
Giuseppe BUTTAZZO

Dipartimento di Matematica
Università di Pisa
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66 Giuseppe Buttazzo

Lesson 1. Gamma-convergence: the general framework

We recall the definition of Γ-limits in metric spaces:

Γ lim inf
h→+∞

Fh(x) = inf{lim inf
h→+∞

Fh(xh) : xh → x};

Γ lim sup
h→+∞

Fh(x) = inf{lim sup
h→+∞

Fh(xh) : xh → x};

moreover the infima in formulas above are attained (more generally this holds in spaces with first countability
axiom). Analogous definitions for families (Fε) with ε→ 0.

Coerciveness: F : X → R is said coercive if for every t ∈ R there exists a compact subset Kt of X such
that

{F ≤ t} ⊂ Kt.

Equi-coerciveness: A sequence (Fh) of functionals is said equi-coercive if for every t ∈ R there exists a
compact subset Kt of X (independent of h) such that

{Fh ≤ t} ⊂ Kt ∀h ∈ N.

The main properties of Γ-convergence are (see the book of Dal Maso [Birkhäuser]):
•) (Fh) equicoercive, Fh

Γ
→F ⇒ minX F = limh(infX Fh);

•) Fh Γ
→F , xh minimizer of Fh, xh → x ⇒ x minimizer of F ;

•) Fh Γ
→F , xh minimizer of Fh, (Fh) equicoercive, F has a unique minimum point x ⇒ xh → x (and

Fh(xh) → F (x));
•) Fh Γ

→F , G continuous ⇒ Fh +G Γ
→F +G;

•) If X is separable the Γ-convergence is a compact convergence, in the sense that from every sequence
(Fh) we may extract a subsequence (Fhk

) which Γ-converges.

Homogenization. Consider on the Sobolev space W 1,p(Ω) (with 1 < p < +∞) the family of functionals

Fε(u) =

∫

Ω

f(x/ε,Du) dx (ε→ 0)

where f(x, z) satisfies the assumptions:
•) f(x, ·) convex on Rn;
•) f(·, z) measurable and Y -periodic;
•) |z|p ≤ f(x, z) ≤ C(1 + |z|p).

Then Fε
Γ
→F in the weak W 1,p(Ω) convergence, where

F (u) =

∫

Ω

f0(Du) dx

and f0 is given by the formula

f0(z) = inf

{
1

|Y |

∫

Y

f(x, z +Dw(x)) dx : w ∈ W 1,p
per

}
.

When f(x, z) is a quadratic form

f(x, z) =

n∑

i,j=1

aij(x)zizj
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then f0(z) is a quadratic form too

f0(z) =
∑

i,j

αijzizj

with constant coefficient αij which can be computed by the formula above.

Other variations on the theme can be made: for instance the Attouch & Buttazzo [Ann. SNS] case of
”periodic reinforcement”

Fε(u) =

∫

Ω

|Du|2 dx+ kε

∫

Ω∩Sε

|Dτu|2 dσ

where Sε is the ε-rescaling of a (n− 1) dimensional manifold S ⊂ Y . The Γ-limit F is then

F (u) =

∫

Ω

f(Du) dx

with

f(z) = inf

{
1

|Y |

∫

Y

|Dw|2 dx+
k

|Y |

∫

S

|Dτw|2 dσ : w − 〈z, ·〉 ∈ W 1,2
per

}
.

The homogenization has been widely treated in the other courses of this school. Therefore, the program
we intend to follow in these lectures is to show some applications of Γ-convergence different from periodic
homogenization. More precisely we shall treat the following topics:
•) limits of periodic Riemannian metrics;
•) limits of singular perturbation problems;
•) a limit problem in phese transitions theory;
•) Γ-convergence and optimal control problems.

Lesson 2. Limits of sequences of Riemannian metrics

We shall study the limit (as ε→ 0) of the functionals

Fε(u) =

∫ 1

0

n∑

i,j=1

aij(
u

ε
)u′iu

′
j dt

where {aij} are the coefficients of a Riemannian metric, or more generally in the so called ”Finsler case”

Fε(u) =

∫ 1

0

f(
u

ε
, u′) dt

where f : Rn × Rn → R is a Borel function such that
•) f(s, ·) is convex
•) f(·, z) is Y -periodic (Y = [0, 1[n)
•) |z|p ≤ f(s, z) ≤ C(1 + |z|p) with p > 1.

Theorem. There exists a convex function ϕ with

|z|p ≤ ϕ(z) ≤ C(1 + |z|p)

such that Fε
Γ
→Φ where

Φ(u) =

∫ 1

0

ϕ(u′) dt.
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Moreover, ϕ is given by

ϕ(z) = lim
ε→0

[
inf

{
Fε(w) : w ∈W 1,p(0, 1), w(0) = 0, w(1) = z

}]
=

= lim
T→+∞

[
inf

{
1

T

∫ T

0

f(w,w′) dt : w ∈W 1,p(0, 1), w(0) = 0, w(T ) = Tz

}]
.

We prove the theorem in several steps; for some technical details we refer to the original paper by Acerbi
& Buttazzo [JAM]. It will be convenient to localize all functionals by setting for every open subset A of (0, 1)
(we denote by A such a class)

Fε(u,A) =

∫

A

f(
u

ε
, u′) dt

Φ(u,A) =

∫

A

ϕ(u′) dt.

Step 1. There exists a sequence εh → 0 such that for every open set A belonging to a countable base U of
open sets in (0, 1) the sequence Fεh

(·, A) Γ-converges to some Γ-limit we denote by G(·, A).
It is enough to apply the compactness property of Γ-convergence and a diagonal procedure.

Step 2. The sequence Fεh
(·, A) Γ-converges for all A ∈ A to

F (u,A) = sup
{
G(u,B) : B ∈ B, B ⊂⊂ A

}
.

See Acerbi & Buttazzo [JAM].

Step 3. The set function A 7→ F (u,A) is a measure for all u ∈ W 1,p(0, 1).
We prove only the key fact that F (u, ·) is a subadditive set function, that is for every A,B,C ∈ U with

C ⊂⊂ A ∪B and every u ∈ W 1,p(A ∪B)

G(u,C) ≤ G(u,A) +G(u,B).

the remaining facts can be found in Acerbi & Buttazzo [JAM].
Let K be a compact subset of A containing C \ B in its interior, let δ = dist(K, ∂A), let ν ∈ N be a

fixed integer number, and let for i = 1, . . . , ν

Ai =
{
t ∈]0, 1[ : dist(t,K) < i

δ

ν

}
(A0 =

∫
K)

ϕi ∈ C∞
c (Ai), 0 ≤ ϕi ≤ 1, ϕi = 1 on Ai−1, |ϕ′

i| ≤
2ν

δ
.

Moreover let uh → u in Lp(A), vh → u in Lp(B) be such that

G(u,A) = lim
h
Fεh

(uh, A)

G(u,B) = lim
h
Fεh

(vh, B).

Setting wi,h = ϕiuh + (1 − ϕi)vh we have

Fεh
(wi,h, C) ≤ Fεh

(uh, Ai−1) + Fεh
(vh, C \Ai)+

+ C

∫

C∩(Ai\Ai−1)

(1 + |w′
i,h|p) dt ≤

≤ Fεh
(uh, A) + Fεh

(vh, B) + C(
ν

δ
)p

∫

C

|uh − vh|p dt+

+ C

∫

C∩(Ai\Ai−1)

(1 + |u′h|p + |v′h|p) dt.
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For every h ∈ N choose ih ≤ ν such that

∫

C∩(Aih
\Aih−1)

(1 + |u′h|p + |v′h|p) dt ≤
1

ν

∫

C∩A∩B
(1 + |u′h|p + |v′h|p) dt ≤

≤ C

ν
[1 + Fεh

(uh, A) + Fεh
(vh, B)]

so that

Fεh
(wih,h, C) ≤ (1 +

C

ν
)[Fεh

(uh, A) + Fεh
(vh, B)] +

C

ν
+ C(

ν

δ
)p

∫

C

|uh − vh|p dt.

It is easy to see that wih,h → u in Lp(C), so that as h→ +∞

G(u,C) ≤ lim sup
h

Fεh
(wih,h, C) ≤

≤ (1 +
C

ν
)[G(u,A) +G(u,B)] +

C

ν

and the proof follows by letting now ν → +∞.

Step 4. For every a ∈ Rn we have
F (u+ a,A) = F (u,A).

Take ah → a in Rn such that ah/εh ∈ Zn and take uh → u such that

F (u,A) = lim
h
Fεh

(uh, A).

Then uh + ah → u+ a and so

F (u + a,A) ≤ lim inf
h

∫

A

f(
uh
εh

+
ah
εh
, u′h) dt =

= lim inf
h

∫

A

f(
uh
εh
, u′h) dt = F (u,A).

The opposite inequality can be proved in a similar way.

Step 5. There exists a convex function ϕ such that

F (u,A) =

∫

A

ϕ(u′) dt.

This follows from the Buttazzo & Dal Maso [Nonl. An.] and [JMPA] integral representation theorem (valid
also in the multiple integrals case):
Let F : W 1,p ×A → R be a functional such that
(i) F (u, ·) is a measure (proved in Step 3);
(ii) F (·, A) is alower semicontinuous Lp (because it is a Γ-limit);
(iii)

∫
A
|u′|p dt ≤ F (u,A) ≤ C

∫
A
(1 + |u′|p) dt (by the assumptions on f);

(iv) F is local, i.e. u = v a.e. on B ⇒ F (u,B) = F (v,B) (we refer to Acerbi & Buttazzo [JAM] for the
proof);

(v) F (u+ a,A) = F (u,A) for every a ∈ Rn (proved in Step 4).
Then there exists a function ϕ(t, z) convex in z such that

F (u,A) =

∫

A

ϕ(t, u′) dt.
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The fact that in our case the function ϕ does not depend on t follows from the translations invariance of F
(easy to prove):

F (u,A) = F (uτ , A+ τ) (uτ (t) = u(t− τ)).

Step 6. Setting for every z ∈ Rn and T > 0

MT (z) = inf

{
1

T

∫ T

0

f(u, u′) dt : u ∈W 1,p(0, T ), u(0) = 0, u(T ) = Tz

}

there exists
lim

T→+∞
MT (z) = M(z).

We refer to Acerbi & Buttazzo [JAM] for the proof.

Step 7. M(z) = ϕ(z) for every z ∈ Rn.
We refer to Acerbi & Buttazzo [JAM] for the proof.

We can conclude now the proof of the main Γ-convergence theorem because for every εh → 0 we may
extract (εhk

) such that Fεhk
Γ-converges to some

∫
A
ϕ(u′) dt with ϕ possibly depending on the subsequence

choosen. By Step 7 the function varphi is identified in a way which is independent of the subsequence
choosen; therefore the entire (Fε) Γ-converges to

∫
A ϕ(u′) dt.

Example. Let n = 2 and consider the chessboard structure with f(s, z) = a(s)|z|2 (a is considered ex-
tended periodically). Therefore fε(s, z) = a(s/ε)|z|2 corresponds to the Riemannian metric with coefficients
a(s/ε)δij .

The rescaled coefficient a(s)

We know that as ε→ 0 the limit functional is of the form

∫ 1

0

ϕ(u′) dt

with ϕ convex. In the theorem above it is easy to prove that f(s, z) is positively p-homogeneous in z so is
ϕ(z); then in our case ϕ(z) is positively 2-homogeneous with

α|z|2 ≤ ϕ(z) ≤ β|z|2.
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The following fact hold.
•) If α 6= β then ϕ(z) is not a quadratic form (see Acerbi & Buttazzo [JAM]); therefore the variational

limit of a sequence of Riemannian metrics may be not Riemannian but only a Finsler metric; the class
of Finsler metrics on the contrary is closed under Γ-convergence.

•) If β/α is large enough then the function ϕ depends only on α and has the form

ϕ(z) = α
(
(
√

2 − 1)|z1| ∧ |z2| + |z1| ∨ |z2|
)2
.

Lesson 3. Gamma-convergence for a class of singular
perturbation problems

We want to study the asymtotic behaviour (in terms of Γ-convergence) of problems of the form

Fε(u) =

∫

Ω

f(x, u, εDu, ε2D2u, . . . , εmDmu) dx.

For instance the optimal control problem (u is the state, v is the control)

min

∫

Ω

(
k|v|2 + |u− u0(x)|p

)
dx

with state equation {
ε2∆u+ g(u) = v
u ∈ H1

0 (Ω)

reduces to the functional ∫

Ω

k|ε2∆u+ g(u)|2 + |u− u0(x)|p dx.

The first difficulty to overcome is the lack of equi-coerciveness in the Sobolev spaces; therefore we study the
Γ-limit in the weak Lp topology.

We make the following assumptions on f(x, s, z) where s represents u and z represents (Du,D2u, . . . , Dmu):
(i) there exist a ∈ L1, c ≥ 1, p > 1, 1 ≤ r ≤ p such that

−a(x) + |s|p ≤ f(x, s, z) ≤ a(x) + C[|s|p + |z|r];

(ii) there exist continuity moduli w and σ such that

|f(x, s, z) − f(y, t, w)| ≤ w(x, |y − x|) + σ(|y − x| + |t− s| + |w − z|)(a(x) + f(x, s, z));

(iii) f(x, s, z) + |s|p + a(x) ≥ γ(s, z) where γ is such that

∫

A

∑

|α|≤m
|Dαu|r dx ≤ λ(A,A′)

∫

A′

γ(u,Du, . . . , Dmu) dx ∀A ⊂⊂ A′

where λ(A,A′) is such that

lim
t→+∞

λ(tA, tA′) < +∞.

For instance, if

Fε(u) =

∫

Ω

k|ε2∆u + g(u)|2 + |u− u0(x)|p dx
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the assumptions above are fulfilled with (m = r = 2)

f(x, s, z) = k|
n∑

i=1

zii + g(s)|2 + |s− u0(x)|p

γ(s, z) = C1




∣∣∣∣∣

n∑

i=1

zii

∣∣∣∣∣

2

+ |s|2



λ(A,A′) = C2 max{1, dist−4(A, ∂A′)}

provided g is such that

|g(s)| ≤ C(1 + |s|p/2)
|g(s) − g(t)| ≤ ω(t− s|)(1 + |s|p/2).

Theorem. There exists a function ψ(x, s) convex in s such that

Fε(u,A)
Γ

→

∫

A

ψ(x, u) dx (weakly in Lp(A))

for every A ∈ A. Moreover
f∗∗
s,z(x, s, 0) ≤ ψ(x, s) ≤ f∗∗

s (x, s, 0)

where f∗∗
s,z and f∗∗

s represent the convexification of f in (s, z) and in z respectively. A representation formula
for ψ is (Y =]0, 1[n)

ψ(x, s) = lim
ε

[
inf

{
Fε(x, u) :

∫

Y

u dy = s

}]
=

= inf

{
Fε(x, u) : ε > 0,

∫

Y

u dy = s

}

where

Fε(x, u) =

∫

Y

f(x, u(y), εDu(y), . . . , εmDmu(y)) dy.

We prove only the key fact that the Γ − lim sup is subadditive, by referring for all other details to
Buttazzo and Dal Maso [CRAS], [Ann. SNS].
Setting

F+(u,A) = inf{lim sup
h

Fεh
(uh, A) : uh → u wLp}

we have to prove for every u ∈ Lp(A ∪B) and C ⊂⊂ A ∪B

F+(u,C) ≤ F+(u,A) + F+(u,B).

Fix K = C \ B and A0, B0 with K ⊂ A0 ⊂⊂ B0 ⊂⊂ A. Fix an integer ν and let (Ai)1≤i≤ν be such that
A0 ⊂⊂ A1 ⊂⊂ . . . ⊂⊂ Aν ⊂⊂ B0. Denote by S = C ∩ (B0 \ A0) and by Si = C ∩ (Ai \ Ai−1) and let
ϕi ∈ C∞

c (Ai) be such that 0 ≤ ϕi1 and ϕi = 1 on Ai−1. We have

F+(u,A) = lim sup
h

Fεh
(uh, A)

F+(u,B) = lim sup
h

Fεh
(vh, B)
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for suitable sequences (uh) and (vh) converging to u. Setting

wi,h = ϕiuh + (1 − ϕi)vh

we have

Fεh
(wi,h, C) ≤ Fεh

(uh, C ∩Ai−1) + Fεh
(vh, C \Ai)+

+ C

∫

Si

[
a(x) + |wi,h|p +

m∑

k=1

|εkhDkwi,h|r
]
dx

≤ Fεh
(uh, A) + Fεh

(vh, B)+

+ C

∫

Si

[
a(x) + |uh|p + |vh|p +

m∑

k=1

εkrh (|Dkuh|r + |Dkvh|r)
]
dx

+ Cν

∫

Si

m∑

k=1

εkrh

k−1∑

j=0

(|Djuh|r + |Djvh|r) dx

where Cν depends on ‖ϕi‖Cm for i = 1, . . . , ν. Let ih be an index such that
∫

Sih

[
a(x) + |uh|p + |vh|p +

m∑

k=1

εkrh (|Dkuh|r + |Dkvh|r)
]
dx ≤

1

ν

∫

S

[
a(x) + |uh|p + |vh|p +

m∑

k=1

εkrh (|Dkuh|r + |Dkvh|r)
]
dx

and set wh = wih,h. Then wh → u and

Fεh
(wh, C) ≤ Fεh

(uh, A) + Fεh
(vh, B)+

+
C

ν

∫

S

[
a(x) + |uh|p + |vh|p +

m∑

k=1

εkrh (|Dkuh|r + |Dkvh|r)
]
dx+

+ Cν

∫

S

m∑

k=1

εkrh

k−1∑

j=0

(|Djuh|r + |Djvh|r) dx.

As h→ +∞
F+(u,C) ≤ lim sup

h
Fεh

(wh, C) ≤ F+(u,A) + F+(u,B)+

+
C

ν
+
C

ν
lim sup

h

∫

S

m∑

k=1

εkrh (|Dkuh|r + |Dkvh|r) dx+

+ Cν lim sup
h

∫

S

m∑

k=1

εkrh

k−1∑

j=0

(|Djuh|r + |Djvh|r) dx.

Set now Uh(x) = uh(εhx) and Vh(x) = vh(εhx); then, for every S′ ⊂⊂ A ∩B
∫

S′

m∑

k=1

εkrh (|Dkuh|r + |Dkvh|r) dx = εmh

∫

S′/εh

m∑

k=1

(|DkUh|r + |DkVh|r) dx ≤

≤ εnhλ(S
′/εh,

A ∩B
εh

)

∫

(A∩B)/εh

[γ(Uh, . . . , D
mUh) + γ(Vh, . . . , D

mVh)] dx =

= λ(S′/εh,
A ∩B
εh

)

∫

A∩B
[γ(uh, . . . , ε

m
h D

muh) + γ(vh, . . . , ε
m
h D

mvh)] dx ≤

≤ λ(S′/εh,
A ∩B
εh

)

∫

A∩B
[2a(x) + |uh|p + |vh|p + f(x, uh, . . . , ε

m
h D

muh)+

+ f(x, vh, . . . , ε
m
h D

mvh)] dx ≤

≤ λ(S′/εh,
A ∩B
εh

)

∫

A∩B
[C + Fεh

(uh, A) + Fεh
(vh, B)] ≤ C.
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By using inequalities as ∫

S

|Dkw|r dx ≤ σ

∫

S′

|Dmw|r dx + Cν

∫

S′

|w|r dx

for every 1 ≤ k ≤ m− 1 and every σ > 0, where S ⊂⊂ S′, we have

Cν

m∑

k=1

εkrh

k−1∑

j=0

∫

S

|Djuh|r dx ≤

≤ Cν

m∑

k=1

εkrh

∫

S′

[σ|Dkuh|r + Cσ|uh|r] dx ≤

≤ σCν

∫

S′

m∑

k=1

εkrh |Dkuh|r dx+ εhCνCσ

and analogously for vh. Therefore, arguing as before we obtain

Cν lim sup
h

∫

S

m∑

k=1

εkr
k−1∑

j=0

(|Djuh)
r + |Djvh|r) dx ≤ σCν

so that

F+(u,C) ≤ F+(u,A) + F+(u,B) +
C

ν
+ σCν

and the subadditivity follows by taking first the limit as σ → 0 and then the limit as ν → +∞.
Once the subadditivity is proved, standard methods prove that the Γ-limit F (u, ·) is a measure, and by

the Buttazzo and Dal Maso [RM] integral representation theorem

F (u,A) =

∫

A

ψ(x, u) dx

for a suitable ψ(x, s) convex in s. The inequality f∗∗
s,z(x, s, 0) ≤ ψ(x, s) is trivial because if uh → u weakly

Lp

∫

A

f∗∗
s,z(x, u, 0) dx ≤ lim inf

h

∫

A

f∗∗
s,z(x, uh, εhDuh, . . . , ε

m
h D

muh) dx ≤

≤ lim inf
h

∫

A

f(x, uh, εhDuh, . . . , ε
m
h D

muh) dx

and so ∫

A

f∗∗
s,z(x, u, 0) dx ≤

∫

A

ψ(x, u) dx.

For the inequality ψ(x, s) ≤ f∗∗
s (x, s, 0) it is enough to show that

∫

A

ψ(x, u) dx ≤
∫

A

f(x, u, 0) dx

for every u. This can be proved by taking uh = ρh ∗ u where ρh(x) = ε−nθh ρ(ε−θh x); if θ is small enough
(θ < 1/n+ 1) we have uh → u strongly in Lp and εkhD

kuh → 0 strongly inLp, so that

∫

A

ψ(x, u) dx ≤ lim inf
h

∫

A

f(x, uh, . . . , ε
m
h D

muh) dx =

∫

A

f(x, u, 0) dx.

In the case f(x, s, z) = k|∑n
i=1 zii + g(s)|2 + |s − u0(x)|p it is possible to prove (see Buttazzo & Dal Maso

[Ann. SNS])
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•) g affine ⇒ ψ(x, s) = f∗∗
s (x, s, 0) = k|g(s)|2 + |s− u0(x)|p;

•) g decreasing ⇒ ψ(x, s) = f∗∗
s (x, s, 0) = k|g(s)|2 + |s− u0(x)|p;

•) the equality ψ(x, s) = f∗∗
s (x, s, 0) is not true in general;

•) g ≥ 0 convex ⇒ ψ(x, s) = k|g(s)|2 + |s− u0(x)|p.

Note that in the case

Fε(u) =

∫

Ω

[ε2|Du|2 +W (u)] dx

we have f(s, z) = |z|2 +W (s) so that

f∗∗
s,z(s, z) = f∗∗

s (s, z) = |z|2 +W ∗∗(s).

Hence ψ(x, s) = W ∗∗(s).

Lesson 4. A limit problem in phase transitions theory

Let W : R → R be a positive continuous function with only two zeros (say at −1 and at 1); consider
the functionals

Fε(u) =

∫

Ω

[
ε|Du|2 +

1

ε
W (u)

]
dx

where Ω is a bounded open Lipschitz subset of Rn. We shall prove that the Γ-limit (as ε → 0) in the
topology L1(Ω) is

F (u) =

{
C0

∫

Ω

|Du| if |u(x)| = 1 for a.e. x ∈ Ω

+∞ otherwise

defined for all u ∈ BV (Ω), where C0 = 2
∫ 1

−1

√
W (s) ds.

It is convenient to introduce the function

φ(t) =

∫ t

0

√
W (s) ds

and to write F (u) for |u| ≡ 1 as

F (u) = 2

∫

Ω

|D(φ ◦ u)|.

Then the inequality

F (u) ≤ Γ − lim inf
ε

Fε(u)

is rather easy to prove. Indeed, when |u| 6≡ 1 we have

lim inf
ε

Fε(uε)) ≥ lim inf
ε

1

ε

∫

Ω

W (uε) dx = +∞

whereas if |u| ≡ 1

lim inf
ε

Fε(uε) ≥ lim inf
ε

∫

Ω

2|Duε|
√
W (uε) dx =

= lim inf
ε

∫

Ω

2|D(φ ◦ uε)| dx ≥ 2

∫

Ω

|D(φ ◦ u)|

where the first inequality follows from the standard a2 + b2 ≥ 2ab and the last one from the lower semicon-
tinuity of the total variation functional.
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The approximating sequence

We prove now the opposite inequality

F (u) ≥ Γ lim sup
ε

Fε(u)

only for functions u of the form −1A + 1Ω\A where A is an open set with a smooth boundary Σ transversal
to ∂Ω. We refer to the original papers of Modica & Mortola [BUMI], [BUMI] for the proof that from this
particular case we can deduce, by a density argument, the general case.

We want to construct an approximating sequence uε as in the picture, where the thickness of the
transition layer and the transition itself have to be suitably choosen.

Set for every t ∈ R

ψε(t) =

∫ t

−1

ε√
ε+W (s)

ds

ϕε(t) =





−1 if t ≤ 0
ψ−1
ε (t) if 0 ≤ t ≤ ψε(1)

1 if t ≥ ψε(1)

and, if d(x) = dist(x,A)

uε(x) = ϕε(d(x)).

We have uε → u in L1(Ω) and, if Σε = {x ∈ Ω : 0 < d(x) < ψε(1)}

Fε(uε) =

∫

Ω

[
ε|ϕ1

ε(d(x))|2 +
1

ε
W (ϕε(d(x)))

]
dx =

=

∫

Σε

[
ε|ϕ1

ε(d)|2 +
1

ε
W (ϕε(d))

]
dx =

= |Σ|
∫ ψε(1)

0

[
ε|ϕ1

ε(t)|2 +
1

ε
W (ϕε(t))

]
dt.

Since

ϕ′
ε =

1

ψ′
ε(ψ

−1
ε )

=

√
ε+W (ψ−1

ε )

ε
=

1

ε

√
ε+W (ϕε)
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we get

Fε(uε) = |Σ|
∫ ψε(1)

0

[
ε+W (ϕε)

ε
+

1

ε
W (ϕε)

]
dt ≤

≤ 2|Σ|
ε

∫ ψε(1)

0

[ε+W (ϕε)]
dt

dϕε
dϕε

= 2|Σ|
∫ 1

−1

√
ε+W (s) ds.

Therefore
lim sup

ε
Fε(uε) ≤ C0|Σ|.

Other cases have been considered in the Modica and Mortola paper; for instance if W is periodic and
tε → +∞

Fε(u) =

∫

Ω

[
ε|Du|2 +

1

ε
W (tεu)

]
dx

Γ-converge to

F (u) = C0

∫

Ω

|Du| (∀u ∈ BV (Ω))

where (T is the period of W )

C0 =
2

T

∫ T

0

√
W (s) ds.

Lesson 5. Gamma-convergence in optimal control the-
ory

The abstract framework is the following:
-) Y space of states;
-) U space of controls;
-) J(u, y) cost functional;
-) E ⊂ U × Y admissible set given by the state equation.

The optimal control problem is then

min{J(u, y) : (u, y) ∈ E}

or equivalently
min{F (u, y) : (u, y) ∈ U × Y } where F = J + χE .

When we deal with sequences of problems

min{Fε(u, y) : (u, y) ∈ U × Y } where Fε = Jε + χEε

we have to study the Γ-convergence of Fε in the product space U × Y .

The typical case is:
-) U = Lp(0, T ;Rm) topology w − Lp;
-) Y = W 1,1(0, T ;Rm) topology strong L∞;

-) Jε(u, y) =
∫ T
0
fε(t, y, u) dt;

-) Eε = {y′ = aε(t, y) + bε(t, y)u, y(0) = ξε}.
We would like to study the Γ-limits of Jε and of χEε

separatly, but the equality

Γ limFε = Γ limJε + Γ limχEε
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is false in general. To bypass this difficulty we introduce the multiple Γ-limits for functions on a product
space.

Γ(U−, Y −) lim inf
ε

Fε(u, y) = inf
uε→u

inf
yε→y

lim inf
ε

Fε(uε, yε)

Γ(U−, Y +) lim inf
ε

Fε(u, y) = inf
uε→u

sup
yε→y

lim inf
ε

Fε(uε, yε)

Γ(U+, Y −) lim inf
ε

Fε(u, y) = sup
uε→u

inf
yε→y

lim inf
ε

Fε(uε, yε)

Γ(U+, Y +) lim inf
ε

Fε(u, y) = sup
uε→u

sup
yε→y

lim inf
ε

Fε(uε, yε)

and analogously for the Γ-limits with lim sup. When two of them coincide we use notations as

Γ(U, Y −) lim inf
ε

Fε, Γ(U, Y ) lim sup
ε

Fε, Γ(U−, Y ) lim
ε
Fε.

In this way it is possible to sum with the Γ-limits. More precisely we have:

Γ(U−, Y −) lim
ε

(Fε +Gε) = Γ(U−, Y ) lim
ε
Fε + Γ(U, Y −) lim

ε
Gε

(see Buttazzo and Dal Maso [JOTA]). Since the Γ-limits which we want to study is the

Γ(U−, Y −) lim
ε

(Jε + χEε
)

we have to identify the limits

Γ(U−, Y ) lim
ε
Jε

Γ(U, Y −) lim
ε
χEε

.

We restrict our analysis to the case (for other cases see Buttazzo and Dal Maso [JOTA])

Jε(u, y) =

∫ T

0

fε(t, y, u) dt

Eε = {y′ = aε(t, y) + bε(t, y)u, y(0) = ξε}.

Case when bε is strongly convergent.

Assumptions on fε :]0, T [×Rn × Rm → R Borel functions:
(i) fε(t, s, ·) is convex and l.s.c. on Rm;
(ii) fε(t, s, z) ≥ |z|p (p > 1);
(iii) for every R > 0 there exists a continuity modulus ωR such that

|fε(t, s1, z)− fε(t, s2, z)| ≤ ωR(|s1 − s2|)(1 + fε(t, s, z))

for every t ∈]0, T [, z ∈ Rm, s1, s2 ∈ Rn with |s1|, |s2| ≤ R;
(iv) there exists uε ∈ Lp such that fε(t, 0, uε(t)) is weakly compact in L1.
Then the Γ(U−, Y ) limε Jε can be computed in the following way (see Marcellini and Sbordone [Ric. Mat.
1977]: for every s ∈ Rn and z∗ ∈ Rm

ϕ(·, s, z∗) = w − L1 lim
ε
f∗
ε (·, s, z∗)

f(t, s, z) = ϕ∗(t, s, z)

Γ(U−, Y ) lim
ε
Jε(u, y) =

∫ T

0

f(t, y, u) dt.
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For instance if fε(t, s, z) = aε(t)|z|2 + |s− y0(t)|2 we have f(t, s, z) = a(t)|z|2 + |s− y0(t)|2 where

1

aε
→ 1

a
weakly in L1(0, T ).

Concerning the differential state equations we assume:

(i) |aε(t, s1) − aε(t, s2)| ≤ αε(t)|s1 − s2| with supε
∫ T
0
αε dt < +∞;

(ii) |bε(t, s1) − bε(t, s2)| ≤ βε(t)|s1 − s2| with supε
∫ T
0 βp

′

ε dt < +∞;

(iii) supε
∫ T
0
|aε(t, 0)|dt < +∞;

(iv) supε
∫ T
0
|bε(t, 0)|p′dt < +∞;

(v) aε(·, s) → a(·, s) weakly in L1 ∀s ∈ Rn;
(vi) bε(·, s) → b(·, s) strongly in Lp

′ ∀s ∈ Rn;
(vii) ξε → ξ in Rn.
Then Γ(U, Y −) limε χEε

= χR where

E = {y′ = a(t, y) + b(t, y)u, y(0) = ξ}.

Therefore the limit control problems is

min

{∫ T

0

f(t, y, u) dt : y′ = a(t, y) + b(t, y)u, y(0) = ξ

}
.

Case when bε is only weakly convergent.

Assume for the sake of simplicity that bε = bε(t) and that (vi) is substituted by
(vi’) bε → b weakly in Lp

′

.
The simplest situation is when |bε|p

′

is equi-uniformly integrable (we shall remove later this assumption).
In this case it is convenient to introduce an auxiliary variable v ∈ V = L1(0, T ) and rewrite the control
problems in the form

min

{∫ T

0

[fε(t, y, u) + χv=bε(t)u] dt : y′ =
a

ε
(t, y) + v, y(0) = ξε

}
.

We can now apply the previous analysis with

Ỹ = Y

Ũ = U × V

f̃ε(t, s, z, w) = fε(t, s, z) + χw=bε(t)z

ãε(t, s) = aε(t, s)

b̃ε(t, s) · (z, w) = w

obtaining as a limit problem

min

{∫ T

0

f̃(t, y, u, v) dt : y′ = a(t, y) + v, y(0) = ξ

}

being
f̃(t, s, z, w) = (w − L1 lim

ε
(fε(t, s, z) + χw=bε(t)z)

∗)∗
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where the ∗ operator is now made with respect to the variables (z, w). Finally we eliminate the variable v
by solving v = y′ − a(t, y) and plugging into the cost functional

min

{∫ T

0

f̃(t, y, u, y′ − a(t, y)) dt : y(0) = ξ

}
.

Note that (
fε(t, s, z) + χw=bε(t)z

)∗
(t, s, z∗, w∗) = f∗

ε (t, s, z∗ + bε(t)w
∗)

and in some cases the function f̃ is finite everywhere, that is the state equation may disappear in the limit
problem. Consider for instance the case

fε(t, s, z) = |z|2 + |s− y0(t)|2 (for every ε)

and {
y′ = aε(t, y) + bε(t)u
y(0) = ξε

with aε(·, s) weakly L1 convergent to a(·, s) and bε → b weakly L2 with b2ε → β2 weakly L1. Then some easy
computations give

f̃(t, s, z, w) = |z|2 +
(w − b(t)z)2

β2(t) − b2(t)

so that the limit problem is

min

{∫ T

0

[
|u|2 + |y − y0(t)|2 +

|y′ − a(t, y) − b(t)u|2
β2(t) − b2(t)

]
dt : y(0) = ξ

}

and the relaxed form of the limit state equation is now in a penalization term.
For instance bε(t) = sin(t/ε) gives b ≡ 0, β2 ≡ 1/2 so that the limit problem becomes

min

{∫ T

0

[|u|2 + |y − y0|2 + 2|y′ − a(t, y)|2] dt : y(0) = ξ

}
.

We want now to drop the assumption that |bε|p
′

is equi-uniformly integrable. In this case we may only
obtain (up to extracting subsequences) that |bε|p

′

converges to a suitable measure µ in the weak∗ convergence
of measures. Assume for simplicity that the cost integrands are of the form

fε(t, s, z) = ϕε(t, z) + ψ(t, s).

In this case the limit problem is expressed by means of the measure µ in the following way (see Buttazzo and
Freddi [AMSA]). As before consider the auxiliary variable v = bε(t)u and the polar integrand (with respect
to (z, w)) (

ϕε(t, z) + χw=bε(t)z

)∗
(t, z∗, w∗).

It is possible to show that (up to subsequences) this integrand converges weakly∗ in M(Ω) to a measure of
the form

g(t, z∗, w∗) · ν (with ν = dt+ µs)

where g(t, ·, ·) is convex. Then the limit problem is with cost

∫

Ω

g∗(t, u,
dv

dν
) dν +

∫

Ω

ψ(t, y) dt+ χ{v<<ν}
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and state equation {
y′ = a(t, y) + v (in the sense of M(Ω))
y(0) = ξ.

Eliminating the variable v (which varies in the space of measures) we obtain again that the limit differential
state equation may disappear becoming a penalization:

∫

Ω

g∗(t, u, y′r − a(t, y)) dt+

∫

Ω

g∗(t, 0,
dy′s
dµs

) dµs+

+ g∗(0, 0,
y(0+) − ξ

µ({0}) )µ({0}) +

∫

Ω

ψ(t, y) dt+ χ{y′s<<µs}

where y′ = y′r · dt+ y′s is the decomposition of the measure y′ into absolutely continuous and singular parts
with respect to the Lebesgue measure dt, and the last term is the constraint that y′s must be absolutely
continuous with respect to µs.

In the previous example

fε(t, s, z) = |z|2 + |s− y0(t)|2
{
y′ = aε(t, y) + bε(t)u
y(0) = ξε

with aε(·, s) → a(·, s) weakly L1, bε → b weakly L2 but now b2ε → µ weakly∗ in the sense of measures, we
get at the limit

∫ T

0

[
|u|2 + |y − y0(t)|2 +

|y′r − a(t, y) − b(t)u|2
µr(t) − b2(t)

]
dt+

+

∫

]0,T [

∣∣∣∣
dy′s
dµs

∣∣∣∣
2

+
|y(0+) − ξ|2
µ({0}) + χ{y′s<<µs}.

For instance, if bε(t) = sin(t/ε) + 1√
ε
1]0,ε[(t) we have b ≡ 0 and µ = 1

2dt+ δ0 so that the limit problem is

min
u∈L2, y∈W 1,1

{∫ T

0

[|u|2 + |y − y0(t)|2 + 2|y′ − a(t, y)|2] dt+ |y(0+) − ξ|2
}
.
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G. DAL MASO & U. MOSCO: Wiener’s criterion and Γ-convergence. Appl. Math. Optim., 15 (1987),
15–63.

E. DE GIORGI: Sulla convergenza di alcune successioni di integrali del tipo dell’area. Rend. Mat., 8 (1975),
277–294.

E. DE GIORGI: Convergence problems for functionals and operators. Proceedings of ”Recent Methods in
Nonlinear Analysis”, Rome 1978, Pitagora, Bologna (1979), 131–188.

E. DE GIORGI & G. BUTTAZZO: Limiti generalizzati e loro applicazione alle equazioni differenziali.
Matematiche, 36 (1981), 53–64.



84 Giuseppe Buttazzo

E. DE GIORGI & T. FRANZONI: Su un tipo di convergenza variazionale. Atti Accad. Naz. Lincei Rend.
Cl. Sci. Fis. Mat. Natur., 68 (1975), 842–850.

E. DE GIORGI & G. LETTA: Une notion générale de convergence faible pour des fonctions croissantes
d’ensemble. Ann. Scuola Norm. Sup. Pisa Cl. Sci., 4 (1977), 61–99.

I. FONSECA & L. TARTAR: The gradient theory of phase transitions for systems with two potential wells.
Proc. Roy. Soc. Edinburgh, A-111 (1989), 89–102.

M. E. GURTIN: On a theory of phase transitions with interfacial energy. Arch. Rational Mech. Anal., 87
(1984), 187–212.

R. V. KOHN & P. STERNBERG: Local minimizers and singular perturbations. Proc. Roy. Soc. Edinburgh,
A-111 (1989), 69–84.

S. LUCKHAUS & L. MODICA: The Gibbs-Thompson relation within the gradient theory of phase transi-
tions. Arch. Rational Mech. Anal., 107 (1989), 71–83.

K. A. LURIE & A. V. CHERKAEV: G-closure of a set of anisotropically conductivity media in the two-
dimensional case. J. Optimization Theory Appl., 42 (1984), 283–304.

K. A. LURIE & A. V. CHERKAEV: G-closure of some particular sets of admissible material characteristics
for the problem of bending of thin elastic plates. J. Optimization Theory Appl., 42 (1984), 305–316.

L. MODICA: The gradient theory of phase transitions and the minimal interface criterion. Arch. Rational
Mech. Anal., 98 (1987), 123–142.

L. MODICA: Gradient theory of phase transitions with boundary contact energy. Ann. Inst. H. Poincaré
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