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This paper contains the notes of five lectures concerning an introduction to Homogenization and G-
convergence, delivered on September 6-8, 1993 as a part of the “School on Homogenization” at the ICTP,
Trieste. The main topics treated are the following ones:
I. Homogenization of second order linear elliptic operators
II. Homogenization of monotone operators
ITI. G-convergence; H-convergence.

0. Introduction

Composite materials (fibred, stratified, porous,...) play an important role in many branches of Mechan-
ics, Physics, Chemistry and Engineering. Typically, in such materials, the physical parameters (such as
conductivity, elasticity coefficients, . ..) are discontinuous and oscillate between the different values charac-
terizing each of the components. When these components are intimately mixed, these parameters oscillate
very rapidly and the microscopic structure becomes complicated.

On the other hand we may think to get a good approximation of the macroscopic behaviour of such
a heterogeneous material by letting the parameter e, which describes the fineness of the microscopic
structure, tend to zero in the equations describing phenomena such as heat conduction and elasticity. It
is the purpose of homogenization theory to describe these limit processes, when £, tends to zero.

More precisely, homogenization deals with the asymptotic analysis of Partial Differential Equations
of Physics in heterogeneous materials with a periodic structure, when the characteristic length ¢; of the
period tends to zero.

A good model for the study of the physical behaviour of a heterogeneous body with a fine periodic
structure, e.g. in electrostatics, magnetostatics, or stationary heat diffusion is given by

(0.1) { —div(a()Dup) = f  on,

uplog =0 on 082 ;

here 2 is a bounded open subset of R™ which will be considered as a piece of the heterogeneous material
and g, is the period of the structure in all directions. The function u; can be interpreted as the electric
potential, magnetic potential, or the temperature, respectively. The coefficients a(i) = (aij(i)) are
ep-periodic functions and describe the physical properties of the different materials constituting the body
(they are the dielectric coefficients, the magnetic permeability and the thermic conductivity coefficients,
respectively). The function f is a given source term.

When the period of the structure is very small, a direct numerical approximation of the solution
to (0.1) may be very heavy, or even impossible. Then homogenization provides an alternative way of
approximating such solutions w; by means of a function u which solves the problem corresponding to a

“homogenized” material

—div(bDu) = on {2,
(0.2) { (bDu) = f

u|ag =0 on 01,

where b is a constant matrix (for a homogeneous material the physical properties does not depend on z).
The “homogenized” matrix b may be interpreted as the physical parameters of a homogeneous body, whose
behaviour is equivalent, from a “macroscopic” point of view, to the behaviour of the material with the
given periodic microstructure (described by (0.1)) (the coefficients b;; are called also “effective” coefficients
or “effective” parameters since they describe the macroscopic properties of the medium).
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In these lectures we shall consider the asymptotic analysis of the solutions to

{ —div(ap(x, Dup)) = f on 2,
uplon =0 on 0N

in the following main cases:
(1) an(z,§) = a()E, with a(x) periodic matrix;
(il) an(z,§) = a(E,§), with a(-,£) periodic;
(iii) an(z,&) = a(x)¢, without periodicity assumptions on a” .

The main references for the homogenization theory of periodic structures are the books by Bensoussan-
Lions-Papanicolaou [9], Sanchez Palencia [40], Lions [31], Bakhvalov-Panasenko [6], and Oleinik-Shamaev-
Yosifian [37]. Other general references for the theory of the homogenization of partial differential equations
are Babuska [4], Bensoussan [7], and Bergman-Lions-Papanicolaou-Murat-Tartar-Sanchez Palencia [10].

Notation

Let n € N be fixed. Given m € N, the elements of R™ are usually considered as column vectors,
(+,-) denotes the scalar product on R™, and |-| will be the usual euclidean norm. Let M™*™ be denote
the set of all n x n real matrices. Given M = (M;;) € M™*™ and £ € R™, M¢ is the vector of R” with
components (M§); = >0 Miz&;, i € {1,...,n} and (M¢&,n) = 377, Miyz&m; for every &, n € R"™.
We shall identify M™*" with R .

We use the symbol |A| to the denote the Lebesgue measure of the set A C R™. The notation a.e.
stands for almost everywhere with respect to the Lebesgue measure.

For every open subset A € R™ and f € L'(A) we denote by M 4(f) the average of f (with respect
to A) defined as M (f) = ‘—i“ J4 f(x)dz . If no confusion can occur, we shall simply write M(f).

For what concerns LP and Sobolev spaces we refer to the Appendix.

I. Homogenization of second order linear elliptic op-
erators

1. Setting of the problem

Let z1,...,2, be n linearly independent vectors of R"™, and let P be the parallelogram with sides
ZlyennyZn, 1€,
P={tiz1+...+tpzn:0<t; <1 fori=1,...,n}.

We say that a function ¢ : R™ — R™ is P -periodic if ¢(x) = ¢(x + z;) for every x € R™ and for every
i =1,...,n. In this case we say that P is a periodicity cell of the function ¢. For the sake of simplicity
(without loss of generality) we shall assume from now on that the periodicity cell P is the unit cube
Y =]0,1[". Hence, if ey,...,e, denotes the canonical basis of R™ then ¢ : R” — R™ is Y -periodic if
o(x) = p(x +e;) for every € R™ and for every i =1,...,n.

Let us consider the function @ : R® — M™*", with a(z) = (a;;(x)) for z € R", satisfying the
following properties:
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(1.1) ai; is Y-periodic on R" for every i,j =1,...,n;

(1.2) a;; € L>®(R™) for every 4,5 =1,...,n;

(1.3) there exists a constant o > 0 such that (a(2),&) = 377", aij(2)§;& > alé)? for a.e. x € R and
for every £ € R".

We then define a” : R® — M™ " by
(1.4) a"(@) = a(2),

where (ep) is a sequence of positive real numbers converging to 0. Note that the functions a?j are

epY -periodic on R™.

Let Q be a bounded open subset of R™ (we shall consider it as a piece of a heterogeneous material).

For a fixed 5, > 0, let us consider the Dirichlet boundary value problem on (2

{—div(ah(:n)Duh) =f onQ,
uplon =0, on 09,

(1.5)

where f is a given smooth function on Q. Assume f € H~12(Q). The variational (weak) formulation of
(1.5) becomes then: find uy € Hy*(Q) such that

(1.6) { Jo(@"(z)Duy, Dv)dx = (f,v) for every v € Hy?(9)

up € Hé’Q(Q)
(note that this presentation does not require regularity assumptions for the functions a;;. Moreover, we

get a priori estimates on wu; which are independent of 5 and are not based on the regularity of the

coefficients).
Let us note that by the Lax-Milgram lemma (see Lemma A.3.1) we have existence and uniqueness
of a solution to (1.6). Indeed, let us define the bilinear form a : Hy*(2) x Hy*(2) — R by

al(u,v) = /( (a"(z)Du, Dv)dz  for every u, v € Hy*(Q).
)
We observe that the boundedness assumption (1.2) and Holder’s inequality yield immediately
@, 0)] < elull ooy lvlpang  for every u, v e HY(®)
(take into account Remark A.1.15). Moreover, the ellipticity condition (1.3) ensures that
ay (u,u) > a||u||§13,2(m for every u € Hy?().

o1 . . 1,2 . .
Hence, af defines a bilinear continuous and coercive form on H,*(2) and the existence and uniqueness

of a solution to (1.6) is guaranteed.
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Remark 1.1. Instead of the Dirichlet boundary conditions in (1.5) one can consider also more general
boundary conditions; for example, Neumann boundary conditions or mixed boundary conditions. However,
to fix the ideas about homogenization, we will consider for the moment Dirichlet boundary conditions.

Let us come back to the Dirichlet boundary value problem

(1.7) {—div(ah(g@)Duh) =f onQ,

up, € Hy?(Q).
We can associate to a” the (second order elliptic) operator A" : Hy?(2) — H~12(2) defined by
Ay = —div(a"Du),

and (1.7) can be written also in the form

(1.8) {Ahuh:f on Q,

up, € Hy(Q).

Now, let us consider the sequence (up) of solutions to (1.8) corresponding to the sequence (g5,). Let us
note that our assumptions on al guarantee that

HuhHHé'Q(Q) <c

?

where ¢ is a constant independent of h (for more details see Section 2 and Section 4). Therefore, there
exist a subsequence (u,(y)) of (up) and a function ug € Hy?(Q) such that

Ug(h)y — Uo weakly in Hé’Q(Q).

At this point it is natural to ask whether ug solves a boundary value problem of the type (1.8), i.e.,

—div(b(x)Dug) = f on Q,
{uo € Hy?*(Q).

The aim of the next sections is to answer at this question. We shall construct a second order elliptic
operator B such that (up) converges to ug (in an appropriate topology), where uy is the solution to

{Buozf on

1.9
(1.9) uo € Hy* (),

with Bu = —div(b(x)Du). The operator B is the so called homogenized operator of the family (A") and
b(x) the homogenized coefficients.

As pointed out in the introduction, this convergence analysis is related to the problem of finding the
physical properties of a homogeneous material, whose overall response is close to that of the heterogeneous
periodic material (whose physical properties are described by (1.4)), when the size €5, of the periodicity
cell tends to 0.

The problem of passing to the limit in (1.7), when &, approaches to 0, is rather delicate (as we will
see soon) and requires the introduction of new techniques. The main difficulty lies in the passage to the
limit in (a”(z)Duy,), which is the product of only weakly convergent sequences.

Before attacking the study of the general case, let us consider a simple particular case.
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2. An example in dimension 1

Let Q =]zo,z1[C R and f € L*(Q). Let (e) be a sequence of positive real numbers converging
to 0 and let a"(x) = a(Z-), where a : R — R is a measurable Y -periodic function satisfying

(2.1) 0<a <a(zr) < B<+o00 ae onR.

We consider the Dirichlet boundary value problems
d du o .
(2.2) { — i (a"(2) g (x)) = f i Q,
up(z0) = up(x1) =0

(for every e, > 0, (2.2) is, for example, the stationary heat equation in a 1-dimensional £,Y -periodic
medium). The weak formulation is then

(2.3) { Ja ah%g—z de = [, fodx for every v € H01’2(Q) ,

up € Hol’Q(Q) .

As seen in the previous section, for every fixed ey, there exists a unique solution wuj, € Hé 2(Q) to problem
(2.3). By taking v = uy, in (2.3) and using Holder’s inequality we get

duh
[ at Gy < ooy lunloco
Q z
Using (2.1) and the Poincaré inequality (see Theorem A.1.14 and Remark A.1.15) we obtain

C
(2.4) lunllpr2) = S1F ez

where ¢ is a positive constant depending only on Q. Hence the sequence (uy) is uniformly bounded in
H}?(Q). Therefore (see Theorem A.1.3 and Theorem A.1.11) there exist ug € Hy*(Q2) and a subsequence,
still denoted by (up,), such that

(2.5) up — U weakly in Hy ™ (Q).

Moreover, the periodicity assumption on a (see Theorem A.1.18) yields
* 1
(2.6) a" = M(a) = m/ a(y)dy in L*(£)) weak* (hence weakly in L?(Q))
Y

(note that Y| =1). From (2.5), (2.6), and (2.2) it is tempting to believe that in the limit one has

—L(M(a)Ze)y=f inQ,
(27) {Uod(wo) = 'U/O(Z-Tl) =0.

But this is false in general, being ¢"(z) = ah(z)‘?—;(z) the product of two sequences converging both

weakly (see Remark A.1.19). To obtain the correct answer let us proceed as follows: note that by the
boundedness of a” in L>(Q) and (2.4) we have that &¢" is uniformly bounded in L2?(2), and by (2.2)
satisfies

deh

(28) *E:f in Q.
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Hence, ¢" is uniformly bounded in H'2(2). Since the injection H2(Q) — L2(Q) is compact (see
Theorem A.1.12), it follows that one can assume (at least passing to a subsequence) that

(2.9) " — €9 strongly in L2(9)
so that

L on Lo T2
(2.10) JE — M(E)f weakly in L*(€2).

a —

A.1.18 that () converges in L>(€2) weak* to M(L) and % < M(L) < 1) But

al

(Note that 0 < % <1< é < +00. Moreover the periodicity assumption on a implies by Theorem

1 h duh
ahg dx’
so that (2.5) and (2.10) imply
duo - 1 0

h
By passing to the limit in the sense of distributions in 7% = f we have 73_5: = f, so that ug is the
solution to the Dirichlet boundary value problem

(2.11)

The homogenized operator B associated to A" is given by

1 &
2.12 B=—+—+——.
(212) M(L) da?
Note that in this case the homogenized operator is related to the harmonic mean (and not to the arithmetic
mean) of a (compare (2.7) with (2.12)). Finally, by the uniqueness of the solution to (2.11) it follows that
the whole sequence (us) converges weakly in Hy'*(2) to ug, without extracting a subsequence (use the
Urysohn property).

Remark 2.1. Let us note that

1
M) = o

with strict inequality in general. This fact follows immediately by the Holder inequality applied to
Iy \/E% dy (recall that 0 < o < a(z) < B < 400 for a.e. x € R).
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3. Asymptotic expansions using multiple scales

For every h € N, let a" : R® — M"™ "™ be the function defined by (1.4). In order to study the
asymptotic behaviour of the solutions uy to
(3.1) {Ahuh = —div(a"(x)Dup) = f on Q,
Uh|89 =0 on 0f) y
where f € L?(Q) , an efficient technique consists in applying asymptotic expansions using multiple scales
(i.e., “slow” and “fast” variables). More precisely, the heuristic device is to suppose that wuj has a two-scale
expansion of the form

x x x
(3.2) up () = uo(x, —) + epui(x, =) + crug(x, —) + ...,
Eh Eh Eh

where the functions w;(z,y) are Y-periodic in y for every = € 2. This means that we postulate the
existence of smooth functions wu;(x,y) defined on  x R™, Y -periodic in y and independent of &5, such
that the right hand side of (3.2) is an asymptotic expansion of wj, (as well as its derivatives).

Let us note that the two variables z and % take into account the two scales of the homogenization
phenomenon; the x variable is the macroscopic variable, whereas the % variable takes into account the
“microscopic” geometry.

The method we are going to develop turns out to be very useful to obtain the right answers in
the study of the limit behaviour of the solutions to problem (3.1) (but also for more general cases). The
proof of the correctness of the formulas obtained by this method can sometimes be made directly, but in
general other tools will be needed (for example, the use of particular test functions and a compensated

compactness lemma).

Remark 3.1. It is technically complicated to keep track of the boundary conditions when seeking uj in
the form (3.2) and this is actually the source of serious technical difficulties in justifying the method. The
method will nevertheless give the “right answer” because it will turn out that, in this sort of problems,
the boundary conditions are somewhat irrelevant.

The idea of the method is (simply) to insert (3.2) in equation (3.1) and to identify powers of €. In
order to present these computations in a simple form, given a smooth function ®(z,y) of two variables,
define the function ®,(x) of one variable by

X
Oy (2) = (2, —)
Eh
d note that
and note tha oD, 0o 1 0d

T
Ox; (z) = Ox; + En ayi) (= a) ’
Then, one can write

(3.3) Ay = (6,7 Ao + 25, s + €0 A2) @] (. ).
h
where
"9 0
Ay = *WZZI E (a”(y)f)—y])
"9 0 "9 0
A= = 3 G~ 3 o 50)

9 0
Ay = *.Z 3 .(aij(y)%j)-
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By using (3.2) and (3.3), the equation (3.1) becomes, under the assumptions that a and the u;(z,y) are

smooth,
(3.4) (Aouo)(z, —) =0  on Q,
En
(3.5) (Aour + Ayuo)(z, i) —0 onQ,
(3.6) (Aous + Arur + Asuo) (2, —) = f(z)  on Q;

€h

of course one can (formally) proceed:

(Agug + Ajus + Asuy + Asug)(z, i) =0 on ) etc.
Let us see that the homogenized operator can be constructed from (3.4), (3.5) and (3.6), which will be
done in the sequel.
Because of the Y -periodicity of w;(x,-), around any point x the function z — u;(z, i) behaves
like 2z +— wu;(z, é) Hence we shall determine u; by means of the following problems where = is now a
fixed parameter:

(3 7) { (AOUO)(‘T7 .) = 0 on Y}
' uo(z,-) Y-periodic (i.e., ug(x, ) has the same values on the opposite faces of Y);
(3.8) { (Aour)(z,-) = —(Aruo)(z,)  onY,
' ui(x,-) Y-periodic;
(Aouz)(z,-) = f(x) — (Arur + Aguo)(z,-)  onY,
(3.9) o
us(z,-) Y-periodic.

Let us consider problems (3.7)-(3.9) in the framework of weak solutions.

Let us start by proving an existence result for a boundary value problem on the unit cube. Let
HL2(Y) denote the subset of H'?(Y") of functions u which have the same trace on the opposite faces of
Y. Moreover, we denote by Hﬁl’Q(Y) the subset of H12(Q) of all the functions u with mean value zero
which have the same trace on the opposite faces of Y.

Lemma 3.2. Let F € (H}2(Y))*. Then

per

(3.10) { Sy (a(y) D, DY) dy = (F.4p)  for every i € Hy3(Y),

p € H?(Y)
admits a unique solution if and only if

(3.11) (F,1)=0.
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Proof. Condition (3.11) is clearly necessary since [, (a(y)Dy, Dip)dy = 0 if ¢ is constant. Note that

Hﬂ1 2(Y) is a closed subset of H'“2(Y), and therefore a Hilbert space. Moreover, by the Poincaré-

Wirtinger inequality (see Theorem A.1.14) [|Dv||f2(y,g») defines a norm on Hﬂm(Y) equivalent to the
norm ||v||g1.2¢yy. Let us consider ay : Hﬁl’Q(Y) X Hﬂl’2(Y) — R defined by

ae.0) = [ (aly) Do, D) dy.
Y
Clearly, a; is a bilinear form. Moreover, by the boundedness assumption of a it follows that

la1(p, V)| < el Deollz(yme) [ DYl L2 (v re)

for every ¢, ¢ € Hﬂ1 ’2(Y). Therefore, a; is continuous. Moreover, the ellipticity condition satisfied by
a implies immediately that a; is coercive. Therefore, by the Lax-Milgram lemma there exists a unique
function ¢ € Hﬁl’Q(Y) satisfying

| @)D, Doydy = (B} tor every v € HE().
Since (F,1) =0 it turns out that ¢ satisfies also
[ @)De.DoYay = (B} for every v € HAY).

Hence, (3.10) admits a unique solution in Hﬁl’Q(Y). U

Let us apply this lemma to the solution of (3.7), (3.8) and (3.9).

Step 1: Study of (3.7).

Let us look for a solution to the problem (3.7), i.e.,

{ (Aouo)(z,") =0 onY,
uo(z,-) Y-periodic

(note that the periodicity condition plays the role of boundary conditions). By using the Green formula
and by taking into account the periodicity assumptions, one proves easily that problem (3.7) is equivalent
to the following one: find wug(z, ) € HL2(Y) such that

per

(3.12) /Y(a(y)Duo, Dy)dy =0 for every i € HL2(Y).

Let us recall that x plays the role of a parameter (hence Dug is the gradient with respect to y). By
Lemma 3.2 we can conclude that uo(z,-) € H)2(Y) is determined by (3.12) up to a constant. By taking

¥ = up(x,-) in (3.12) and by using the ellipticity condition satisfied by a, it follows immediately that
ug(x, -)=costant, i.e.,

(3.13) uo(z,y) = uo(z).
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Step 2: Study of (3.8).
Using (3.13), problem (3.8) reduces to

{ (Aour)(z, ) = ZZJ‘:1 (%aij('))%(z) onY,

(3.14)
up(x,-) Y -periodic.

This is still a problem in y, where = is a parameter. Due to the separation of variables on the right hand
side of (3.14), we are able to represent u; in a simple form. Let us note that by Green’s formula and the
periodicity assumptions the weak formulation of (3.14) becomes: find ui(z,-) € HL2(Y) such that

per

(3.15) /Y( (y)Duy, Dib)dy Z Ouo / a;;Dipdy  for every v € HL2(Y).

1,]= 1
Let us consider for k£ =1,...,n the problem
(3.16) Jy(al (), DY) dy = — [y (a(y)ex, Dv(y))dy  for every ¢ € Hy*(Y),
' wk e Hnl’Q(Y) .

Note that the function F* : Hﬁl’Q(Y) — R defined by ¢ — F*(@) = — [,.(a(y)er, DY) dy is a linear and
continuous function on H ﬂl ’2(Y). By the Lax-Milgram lemma for every k = 1,...,n there exists a unique
solution to (3.16). Then the general solution to (3.15) becomes

= 8 -
(3.17) Z g?rk + uy(z),

where 7 is an additive constant (function of the parameter x).
Step 3: Study of (3.9).

We now consider (3.9) where we think of us as the unknown, x being a parameter. Let us consider the
function F: HL2(Y) — R defined by

br
(F, ) /f )9z (y dy—i—z / 8“1

1,j= 1
0 a’u,o
axiLazg(y)a—%wd

We note that problem (3.9) is equivalent (the proof is analogous to the previous ones) to find us(z,-) €
HL2(Y) such that

per

a o -
- Z / au; oy Wt .Zl
i,j=

3,7=1

/Y(a(y)DuQ, D) dy = (F, 1) for every 1 € HY2(Y).
By virtue of Lemma 3.2, uy exists if and only if
(3.18) (F,1)=0.

Condition (3.18) is the homogenized equation we are looking for. Indeed, by taking ¢ = 1 and the
expression of u; into account, (3.18) becomes

n 2
(3.19) - Z bikﬂ =f on(,
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where

(3.20) bir = ﬁ /Y(aik (y) + ;aij (y)aaxiy))dy

(recall that |Y] =1 and will be therefore successively omitted). The equation (3.19) is the homogenized
equation and the coefficients b;; are the homogenized coefficients. We will prove (see Proposition 4.2) that
the homogenized matrix is symmetric if a has this property and satisfies an ellipticity condition like a.
Finally, to obtain a well posed problem for wug, we only need a boundary condition for ug. From (3.1) and
(3.2) we obtain uplan(x) = 0 on 9. Note that this relation is formal, but it will be rigorously proved
below.

Remark 3.3. Let us note that the preceeding considerations can be summarized as follows: if we postulate
an expansion of the form (3.2), the first term ug is determined as a solution to the equation (3.19) with
the boundary condition wug|sq(z) = 0 on 9€2. The formal rule (which will be justified below) to compute
the homogenized coefficients is as follows:

i) solve (3.16) on the unit cell Y, for k=1,...,n;

ii) by is given by (3.20).
We shall prove in Theorem 4.1 that (up) converges (in an suitable topology) to the function ug given
above.

Remark 3.4. Let us conclude with some remarks on the homogenized operator.

k — w solution to

d dw, da(y)

(i) In the one-dimensional case one has w

hence, a(y)‘fi—z = —a(y) + ¢. The condition on w to be periodic implies that fy(fl + ﬁ)dy =0,
ie.,
1 dw c
~14+eM(=)=0 — =14 —.
@ dy a(y)
Then, the homogenized coefficient has, according to (3.20), the form
1
b= [ (@) - al) + )y =c =
Y M(3)
and we find (2.12).
(ii) Let us note that the homogenized coefficients have the form
= ow”
b, = M(aa) + Y M(aij——).
= dy;

As we have already seen in the one dimensional case
n n
h
STaliDyun A M(ai)Djug
=1 j=1

k
and M(aij%) appears as a “corrector”.
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4. Homogenization (symmetric case)

By Sy we denote the set of all functions a : R® — M™™ such that a(z) = (a;j(2)), 4,5 =1, ..
is Y -periodic and satisfies the following properties:
(4.1) a;; € L>®(R™) for every 4,5 =1,...,n;
(4.2) aij =aj on R™ for every i,j=1,...,n;
(4.3) there exists a constant o > 0 such that (a(2),&) = 327, aij(2)§;& > al¢f* for ae. x € R™ and
for every £ € R™.

SN

Given a € Sy, we consider the following Dirichlet boundary value problems on the bounded open
subset 2 of R™:

—di 3D = Q
(ot =5 o
up € HO (Q) s

where (f5) is a sequence of functions converging strongly in H~=%2(Q) to f, and (g5,) is a sequence of
positive real numbers converging to 0.

In this section we shall prove the convergence, as (gp) tends to 0, of the solutions up, to (4.4) to
the solution wug of the following homogenized problem

—div(bDug) = f on Q,
(45) {uo € Hy?(Q).

The constant matrix b = (b;;) is defined by

dw*(y)

dy,
ayj)y

(4.6) bi, = / (ain(y) + Y aij(y)
Y =
where w” is the unique solution to the local problem

(4.7) { [y (a(y)(ex + Dw*(y)), Dv(y))dy =0 for every v € Hnl’Q(Y) ,

1,2
wh e Hy (Y).

More precisely, we shall present here Tartar’s proof (known as the energy method) of the following con-
vergence theorem of De Giorgi and Spagnolo (see [44], [23]). (Note that some homogenization results for
(4.4) are proven also in [4] and [5].)

Theorem 4.1. Let a € Sy and let (1) be a sequence of positive real numbers converging to 0. Assume
that (fn) converges strongly in H=12(Q) to f. Let up and ug be the solutions to (4.4) and (4.5),
respectively. Then,

(4.8) up — U weakly in Hy*(Q).

(4.9) a(i)Duh — bDuy weakly in L2(Q; R™).

€h
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Proof. Recall that a”(z) = a() € M™*" for every x € R". The weak formulation of the Dirichlet
boundary value problems (4.4) becomes then

(4.10) { Jo(@"(x)Duy, Dv)dz = (fu,v) for every v € Hy?*(Q),

up, € Hy?(Q).
By taking v = up, in (4.10), and by taking (4.3) into account we have
o [ 1Dwds < [ (@ @)Dun, Dun)de < Wfull-soenllunl ey < cllunllpae
where c¢ is a constant independent of . By Remark A.1.15 this implies that
(4.11) Huh”HS’Z(Q) <,

where C' is a constant independent of h. Consider now the vector in R™ defined as

(4.12) e"(x) = a"(x)Dup(z) on Q,
ie., &h(x) = Z?Zl aﬁ‘j (m)aigh—zg””) for every i =1,...,n. Since (4.1) and (4.11) hold, we get immediately
(4.13) €M | L2@mny < C7,

where C’ is a constant independent of h. Therefore, there exist wu, € Hé’Q(Q), & e L2(Q;R™) and two
subsequences, still denoted by (up,), (€") such that

(4.14) up — u, weakly in H&’Q(Q),

(4.15) ¢" — & weakly in L2(Q;R").
Now, by writing (4.10) in the form
/Q(éh,Dv) dzr = (fn,v) for every v € Hy?(Q),
we can pass to the limit for any fixed v € H&’Q(Q) and we get
(4.16) /( z (&%, Dv)dx = (f,v)  for every v € Hy*()
(note that here the weak convergence in H~%2(Q) of (fs) to f would suffice). Let us suppose that

(4.17) & (x) = b Duy(x) for a.e. z € Q.

Then, (4.16) shows that u. € Hé’Q(Q) satisfies the weak formulation of the problem (4.5). By the
uniqueness of the solution to problem (4.5), we may conclude that u. = ug (in Proposition 4.2 we prove
that b satisfies the same ellipticity conditions as a; hence, the solution of (4.5) is unique). Therefore we
have only to prove (4.17). This will be done by means of the so called “energy method” (developed by
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L. Tartar) which is based on the introduction of test functions of a special suitable form (let us underline
that they have to be enough to identify the limit problem. As pointed out in other occasions, the main
difficulty lies in the passage to the limit in products of only weakly convergent sequences).

Let us consider the local problem (4.7) and let w* € HJ’Q(Y) be the solution to (4.7). Let us still
denote by w” its Y -periodic extension to R™. By Lemma A.1.16 it turns out that w” € H1’2(R”). Let

loc

us define for every k = 1,...,n the sequence of functions
k ko x kX
(4.18) wp(x) =z + epw”(—) = (ex, z) + epw”(—) for a.e. z € R”
Eh €h

(note that this function is in fact the sum of the first terms of the expansion ug(z) + epui(z, Z) with
ug(z) = (ex,x) and @i(x) = 0). The periodicity property of this function yields easily that

(4.19) {wﬁ — T strongly in L2(Q2), (as h — 00)

Duwf — ep  weakly in L2(Q;R"), (as h — o0).

Moreover, by Lemma A.1.17 (with g(y) = a(y)(ex + Dw"(y))), the functions w} satisfy the equations
(4.20) —div(a"(z)Dwy(z)) =0 in D'(R™).

Then, by multiplying (4.20) by any function v € Hé’Q(Q) we have

(4.21) /Q(ah(x)DwZ, Dv)dx =0.

In order to avoid difficulties with the boundary condition, let us take a function ¢ € C§°(€2) and let us
write (4.10) with v = pwf € Hy*(Q) and (4.21) with v = gu;, € Hy?(Q). We have then

[ (" @) Dun, (D) do + / (a" () Dun, (Duf)p) d = {fu, guf)

(4.22) “
[ @ @Dut (Dgun)do + [ (a" @)D}, (Dun)e) o =0
Q Q
Since a;; = aj; for every i,5 € {1,...,n}, we have that

/(ah(x)DwZ, (Dup)p) dx = / (ah(ac)Duh, (Dw,’i)go) dx .
Q Q

Therefore, by subtracting the second equation in (4.22) from the first one, we get
(4.23) /(ah(ac)Duh, (Dp)wk) dx — / (a"(z)Dw}, (Do)uy) dx = (fn, pwk)
Q Q

for every ¢ € C§°(Q2). Now we are in the position to pass to the limit in (4.23) as h — oo, since each term
is the scalar product in L?(€; R™) of an element which converges weakly and another which converges
strongly in L2(£2; R"™). Indeed

¢"(x) = a"(x)Duj, — € weakly in L?(Q;R")

(by (4.15)), and
(Dp)wk — (Dp)xy,  strongly in L(;R™)
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(note that (D) is fixed). Moreover,

n

L x awh - ow” T
(a" Dwk);( Z (@) =Y (ai; ()G + 5— (D) (=)

- Eh (9:Cj

for every i € {1,...,n}. Hence,

(4.24) th ;= / air(y) + Zau ))dy = (4.6) = by weakly in L?(Q).

Finally, (4.14) and Rellich’s theorem imply that
(Do)up, — (Dp)us strongly in L?(Q; R"™).

Since by (4.1) the sequence (wf) converges to x; weakly in Hy?(€) and by assumption (fy) converges
to f strongly in H~%2(Q), we can finally assert that

(4.25) / (> e zm—zbzk o) dr = (f. par)

=1

Moreover, by (4.16) with v = px},, the previous equation becomes

[ 3 oon -~ b (Digdo = [ S iDiten)do for every € CF().
Q=1 Q=1

and we get for every k=1,...,n

/(«EZ - ZbikDiu*)tp dx =0 for every ¢ € C§°(Q).
Q

i=1

Since the last equation holds for every ¢ € C§°(Q), we get that
& = ZbikDiU* a.e. on ()

for every k = 1,...,n. By the simmetry of the matrix b, which is shown in the next proposition, the proof
of (4.17) is accomplished. Since the homogenized operator is uniquely defined and we have uniqueness of
the solution to (4.5) we may conclude that the convergences

up — U weakly in Hy?(Q)
a"Duy, — bDuyg weakly in L2(Q; R™)

hold for the whole sequence, and not only for the above extracted subsequence. [
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Proposition 4.2. Let a : R® — M™ " be a function in Sy. Let b be the constant matriz defined by
(4.6). Then b is still symmetric and satisfies the same ellipticity condition as a, i.e.,
(i) by = bg; for every i,k=1,...n;
n

(ii) (b§,€) = Z binéré&s > alé)? for every € € R™.

ik=1

Proof. Let us prove (i). Fix k and s in {1,...,n} and let v = w?® in (4.7). We obtain

/Y (a(y)(ex + Dut(y)), Dut(y)) dy = 0.

By adding to both sides the quantity [} (a(y)(ex + Dw*(y)), es) dy we get

st + L™ ) dy = [ (atuer + D). (e. + D’ () dy.

k
Y
b = /Y (a(y)(ex + D (), (es + Dt (y))) dy

Since a(x) is symmetric on R™, the proof of (i) is accomplished.
Let us show (ii). Given £ € R™, let us define the sequence of functions

vp(x) = kaw’fb(x) for a.e. z € R",
k=1

where wf(z), k=1,...,n are the functions defined by (4.18). Note that by (4.19) and (4.24) we have
v = Yoy Serk = (€, 1) strongly in L?(Q),
(4.26) Dv, — & weakly in L2(; R™),
(a"Duvy); — (b€);  weakly in L%(Q), for every i =1,...n.
Moreover by (4.20) we obtain —div(a”Dvy,) = 0 in D'(R™). Let us show that
(4.27) /(ah(z)Dvh,Dvh)cp dx — /(bf,g)gp dx  for every ¢ € C3°(Q).
Q Q
Note that

/(ah(x)Dvh, Dup)pdr = — / (a"(z) Dvy,, Dp)vy, dz — (div(a” Duy,), oup)
Q Q

= —/(ahDvh,Dtp)vh dzx .
Q
By virtue of (4.26) the last integral converges to
- [ (e De)e.) e = [ (6o,

which proves (4.27) (note that this result can be obtained also immediately by the compensated compact-
ness lemma (see Lemma A.2.1 with g, = a"Dvy, and uj, = vy,).
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Let us note that the ellipticity condition of a implies that

/(ah(x)Dvh,Dvh)gadx > /a|Dvh|250das
Q Q

for every ¢ € C§°(Q), ¢ > 0. Now, by passing to the limit as h — oo, (4.27) and the weak lower
semicontinuity of the norm in L?(Q; R™) imply that

(4.28) /Q (b6, E)pdz > a /Q €20 de

for every ¢ € C§°(R2), ¢ > 0, which implies immediately (ii). ]

Let us state now some results which follow with minor modifications from the previous homogeniza-
tion result.

Let ap : R® — R be a Y-periodic function belonging to L°°(R™). Moreover assume that there
exists a constant § > 0 such that ag > 3 a.e. on R™. Then we have:

Corollary 4.3. Let a € S, ap be as defined above, and let (1) be a sequence of positive real numbers
converging to 0. Assume that (f) converges to f strongly in H=12(Q2). For every h € N, let uy, be the
solution to the Dirichlet boundary value problem

—div(a(F)Du an(EVu, = on Q
(429) { ( (Eh)D h)+ O(Eh) h fh ’

up, € Hy? ().
Then
up — Ug weakly in Hy*(Q),

where ug s the unique solution to the homogenized problem

(4.30) { —div(bDug) + M(ao)uo = f  on (2,

up € Hy?(9).
The constant matriz b is defined by (4.6) and M(ag) is the mean value of ag on Y .

Proof. Tt follows easily from Theorem 4.1 and the fact that

/ao(i)uhvdz — /M(ao)uovdz
Q En Q

for every v € Hy?(€2) (note that ao(Z-) = Mag) in L=(Q) weak*, and hence we have ao(=)un —
M ag)ug weakly in L2(9)). O
Corollary 4.4. Assume 9Q be Lipschitz. Let a € Sy, ag be as defined above, and let (ep,) be a sequence

of positive real numbers converging to 0. Assume that (fy) converges to f weakly in L?(Q). For every

h € N, let up be the solution to the Neumann boundary value problem

(4.31) { —div(a(Z)Dup) + ao(Z)un = fu  on Q,

(a(Z)Dup,v) =0 on 09,



An Introduction to Homogenization and G-convergence 103

where v denotes the unit outer normal to the boundary 0S2. Then
up — ug weakly in H2(Q),
where ug s the unique solution to the problem
{ —div(bDug) + M(ag)ug = f on Q,
(bDug,v) =0 on 0.
The constant matriz b is defined by (4.6) and M(ag) is the mean value of ag on Y .

(4.32)

Proof. Let us use as above the notation a”(z) = a(Z) and set ap(z) = ao(Z-). By weak solution of
(4.31) we mean a function uj, € HY2(Q) satisfying

(4.33) / ((ah(x)Duh, Dv) + ag(ac)uhv)dx = / frvdx for every v € HY2(9).
Q Q

Proceeding as in Theorem 4.1 and taking into account that ag(z) > S > 0 for a.e. x € R™, we get
that the sequence (uy) is uniformly bounded in H'?(Q) and therefore converges (up to a subsequence)
weakly in H12(Q) and strongly in L?(Q) to a function u,. Moreover, by the periodicity property of ag
we have that (a?) converges to M(ap) in L>(Q) weak*. We then obtain instead of the equation (4.16)
the following relation

(4.34) /Q((f*, Dv) + M(ag)usv) do = /va dv  for every v € HY2(Q)

(note that ¢* is the weak limit in L2(€; R™) of the sequence (£*) defined as a"(x)Duy(x)). This shows
that the functions £* and wu, satisfy a certain equation and an associated boundary condition as in the
classical Neumann boundary value problem. Therefore, to conclude the proof it remains to show that

& (x) = bDux(x) for a.e. z €Q.

But the proof of this relation is of course the same as in Theorem 4.1, since it is a local property independent
of the boundary conditions. ]

Remark 4.5. The example studied in Section 2 shows that in general (Duy) does not converge strongly
in L2(;R™) to Dug. Indeed, assume for a moment that the solutions u; and ug to (2.3) and (2.11)
respectively, satisfy

dun _, duo

(4.35) e dr strongly in L?(Q).

Then,

(4.36) @) @) eakly in L2(0):
' dx dx Y '

and one would be able to pass to the limit directly in the equation
dup d
/ah—uh—v xZ/fvdx
0 dIE dIE 0

dug d
/Q./\/l(a)%é dr = A fvdz  for every v € HM2(Q).

and obtain

But this is not the limit equation (see also Remark 2.1) and we get a contradiction.

Therefore, (4.8.) cannot be improved without adding extra terms (of the “corrector” type). In [9]
(Chapter 1, Section 5) one can find the proof of the following corrector result.
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Theorem 4.6. Let us assume that the hypotheses of Theorem 4.1 hold true. Moreover, assume that
i) fn f € LX(Q);
i) w* defined by (4.7) belongs to W1 (Y) for every k=1,...,n.
Then
Duy, = Dug + P"Dug + 1, with r, — 0 strongly in L*(;R"),

. . 'Ujk x
where the matriz P"(x) = (Pl (x)) is defined by Pl (z) = %Zi (L).

€h

Remark 4.7. Note that from a numerical point of view correctors are important since the weak H2-
convergence is not completely satisfactory. Correctors give a “good” approximation of Duy,, since it is an
approximation in the strong topology of L?(€; R™) (the term P"Dug “corrects” rapid oscillations of the
gradient of (up — up)).

Furthermore, the corrector result turns out to be a basic tool in the study of the asymptotic be-
haviour of the bounded solutions u; to quasilinear equations of the form

—div(a(i)Duh) + yup = Hh(:c, up, Dup) ,

where a € Sy, v > 0 and the Hamiltonians H" = H"(z,s,£) are measurable in ', continuous in the pair
[s,&] and have, for example, quadratic growth in £ (see [8], where also the case a non-symmetric has been
considered).

II. Homogenization of monotone operators

5. Homogenization and correctors for monotone operators

Let us deal now with the homogenization of a sequence of nonlinear monotone operators A" :
Hy?(Q) — H12(Q) of the form
x
Ahy = —div(a(—, Du)),
Eh

where a(z,-) is Y -periodic and satisfies suitable assumptions of uniform strict monotonicity and uniform

Lipschitz-continuity. The results presented here are contained in [47] (see also [2] and [3]).

By N we denote the set of all functions a : R™ x R™ — R™ such that for every £ € R", a(-,€)
is Lebesgue measurable and Y -periodic and satisfies the following properties: there exist two constants
0 <a < B < 400 such that

(5.1) (strict monotonicity) (a(z,&) — a(x,&2), & — &2) > alé& — &[?
(5.2) (Lipschitz-continuity) |a(x,&1) — a(x,&2)| < Bl&1 — &

for a.e. x € R™ and for every &1, & € R™. Moreover

(5.3) a(xz,0) =0 for a.e. x € R".
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Remark 5.1. Note that a(z, &) = a(x)¢, where a : R™ — M™*™ is Y -periodic and satisfies (4.1) and (4.3)
(without any symmetry assumption) belongs to Ay. Therefore we shall deduce from a homogenization re-
sult proven for NV a homogenization result for a sequence of operators of the form A"u = —div(a(%)Du),

where a is not necessarily symmetric.

Given a € Ny, for every &, > 0 and f, € H~1?(Q2) let us consider the following Dirichlet boundary
value problem on the bounded open subset €2 of R™:

—div(a(Z, Dup)) = fr - on Q,
5.4 ,
(54) {uh € Hy?(Q).

Remark 5.2. By a classical result in existence theory for boundary value problems defined by monotone
operators (see Theorem A.3.2) for every f, € H~12(Q) and for every €, > 0 there exists a unique solution
up € Hy?(Q) to (5.4). Indeed, let us consider the operator A" : Hy?(Q) — H~"2(Q) defined by

Al = —div(a(i, Du)).
€h
By (5.1) we have that
(Ahul — AhUQ, Uy — U2> =

= /(a(i,Dul)—a(i,Dug),Dul — Dug) dx > a/ |Duy — Dus|*dx
Q €n €h Q

for every uy, us € Hé’Q(Q) , which guarantees that A" is a strictly monotone and coercive map on Hé’Q(Q)
(take into account (5.3)). Moreover, by (5.2) we get

| A"y — Ahu2HH*1’2(Q) < Bllur — u2||H3’2(Q)
for every wuy, us € HO1 2(Q) which proves the continuity of A". Therefore, by Theorem A.3.2 we have
existence and uniqueness of a solution to (5.4)
In this section we shall prove the following homogenization result:
Theorem 5.3. Let a € Ny and let (g1,) be a sequence of positive real numbers converging to 0. Assume
that (fn) converges strongly in H=12(Q) to f. Let (up) be the solutions to (5.4). Then,
up — U weakly in Hy(Q),
a(i,Duh) — b(Duy) weakly in L*(; R"),
En
where ug is the unique solution to the homogenized problem

—div(b(Dug)) = f on Q,
{UO € HOLQ(Q) .

The operator b : R™ — R” is defined for every £ € R™ by

(5.6) b@%iéams+Dw%mm%

(5.5)

where wé is the unique solution to the local problem

(5.7) Jy(ay, &€ + Dt (), Dv(y)) dy =0 for every v € H}*(Y),
' wé e H*(Y).
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Remark 5.4. Proceeding analogously as in Remark 5.2 one can prove the existence and uniqueness of a
solution to the local problem (5.7). It can be shown directly by using the definition of b and the properties
satisfied by a, that b: R"™ — R"™ is monotone and continuous on R"™ (hence, by Theorem A.3.2 maximal
monotone). Furthermore, it will be seen in the sequel that the operator b satisfies strict monotonicity
properties like a (this implies in particular the uniqueness of the solution to (5.5)).

Let us show that b is monotone. Given &1, & € R, by the definition of b there exist wé € Hﬂm(Y)
i =1,2 satisfying

(5.8) /y(a(y,@ + Dw®i(y)), Dv)dy =0 for every v € Hﬂm(Y)

and

be) = /Y a(y, & + Du () dy

Therefore, by taking (5.8) and (5.1) into account, we get
(b(gl) - b(§2)a§1 - 52) = (/ a(:‘!a&l + Dw& (y)) dy — / a(y7§2 + D’LU& (y)) dy, &1 — 52)
1% 1%
— [ (ol + DuS () ~ 0ty & + D). 61 - ) dy

= /Y(a(y,& + Dw® (y)) — aly, & + Dw® (y)), (& — Dw® (y)) — (& + Dw*(y))) dy
> 0;

this proves that b is monotone.

Let us prove that for every &, & € R™ we have

52
(5.9) [6(&1) = b(&)] < &1 — &l
Let w® € H,*(Y) i =1,2 satisfying
5.10 a(y,& + Dws (y)), Dv)dy = 0 for every v € HM(Y
v #
and

be) = /Y a(y, & + Dufi () dy

Then, by taking (5.2), (5.1) and (5.10) into account, we get

Ib(E) (&) = | /Y aly.&1 1 Do () dy — /Y aly. € 1 D () dyl?

< /Y la(y, &2 + Du () — aly, & + Du ()| dy)*
< (8 /Y (&1 + Duf (y)) — (& + Du ()| dy)?
< ([ &+ Dut ) ~ (&2 + Du(0)* ay)

< % ( /Y<a<y, &+ Dt () — aly, & + Dw® (), (&1 + Du® (y)) — (€2 + Dw® (y)) dy)

2
<
(0%

(b(E) — b(&2). &1~ &) < ib(en) ~ bE)llen — ol
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and (5.9) follows.

Proof of Theorem 5.3. By Remark 5.2, for every h € N, there exists a unique solution uy to the problem

(5.11) { Jo(a(Z, Duy), Dv) dx = (fp,v) for every v € Hy*(Q),

up € Hé’2(Q).

By taking v = up in (5.11) and by means of the assumptions (5.1) and (5.3) (take into account also that
(fn) is uniformly bounded in H~%2(2)), we get immediately

(5.12) lunllgz2@) < ¢
where c¢ is a constant independent of h. Let us define
¢h = a(i,Duh) .
€h
By (5.2), (5.3) and (5.12) we obtain that

(5.13) 1" 22y < C

where C' is a constant independent of h. Therefore, there exist u, € Hy*(2) and £* € L?(Q;R™) and
two subsequences, still denoted by (uz) and (&%), such that

(5.14) Up — Uy weakly in Hy?(Q),
' "~ ¢ weakly in L2(Q; R").

By passing to the limit in (5.11) we get (in the sense of distributions)
—divé* = f on
(note that here the weak convergence in H~%2(Q) of (fs) to f would suffice). If we show that
& =b(Duy) a.e. on Q,

then by the uniqueness of the solution to problem (5.5) we have to conclude that u, = ug. Arguing as in
the proof of Theorem 4.1 we obtain then that the convergences

Up — Us weakly in H,y?(Q),
& —~ ¢ weakly in L*>(Q;R")

hold for the whole sequence, and not only for the above extracted subsequence. Therefore, the proof of
Theorem 5.3 is accomplished if we show that £* = b(Du.) a.e. on .

In order to prove that &* = b(Du,) a.e. on © we define a sequence of suitable functions w; €
HY2(Q), ,Y -periodic, in the following way. Given n € R™, let us consider a solution w” € Hﬁl’Q(Y) to
problem (5.7). Let us still denote by w" its Y -periodic extension to R™. It can be proved (see Lemma
A.1.16) that w" € HL?(R™) and

/ n(a(z, n + Dw"(z)), Dv(z))dr =0
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for every v € C§°(R"™) (see Lemma A.1.17). Let us define
(5.15) wil(z) = (n,z) + Ehw"(i) for a.e. z € R™.
The periodicity properties of this function and of a yield easily that
w) — (n,z)  weakly in H"?(Q),
(5.16) Dw] — n  weakly in L*(; R"™),
a(Z, Dwy(x)) = a(-,n + Dw"())(%) — b(n) weakly in L?(Q; R"™).

By the monotonicity of a we have

/(a(si,puh(z)) — a(Z, Dw)(x)), Dup(z) — Dw)(z))p(x) dz > 0
Q h Eh

for every ¢ € C§°(Q2), ¢ > 0. By passing to the limit as h tends to oo, the compensated compactness
lemma A.2.1 implies that

/Q (€(2) — b(n), Dus(z) — m)p(z) dz > 0

for every ¢ € C§°(Q), ¢ = 0 (note that —div(a(Z, Dun)) = fr, and (fn) converges to f strongly
in H~12(Q); moreover fdiv(a(ﬁ,DwZ)) = 0 for every h € N, and (5.16) hold). Therefore, for every
n € R™ we have

(5.17) (& (x) = b(n), Dux(z) —1n) > 0 for a.e. z € Q.
In particular, if we denote by (7,,) a countable dense subset of R™, (5.17) yields that
(5.18) (€"(x) = b(Mm), Dus(x) = np) > 0 for a.e. € Q, for every m € N.
This implies by the continuity of b (see Remark 5.4) that

(& (x) = b(n), Dux(z) —n) > 0 for a.e. x € Q and for every n € R™.

By taking the maximal monotonicity of b into account the last inequality guarantees that £*(x) =
b(Du.(zx)) for a.e. x € Q, which was our goal. U

Proposition 5.5. The operator b: R™ — R"™ defined by (5.6) satisfies the following property:
(5.19) (b(&1) = b(&2), 61— &) > al& — &P
for every &1, & € R™.

Proof. Let & € R™, i =1,2. For every ¢ = 1,2 let us consider the sequence of functions w% € H2(Q)
such that

wh — (&,x)  weakly in HV2(Q),
(5.20) Dw% - & weakly in L?(Q; R"™),

a(Z, Dw% (2)) = a(-,& + Duw (1)) (£) — b(&) weakly in L?(Q;R").

h



An Introduction to Homogenization and G-convergence 109

By the monotonicity of a it follows that
€T 1 T P 1 &2 dr > Duws D £212 d
Q(a(a,th ) — a(a,th ), Dwp' — Dwi?)p(x) de > o Q| wp' — Dwi?|“p(x) dx

for every ¢ € C§°(Q), ¢ > 0. By passing to the limit as ~ tends to oo, the compensated compactness
lemma (used on the left hand side) and the weak lower semicontinuity of the norm in L?(Q; R"™) (applied
on the right hand side) ensure that

[ 0460 - bie2). D1 ~ DEela) do > a [ 61 - EPeola) d
Q Q
for every ¢ € C§°(R?), ¢ > 0, which implies (5.19). [

Finally, let us mention that a corrector result for the case a € Ay has been proven in [22]. It can
be stated as follows:

Theorem 5.6. Assume that the hypotheses of Theorem 5.3 hold true. Let up be the solutions to the
equations (5.4) and let ug be the solution to problem (5.5). Then

Duy, = pp(-y, MpDug) + 3, with 7, — 0 strongly in L*(Q; R™).

Here, for every e, > 0, the function p;, : R® x R™® — R" is defined by pp(x,&) = &+ Dwf(ﬁ),
where w¢ is the unique solution to the local problem (5.7). Moreover, for every ¢ € L?(£2; R™) the function
Mpp: R™ — R" is defined by
1

| r)dy,
Yyl Jy:

(Mip) (@) = 3 1y (@)

i€lp

where V! =¢ep(i+Y) (for i € Z"), I, ={i € Z" : Y;i C Q} and 1, is the characteristic function of a set
ACR".

Remark 5.7. This corrector result permits to study the limit behaviour of the bounded solutions u; to
quasi-linear equations of the form

—div(a(i, Duy,)) + yup = H(é, up, Dup,) ,

where a € Ny, v > 0, and H = H(x,s,§) is Y -periodic in z, continuous in the pair [s,¢] and grows at
most like |¢]? (for more details see [20]).
Conclusive remarks

Let us conclude this chapter with the statement of some further results on homogenization of

nonlinear monotone operators in divergence form.

The case 1 < p < +00 has been studied under analogous hypotheses of uniform strict monotonicity
and equicontinuity for a by Fusco and Moscariello in [27] and [28]. Given two positive constants a and
[, they prove an homogenization result for

Ahy = —div(a(i, u, Du)),
En
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where a(x, s,&) verifies the following structure conditions:

a) a(-,s,&) is Y-periodic and Lebesgue measurable on R";
b) for a.e. © € R™, for every s, s1, s2 € R, and &, & € R™

ifp>2
i) (a(z,s,61) —a(z,8,&),& — &) > afé — &P
i) a(z,s1,&1) = a(z,52,&)] < B+ [s1] + [s2] + [&] + &))"~ (Is1 — s2| + 61 — &)
ifl<p <2
j) (a(z,s,&1) —a(z,s,&),& — &) > al& — &P([6] + [&])P?
3i) la(z,s1,61) — a(z, s2,82)| < B(|s1 — s2| + [& — &P~
¢) a(z,0,0) € LY(Q;R™) if p > n, or a(x,0,0) € Lpl(Q;R") with p’ > # if p <mn.

The main result is the following:

Theorem 5.8. Let a : R” x R x R" — R" satisfying a), b) and ¢). Assume that f € LV (Q) with
p > %. Let () be a sequence of positive real numbers converging to 0. Let uyp, be the solutions to the

Dirichlet boundary value problems

—div(a(Z, un, Dup)) = f on Q,
up € Wy P(Q).
Then

up — U weakly in W, P(Q),

a(i,uh,Duh) — b(ug, Dug) weakly in LI(Q; R™),
e

where ug is the unique solution to the problem

—div(b(ug, Dug)) = f on 2,
{uo e W, P(Q).

The homogenized operator b : R x R™ — R™ 1is defined by
s, 6) = [ alys.&+ Duf(y) dy.
Y

where wé is the unique solution to

fY(a’(ya s,& 4+ Dws(y)), Du(y))dy =0 for every v € Wﬁlﬂp(y)
wé € W P(Y).

Finally, in [19] the regularity conditions on a (required until this point) has been weakend and also
the general case where a is a possibly multivalued map has been considered. To state the main result let
us introduce some notation and definition.

For every open subset Uin R™ we denote by L(U) the o-field of all Lebesgue measurable subsets
of U, and by B(R"™) the o-field of all Borel subsets of R™. Let 1 < p < +00, and let us fix two constants

my > 0, mg > 0, and two constants ¢; > 0, c3 > 0.
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Definition 5.9. By M(R"™) we denote that class of all (possibly) multivalued functions a : R" — R"
which satisfy the following conditions:
i) a is maximal monotone;

ii) the estimates
|77|q < mi+ Cl(nag)

I€[F < ma + c2(n,€)
hold for every £ € R™ and 7 € a(€).

For every open subset U of R™, by My(R™) we denote the class of all multivalued functions
a:U x R™ — R" with closed values which satisfy the following conditions:
iii) for a.e. y €U, a(y,-) € M(R"™);
iv) a is measurable with respect to L(U) ® B(R™) and B(R"), i.e.,

a NC) ={[y,{] cUxR™:a(y,)NC # O} € L(U) ® B(R")

for every closed set C' C R™.
Now we can state the homogenization result:

Theorem 5.10. Let a € Mga(R"™) be such that a(-,&) is Y -periodic for every £ € R™. Let (e3) be a
sequence of positive real numbers converging to 0. Let up be the solutions and g, be the momenta to the
Dirichlet boundary value problems

gn(z) € a(Z, Dup(z)) for ae. x €Q,
—divgp, = f on Q,
up € Wy P(Q).
Then, up to a subsequence,
up — U weakly in Wy *(Q),
gn — g weakly in LI(Q; R™),

where u is a solution and g is a momentum of the homogenized problem

g(z) € b(Du(zx)) for a.e. z €Q,
—divg=f onQ,
u e WyP(Q).

For every £ € R™, the set b(§) is defined by
b(é) ={v e R": Jub ¢ Wﬁl’p(Y)Elk € LYY ; R") satisfying (5.21) and v = /Yk(y)dy},
and
wé e W, P(Y),  keLU(Y;R"),

(5.21) k(y) € a(y, & + Dw(y)) fora.e. yeyY,
Jy (k(y), Dv(y))dy =0 for every v e Wﬂl’p(Y).
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Note: The main examples of maps of the class Mgr»(R™) have the form

(5.22) a(x,§) = 0ep(x,€)

where O; denotes the subdifferential with respect to £ and i : R” x R" — [0,400[ is measurable in
(x,€), convex in &, and satisfies the inequalities

alél? < P(x, &) < o1+ €P)

for suitable constants 0 < ¢; < cy. In this case the operator —div(a(%7 Du)) is the subdifferential of the
functional

(5.23) Uy, (u) = /Qw(%,Du) da |

Note that the homogenization of a family of variational integrals of the form (5.23) has been studied by
Marcellini in [32] and by Carbone and Sbordone in [17] using the techniques of I'-convergence introduced
by De Giorgi.

Let us point out that if 1 is not assumed to be differentiable the map a can be multivalued. More-
over, the “multivalued approach” finds also a motivation in the fact that, under the general assumptions
on a € Mg~ (R"™), the additional hypothesis on a to be single-valued is not enough to ensure the same
property for the homogenized operator b (see [19], Section 4).

ITI. G-convergence; H-convergence

6. Setting of the problem. G-convergence for second order linear (uniformly) elliptic oper-
ators. The symmetric case

Let € be a bounded open subset of R™. Let o and (3 be constants such that 0 < o < 8 < +0.

Let us denote by M(«, 3) the set of all functions a : @ — M"™*" satisfying the following properties:
(6.1) a;; € L>®(Q) for i,j=1,...,n, and |a(x)§] < FJ¢| for a.e. z € Q and for every £ € R™;
(6.2) (a(z)&,€) > al¢)? for a.e. x € Q and for every £ € R™.

Let us consider a sequence (a") in M(a,3) and let f € H~12(Q) (for the sake of simplicity,
without loss of generality, we consider from now on a right hand side term independent of h). Then, for
every fixed h, there exists a unique solution w; to the Dirichlet boundary value problem

—div(a"(x)Duy) = f on 2,
{uh € Hy*(Q),
and
allunllgre@)y < 1fla-1200) -

Hence, there exists a subsequence (uy(x)) of (up) such that
Ug(ny — up weakly in Hé’Q(Q).

As in the periodic case, the problem is then the following: what can we say about ug? Does ug satisfy an
equation of the same type as up?
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Remark 6.1. If (a") € M(a, 3), and
a" — a° strongly in LOO(Q;R”Z)
we can pass to the limit in a”Duj, and we have
a"Duy, — a®Duy  weakly in L?(Q;R")
and hence ug is the solution (unique since a® € M(a, 3)) to
{ —div(a®Dug) = f in Q,
up € Hy* () .

Let us note that the previous result is not true if we do not have the strong convergence of the sequence
(a").

Indeed, let Q =]xg,z:[C R and f € L?(2). Let us consider the sequence a" € M(a, 3) = {a" €
L*(Q) :a < a(x) < B forae. 2 € Q} defined by a"(z) = g(hz), where g : R — R is a 1-periodic
function defined on 0, 1 by

a ifo<z<i
g(z) = { ’

g ifi <az<l.

Then we get (up to subsequences)

while

converge in the weak topology of Hé 2(Q) to the solution of the Dirichlet boundary value problem

{ — i (a®(x) ) = in

’U,o(l'o) = Uo(ml) =0.

1

Let us point out that only in dimension n = 1 the weak™ limit of (i) caracterizes the coefficients of the

matrix we are looking for. This is not longer true in dimension n > 1 as shown by an example in [33].

In order to answer to the above questions and other related questions for a more general class of
problems we follow the approach which uses the theory of G-convergence. A first notion of G-convergence
for second order linear elliptic operators was introduced by De Giorgi and S. Spagnolo in [23], [42], [43],[44]
as the convergence, in a suitable topology, of the Green’s operator associated to the Dirichlet boundary
value problems, in the case that a" € M(a, 3) and a"(z) is symmetric. Let us recall it briefly here.
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Definition 6.2. For every h € N let a" € M(a, ), alj(x) = aZ(z) for ae. 2 € Q and for every
i,j=1,...,n and let a° € M(a,3), a?j(ac) = a]Qi(ac) for a.e. z € Q and for every 4,7 = 1,...,n. We
then say that (a) G-converges to a° if for every f € H~%2(Q) the solutions uj, of the equations

(6.3) { —div(a"(x)Duy) = f  onQ,

up, € Hy* ()

satisfy

up — Ug weakly in H,?(Q),

where wug is the solution to

(6.4) { —div(a®(z)Dug) = f ~ on 9,

uo € Hy?(Q).

The main result (which motivates the definition) is the sequential compactness of the class of sym-
metric functions belonging to M (a, ) with respect to the G-convergence.

Theorem 6.3. Given a sequence (a") C M(a,B), a™(z) symmetric, then there exist a subsequence
(a®™) of (a") and a® € M(a, B), a®(z) symmetric such that (a®™) G-converges to a°.

Remark 6.4. The above result can be expressed as follows: given a sequence (a") C M(a, ), a™(x)
symmetric, there exist a matrix ' € M(a, 3), a®(x) symmetric (called the G-limit) and an increasing
sequence of integers (o(h)), such that for every f € H™12(Q) the sequence (uy)) of the solutions to
(6.3) corresponding to (a®™) converges weakly in H"2(Q) and strongly in L?(€2) to the solution ug to
(6.4).

The original proof of Spagnolo is rather technical and uses results of the semigroup theory for
linear operators and of the G-convergence of parabolic equations. Many different proofs have been given
subsequently (see, for example [46], [41]).

We would like to notice that in [44] also the following localization property is proven.

Theorem 6.5. Assume that (a”), (b"), a® and b° belong to M(«, ) and are symmetric. If (a") G-
converges to a®, (b") G-converges to bV°, and a”(x) = b"(x) for a.e. = in an open subset Q' of Q, then
a’(z) = b°(x) for a.e. z €Y.

7. H-convergence for second order linear (uniformly) elliptic operators. The non-symmetric
case

The notion of G-convergence has been extended to the non-symmetric case by Murat and Tartar
under the name of H-convergence (see [33], [47] and [48]). Let us recall the definition (see [33]). Let o’
and (3 be constants satisfying 0 < o/ < ' < +o0.
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Definition 7.1. Let a" € M(a, 3) and let a® € M(/, 3'). We then say that (a") H-converges to a° if
for every f € H=%2(Q) the solutions uy; to the equations

—div(a"(x)Dup) = f on Q,
(7.1) 1,2
up € HO (Q)
satisfy
(7.2) up — Ug weakly in Hy*(Q),
- a"Duy, — a’Dug weakly in L2(; R™),

where ug is the solution to

(7.3) { —div(a®(z)Dug) = f  on Q

up € Hy? ().

Remark 7.2. Let us note that in the non-symmetric case (see also the nonlinear cases) a definition of
H-convergence as in the symmetric case would not determine uniquely the H-limit as the following example
shows.

Assume n = 3, and let ¢ € C5°(2). Let us define a(x) = I, where I is the identity matrix and let

0 —D3p(r)  Dap(x)
bz) =1+ | Dsp(x) 0 —Ds ()
—Dop(z) Diyp(x) 0

It is easy to see that a and b belong to M(«,3) with @« =1 and § = (1 + Hlé%X|D(p|). Note that
b(x) =&+ Do A&, where A denotes the external product in R™ and

/((D(p A Du),Dv)dx =0  for every u,v € HY2().
%

It follows that

/(a(z)Du, Dv)dx = / (b(z)Du, Dv) dx for every u,v € HY2(Q).
Q Q

This implies that the operator Au = —div(a(x)Du) coincides with the operator Bu = —div(b(z)Du) in
spite of the fact that a(z) # b(z). O

Let us show now that the condition (7.2) in the above definition determines uniquely the H-limit
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Proposition 7.3. Let (a”) be a sequence of functions of the class M(a, ) and let a® € M(o/, ') and
b0 € M(a”,B") such that (a™) H-converges to a® and (a") H-converges to b°. Then, a® = b° a.e. on
Q.

Proof. Let w CC © and let ¢ € C§°(Q) with ¢ = 1 on w. For every A € R" let us define f* =
—div(a®D((A\, )¢)) . Let us consider for h =0, 1,... the solutions u} to the equations

)

—div(a"Dup) = fA on ()
up € Hy(9Q).

By the coercivity of a° it turns out that
uy = (A\z)p  on Q,
and being a® by assumption an H-limit of (a”) we have

uy — u) weakly in Hy*(Q),
a"Du) — a"Du} weakly in L2(Q;R").

Analogously for b° we have

up — up weakly in Hy?(Q),
a"Dup — °Du} weakly in L?(Q; R"™).

By the uniqueness of the weak limit in L?(Q; R") we may conclude that a’Duy = b°Duj a. e. on Q.

Since Du} = X on w, we get a® =b° a.e. on w. Thus, a® =% a.e. on Q. ]

The main result obtained by Tartar and Murat (see [33]) is the sequential compactness of the class
M(a, 8) with respect to the H-convergence.

Theorem 7.4. Given a sequence (a) C M(a, 3), then there evist a subsequence (a®™) of (a") and
a® € M(a, %) such that (a®M) H-converges to a°.

Note. The above result shows that the class M(«, ) is “stable” with respect to the H-convergence as
far as coerciveness is concerned, but unstable with regard to the norm of the matrices (compare with the
compactness result for the symmetric case).

The rest of this section is devoted to the study of some properties of the H-convergence and the
proof of Theorem 7.4.

The next lemma, together with the compensated compactness lemma (see Lemma A.2.1), will be
crucial in the sequel. Given M € M™ ", we denote by M7 the transpose matrix of M.
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Lemma 7.5. Let a" € M(a, 3). Let (uz) and (vy) be two sequences in HY2(Q) such that the following
conditions are satisfied:

up — U weakly in HY2(Q)
(7.4) & =a"Duy, — €0 weakly in L*(; R™)

—div(a"Duy) — —dive? strongly in H=%%(Q)

v — g weakly in H>2(Q)
(7.5) " = (a")T Dv, — n° weakly in L?(; R™)
—div((a™)T Dvy) — —divn° strongly in H=12(Q).
Then
(7.6) (€, Dvg) = (Dug,n°)  a.e. on Q.

Proof. Let us write
(", Dvp) = (a" Dup, Dop) = (Dup, (a”)" Dvy) = (Dup, n") .

Hence

/(éh,Dvh)gpdas:/(Duh,nh)gpdas
Q Q

for every ¢ € C§°(€2). By the compensated compactness lemma we may conclude that

[ € Du)eds = [ (Duo,i)ods
Q Q
for every ¢ € C§°(R2), and (7.6) follows immediately. 0

Proposition 7.6. Let (a") be a sequence in M(a,3) which H-converges to a® € M(c/,3'). Then, the

sequence (a™)T H-converges to (a®)T .

Proof. Let g € H-12(Q). We have to prove that the solutions vy, to

{ —div((a™)TDvy) = ¢ on Q,
vy € Hy?(Q)
satisfy

vp — g weakly in H&’Q(Q)

(a™T Dvy, — (a®)T Duy weakly in L2(Q; R"),
where vg is the solution to

{ —div((a®)T Dvg) = ¢ on 2,
vo € Hy* () .

Let us note that the sequence (vy,) is uniformly bounded in H,*(Q); furthermore, ((a”)7 Dvy,) is uniformly
bounded in L?(£2;R"™). Hence, there exist a subsequence o(h) of h and two functions v € HO1 2(Q) and
n € L2(;R") such that

Vg(h) — U weakly in Hol’Q(Q) ,
(aU(h))TDvg(h) - weakly in L?(Q; R"™).
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Clearly, —divy) = g on 2. On the other hand, given f € H=12(Q2) and u; the solutions to

{ —div(a"Duy,) = f on 2,
u, € Hy*(Q),

we have by assumption that

up — Ug weakly in H&’Q(Q) ,
a"Duy, — a’Dug weakly in L2(€; R"),
where wug is the solution to
{ —div(a®Dug) = f on 2,
up € Hy?(Q) .

By Lemma 7.5 we get
(7.7) (a® Dug, Dv) = (Dug,n) a.e. on Q.

Since f can be chosen arbitrarily in H~%%(Q)), arguing as in the proof of Proposition 7.3, we can take on
w CCQ, Dug = A, where A € R" is arbitrary. Then (7.7) becomes

(a®X, Dv) = (\,n) a.e. on w.

Since this is true for every A € R™ we can conclude that n = (a°)T Dv on Q. The equality —divy = g
implies then v = vg, 7 = (a®)T Dvy. By the uniqueness of the limits, we can conclude that the whole
sequences (vy,) and (a"Dwy,) converge to vy and a®Duyg, respectively. This concludes the proof. [

Proof of Theorem 7.4. The proof of Theorem 7.4 is divided in several steps. The proof of Step 1 is
given in the Appendix.

Step 1:

Proposition 7.7. Let F be a separable Banach space and let G be a reflexive Banach space. Let L(F;G)
be the set of all linear and continuous operators from F' into G. Assume that for every h € N

(i) Th e L(F;G);

(it) T z(ricy < c>0.
Then there exist a subsequence (T°M)) of (T™) and an operator T° € L(F;G) such that for every f € F

(7.8) oM~ 10f weakly in G .

Proposition 7.8. Let V' be a reflexive and separable Banach space. Let o and 3 be two positive constants
and let (T™) be a sequence of operators such that for every h € N
(i) Th € L(V;V*);
(”) ||Th||£(V;V*) < ﬂ;
(iii) for every v €V, (T"v,v)y-y > avl|} .
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Then there exist a subsequence (T of (T™) and an operator T® € L(V;V*) such that

TO € L(V; V™)
2
(7.9) 1T cvivey < %
for everyv eV, (T%v,v)v-v = afvl .
Moreover, for every f € V* we have

(7.10) (ToM) =t (1071 weakly in V.

Step 2. We construct the test functions which will be used in Lemma 7.5.

Let € be a bounded open subset of R™ such that  CC €. Let us consider the sequence (b")
in M(«,3,9Q) (note that M(«, 3,Q") denotes the set M(a, 3), where € has been replaced by ') such
that

(7.11) v = (a7 on Q

(for example take b" = a T on Q' \ Q).
Let us consider the sequence of operators (B") c L(Hy*(¥); H-52(€Y)) defined for h € N by

B'u = —div(b"Du).

By Proposition 7.8 (it is easy to verify that B" satisfies the hypotheses (ii) and (iii) of Proposition 7.8)
there exist a subsequence (B”™) of (B") and an operator B € L(Hy*(Q'); H-'2(Q')) such that for
every g € H-12(Q)

(7.12) (B ~lg ~ (Bl weakly in H&’Q(Q’).

Given ¢ € C§°(Y) such that ¢ =1 on , we denote by g; the function in H~12()’) defined by
(7.13) gi = B((es, 2)¢) .-

For every i € {1,...,n}, let us denote by vy(s),; the solutions to

B°MWuyy s =g;  on Y,
Vo (h),i S Hol’Q(QI).

This definition together with (7.12) and (7.11) implies that for every ¢ € {1,2,...,n} we have

—div((a”™)T Dug(n) ) = gs on 2,
Vo(n),i € H?(Q).

Furthermore, by (7.12)
Vo(nyi = (€is-) weakly in H12(Q).

By passing to a subsequence of o(h), let us denote it by 7(h), we have for every i € {1,2,...,n}

(@ ") Doy = mi weakly in L2(Q;R").
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Note that for every i € {1,2,...,n}, the sequence (v.(;);) satisfies (7.5).
Let us define a® € L2(Q; R™) by

(@®(z))i; = (ni(2)); for a.e. z € Q, for every 4,5 € {1,2,...,n}.

In the remaining steps we shall prove that (a”®) H-converges to a°.

Step 3. For the sake of simplicity we shall in the sequel simply write h instead of 7(h). For every h € N,
let us denote by A" the operator in £(Hy?(Q); H="2(Q)) defined by

Ay = —div(a"Du).

It turns out that A" is an isomorphism. Moreover, let us consider the operator 7" € L(H~12(Q2); L2(Q; R™))
defined by
T"f = a"D((A")7'f).

We have

Th < Ah -1 < ﬂ

1T Fllrame < BIAY " Flgsay < S1fla-ra)
for every f € H~12(Q). By applying Proposition 7.8 to the operator A" and Proposition 7.7 to the
operator 7" we deduce that there exist a subsequence p(h) of h (recall that h stands here for the

subsequence 7(h); however, no confusion can occur) and two operators A° € L(Hy*(); H~12(Q)) and
7% € L(HY2(Q); L?(Q; R™)) such that for every f € H=12(Q) we have

(AP =Lf (A9 7L weakly in Hy? ()
TP~ 7°F  weakly in L2(; R™).
For f e H-12(Q), we set
(A =un, (AT = uos
(here h stands for 7(h)). We have then
Up(h) — Uo weakly in Hy?(Q)
a”(h)Dup(h) —~ TOf=¢ weakly in L2(Q; R™)
—div(a®™ Duyy) = f  on Q.

We note know that the sequence (u,(p)) satisfies the hypothesis (7.4) of Lemma 7.5. Moreover, by taking
into account the sequence (v;(s)) constructed in the previous step and Lemma 7.5, we obtain for every
ie{1,2,...,n}

(&, D(e;,x)) = (Dug,n;) a.e. on ).

By the definition of a® this is nothing but
Tf =¢ =a"Duy.

Step 4. We prove that a° belongs to M(a, %2)

By definition a® € L2(Q; R™). Hence, for every ug € Hy*(Q2) we have a®Dug € L2(Q;R") . By
the compensated compactness lemma we get that

(7.14) (@™ Dupy, Duyny) — (a°Dug, Dug) — in D'(Q).
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By the ellipticity assumption of a” we have

(7.15) /Q(ap(h)Dup(h),Dup(h))cpdz > oz/( |Dup(h)|2<pdz
)

for every ¢ € C§°(Q), ¢ > 0. Then, by (7.14), (7.15) and the weak lower semicontinuity of the norm in
L?(Q;R™) we get

(7.16) /(GODUO,DUO)@dz > Oé/ |Dug|*p dz
0 0

for every ¢ € C§°(Q), ¢ > 0. Note that (7.16) holds for every ug € Hy*(Q) (since f ranges all over
H=12(Q) and A° is an isomorphism). By taking ug = (A, z)1, where ¢ € C§°(Q) and ¢ = 1 in a
neighbourhood of the support of ¢ and A € R™ arbitrary, from (7.16) we deduce

/(ao(z))\, Nedx > a/ I\ dx
Q Q

for every ¢ € C§°(2), ¢ > 0. Hence
(a®(@)AA) = [N

for every A € R™ and for a.e. = € Q.
Let us prove now that |a%(z)\| < %2|)\| for a.e. z € Q and for every A € R™.

By the assumptions on a” it follows that for every h € N the following inequality holds

((a™) ™Yz, ) > 7 |,u|2 for a.e. x € Q, for every p € R™.

This yields
/(Duh,ahDuh)chdx > %/ la" Duy,|?p? dz
Q B Q

for every ¢ € C§°(Q) and for every h € IN; hence, in particular it holds for every p(h). By passing to the
limit (taking into account the compensated compactness lemma and the weak lower semicontinuity of the
norm in L2(£;R")) we obtain

/Q(Duo, a® Dug)p? dx > /|aODu 2% dx.
Proceeding as above we get for every A € R™ and for every ¢ € C§°(f2)
/Q()\,a N? de > /|a0)\|2<p dzx .
From this inequality we can deduce
62”@ 2ol zzrny < 1a®A@l|r2@rm) Al 2R -

Finally,

62
|a°Ap|| L2 (mn) < E|\<PHL2(Q)|/\|,
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for every ¢ € C§°(Q)) and for every A € R™. By the converse of Holder’s inequality (see [26], Proposition
6.14) we obtain that a°\ € L*°(£; R") and

2
a7l < 1A

for every A € R".

Step 5. In the previous step we have shown that a° belongs to M (a, %2) The limit ug of the sequence
(tp(ny) is defined in a unique manner (independent of the subsequence p(h) extract from the sequence
7(h)) by
—div(a®Dug) = f in Q,
{uo € Hy?(Q).

Moreover, by the uniqueness of the limits, we have that the whole sequences (u,(4)) and (aT(h)uT(h)) (and

(h)

not the subsequences determined by p(h)) converge. We may conclude that a H-converges to a’; the

proof of Theorem 7.4 is so accomplished. ]

Remark 7.9. Let us conclude this section by noting that a corrector result for the class M(«, 5) has
been proved in [33]. Moreover, some properties of the H-convergence for quasi-linear elliptic operators
were studied by L. Boccardo, Th. Gallouet and F. Murat in [12], [13] and [14].

8. Some further remarks on G-convergence and H-convergence

The first results in the nonlinear case are due to L. Tartar, who studied (in [47]) the properties of
the H-convergence for monotone problems of the type

{ —div(ap(x, Dup)) = f on ),
un € Hy?(9),

assuming that the maps aj are uniformly strictly monotone and uniformly Lipschitz-continuous on R™
(note that the vector-valued case is considered in [45] whereas more general classes of uniformly equicon-
tinuous strictly monotone operators on W1P(Q), with p > 2, are considered by Raitum in [39]).

By N(a, 3) we denote the set of all functions a : Q x R™ — R™ such that for every £ € R", a(-,¢)
is Lebesgue measurable and satisfies the following properties:

(8.1) (strict monotonicity) (a(z,&1) — (x,&),&1 — &) > alé — &)
(8.2) (Lipschitz-continuity) |a(x,&1) — a(x,&2)| < Bl&1 — &

for a.e. x € R™ and for every &1, & € R™. Moreover
(8.3) a(x,0) =0 for a.e. z € R™.

Let o/ and (' be constants satisfying 0 < o/ < ' < +o0.
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Definition 8.1. Let a, € N (o, ) and let ag € N(a/,3"). We say that (as) H-converges to aq if for
every f € H~12(Q) the solutions uy, to the equations

—div(ap(x, Dup)) = f on Q,
(8.4) 1,2
up € HO (Q)
satisfy
(8.5) Up — Uo weakly in H,y?(Q),
- ap(-, Dup) — ag(-, Duy) weakly in L2(Q; R"),

where wug is the solution to
{ —div(ao(x, Dug)) = f on Q,
up € Hy?(9).

The following theorem, due to Tartar (see [47] and [50]), justifies the definition (8.1) of H-convergence;
its proof is reproduced in [24].

Theorem 8.2. Given a sequence (an) C N(a, (), there exist a subsequence (ayn)) of (an) and ag €

N(a, %2) such that (aq(n)) H-converges to ag .

Remark 8.3. Let us mention that a corrector result for the class M («, 3) has been proved by Murat in
[36].

Moreover, in [11] a convergence result for the strongly non linear equations

{ —div(ap(x, Dup)) + cn(x)g(up) = f on Q,
up € H01,2(Q) ’

where ap, € N(«, 3), has been proved.

A compactness result (in the sense of H-convergence) for equations of the type

{ —div(ap(x, up, Dup)) = f on 2,
Up € H5’2(Q) s

with ap(z,s, &) € N(a, 3) for every s € R is shown in [24].

Finally, a general notion of G-convergence for a sequence of maximal monotone (possibly multival-
ued) operators of the form Apu = —div(ap(x, Du)) has been introduced in [18]. Let us point out that,
in order to include the case (5.22), the authors consider the class Mq(R™) (see Definition 5.9) and do
not assume the maps a to be continuous or strictly monotone. The main results of the paper are the
local character of the G-convergence and the sequential compactness of Mq(R™) with respect to the

G-convergence.
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Appendix

A.1. LP and Sobolev Spaces

We give here only the definitions and main results that we used in the previous chapters. Most of the
theorems are standard and their proofs as well as a deeper analysis are available in several textbooks on

Functional Analysis.

We start with the abstract definition of the notion of weak convergence (for more details on it we
refer to [25], [51] or to [16]) and then apply it to L” and Sobolev spaces.

A.1.1. Weak convergence
Let us start with the definition.

Definition A.1.1. Let X be a real Banach space, X* its dual and (-,-) the canonical pairing over
X*x X.
i) We say that the sequence (zp) in X converges weakly to © € X and we denote

rp, — xin X

if (x*,zp) — (z*,z) for every a* € X*.
ii) We say that the sequence (x}) in X* converges weak * to z* € X* and we denote

zp = o in X*
if (x},z) — (z*,x) for every x € X .
Then the following results hold.

Theorem A.1.2. Let X be a Banach space. Let (xp) and (x}) be two sequence in X and in X*,

respectively.
i) Let x;, — x, then there exists a constant K > 0 such that ||z,] < K;

furthermore ||z|| < liminf ||ap]| .
h—o0

i) Let xj, X\ 2%, then there exists a constant K > 0 such that lzhllx < K
furthermore ||z*||x+ < hhnilorészZHX*

iii) If xp, — x (strongly), then xp, — = (weakly).

w) If x5 — x* (strongly in X* ), then z}, St (weak ¥).

v) If xp — x (weakly) and x}, — x* (strongly in X*), then (x},x) — (%, ).

Theorem A.1.3. Let X be a reflexive Banach space. Let (xp) be a sequence in X and K be a positive
constant such that |lxy|| < K. Then there exist x € X and a subsequence (x,(p)) of (xn) such that

Toy — T i X.

Theorem A.1.4. Let X be a separable Banach space. Let (x},) be a sequence in X* and K be a positive
constant such that ||z} || x- < K. Then there exist x* € X* and a subsequence (x}, ;) of (x}) such that

ES
* AN *
T z* in X*.
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A.1.2. [P spaces

We apply the above results to the LP spaces which are defined as follows (for more details see [1],
[16], [52]).

Definition A.1.5. Let Q be an open subset of R™.
i) Let 1 < p < 400. We denote by LP(Q2; R™) the set of all measurable functions f:Q — R™ such
that

1 llr@men) = (/Q [F(@)[Pdz) " < oo,

It can be shown that || - ||z»(r») is a norm.
ii) Let p = 4+00. A measurable function f:Q — R™ is said to be in L>°(Q;R"™) if

I fll Lo (irny) = inf{a: [f(2)| < @ae in Q} < +o0.

One proves that || - || rn) defines a norm.
iii) LY (€©;R"™) denotes the linear space of measurable functions w such that u € LP('; R™) for every
V' CcC Q (note that up — w in Lf, (;R") if up — u in LP(Q; R™) for every Q' CC Q).

Note: When dealing with scalar functions defined on 2, we drop the target space R™ in the notation, and
write just LP(2) or L} ().

Remark A.1.6.
a) Let 1 < p < 400. We denote by ¢ the conjugate exponent of p, i.e., 1/p+1/q = 1, where it is
understood that if p =1 then ¢ = +o0o and reciprocally.
b) Let 1 < p < 4o00. Then the dual space of LP(Q;R") is LI(Q; R™). We point out also that the
dual space of L>({; R") contains strictly L!(£;R").
¢) The notion of weak convergence in LP(£2; R™) becomes then as follows: If 1 < p < +oo, then
frn — f weakly in LP(Q;R™) if

/Q(fh(x),g(:r))dz — [ (f(2), 9(x)) dz

Q

for every g € L1(Q;R™). For the case p = 400, fn RN fin L>(Q; R™) weak™ if

/ (falz), g(a)) dz — / (f(2), g()) da
Q Q

for every g € L'(Q; R"™).

Theorem A.1.7. Forevery 1 < p < 400, LP(Q;R") is a Banach space. It is separable if 1 < p < 400
and reflexive if 1 < p < +00. Moreover L2(Q' R"™) turns out to be a Hilbert space with the scalar product
defined by (f,9)r2r") = Jo(f ) dzx.

A.1.3. Sobolev spaces

We mention here some important results on Sobolev spaces that we have used in the previous
chapters.

Let us give first the definition of Sobolev spaces.
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Definition A.1.8. Let 2 be an open subset of R™ and 1 < p < +o00. The Sobolev space Wl’p(Q) is
defined by

WhP(Q) = {u € LP(Q) : Du € LP(Q; R™)},
where Du = (Dyu, Dau, ..., Dyu) = (g—;l, g—;;, e %) denotes the first order distributional derivative

of the function wu.

On WhP(Q) we define the norm

1/
lullwe@) = (lullfoq) + DUl pqrny) "

Definition A.1.9. Let 1 < p < 4o00. W, ?(Q) denotes the closure of C§°(Q) in WP(Q). W-14(Q)
with 1/p+1/¢ = 1 indicates the dual space of W, (Q).

Remark A.1.10. If p =2, the notations HY2(Q) or H*(Q) are very common for W12(2). Moreover,
Hy?(Q) or HL(Q) stand for W, %(Q). The spaces HY2(2) and H,*(Q) are naturally endowed with the
scalar product (u,v)g12(q) = (u,v)r2(0) + Yoiey (Diw, Div)12(0) which induces the norm ||ul] 120 -

Theorem A.1.11. The space W1P(Q) is a Banach space for 1 < p < 4o0o. WLP(Q) is separable if
1 < p<+oo and reflezive if 1 < p < 4o00.

Moreover, the space Wy (Q) endowed with the norm induced by WYP(Q) is a separable Banach
space; it is reflexive if 1 < p < +00.

The spaces H“2(Q) and Hy*(Q) are separable Hilbert spaces.

We now quote the Sobolev and Rellich-Kondrachov imbedding theorems.

Theorem A.1.12. Let Q be a bounded open subset of R™ with Lipschitz boundary.
1) If 1 < p<mn, then
WhP(Q) c LYQ)  for every 1 < q < np/(n —p)

and the imbedding is compact for every 1 < q <np/(n —p).

it) If p=n, then
WhP(Q) c LUQ)  for every 1 < g < 400

and the imbedding is compact.

iii) If p > n, then
whr(Q) c C(Q)

and the imbedding is compact.

Remark A.1.13.
a) The regularity of the boundary 9 in the theorem can be weakened (see, for example, [1]). Note
that if the space W1P(Q) is replaced by VVO1 P(Q), then no regularity of the boundary is required.
b) The compact imbedding can be read in the following way. Let
up — u weakly in W1P(Q).

CaseI : If 1 < p < n, then u;, — w strongly in LI(Q2), 1 < g<np/(n—p);

Case II : If p =n, then u, — w strongly in L4(Q2), 1 < ¢ < +4o0;
Case III : If p > n, then up, — w strongly in L*°(Q).

Let us state two important inequalities.
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Theorem 1.14.
i) (Poincaré inequality) Let Q be a bounded open set and let 1 < p < 4o0o. Then there exists a
constant K > 0 such that

[ullrie) < Kl DullLr@mm)

for every u € WP (Q).
it) (Poincaré-Wirtinger inequality) Let 0 be a bounded open convex set and let 1 < p < 4+o00. Then

there exists a constant K > 0 such that
[u—Ma(u)llLr) < K| Dulrrmn)

for every u € WhP(Q).

Remark A.1.15. From the previous theorem it follows that ||Dul|z».rn) defines a norm on WyP(Q),
denoted by ||ullyy 1.0 (q), Which is equivalent to the norm |[ully1.r(q)-
0

A.1.4. Extension and convergence lemmas for periodic functions

Let us start with the extension properties of periodic functions (see [45] Annexe 2). Let Y =]0, 1["
be the unit cube in R™ and let 1 < p < 4+00. By Wﬁl’p(Y) we denote the subset of W1P(Y) of all the
functions u with mean value zero which have the same trace on the opposite faces of Y. In the case p = 2
we use the notation Hﬁl’Q(Y).

Lemma A.1.16. Let f € Wﬁl’p(Y). Then f can be extended by periodicity to an element of VVll’p(R").

oc

Lemma A.1.17. Let g € LY(Y;R") such that [, (g,Dv) = 0 for every v € Wﬂl’p(Y). Then g can
be extended by periodicity to an element of LL _(R™;R™), still denoted by g such that —divg = 0 in
D'(R™).

Let us conclude this section with a result for the weak convergence on LP spaces which has been
used frequently in the previous chapters. For a proof of it we refer to [45] Annexe 2, [21] Chapter 2,
Theorem 1.5.

Theorem A.1.18. Let f € LP(Y). Then f can be extended by periodicity to a function (still denoted by

[) belonging to LY (R™). Moreover, if (e5) is a sequence of positive real numbers converging to 0 and

fa(@) = F(£), then
1
Fu = M) = 7 /Y ) dy weakly in L7, (R")

if 1 < p<+oo, and

fn— M(f) in L®R") weak*

if p=+4o00.

It is clear that the above results still hold for Y not necessarily the unit cube in R™ but a paral-
lelogram of the type described in Section 1.
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Remark A.1.19. Let us point out some features of the weak convergence. To this aim, let us consider
Y =]0,2n[ and f(x) =sin . Let (¢5) be a sequence of positive numbers converging to 0. By Theorem
A.1.18 we have that fy(z) = f(Z) converges to 0 in L>(Y) weak® (hence weakly in L2(Y)). In
particular,

27 1 2
fu(z)de — —/ sin ydy =0,
0 21 Jo

i.e., the mean values of f;, converges to 0. On the other hand, we have that (f;,) does not converge a.e.
on Y. Furthermore,

2m ™
Lo T 1 .
(A.1.1) | fr — 0”%2()/) = / SIDQ(E—)dl‘ — (; / sinfydy)2r =7 # 0,
0 h 0
which shows that we do not have convergence of (fy,) to f in the strong topology of L?(Y).

This example shows also another mathematical difficulty one meets by handling with weak conver-
gent sequences. More precisely, if two sequences and their product converge in the weak topology, the
limit of the product ist not equal, in general, to the product of the limits. Indeed, (A.1.1) proves that
J? = fn X fn does not converge weakly in L*(Y) to 0.

A.2. A Compensated Compactness Lemma

noindent The next lemma, which has been used frequently in the previous chapters, helps to over-
come the difficulties present by passing to the limit in products of only weakly convergent sequences.

Lemma A.2.1. Let 1 <p < +oo. Let (up) be a sequence converging to u weakly in WP(Q), and let
(g9rn) be a sequence in L1(Q;R™) converging weakly to g in LI(;R™). Moreover assume that (—div gp,)
converges to —div g strongly in W=24(Q). Then

/(gh,Duh)gadas — /(g,Du)cpd:E
Q Q

for every ¢ € C§° ().

Proof. The lemma is a simple case of compensated compactness (see ([34], [35], [49]). It can be proved by
observing that

/(gh,DUh)sde =< —div gp, upyp > —/ un(gn, D) dx
Q Q
for every ¢ € C§°(£2). U

Note that (gn, Dup) is the product of two sequences which converge only in the weak topology, and
that by passing to the limit we get the product of the limits. This fact is known as the phenomenon of
“compensated compactness”.

A.3. Abstract existence theorems

A.3.1. Lax-Milgram Lemma
Let H be a Hilbert space. A bilinear form a on H is called continuous (or bounded) if there exists a
positive constant K such that
la(u,v)| < K||z|||v]| for every u, v e H
and coercive if there exists a positive constant a such that
a(u,u) > af|ul]? for every u € H.

A particular example of continuous, coercive bilinear form is the scalar product of H itself.
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Lemma A.3.1. Let a be a continuous, coercive bilinear form on a Hilbert space H. Then for every
bounded linear functional f in H* | there exists a unique element uw € H such that

a(u,v) = (f,v) for every v € H.

For a proof of this classical lemma we refer to [16], [29].
A.3.2. Maximal monotone operators

Let X be a Banach space and X* its dual space. Let A be a single-valued operator from D(A) to
X*, where D(A) is a linear subspace of X and is called the domain of A. The range R(A) of A is the

)

set of all points f of X* such that there exists € D(A) with Az = f. Then
a) A is said to be monotone if
(Azq — Az, 21 —22) > 0 for every x1, xo € D(A).
b) A is said to be strictly monotone if for every x1, xo € D(A)
(Azy — Az, 21 —22) =0 implies z7 = x2
¢) A is said to be mazimal monotone if for every pair [z,y] € X x X* such that
(y—A&x—& >0 for every £ € D(A)

it follows that y = Ax.
d) A is said to be hemicontinuous if

%ir% Az +ty) = Az weakly in X*
for any x € D(A) and y € X such that x +ty € D(A) for 0 < ¢ < 1.

Theorem A.3.2. Let X be a Banach space and let A : X — X* be everywhere defined (i.e., D(A) = X ),
monotone and hemicontinuous. Then A is maximal monotone. In addition, if X is reflexive and A is

coercive, i.€.,
A
 ATT
lzll—oo ||

then R(A) = X*.

Proof. Tf X is a Hilbert space the proof of the previous theorem can be found in [15]. For the general
case see [38] Chapter III, Corollary 2.3 and Theorem 2.10, or [30] Chapter 2, Theorem 2.1. [
A.4. Proof of Proposition 7.7 and of Proposition 7.8

Proof of Proposition 7.7. Since F' is separable, there exists a countable dense subset X of F'. By the
assumptions on 7" and G and by using a diagonalization argument there exists a subsequence (T‘T(h)) of
(T") such that for every x € X, (T"(h)ac) converges weakly to a limit in G. Let us denote this limit by
TO.

Now, given f € F' and g* € G*, by approximating f by x € X one proves easily that the sequence
(T7M f, g*)g.c+) is a Cauchy sequence in R.. Let us denote by (T°f, g*) its limit. The linearity of T° is
immediate; by taking into account the weak lower semicontinuity of the norm and assumption (ii) we get

I7°fll = || lim 77 fl6 < liminf |77 6 < e fll.

Hence T° € L(F;G). The proof of Proposition 7.7 is then accomplished. [
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Proof of Proposition 7.8. Since (i) holds, we can define the bilinear form aj : V. x V — R by
an(u,v) = (T"u,v)

for every u, v € V. By the hypotheses (ii) and (iii) it follows immediately that a; is continuous and
coercive. Hence, by the Lax-Milgram lemma for every f € V* there exists a unique function u € V' such
that

ap(u,v) = (f,v) for every v € V.

It turns out that the operators T" are invertible and

1
T flly = llullv <~/

V*

for every f € V*; thus H(Th)’lﬂﬁ(v;v*) < é By Proposition 7.7 there exist a subsequence o(h) of h
and an operator S € L(V*; V) such that for every f € V*

(T°M)=1f ~ Sf  weaklyin V.

We get,
(TN, Py = (@) 17T )y e >

al(T7™)~1f|3 > %nﬂ

v

2
V.

Hence, for every f e V*
o
(Sf, Hviv- = @Hf”%/*-

This proves that S is coercive. This fact together with the property that S € L(V*; V) ensures that S is
invertible. Let us denote by T° € £(V;V*) its inverse. Note that for every v € V we have

(67

7

[T%]F. < (ST, T%)vv- < (0,T%)vv+ < |ollvIIT%]v- .

We conclude that )

ZO ey < — .
H ”L(V,V)_

On the other hand, we have for every f € V*
al (T M) I < (77T )T (T T vy = (F(T0) T v s
by taking the weak lower semicontinuity of the norm in V' into account we obtain for every f € V*
all SFIY < (f.Sfhvev.
By taking in particular f = 7% we conclude that
allvlli < (T, v)v-v

for every v € V', which concludes the proof of Proposition 7.8. [
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