positive lower box dimension. This was extended
to nonuniformly hyperbolic flows in [29,30]. Here we recall the main definitions and
result.

We assume that condition (H) holds, so that the suspension flow Y¥ — Y? is a
Gibbs—Markov flow (and hence conjugate to a skew product flow). We also assume the
dynamically Holder setup from Sect. 7.3. In particular, the Poincaré map f : X — X
is nonuniformly hyperbolic as in Sect. 7.1 and Y has a local product structure. Also we
assume that the roof function ¢ has bounded Holder constants along unstable leaves, so
condition (8.2) is satisfied.

Let y;, y4 € Y and set yo = W¥(y1) N W*(y4), y3 = W*(y1) N W¥(y4). Define the
temporal distance function D 1 Y x Y — R,

DOy = Y (9(F"y0) = 9(F"y2) = p(F"y3) + 9(F"ya) ).

n=—oo

It follows from the construction in [30, Section 5.3] (which uses (7.4) and (8.2)) that
inverse branches F"y; for n < —1 can be chosen so that D is well-defined.

Lemma 8.10 ([30, Theorem 5.6]). Let Zy = ﬂ;’;o F~"Z where Z is a union of finitely
many elements of the partition (Y ;}. Let Zo denote the corresponding finite subsystem

of Y. If the lower box dimension of D(Zo x Zy) is positive, then there do not exist
approximate eigenfunctions on Zo. O

Remark 8.11. For Axiom A attractors, Z can be taken to be connected and D is continu-
ous, so absence of approximate eigenfunctions is ensured whenever D is not identically
zero. For nonuniformly hyperbolic flows, where the partition {Y;} is countably infinite,
Zy is a Cantor set of positive Hausdorff dimension [29, Example 5.7]. In general it is
not clear how to use this property since D is generally at best Holder. However for flows
with a contact structure, a formula for D in [25, Lemma 3.2] can be exploited and the
lower box dimension of D(Zyp x Zo) is indeed positive, see [29, Example 5.7]. The
arguments in [29, Example 5.7] apply to general Gibbs—Markov flows with a contact
structure. A special case of this is the Lorentz gas examples considered in Sect. 9.
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9. Billiard Flows Associated to Infinite Horizon Lorentz Gases

In this section we show that billiard flows associated to planar infinite horizon Lorentz
gases satisfy the assumptions of Sect. 8.1. In particular, we prove decay of correlations
with decay rate O (t~!).

Background material on infinite horizon Lorentz gases is recalled in Sect. 9.1 and the
decay rate O(¢~!) is proved in Sect. 9.2. In Sect. 9.3, we show that the same decay rate
holds for semidispersing Lorentz flows and stadia. In Sect. 9.4, we show that the decay
rate is optimal for the examples considered in this section.

9.1. Background on the infinite horizon Lorentz gas. We begin by recalling some back-
ground on billiard flows; for further details we refer to the monograph [16].

Let T? denote the two dimensional flat torus, and let us fix finitely many disjoint
convex scatterers Sy C T2 with C3 boundaries of nonvanishing curvature. The com-
plement Q = T2\ | J Sk is the billiard domain, and the billiard dynamics are that of
a point particle that performs uniform motion with unit speed inside Q, and specular
reflections—angle of reflection equals angle of incidence—off the scatterers, that is, at
the boundary 9 Q. The resulting billiard flow is 7; : M — M, where the phase space
M= Q x S! is a Riemannian manifold, and 7, preserves the (normalized) Lebesgue
measure s (often called Liouville measure in the literature).

There is a natural Poincaré section X = dQ x [—n /2, w/2] C M corresponding
to collisions (with outgoing velocities), which gives rise to the billiard map denoted by
f X — X, with absolute continuous invariant probability measure px. The time until
the next collision, the free flight function z : X — R*, is defined to be 4 (x) = inf{r >
0: Tyx € X}. The Lorentz gas has finite horizon if h € L°°(X) and infinite horizon if h
is unbounded.

In the finite horizon case, [5] recently proved exponential decay of correlations. In
this section, we prove

Theorem 9.1. Let n € (0, 1]. In the infinite horizon case, there exists m > 1 such that
Pvw(t) = O Yforallv e C"(M)YNCO (M) andw € C""™ (M) (and more generally
for the class of observables defined in Corollary 9.6 below).

Let us fix some terminology and notations. The billiard map f : X — X is discontin-
uous, with singularity set S corresponding to the preimages of grazing collisions. Here,
S is the closure of a countable union of smooth curves, X\S consists of countably many
connected components X,,,m > 1,and f|x,, is C2.Ifx,x € X,, forsomem > 1, then,
in particular, x, x" and fx, fx’ lie on the same scatterer (even when the configuration
is unfolded to the plane). Throughout our exposition, d(x, x’) denotes the Euclidean
distance of the two points, i.e. the distance that is generated by the Riemannian metric
on X (or M).

It follows from geometric considerations in the infinite horizon case that ux(h >
t) = 0(1’2). Moreover, as the trajectories are straight lines, we have

|h(x) —hG)| <d(x,x)+d(fx, fx') forallx,x' € X,,,m >1; and  (9.1)
d(Tix. Tox) < |t —'| forall x € X and 1,7 € [0, h(x)). 9.2)

The billiard maps considered here (both finite and infinite horizon) have uniform con-
traction and expansion even for f. There exist stable and unstable manifolds of positive
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length for almost every x € X, which we denote by W*(x) and W"(x) respectively, and
there exist constants C; > 1, y € (0, 1) such that forall x, x’ € X, n > 0,
d(f"x, f"x") < Cpy"d(x,x") forx’ € W*(x). 9.3)
d(x,x) < Czy"d(f x, f"x") for f"x' € W"(f"x). 9.4)
This follows from the uniform hyperbolicity properties of f, see in particular [16, For-

mula (4.19)].
Furthermore, there is a constant C5 > 1 such that for x, x’ € X,

d(T;x, T;x") < Csd(x,x") forx’ € Wi (x),t € [0, h(x)] N[0, h(x")]. 9.5)
d(T_;x, T_;x") < Csd(x,x’) forx’ € W'(x),t € [0, h(f_ x)] N[O, h(f_lx/)].
(9.6)

To verify (9.5), note that d(x, x") consists of a position and a velocity component. In
course of the free flight, the velocities do not change, while for x’ € W*(x), the position
component can only shrink as stable manifolds correspond to converging wavefronts. A
similar argument applies to (9.6).

Remark 9.2. (a) In the remainder of the section—and in particular in the proof of
Proposition 9.5 below—we apply (9.1) repeatedly, but always in the case when either
x' € W8(x), or fx' € W"(fx). As all iterates f”*,n > 0 are smooth on local stable
manifolds (while all iterates ", n > 0 are smooth on local unstable manifolds), both
of these conditions imply x, x’ € X,,, for some m > 1.

(b) For larger values of ¢ than those in (9.5), we note that d(7;x, T;x") may grow large
temporarily: it can happen that one of the trajectories has already collided with some
scatterer, while the other has not, hence even though the two points are close in position,
the velocities differ substantially. Similar comments apply to (9.6). This phenomenon
is the main reason why we require the notion of dynamically Holder flows 7; in Defini-
tion 7.6.

In [36], Young constructs a subset Y C X and an induced map F = f* : ¥ —» Y
that possesses the properties discussed in Sect. 7.1 including (7.4). The tails of the return
time t : ¥ — Z7 are exponential, i.e. u(t > n) = 0 (e~ ") for some ¢ > 0. Moreover,
the construction can be carried out so that diam Y is as small as desired. This is proved in
[36] for the finite horizon, and in [ 14] for the infinite horizon case. We mention that (7.2)
and (7.3) follow from (9.3) and (9.4), respectively, while (7.1) holds as the stable and
the unstable manifolds are uniformly transversal, see [16, Formulas (4.13) and (4.21)].

Proposition 9.3. Forall y,y' € Y;, j > 1, and all 0 < £ < t(y) — 1,
LG EYITASDIRS 2czc4y—‘<y‘d<y V) 4yt 00y,

Proof. Let z = WS(y) N W"(y'). By (7.4), Fz € W*(Fy'). By (9.3) and (9.4), for
0<e<T(y),

d(fly, f5) <d(fly, fl+d(flz, f4) < Cytd(y, 2) + y ™ d(Fz, Fy')).
Using also (7.1) and (7.3),

d(fly, £1y) < Ca(y Cad(y, y) + y T O 7ECoy 007,
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Hence by (9.1), for £ < 7(y) — 1,

() =R (fly, FE) +d (5 y, £ <yl (y, ) +y T 450,
asrequired. 0O

Define the induced roof function ¢ = E;(l) ho ft. Using (7.3), it is immediate from
Proposition 9.3 that ¢ has bounded Holder constants in the sense of Sect. 8.1:

Corollary 9.4. Conditions (8.1) and (8.2) hold.

Proof. 1f y' € W*(y), then s(y, y") = 00 so0 |p(y) — ¢(¥)| < d(y,y') by Proposi-
tion9.3.1f y' € W*(y), thend(y, y') < Cay*0) by (7.3), 50 |p(») —p ()| < )
by Proposition 9.3. O

Proposition 9.5. For diam Y sufficiently small, there exist an integer no > 1 and a
constant C > 0 such that for all y,y' € Y, s(y,y") = ng, and all u € [0, p(y)] N
[0, (")), there exist t,t’ € R such that

[t —ul < Cd(y,y), d(T,y, Tiz
1t —ul < Cy* O, d(T,y', Tyz

Cd(y, y",

) <
) < CysO),

where z = W*(y) N W"(y").

Proof. Define h¢(y) = Y_4h(f7y) for y € ¥, 0 < £ < 7(y). By Proposition 9.3,
there is a constant C > 0 such that

T(y)-1

he(y) = heGNI < Y Th(f7y) = h(FIY) < C@(y.y) +y*0),  (9.7)
j=0

forall y,y" € Y}, j > 1 (which is equivalent to s(y, y') > 1) and all 0 < £ < 7(y).

Now consider y, y € Y with s(y,y) > ng, and u € [0, o(y)] N [0, ¢(¥")]. Let
7= W(y) N W"QR).

Choosing 7. By (7.1), d(y, z) < C4d(y,Y’). Also, s(y, z) = co. We can shrink Y if
necessary so that C diam Y < inf .

Write T,y = T, f'y where 0 < £ < ©(y) — 1 and r € [0, h(f*y)). (When u =
@(y), we take £ = t(y) — 1, r = h(f%y).) Similarly, write T,z = T, f* z. Note that
u=nhe(y)+r=hpi)+r.

First we show that [¢ — ¢'| < 1.If € > ¢/ + 1, then by (9.7),

(=0 = Dinfh < he(2) = hea1(2) < he(y) = hest (2) + he(2) — he(y)

he(y) — hy(z) — h(fz) + C diam Y
=r —r—h(f'z)+CdiamY¥ < CdiamY < inf h,

NN

hence £ < £'+1. Similarly, if ¢/ > £+1,then (¢’'—£€—1)inf h < hy (y)—hee1(y) < inf h,
which implies £’ < £ + 1. Thus we indeed have [£ — £/| < 1.
If £ = ¢/, then we take ¢ = u. By (9.7),

Ir =7l = 1he(y) = he(2)] < Cd(y, 2) < CCad(y, y").
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By (9.3), d(fy, f'2) < Cad(y, z) < C2C4d(y, y'). Without loss, r < r/, so by (9.2)
and (9.5)

d(Tyy, T;z) = d(T, f'y, Ty ft2) < d(To fy, Ty fC2) + d(T; f2, Ty fC2)

Csd(fy, flo+Ir —r'| < d(y, ).

If ¢ = ¢ — 1, then we take t = u +r+s where s = h(fz_lz) —r" > 0. Then
Ty =T f'yand Tiz = T T 7 2 = Ty g1y f 2 = T f 2

Notethatu = hy(y)+r = he(z)—s,hencer+s = h¢(z)—h¢(y) < Cd(y, z) by (9.7).
In particular, |t —u| =r +s5s < CCqd(y, y'). Also0 < r <r+s < Cdiam Y < inf h.
Hence by (9.3) and (9.5),

d(Tyy, Ti2) = d(T, f'y, T, f'2) < Csd(f'y, f'2) < C2C5d(y,2) < C2C4Csd(y, Y.

The argument for £’ = € + 1 is analogous.
Choosing '. This goes along similar lines. We can shrink diam Y and increase ng so
that C(Cy + 1)(diam Y + ™) < inf h. Note that s(z, ') = s(y, ') > ng > 1.

Since s(z, y') > 1,itfollows from (7.4)that Fz € W*(Fy'). Write T,z = T, f ¢ Fz
where 0 < £ < t(y)—1landr € [0, h(f~ D Fz)). Similarly write T,,y’ = T, fUFy.
Note that u = hr(y)—¢(2) =7 = hey—p () — 7.

Again, we show that |£ — ¢/| < 1.If £ > ¢/ + 1, by (9.7),

(€ —€ = Dinfh < hegy—p—1(0) = hep—e ()
< heyy—e—1(0) = he(yy—e(z) + C(diam Y + y"0)
= —r = h(fTO7"y) 4 C(diam Y + y™) < C(diam Y + y"™) < inf &,

hence ¢ < ¢ + 1. Similarly, if ¢ > ¢+ 1, then (¢’ — € — 1)infh < heyy—e—1(2) —
he(y)—e(z) < infh so £’ < £+ 1. Thus we have [£ — ¢'| < 1
If £ = ¢/, then we take t' = u. It follows from (7.3) and (9.7) that

Ir =] = he e (3) = hey—e(@)] < CA(Y, 2) +y° YD) < C(Cy + 1)y 0",
Also, by (7.3) and (9.4),

NN

d(f7CFy, fTFz) < C2d(FY', Fz) < C3y~lys0"9),
Without loss, ' < r, so by (7.3), (9.2) and (9.6),
d(Tyy , Tu2) = d(T_p f'Fy, T_, f ' F2)
<d(T_p fFY T f T F) +d(T_p f ' Fz, T, f ' F2)
SCsd(f Fy, fTF) +Ir = 1| <yt 009 = 00,

If¢ =¢ —1,then wetake t’ = u —r’ —s where s = h(f~“"DFz) —r > 0. Then
Tuy/ = T_r/f_Z,Fy/ and Tyz =T_,_Tyz = T—r’f_Z/FZ~
Note that u = hey—¢ (') — 1" = heyy—p(2) +5, hence 1’ +5 = heyy—p (V) —
he(y—e(2) < C(C2+ D)y*0) by (9.7). In particular, |t/ — u| = r’ +s5 < y ).
Also,0 </ <r'+5 < C(Cy + 1)y™ < inf h. Hence by (7.3), (9.4) and (9.6),

ATy, Ty2) =d(T_p f~UFy T f =V F2) < Csd(f* Fy', f~¢ F2) < y*0).

The argument for £ = ¢’ + 1 is analogous. O
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Corollary 9.6. Let v € CO"(M), w € C®™(M) such that 3w € CO"(M), for all
k =0,...,m. Suppose also that there is a constant C > 0 such that |v(x) — v(x')| <
Cd(x, x")" and |3fw(x)— % w(x")| < Cd(x, x")" forallx, x' € M of the formx = Ty,
x' =T,y wherey,y €Y;jforsome j > 1, u € [0, o] u" € [0, ()], and for all
k=0,...,m.Thenh, T;, vand w are dynamically Holder in the sense of Definition 7.6.

Proof. Condition (a) of Definition 7.6 follows from Proposition 9.3. To check condi-
tion (b), we distinguish two cases. If s(y, y') < ng, we may take r = t' = u and use
that [v(x) —v(x")| < 2|v]eo K Y"0 forany x, x’ € M.If s(y, y') > ng, Proposition 9.5
applies and, along with Formulas (9.1)—(9.6), implies Definition 7.6(b) . O

9.2. Tail estimate for ¢ and completion of the Proof of Theorem 9.1. Since
ux(x € X :h(x) > 1) = 0@ ™?) (9.8)
uw(y €Y :1t(y)>n)= 0(e ") forsomec > 0, (9.9)
a standard argument shows that u(¢ > ) = O((log t)zt’2). In fact, we have
Proposition 9.7. (¢ > 1) = O(72).
The crucial ingredient for proving Proposition 9.7 is due to Szédsz and Varju [34].

Lemma 9.8. ([34, Lemma 16], [18, Lemma 5.1]) There are constants p,q > 0 with the
following property. Define

Xp(m) = {x € X : [h(x)] =m and h(T'x) >m'™" forsome j € {1,..., blogm}}.
Then for any b sufficiently large there is a constant C = C(b) > 0 such that

ux(Xp(m)) < Cm Pux(x € X :[h(x)]=m) forallm > 1.

For b > 0, define

Yy(n)={yeY:t(y)<blogn and max h(T%y) < %n and ¢(y) > n}.

0<e<t(y)

Corollary 9.9. For b sufficiently large, it (Yp(n)) = o(n~2).

Proof. Fix p and ¢ as in Lemma 9.8. Also fix b sufficiently large.

Let y € Yp(n). Define h(y) = maxoggq(y)h(fly) and choose ¢1(y) € {0, ...,
7(y) — 1} such that 2y (y) = h(f“1©)y). Define h2(y) = maxo<r<c(y), e¢, () B(FEY).
Then h1(y) and hy(y) are the two largest free flights 4 o f ¢ during the iterates ¢ =
0,....,7(y) — L.

We begin by showing that these two flight times have comparable length. Indeed, let
m; =[h;],i =1,2. Thenn < ¢ < hy +(t — 1)hy < n/2+ (blogn)h,. Hence

n
2blogn

—1<my<m < (9.10)

NS

. - 1-
In particular, my > m, ? and my > m, ? for large n.



Polynomial Decay of Correlations for Flows 103

Choose £>(y) € {0, ..., t(y) — 1} such that £5(y) # £1(y) and ha(y) = h(f2My).
We can suppose without loss that £1(y) < €2(y). For large n, it follows from (9.10) that
OOy e Xp(mi(y)). Hence

Yy(n) C f*eXb(m) for some ¢ < blogn,m > n/(2blogn) — 1,
and so

n(¥p() < px(Yp(n) x 0) <blogn Y~ pux(Xp(m)).
m>=n/(2blogn)—1

By Lemma 9.8 and (9.8),

w(Yp(n)) < logn > m~Pux(x € X : [h(x)] = m)
m>=n/(2blogn)—1

< logn(n/logn)™ P = o(n™?),

as required. O

Proof of Proposition 9.7. Define the tower A = {(y,£) €e Y X Z:0 < £ < 1(y) — 1}
with probability measure 1o = w x counting/7 where 7 = | y Tdu. Recall that uy =
Tapa Where (y, £) = fy.

Write maxo<s<z(y) h(fCy) = h(f)y) where £(y) € {0, ..., (y) — 1}. Then

ulyeY: max )h(ffy) >n/2) = Tual(y,0) € At h(f910y) > n/2}
<ty

= Tual(y, 61(0))  h(FIDy) > n/2) = Tual(y, () s hom(y, €1(y)) > n/2}
Ktua{pe A:hon(p) >n/2} =tux{x € X : h(x) > n/2},

and so u{y € Y : maxogo<o(y) h(Tty) > n/2} = O(n™?) by (9.8). Hence it follows
from Corollary 9.9 that

ul{yeY :t(y) <blogn and ¢(y) > n} = O(nfz).

Finally, by (9.9), u(r > blogn) = O(n~"¢) = o(n=?) for any b > 2/c and so
wlp = n) = O(n_z) asrequired. O

It follows from Lemma 8.3 and Corollary 9.4 that condition (H) is satisfied. Hence
by Corollary 8.1(a), the suspension flow F; : Y¥ — Y? is a Gibbs—Markov flow as
defined in Sect. 6. By Proposition 9.7, (¢ > t) = O(t~2). By Corollary 9.6, the
flows and observables are dynamically Holder (Definition 7.6). Hence it follows from
Corollary 8.1(b) that absence of approximate eigenfunctions implies decay rate O (t~").

Finally, we exclude approximate eigenfunctions. By Corollary 9.4, condition (8.2)
holds and hence the temporal distortion function D : ¥ x ¥ — R is defined as in
Sect. 8.4. Let Zog C Y be a finite subsystem and let Zg = 7~1Z. The presence of a
contact structure implies by Remark 8.11 that the lower box dimension of D(Zy x Zy)
is positive. Hence absence of approximate eigenfunctions follows from Lemma 8.10.
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9.3. Semi-dispersing Lorentz flows and stadia. In this subsection we discuss two further
classes of billiard flows and show that the scheme presented above can be adapted to
cover these examples, resulting in Theorem 9.13.

Semi-dispersing Lorentz flows are billiard flows in the planar domain obtained as
R\ |J Sk where R is a rectangle and the Sy C R are finitely many disjoint convex
scatterers with C3 boundaries of nonvanishing curvature. By the unfolding process —
tiling the plane with identical copies of R, and reflecting the scatterers Sy across the
sides of all these rectangles — an infinite periodic configuration is obtained, which can
be regarded as an infinite horizon Lorentz gas.

Bunimovich stadia are convex billiard domains enclosed by two semicircular arcs
(of equal radii) connected by two parallel line segments. An unfolding process could
reduce the bounces on the parallel line segments to long flights in an unbounded domain,
however, there is another quasi-integrable effect here corresponding to sequences of
consecutive collisions on the same semi-circular arc.

Both of these examples have been extensively studied in the literature, see for instance
[7,10,16,17,29], and references therein. A common feature of the two examples is that
the billiard map itself is not uniformly hyperbolic; however, there is a geometrically
defined first return map which has uniform expansion rates. As before, the billiard domain
is denoted by Q, and the billiard flow is 7; : M — M where M = Q X S'. However,
this t1me we prefer to denote the natural Pomcare sectlon 00 X [—m/2,m/2] C M
by X the corresponding billiard map as f X — X, and the free flight function as
h:X —> Rt ‘where h(%) = inf {t>0:Tx € X }. Then, as mentioned above, there is a
subset X C X such that the first return map of f to X has good hyperbolic properties.
We denote this first return map by f : X — X. The corresponding free flight function
h: X — R*is given by h(x) = inf{r > 0 : T;x € X}. Let us, furthermore, introduce
the discrete return time 7 : X — Z* given by #(x) = min{n > 1: f"x € X}.

In the case of the semi-dispersing Lorentz flow, X corresponds to collisions on the
scatterers Si. In the case of the stadium, X corresponds to first bounces on semi-circular
arcs, that is, x € X if x is on one of the semi-circular arcs, but f ~lx is on another
boundary component (on the other semi-circular arc, or on one of the line segments).

The following properties hold. Unless otherwise stated, standard references are [16,
Chapter 8] and [17]. As in Sect. 9.1, d(x, x") always denotes the Euclidean distance of
the two points, generated by the Riemannian metric.

e There is a countable partition X\S = | JO; X, such that f|x,, is C? and F|y,,
is constant for any m > 1. We refer to the partition elements X,, with 7|y, > 2 as
cells; these are of two different types:

— Bouncing cells are present both in the semi-dispersing billiard examples and in
stadia. For these, one iteration of f|y,, consists of several consecutive reflections
on the flat boundary components, that is, the line segments. By the above men-
tioned unfolding process, these reflections reduce to trajectories along straight
lines in the associated unbounded table.

— Sliding cells are present only in stadia. For these, one iteration of f|y, consists
of several consecutive collisions on the same semi-circular arc.

e infh > 0, and suph < oo, however, there is no uniform upper bound on %, and no
uniform lower bound for /.

e f: X — X isuniformly hyperbolic in the sense that stable and unstable manifolds
exist for almost every x, and Formulas (9.3) and (9.4) hold. This follows from the
uniform expansion rates of f, see [16, Formula (8.22)].
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o If x, x’ € X,, where X,, is a bouncing cell, in the associated unfolded table the
flow trajectories until the first return to X are straight lines, hence (9.1) follows. If
x,x" € X, and X,, is a sliding cell, the induced roof function is uniformly Holder
continuous with exponent 1/4, as established in the proof of [7, Theorem 3.1]. The
same geometric reasoning applies to fzk(x) = fz(x) +ﬁ(fx) +--- 4 fz(fk’lx) as long
as k < r(x). Summarizing, we have

| (x) — b (x| < d(x, XY * +d(fx, fxHY* 9.11)

forx, x’ € X,;, m > landk < 7(x)—1.In particular, |h(x)—h(x")| < d(x, x")"/*+
d(fx, fx)'/4.
e (9.2) has to be relaxed to

d(T,%, Tpx) < |t — | forallX e X and 1,1t € [0, h(%)). (9.12)
e (9.5) has to be relaxed to the following two formulas:

d(T,%, T,5) < dF, %) fori e X, € WiF), t €0, h(%)) N[0, h(F)):
9.13)

d(f*x, f*x'y < d(x,x") forx € X,x' € W'(x), 0 <k. (9.14)
Similarly, (9.6) has to be relaxed to

d(T_3%, T_X) € d(F, %) fork € X, % € W),
te[0.A(fTIR) N0, A(FIF)): (9.15)
d(f*x, f7*xy < d(x,x") forx € X,x" € W“(x), 0 <k. (9.16)

To verify (9.16), let us note first that d(x, x") consists of a position and a velocity
component, and in course of a free flight velocities do not change. Now the mechanism
of hyperbolicity for stadia is defocusing, see, for instance, [16, Figure 8.1], which
guarantees that for x’ € W (x), the position component of d(x, x’) in course of the
free flight is dominated by the position component at the end of the free flight. (9.14)
holds for analogous reasons. To verify (9.15), by uniform hyperbolicity of f (in
particular Formula (9.4), see above), it is enough to consider how f evolves unstable
vectors between two consecutive applications of f, ie. within a series of sliding or
bouncing collisions. On the one hand, again by the defocusing mechanism, f does
not contract the p-length of unstable vectors, see [16, Section 8.2]. On the other hand,
for an unstable vector, the ratio of the Euclidean and the p-length is v/ 1 + V2/ cos @,
where V is the slope of the unstable vector in the standard billiard coordinates, and ¢
is the collision angle, see [16, Formula (8.21)]. Now || is uniformly bounded away
from oo, see Formula [16, Formula (8.18)], while cos ¢ is constant in course of a
sequence of consecutive sliding or bouncing collisions. (9.13) holds by an analogous
argument.

e The map f : X — X can be modeled by a Young tower with exponential tails.
In particular, there exists a subset Y C X and an induced map F = f* : Y — Y
that possesses the properties discussed in Sect. 7.1 including (7.4). The tails of the
return time 7 : ¥ — Z* are exponential, i.e. u(t > n) = O(e~“") for some ¢ > 0.4

4 Tis important to note that here  is the return time to Y in terms of f; the return time in terms of f has
polynomial tails.
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Moreover, the construction can be carried out so that diam Y is as small as desired.
The existence of the Young tower satisfying these properties is established in [17].
As in Sect. 9.1, we introduce the induced roof function ¢ = z;é ho f¢.

e By construction, for y,y’ € ¥;, j > 1and £ < 7 fixed, f¢y and f%y’ always
belong to the same cell of X.

Let us introduce p = y /% and d(y, y’) = d(y, y")"/*. The following version of
Proposition 9.3 holds.

Proposition 9.10. Forall y,y' € Y;, j > 1, and all 0 < £ < t(y) — |,

Ih(fCy) = h(FY)] € PEd(p y) + P70 00),
Proof. The proof of Proposition 9.3 applies, using (9.11) instead of (9.1). O
This readily implies

Corollary 9.11. Conditions (8.1) and (8.2) hold, with y replaced by p, and d(y, y")
replaced by d(y, y'). O

The adapted version of Proposition 9.5 reads as follows.

Proposition 9.12. For diam Y sufficiently small, there exist an integer no > 1 and a
constant C > 0 such that for all y,y' € Y, s(y, yo) = no, and all u € [0, o(y)] N
[0, (y")), there exist t,t’ € R such that

[t —ul < Cd(y,y), d(Tuy, Tiz
It —ul < CPO, d(T,y', Tyz

< Cd(y,y),
<C As(y,} ),

)
)

\<

where z = W*(y) N W"(y").
Proof. First, (9.7) can be updated as

(-1

he(y) = eI < D h(f1y) = h(FIY) < d(y, y) + 900, (9.17)
j=0

for0 < ¢ < t(y).

Fix y,y" € Y; for some j > 1, and u € [0, ¢(y)] N [0, ¢(y")]. We will focus
on choosing the appropriate ¢ and obtaining the relevant estimates. The choice of " is
analogous. Recall the notation d(y, z) = d(y, z)'/* and note that d(y, z) < d(y, y').

First adjustment. As in the proof of Proposition 9.5, we arrive at T,y = T, f ¢y and
Tz =T, fz for the same 0 < ¢ < t(y) — 1, and such that |u — 11| < d(y, z) and
lr —r1| < d(y, z). Indeed, a priori we have T,y = T, f'y and T}z = T,/fe/z, where,
as inf & > 0, shrinking diam Y if needed, (9.17) implies [¢ — ¢'| < 1. If £ = ¢/, then
let 11 = u, r1 =r/,and |r — ri| K d(y, z) follows from (9.17). If ¢/ = £ — 1, then
T.z=T- ,*f z,where r* = h(f*~1z) —r" € [0, h(f*~'2)]. Note that u = hg(y)+r =
he(z) — r*, hence r +r* = he(z) — he(y) << d(y,z). Let t; = u +r +r*, so that
|ty — u| << d(y,z)and r; = r as Thwz=1T, f%z. Note that we do not claim anythmg
about d(7,y, T;,z) at this point.

Second adjustment. For brevity, introduce $ = f‘y and 2 = fz. We have

Ty=T9=Tf9, Tyz=T,2=Tyf"z,
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for some 0 < k, k' < F($) — 1 (note that 7(§) = 7(2)), s € [0, h(f*$)) and s’ €
[0, h(fk,ﬁ)). Note that by (9.13), (9.14) and (9.3), for any 0 < k < 7(¥) — 1, we have

d(f*3, f*2) « d($,%) < d(y,2), hence |h(§) —hi(2)| <d(y,2), (9.18)

where we have used (9.11). We distinguish three cases: k = k', k > k' and k < k'
If k = K/, (9.18) along with |r — r1| < d(y, z) implies |s — s'| < d(y, z). But then,
again by (9.18), (9.13) and (9.14), we have

d(T,y, Tyz) = d(Ts f*3, Ty f*2) < d(y, 2).

As|u —h| <K 67()), z), we can fix t = 1.
If k > k/, we prefer to represent our points as

Tuy=Tr§=Tsfk§, TtlzzTrlészSlJ;k2

for some s; > 0. Now by (9.18) and as |r — rj| < d(y, z), we have s + 51 < d(y, ).
Define

so = min(s, h(F%2)/2, h(f*$)/2), r=sa+s1+r1, =s1+s1+11.
Then T;z = Ty, f2, where 55 € [0, A(f*$)) N[0, 2 (f*2)) and
s — s < s <s+5 <<J(y,z).
Hence
d(Tyy, Tiz) = d(Ts f*39, T, f*2) < d(To, *3, T, f¥2) + (T f*5, T, f*9),

where d(T; f*3, Ts, f*9) < d(y, z) by (9.12), while d(Ty, f*3, Ty, f¥2) < d(y, z) by
(9.13), (9.14) and (9.18). Hence d(T,y, T;z) < d(y, z), as desired. On the other hand
[t —nl=s1+s <s1+5 K J(y, 7), and as we have already controlled |f; — u|, we
have |t — u| K€ d(y, 2).

The case when k < &’ can be treated analogously. The choice of ¢’ goes along similar
lines, so we omit the details. O

Theorem 9.13. Consider a semi-dispersing Lorentz flow or the billiard flow in a Buni-
movich stadium. Let n € (0, 1]. There exists m > 1 such that py . (t) = 0(t_1)f0r
all v e C"(M) N CO™"(M) and w € C"™ (M) (and more generally for the class of
observables defined in Corollary 9.6).

Proof. 1t follows from Lemma 8.3 and Corollary 9.11 that condition (H) is satisfied.
Hence by Corollary 8.1(a), the suspension flow F; : Y¥ — Y¢ is a Gibbs—Markov flow
as defined in Sect. 6. The conclusions of Corollary 9.6 follow from Propositions 9.10
and 9.12. Hence the flows and observables are dynamically Holder (Definition 7.6).

For the tail estimate on ¢, introduce 7 : ¥ — Z*, #(y) = min{n > 1 : f"y € Y}.
Note that supz < oo, and ¢(y) = ,Z(Zy(;*l h(f*y) < #(y)suph . Also it is shown in
[18] (both for the semi-dispersing examples and for stadia) that u(7 > n) = o(n2).
Hence u(p > t) < u(t supﬁ >1)=0¢2).

Finally, to exclude approximate eigenfunctions, we may appeal as at the end of
Sect. 9.2 to the contact structure which the billiard examples have in common. The
result now follows from Corollary 8.1(b). O
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9.4. Lower bounds. In this subsection, we show that it is impossible to improve on the
error rate O (t~!) for infinite horizon Lorentz gases, semidispersing Lorentz flows, and
Bunimovich stadia. The following result is based on [6, Corollary 1.3].

Proposition 9.14. Let v € L>(M) with [,, vduy = 0. Suppose that py (t) = o(t ™).
Then | [y v o Ty ds|> = o((t log 1)'/?).

Proof. Letv, = fé vo Tyds. Then

t ' t ps
f vtszM=///voTrvoTdeMdrds=2// /””OTsfrdMMdrds
M 0 Jo Jm ) L
t s ; / l
:2/ / Pu,v(r) drds =2f / pvo(r)dsdr < 21‘/ oo (r)dr.
070 0 Jr 0

By the assumption on p, ,, we obtain |v, |% =o(tlogt). O

In the case of the planar infinite horizon Lorentz gas, Szdsz and Varjui [34] showed that
(tlogt)~1/2 fot voTs ds converges in distribution to a nondegenerate normal distribution
for typical Holder mean zero observables v. The result applies equally to semidispersing
Lorentz flows. Similarly, in the case of Bunimovich stadia by Balint and Gouézel [6,
Corollary 1.6]. In particular, (t log #) /2| [; voTy ds|» 4> 0. Hence by Proposition 9.14,
an upper bound of the type o(z ~!) is impossible and so the upper bound in Theorems 9.1
and 9.13 is optimal.

Remark 9.15. There is also the possibility of obtaining an asymptotic expression of the
form
pow(®) =ct™h+ 0@, (9.19)

(¢ > O arbitrarily small, ¢ > 0) for certain classes of observables v, w. Such results
are obtained in [31] in cases where there is a first return to a uniformly hyperbolic map
f + X — X. The first return map in the examples considered here is nonuniformly
hyperbolic, modelled by a Young tower with exponential tails, so [31] does not apply
directly. In arecent preprint, [ 13] have announced the existence of a uniformly hyperbolic
first return. This combined with [31] may yield the asymptotic (9.19). (Interestingly, the
class of observables in (9.19) would be disjoint from the class of observables covered
by Proposition 9.14.)
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A. Markov Property

The purpose of this appendix is to show that equality (7.4) holds in the abstract framework
of Young [36]. Often this equality is assumed without further comment (see, e.g., [32,
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(Y1) p. 8538], [19, (P2) p. 51]) but we prefer to take the opportunity here to show that
it follows directly from Young’s original assumptions.

In this appendix, we use the notation of Young [36] since the result is general and in-
dependent of the rest of this article. Hence our notation here is consistent with Young [36]
but differs from the other sections of this article where we used notation consistent with
[30]. In particular:

e The dynamical system studied is f : M — M (the corresponding notation is
f : X — X in the other sections of this article);

e The set with hyperbolic product structure is A (this was denoted by Y in the other
sections of this article);

e Local stable and unstable manifolds for points y € A are denoted as y* = y*(y)
and y* = y*(y), respectively. In the other sections of this article, these are denoted
by W* and WY, respectively. In other words, following the notation of [36], in the
appendix, we write A = (U y”) N (U )/S) C M for the set with the hyperbolic
product structure, which is denoted as ¥ = (U w# ) N (U W”) C X in the other
sections of our paper;

e The return time of f to Y is denoted as R : A — Z* in the appendix (in the other
sections, thisis 7 : Y — Z%);

e The s-subsets which make a partition of A are denoted as A; C A in the appendix
(in the other sections, these are denoted as Y; C Y).

e The return time R takes a constant value on each of the A;, which, following
again [36], are denoted as R; in this appendix. That is, R[5, = R;.

With these notations, the equality (7.4) reads as f & (y“(x) N A;) = p“(fRix) N A.

Proposition A.1. Let f : M — M be an injective transformation satisfying the abstract
set up in [36, Section 1]: specifically, the proof below uses (P1), the second part of (P2),
property (iii) of the separation time sy, and (P4)(a).

Letx € Aj, i > 1. Then fRi(y"(x)NA;) = y“(fRix)NA.

Proof. Before starting the actual proof, let us summarize the essence of the argument.
The Markov condition [36, (P2)] requires full crossings of A but, on its own, appears to
also allow multiple full crossings. However we show that, in combination with the other
assumptions, only single full crossings are permitted.

It follows from injectivity of f and hence f Ri as well as (P2), that

Rt na) = Ry eyn fRin oy (fRixyn £Ria;. (A.1)

Recall from (P1) that we have the local product structure A = ({Upegxu )NV (Upeks ¥7)-
By (P2), f i A;isau-subsetof A whichmeansthat f %1 A; = (Ureks %) (Ureks ¥7)
for some subset K C K". Hence ;' N A =y N (UZGKS yg) =y N fRiA; for all
k € K}'. Also, yi' N fRin; =@ forallk ¢ K.

Now, y“(fRix)n fRiA; # @ (it contains f%ix) so it follows from the above con-
siderations that y*(fRix) N A = y*(fRix) N fR A;. Combining this with (A.1),

RGN A) Dy (Ffa) N A, (A2)
It remains to prove the reverse inclusion, so suppose that y € y*(x) N A;. By

(P1), there exists z* € y“(fRix) N y*(fRy) c A.By (A.2), z* = fRiz for some
z € y*(x)NA;.Since z* and f%iy lie in the same stable disk it follows from property (iii)
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of the separation time that so(z*, f®iy) = oco. Using property (iii) once more, so(z, y) >
so(z*, fRiy) = 0o.Butz € y,(x) = yu(y) so(P4)(a)impliesthatd(z, y) < Ca® oY) =
0. Hence fRiy = fRiz = z* e y“(fRix). This shows that fRi(y*(x) N A;) C
y*(fRix) N A completing the proof. O
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