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Introduction

In this course we consider boundary{value problems in perforated domains.

Such problems attracted much attention of mathematicians in connection

with applications. The studying of behavior of perforated and sceleton struc-

tures is important to researchers working with cellular and composite mate-

rials (lightweight materials) such as honeycombs, foams, wood, cork. Other

modern engineering applications are space antennas, solar panels, civil engi-

neering technologies, permeability of membranes and porous materials. Such

problems arise also in chemistry, oil exploitation and others.

The most interesting case is a singular case, when the limit (homogenized)

problem has di�erent structure in comparison with the initial problem.

We consider problems with "term etrange" in the limit equation.

1 Dirichlet Problem in Perforated Domain

with Small Concentration of Holes

1.1 Notation and Setting of the Problems.

Consider a smooth domain 
 in R3 and the ball G0 = f� : j�j < 1g in

R
3. Suppose that 
" = 
n S

z2Z3
("3G0 + 2"z), i.e. 
" is a domain with small

cavities situated periodically in 
 with period 2". The diameter of holes

equals to 2"3.

Figure 1:
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Consider the following problems:8<: �u" = f(x) in 
";

u" 2
�

H1(
");
(1)

8<: (� + �)u = f(x) in 
;

u 2 �

H1(
); � = ��

2
;

(2)

The interesting e�ect of homogenization in this case is connected with

the fact that solutions u" and u of problems (1) and (2) respectively, are

close, i.e. the homogenized operator has the same high-order term but also

it has a potential �I, where I is the identical operator. First this e�ect was

discovered and studied in [1]. The proofs in [1] are very complicated but

one can apply them to the general case with nonperiodically situated holes.

They are based on the method of potentials for the solutions to boundary{

value problems. Note that in [2] the authors introduced e�ective methods

for studying the analogues problems in periodic media.

In this lecture we study one partial case of periodically perforated body,

when holes are ball shaped. In this situation we can prove the estimate of

deviation of solutions much easier.

1.2 Main Result.

Theorem 1 For solutions u" and u of problems (1) and (2) the estimates

ku" � w"ukH1(
") � C"kfk
C
�(
);

ku" � ukL2(
") � C"kfk
C�(
);

are valid, where w"(x) is 2"-periodic function:

w" =

8>>>>>>>>>>>><>>>>>>>>>>>>:

0; if x 2 S
z2Z3

("3G0 + 2"z) ;

1; if x 2 R3n S
z2Z3

" (G0 + 2z) ;

�
1
r
� 1

"3

�
�
1
"
� 1

"3

� ; if x 2 [
z2Z3

�
"G0n"3G0 + 2"z

�
;

(3)

and C;� = const > 0; C does not depend on " and f(x).
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1.3 Proof of Theorem 1.

Proof. The proof is based on the following statements:

Problem 1 Prove that kw" � 1kL2(
") ! 0 and the estimate

kw" � 1kL2(
") � C"2

takes place as "! 0, where C does not depend on ".

Problem 2* Prove that for any smooth function u the following estimate

k(�w" � �)ukH�1(
") � C"kuk �

H1(
)

is valid, where the constant C > 0 does not depend on " and u 2 �

H1(
).

Solving of this problems are based on the studying of properties of the

function w"(x).

Let us consider the identity

�(u" �w"u) = f ��uw" � 2(ru;rw")� u�w" =

= f(1 � w")� (�w" � �)u + �(w" � 1)u� 2(ru;rw"):
The right-hand side of the identity consists of four terms. If we will estimate

the H�1(
")-norm of each term using "Ckfk
C�(
); then we will prove Theo-

rem. It is easy to obtain these estimates (prove it!) on the base of the a priori

estimates of the solutions of (1) (2), and the following Schauder estimate for

the solution of problem (2) (see, for instance, [3])

kuk
C�+2(
) � Kkfk

C�(
);

where � > 0;K > 0 are constants, and K > 0 does not depend on f(x).

The second estimate of the theorem follows from the �rst and the de�ni-

tion of w":
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2 Fourier Problem in Perforated Domain.

This lecture is devoted to the results of the papers [4], [5], [6].

2.1 Basic Notation

Suppose that 
 is a smooth bounded domain in Rd; d � 2.

J " = fj 2Zd : dist ("j; @
) � "
p
dg;

2 � f� j � 1

2
< �j <

1

2
; j = 1; : : : ; dg:

Given F (�), a 2-periodic smooth function, such that

F (�)
���
�2@2

> 0; F (0) = �1; r�F
���
�22nf0g

6= 0;

we de�ne

Q"

j
= fx 2 " (2+ j) jF (x

"
) � 0g;

consider


" = 
n [
j2J"

Q"

j
:

Thus, @
" = @
 [ S". Denote

Q = f�j � 1

2
< �j <

1

2
; j = 1; : : : ; d; F (�) � 0g;

S = f� jF (�) = 0g and by � the internal unit normal to S.

2.2 Setting of the Problem

Consider the following boundary value problem:8>>>>>><>>>>>>:
�L"u" := @

@xk

 
akj(

x

"
)
@u"

@xj

!
=f(x) in 
";

@u"

@
+ p(

x

"
)u" + "q(

x

"
)u" = g(

x

"
) on S";

u" = 0 on @
;

(4)

5



where
@u"

@
:= akj

@u"

@xj
�"
k
. We assume that all the functions akj(�), p(�), q(�)

and g(�) are 2-periodic, the matrix (akj) is symmetric, and

�1�
2 � akj�k�j � �2�

2 for any vector �:

We suppose that

<p(�)>
S

=<g(�)>
S

= 0; (5)

here < �>
S

:=

Z
S

� d�.

We denote by A" :
�

H1(
"; @
)! H�1(
") the operator associated with

(4).

2.3 Formal Asymptotic Analysis

We search for the solution to (4) in the form

u"(x) � u0(x) + "u1(x; �) + "2u2(x; �) + : : : ; (6)

where ui(x; �) are 2-periodic with respect to �. Denote

�L��'(x; �) := @

@�k

 
akj(�)

@'(x; �)

@�j

!
;

@'(x; �)

@�
:= akj(�)

@'(x; �)

@�j
�k:

Substituting (6) in (4) and collecting the "highest order" terms, we arrive at( L��u1 + L�xu0 = 0 in 2nQ;
@u1

@�
+ @u0

@x
+ p(�)u0 = g(�) on S:

(7)

The associated integral identity takes the formZ
2nQ

akj
@u1

@�j

@v

@�k
d� +

Z
2nQ

akj
@u0

@xj

@v

@�k
d�+
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+

Z
S

p(�)u0v d� =

Z
S

g(�)v d�; (8)

where v 2 H1
per(2nQ). Integral identity (8) suggests to look for the function

u1(x; �) in the form

u1(x; �) = L(�) +M(�)u0(x) +Ni(�)
@u0(x)

@xi
: (9)

Substituting (9) in (8) leads us toZ
2nQ

akj
@Ni

@�j

@v

@�k
d� +

Z
2nQ

aki
@v

@�k
d� = 0; (10)

or, equivalently, ( L�� (Ni(�) + �i) = 0 in 2nQ;
@Ni(�)

@�
= �aki(�)�k on S;

where i = 1; : : : ; d; Z
2nQ

akj
@M

@�j

@v

@�k
d� +

Z
S

p(�)v d� = 0; (11)

or in the classical form ( L��M(�) = 0 in 2nQ;
@M(�)

@�
= �p(�) on S

and Z
2nQ

akj
@L

@�j

@v

@�k
d� =

Z
S

g(�)v d�; (12)

or ( L��L(�) = 0 in 2nQ;
@L(�)

@�
= g(�) on S:

The functions L(�), M(�), and Ni(�) are de�ned up to an additive constant

that can be �xed by

<L>
2nQ

=<M>
2nQ

=<Ni>
2nQ

= 0
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8 i = 1; : : : ; d:

Similarly, collecting next terms leads to( L��u2 + Lx�u1 + L�xu1 + Lxxu0 = �f in 2nQ;
@u2

@�
+ @u1

@x
+ p(�)u1 + q(�)u0 = 0 on S:

(13)

The solvability condition for problem (13) reads.

bakj @2u0(x)
@xk@xj

� u0(x)

�Z
S

p(�)M(�) d� +

Z
S

q(�) d�

�
=

= j2nQjf(x) +
Z
S

g(�)M(�) d�; (14)

where baik := Z
2nQ

�
aij(�)

@N
k
(�)

@�j

+ aik(�)
�
d�:

Finally, the homogenized problem reads8><>: bakj @2u0(x)
@xk@xj

(m�<q>
S

)u0(x)= j2nQjf(x)�l in 
;
u0(x) = 0 on @
;

(15)

wherem :=�<pM>
S

; l :=�<gM>
S

: Let bA be the operator of problem (15).

Remark 1 The coerciveness of the limit problem (15) is a delicate question

since the constant m, as we will see later, is always positive. In particular,

the coerciveness of (15) is provided by the inequality

m� <q>
S

< �0;

where �0 is the �rst eigenvalue of the di�erential operator

�baij @2

@xi@xj

in the Sobolev space
�

H1(
; @
).
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2.4 Main Estimates and Results.

Here we obtain upper and lower bounds for the coe�cient m.

We begin by considering an auxiliary spectral problem8>>>>>><>>>>>>:

@

@�k

 
akj(�)

@�

@�j

!
= 0 in 2nQ;

@�

@
= �� on S;

�(�) is 2-periodic in �; <�>
S
= 0;

(16)

where � is a spectral parameter. The �rst eigenvalue �1 of problem (16) can

be found from the variational principle

�1 = inf
 2H

1
per(2)nf0g;

< >
S
=0

a( ; )

< 2>
S

;

where a(u; v) :=

Z
2nQ

akj
@u

@�j

@v

@�k
d�:

Lemma 1 The constant m is positive. Moreover, it satis�es the estimates

<p2>
S

<p2>
S

a(p; p)
� m �

<p2>
S

�1

: (17)

Remark 2 Note that the equalities in (17) are only attained if p(�) happens

to be the �rst eigenfunction in (16), i.e. the eigenfunction that corresponds

to the eigenvalue �1.

Proof. Substituting M(�) as a test function in (11) we haveZ
2nQ

akj
@M

@�j

@M

@�k
d� +

Z
S

p(�)M d� = 0:

Thus,

m = � <pM>
S

=

*
akj

@M

@�j

@M

@�k

+
2nQ

> 0;
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if M 6� 0. Note that M � 0 i� p � 0. Write down the variational problem

for M(�):

inf
 2H1

per(2)
H( )� inf

 2H1
per(2)

n
a( ; )+2 <p >

S

o
= (18)

= a(M;M) + 2 <pM>
S

=<pM>
S

= �m:

Substituting  = �<p
2
>

S

a(p;p)
p in H( ), we get

H(�
<p2>

S

a(p; p)
p) = � <p2>

S

<p2>
S

a(p; p)
� �m:

Similarly, substituting  = �<p
2
>

S

a(p;p)
' with an arbitrary ', we get

H(�
<p2>

S

a(p; p)
')= �

�
<p'>

S

�2
a(';')

:

Since

m = sup
'2H1

per(2)

�
<p'>

S

�2
a(';')

; (19)

then
1

m
= inf

'2H1
per(2)nf0g

a(';')�
<p'>

S

�2 �
inf

'2H
1
per(2)nf0g;

<'>

S

=0

a(';')

<p2>
S

<'2>
S

=
�1

<p2>
S

:

Finally, we have

m �
<p2>

S

�1

:

Remark 3 To give a simple explanation of positiveness of the coe�cient m

arising in the homogenized problem (15), we consider the operator associat-

ed with the following modi�cation of (4): q � 0 and instead of the Dirichlet

boundary condition on the exterior boundary @
 the Neumann boundary
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condition is stated. In this case �m is the �rst eigenvalue of the operator

associated with the respective homogenized problem. In view of the con-

vergence of spectrum results, the �rst eigenvalue of the operator introduced

above is close to �m for su�ciently small ". Substitution of a constant func-

tion in the variational principle for the �rst eigenvalue of this operator gives

zero. Thus, for any " the said eigenvalue is negative and so is �m.

Theorem 2 Let f(x) 2 C1(
), and suppose that p(�), q(�), and g(�) are

2-periodic C1 functions. Furthermore, assume that

m < �0+ <q>
S

; (20)

where �0 is the �rst eigenvalue of the di�erential operator �baij @2

@xi@xj
: Then

for all su�ciently small " > 0 the problem (4) has a unique solution u"(x)

and the following estimate holds

ku0 + "u1 � u"kH1(
") � K1

p
": (21)

Here K1 does not depend on ".

2.5 Auxiliary Lemmas

Lemma 2 If m < �0+ <q>
S

then problem (15) is coercive.

Proof. The variational principle for the �rst eigenvalue of the operator bA
leads to the following relation

inf
v2

�

H1(
);

kvk
L2(
)

=1

�
� bAv; v�

L2(
)
= inf

v2

�

H1(
);

kvk
L2(
)

=1

Z



baij @v
@xi

@v

@xj
+

+
�
<q>

S

�m
�
v2 dx = inf

v2

�

H1(
);

kvk
L2(
)

=1

Z



baij @v
@xi

@v

@xj
dx+

+
�
<q>

S

�m
�
= �0+ <q>

S

�m:

Thus �
� bAv; v�

L2(
)
� C kvk2

L2(
)
; C > 0;

that completes the proof.
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Lemma 3 The coerciveness of the homogenized problem implies the coer-

civeness of the original problem for all su�ciently small ".

Proof. First, it can be shown thatZ
S"

p(
x

"
)u2(x) ds � �

Z

"

jruj2 dx+ 1

�

Z

"

u2 dx

for any � > 0. Then, there exists a su�ciently large � such that for any "

the operator associated with8><>:
L"u" + �u" = �f(x) in 
";
@u"

@
+ p(x

"
)u" + "q(x

"
)u" = g(x

"
) on S";

u" = 0 on @


(22)

is coercive. Consider the problems

(A" + � � 1)�1uk
"
= �"

k
uk
"
; ( bA+ � � 1)�1uk = �ku

k; (23)

Using the Oleinik{Shamaev{Yosi�an Theorem (Theorem 1.4 from [7] (Sec-

tion III.1)), we conclude that �"0 ! �0 as "! 0. Then

�"0 � �� +
1

�"0
! �0 � ��+

1

�0
as "! 0:

The lemma is proved.

2.6 Proof of Theorem 2.

To estimate ku0 + "u1 � u"kH1(
") let us substitute the expression

z"(x;x" ) = u0(x) + "u1(x;x" )� u"(x)

in (4). After proper rearrangments we obtain�������
Z

"

rz"rv dx+
Z
S"

(p+ "q) z" v ds

������� �

� "

�������"
Z
S"

q u1 v(x) ds

�������+
�������
Z
S"

@L

@�

����
�=x

"

v ds�
Z
S"

g v ds

�������+
12



+

�������
Z
S"

u0
@M

@�

����
�=x

"

v ds +

Z
S"

pu0v ds

�������+

+

�������"
Z
S"

q u0 v ds� 1

j2 \ !j
Z

"

<q>
S

u0 v(x) dx

�������+

+

������"
Z

"

Lxxu1(x; �)
���
�=x

"

v dx+O(")kvkH1(
")

������+

+

�������
Z
S"

 
@u0

@x
+
@u0

@xi

@Ni(x; �)

@�

���
�=x

"

!
v ds

�������+

+

�������
Z
S"

"M pu0 v ds+
1

j2 \ !j
Z

"

mu0 v dx

�������+

+

�������
1

j2 \ !j
Z

"

l v dx̂+

Z
S"

" pL v ds

�������+

+

�������
Z
S"

" p
@u0

@xk
Nk v ds�

Z

"

aij
@u0

@xi

@M(�)

@�j

���
�=x

"

v dx

�������+

+

������
Z

"

� bakj
j2 \ !j

@2u0

@xk@xj
v�

�aij(�) @2u0

@xi @xk

@Nk(�)

@�j

���
�=x

"

v + L"u0 v
�
dx

����� :
Estimating all the terms in the right{hand side using Lemmas and de�-

nitions (10) { (12) leads us to inequality (21). Theorem is proved.
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