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Introduction

In this course we consider boundary-value problems in perforated domains.
Such problems attracted much attention of mathematicians in connection
with applications. The studying of behavior of perforated and sceleton struc-
tures is important to researchers working with cellular and composite mate-
rials (lightweight materials) such as honeycombs, foams, wood, cork. Other
modern engineering applications are space antennas, solar panels, civil engi-
neering technologies, permeability of membranes and porous materials. Such
problems arise also in chemistry, oil exploitation and others.

The most interesting case is a singular case, when the limit (homogenized)
problem has different structure in comparison with the initial problem.

We consider problems with "term etrange” in the limit equation.

1 Dirichlet Problem in Perforated Domain

with Small Concentration of Holes

1.1 Notation and Setting of the Problems.

Consider a smooth domain Q in R*® and the ball Gy = {¢ : |¢| < 1} in

R®. Suppose that Q. = Q\ U (e3Go + 2¢2), i.e. Q. is a domain with small
2€7Z8
cavities situated periodically in {2 with period 2¢. The diameter of holes

equals to 2e>.
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Figure 1:



Consider the following problems:

Au. = f(z n Qev

{ 70 N
ue € HY(Q.),

{ (A —I-C:li)u = f(i) ) in @
we (Q)v H=—-3

The interesting effect of homogenization in this case is connected with
the fact that solutions u. and w of problems (1) and (2) respectively, are
close, 1.e. the homogenized operator has the same high-order term but also
it has a potential pul, where I is the identical operator. First this effect was
discovered and studied in [1]. The proofs in [1] are very complicated but
one can apply them to the general case with nonperiodically situated holes.
They are based on the method of potentials for the solutions to boundary—
value problems. Note that in [2] the authors introduced effective methods
for studying the analogues problems in periodic media.

In this lecture we study one partial case of periodically perforated body,
when holes are ball shaped. In this situation we can prove the estimate of
deviation of solutions much easier.

1.2 Main Result.

Theorem 1 For solutions u. and w of problems (1) and (2) the estimates
[ve — weuma.,) < Cel[fllgagm)

[we = wllLy ) < Cél[ flloagm)

are valid, where w.(x) is 2e-periodic function:

0, if ze U (Go +2e2),
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, if xR U e(Go+22),
W, = 2€Z? (3)

11
(t-%) =€2?

and C,a = const > 0, C does not depend on € and f(x).




1.3 Proof of Theorem 1.

Proof. The proof is based on the following statements:

Problem 1 Prove that |[w. — 1||z,0.) = 0 and the estimate
[we = 1|z,0.) < C¢®

takes place as € — 0, where C' does not depend on ¢.

Problem 2* Prove that for any smooth function u the following estimate

[(Aw. = p)ullza < Cellul g,

s valid, where the constant C > 0 does not depend on ¢ and u € f'}l(Q)

Solving of this problems are based on the studying of properties of the
function w.(z).
Let us consider the identity

A(ue —wew) = f — Auw, — 2(Vu, Vw,) — vAw, =

= f(1 —w.) — (Aw. — p)u + p(we: — )u — 2(Vu, Vw,).

The right-hand side of the identity consists of four terms. If we will estimate
the H~!(£2.)-norm of each term using 50”]‘”0,1(5 , then we will prove Theo-
rem. It is easy to obtain these estimates (prove it!; on the base of the a priori
estimates of the solutions of (1) (2), and the following Schauder estimate for
the solution of problem (2) (see, for instance, [3])

HUHCaH(ﬁ) < KHfHCa(ﬁ)v

where a > 0, K > 0 are constants, and K > 0 does not depend on f(z).
The second estimate of the theorem follows from the first and the defini-

tion of w..



2 Fourier Problem in Perforated Domain.

This lecture is devoted to the results of the papers [4], [5], [6].

2.1 Basic Notation

Suppose that  is a smooth bounded domain in R, d > 2.

JE={j eZ%: dist (ej,00) > eVd},

1 1 .
DE{€|_§<€j<§7J:17"'7d}'

Given F(¢), a O-periodic smooth function, such that

F(§)],0p0 > 0 F(0) = —1. VeF| _  #0.
we define -
Qi =1z ce(@+7) [F(2) <0},
consider
Q° = Q\ U Q;
jEeJ*

Thus, 092° = 9Q U S.. Denote
1 1,
Q:{€|—§<€j<§,J:1,...,d, F(¢) <0},

S ={¢&| F(£) =0} and by v the internal unit normal to S.

2.2 Setting of the Problem

Consider the following boundary value problem:




Ou, Ou,

= ap;—
oy Yom;
and ¢(¢) are O-periodic, the matrix (ax;) is symmetric, and

where v;,. We assume that all the functions a;(€), p(§), ¢(£)

/{1772 < ap;nen; < /{2772 for any vector 7.

We suppose that
<pl&)>, =<g(6)>, =0, (5)
here <-> ::/-da.
s
s

We denote by A° : I-}l(Qe, 0Q) — H~1(QF) the operator associated with
(4).

2.3 Formal Asymptotic Analysis
We search for the solution to (4) in the form

ue(x) ~ uo(x) + eus(z, &) + us(z, &) + .. ., (6)

where wu;(z,€) are O-periodic with respect to £. Denote

0 Op(x,
—Lapp(z,§) = Jan (akj(ﬁ) Soa(ﬂf)) ,
OIp(z,§) . Op(z,)
6% = ak](ﬁ') aaj V..

Substituting (6) in (4) and collecting the ”highest order” terms, we arrive at

,ngul + ,Cgmuo =0 in D\Q, (7)
Lt S 4 p(Eug = g(§) on 8.

8’75

The associated integral identity takes the form

Ouq Ov Oug Ov
akj 7 oy 46 + arj 5o A+
\/Q 9%; 0% \/Q 9u; 06;



+ [ p(&uon do = [ g(ep0 do. ®)

where v € H, (O\Q). Integral identity (8) suggests to look for the function

w1(x, &) in the form

Oug(z
€)= L(E) + M(euale) + N ) "2 )
Substituting (9) in (8) leads us to
ON; Ov Ov
akj—.l—dg + | apig—dE =0, (10)
\/Q 9€; 0 é 08

or, equivalently,

oNi(&) _ —api(§)vy on S,

’Y

{ﬁee( (6)+&)=0 in D\Q,

where ¢t =1, ...

/ oM Ov

077
0, 06 06

f—l—/p Jo do =0, (11)

or in the classical form

8’75
d
o 0L Ov
/ ak]@f 6£kd€ /g v do, (12)
j
or
{ ﬁssL =0 in D\Q,
ayé =g(&) on S.
The functions L(§), M (), and N;(€) are defined up to an additive constant
that can be fixed by
<L> =<M> =<N> =0
o\Q o\Q o\Q
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Vi=1,...,d.

Similarly, collecting next terms leads to

Qug + Aug +p(€)u1 + q(€)u0 =0 on S.

875 va

{ £€£u2 + Emful + Acfz'ul + Emm’UJO = _f in D\Q7
The solvability condition for problem (13) reads.
62UO
) do+ [ a(€) do)
kj ailfkail?] </p g —I_ J Q(g) g

= I0\QIf(2) + [ 9(€)M(¢) do,

S

/\

where

Qig 1= / (i3 (6) 2+ ain(€) ) de.
o\Q
Finally, the homogenized problem reads

62UO &L .
{ Ay Bwka(:l:: (m— <q>S)U0(513): [O\Q|f(z)—lin €2,
uo(z) =0 on 01,

(13)

(14)

(15)

where m := —< pM>S, l.=—< gM>S. Let A be the operator of problem (15).

Remark 1 The coerciveness of the limit problem (15) is a delicate question
since the constant m, as we will see later, is always positive. In particular,

the coerciveness of (15) is provided by the inequality
m— < q>S < )\07

where Ag is the first eigenvalue of the differential operator

62

O —
“ 6:1316:131

in the Sobolev space I:cil(Q, o).



2.4 Main Estimates and Results.

Here we obtain upper and lower bounds for the coefficient m.
We begin by considering an auxiliary spectral problem

0 08 )
% (akj(’f)a—gj) =0 in 0O\Q,
% =T on S (16)
0y ’

6(¢) is O-periodic in §, <>, =0,

where T is a spectral parameter. The first eigenvalue T; of problem (16) can
be found from the variational principle

VEMSer (OO}, < gh2>
<th>g=0 s

Ou Ov
where  a(u,v) := ap;——— d€.
Dé 9¢; Ok

Lemma 1 The constant m is positive. Moreover, it satisfies the estimates

<p*> <p*>
<p*> 5 < m < 5
S alp,p) — = T

(17)

Remark 2 Note that the equalities in (17) are only attained if p(§) happens
to be the first eigenfunction in (16), i.e. the eigenfunction that corresponds
to the eigenvalue T;.

Proof. Substituting M (&) as a test function in (11) we have

OM oM
o\Q g Yok s
Thus,
OM oM
S e I

9



if M #0. Note that M = 0 iff p = 0. Write down the variational problem
for M(¢):
W}Igefrm{f(@b)E¢€I;g£(u){a(¢,¢)+2 <py> )= (18)
=a(M,M)+2 <pM>S :<pM>S = —m.

2>

Substituting ¢ = —appPIn H(), we get
<p*> <p*>
H(———=2p) = — <p"> $ > —m
a(p. p) Sa(p,p

2

<p
Similarly, substituting ¢ = ———=¢ with an arbitrary ¢, we get

a(p,p)
2
<r (<rny
(- Sp)= s
a(p,p) a(p, )
Since .
<pp>
m = sup Q, (19)
et (o) (g, P)
then .
1 a(p, ¢) >
m  eeH(D)\{o} (<pso>)
s
> alp,p) T
pEHper(@\ {0}, <pP>. <> <p>
<p>=0
B
Finally, we have
<p*>
< S
m < T

Remark 3 To give a simple explanation of positiveness of the coefficient m
arising in the homogenized problem (15), we consider the operator associat-
ed with the following modification of (4): ¢ = 0 and instead of the Dirichlet
boundary condition on the exterior boundary €2 the Neumann boundary

10



condition is stated. In this case —m is the first eigenvalue of the operator
associated with the respective homogenized problem. In view of the con-
vergence of spectrum results, the first eigenvalue of the operator introduced
above is close to —m for sufficiently small . Substitution of a constant func-
tion in the variational principle for the first eigenvalue of this operator gives
zero. Thus, for any ¢ the said eigenvalue 1s negative and so is —m.

Theorem 2 Let f(z) € C*(Q), and suppose that p(§), q(€), and g(§) are

O-periodic C' functions. Furthermore, assume that
m < Aot <g>, (20)
92

—Op—
“ 6:1316:13]

for all sufficiently small ¢ > 0 the problem (4) has a unique solution w.(z)

where Ag is the first eigenvalue of the differential operator . Then

and the following estimate holds
H’UJO—|—€’UJ1 —’UJ(_:HHI(QE) S Kl\/g (21)

Here K, does not depend on €.

2.5 Auxiliary Lemmas

Lemma 2 Ifm < Ao+ <q> then problem (15) is coercive.

Proof. The variational principle for the first eigenvalue of the operator A
leads to the following relation

) - ) _ Ov Ov

inf (—Av,v)L . inf /aij———l—
veHl(9), 2(9) veHl(9), Oz; Oz;
||U||L2(n)=1 ||”||L2(ﬂ):1

: . Ov Ov
+ (< 9>, = m) v® dz = ,,eljgf()m, /aija—ama—avj dz+
llell . () =1
+ (<q>S —m) = o+ <q>,—m.
Thus ~
(—Av,v)LQ(Q) > Cllol,q. € >0

that completes the proof.

11



Lemma 3 The coerciveness of the homogenized problem implies the coer-
civeness of the original problem for all sufficiently small €.

Proof. First, it can be shown that
/p ds<a/|Vu|2dw—|— /u dx
0e

for any a > 0. Then, there exists a sufficiently large A such that for any ¢
the operator associated with

Lewe + Aue = —f(z) in Q°,
aufﬁ—p( Jue +eq(2)ue = g(%) on S, (22)
=0 on 0R

1s coercive. Consider the problems
(A +A- 1) u = ,ukue, (A +A- 1) u® = ,ukuk (23)

Using the Oleinik—Shamaev—Yosifian Theorem (Theorem 1.4 from [7] (Sec-
tion III.1)), we conclude that u§ — po as € — 0. Then

1 1
AN=E-A+——=d=-A+— as € — 0.
o Ho

The lemma is proved.

2.6 Proof of Theorem 2.

To estimate ||ug 4 euy — uc|| g1 (- let us substitute the expression
() = wol®) + eua(,2) — (o)

in (4). After proper rearrangments we obtain

/Vz€Vv dw—l—/(p—l—gq)zev ds| <

<55/qu1v )ds—l—/aL vds—/gvds—l—
e le== F

12



_|_

M
+ uoa— v ds + /puov ds
e le== F

/<q>u0v( ) dz| +

—|—€S/qu0vds |Dﬂ |

_|_

eotir(.6)],_v dz + O(e) [vl| (0

N / (6u0 N Ouyg 0]\/}(:6,&)‘

0v. Oz, O ) vds|+

=2

—I—/aMpuovds—l— +

1Se

on w| /muovdw

_|_

|Dﬂ /lvdw—l—/gvads—l—

ug Oug OM(¢)
+ L/gpa:l?k Nk'U ds Q/Eal'7 6:131 651 ‘f:%

Ay O%uy
* L/ <|D Nw| awkaw]

g 6Nk(§)‘
Ox; Oxy, 65’] =2

Estimating all the terms in the right—hand side using Lemmas and defi-
nitions (10) — (12) leads us to inequality (21). Theorem is proved.

_|_

v de

&

—a;(§)

v+ Loug v> dz| .

13
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