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I ntroduction.

These lecture notes are a brief introduction to homogenization methods, and espe-
cialy the theory of optima bounds on effective properties of composite materias, in
the context of optimal shape design. Shape optimization is already a huge field by
itself, so these notes can merely give a flavor of that extremely wide and active area
(let us mention a few reference books : [6], [21], [22], [23]). Of course, this is
reflected in the many different methods which have been devised for analysing and
solving problems in shape optimization. Since this course takes place in a "School on
Homogenization", we focus on only one of these, the so-called homogenization
method. Even so, it would take a whole book to cover that topic. A fortiori, these
notes, corresponding to a four-hour course intended for graduate students, cannot pos-
sibly be more than a short initiation into optimal shape design using homogenization.
Students (or readers) are assumed to already have a basic knowledge in homogeniza-
tion (for example, the compactness theorem in G -convergence) and in the mathemati-
cal theory of composite materials (cf. the courses of A. Defranceschi [12] and L. Gibi-
ansky [15]).

For many newcomers in that field, the association of homogenization and shape
optimization seems a little weird or unnatural. However, for some of the "founding
fathers® of homogenization, shape optimization was indeed their main motivation.
(Remark that in the mid-seventies the expression "shape optimization" was sometimes
replaced by "optimal control”, the control being a domain.) The interrelation between
homogenization, shape optimization, and relaxation in the calculus of variations has
been recognized quite early by many authors (see [18], [19], [20]). At first sight, the
use of homogenization in shape optimization seems to be just a trick to prove
existence of optimal designs. But its importance goes far beyond this purely
mathematical aspect, and recent contributions have demonstrated its usefulness for
numerical computations (see [3], [7], and the proceedings [8]). Although these notes
will not cover any numerical aspects of this problem, we just want to emphasize here
the interest of that method from the point of view of industrial applications.

Section 1 briefly introduces some notions of shape optimization, and analyses a
scalar model problem concerning heat conduction. Section 2 is devoted to the applica-
tion of G-convergence to the relaxation of the model problem. In section 3, its
relaxed formulation is computed with the help of the Hashin-Shtrikman variational
principle. Finally, section 4 presents a more involved problem of shape optimization
in elasticity.

1) Optimal shape design : a model problem.

Shape optimization is a branch of the calculus of variations, where the class of
admissible solutions is a set of characteristic functions of domains (i.e. shapes). In this
context, admissible solutions are also called admissible designs. A typical problem of
shape optimization is to minimize a functional (i.e. a function E(x), sometimes called
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a cost function or an energy function) over this set of admissible designs (i.e. charac-
teristic functions x which take the value 1 in their corresponding domain and O else-
where).

There are two well-known difficulties associated with this type of problem when
one tries to apply the so-called standard method of the calculus of variations. This
method works in two steps : first, existence of a solution is proved by considering a
minimizing sequence and applying some kind of lower semi-continuity result ; second,
optimality conditions (also known as the Euler equation) are sought, which give a use-
ful characterization of solutions. The first difficulty in shape optimization is that no
solution may exist in the postulated class of admissible designs. More precisely, a
minimizing sequence of characteristic functions usually does not converge to a charac-
teristic function, but rather to a density function (taking al possible values between 0
and 1). In other words, a sequence of nearly optimal shapes can escape from the class
of admissible designs, and converge in a larger class (including, for example, compo-
site materials). The second difficulty is linked with the optimality conditions obtained
by deriving the cost function. Unfortunately, in the general case of shape optimiza-
tion, one cannot do variations of the functional E(x) since the sum of two characteris-
tic functions is usualy not a characteristic function itself (with the notable, but limited,
exception of variations along the boundary normal, see eg. [23]). Thus, optimality
conditions cannot be obtained if the original space of admissible designs is not
enlarged.

To remove these two obstacles, the so-called relaxation procedure can be used :
firstly, generalized solutions are defined, and secondly, the cost function is extended to
this new class of admissible generalized solutions. This extension is precisely con-
structed in such a way that it is lower semi-continuous, thus implying the existence of
an optimal generalized solution. The extended cost function is called the relaxed cost
function. Of course, the space of generalized solutions must be larger than the space
of classical solutions, but not too large to retain some knowledge of the minimizing
sequences of the origina problem. In other words, a relaxed formulation must satisfy
the following conditions :

(1) generaized solutions include classical solutions, and the relaxed cost function is
equal to the original one on classical solutions,

(2) the minimum values of the original and relaxed minimization problems are equal,

(3) there exists a solution of the relaxed problem, and any such solution is the limit
of a minimizing sequence of the original one.

This idea of relaxation goes back to the work of L.C. Young [25], and has been much
developed since (see eg. [1], [10], [11], [13]). However, we do not intend to follow
directly this general pattern here, but rather proceed in a more constructive, and physi-
cally sound, way by using homogenization.

Roughly speaking, homogenization is a natural and systematic method for com-
puting a relaxed formulation for problems where the cost function E(x) is defined
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through a state equation, which is a linear partial differential equation posed in the
domain corresponding to the characteristic function x. Furthermore, homogenization
gives a physica meaning to the relaxation process by associating to minimizing
sequences and generalized designs the concrete notions of infinitely fine mixtures and
composite materials. This situation occurs for a large class of problems, but to keep
things in a reasonably small format, we focus on a model problem, defined below.
The connections between homogenization and relaxation for shape optimization have
been explored notably in [18], [19], and [20].

We now introduce a simple model problem in the context of heat conduction.
We have two materials at our disposal, with conductivities a; and a,, the second one
being a better conductor than the first one, i.e. 0 < a; < a,. They fill a given bounded
domain Q which is submitted to a fixed heat flux J, on its boundary aQ satisfying the
thermal equilibrium condition a[ Jo.n = 0. We assume that a,, being a better conduc-

Q

tor than a,, is also more expensive, so that there is a constraint on the total amount of
a,, i.e. a, can occupy only a proportion o of Q (with 0< a < 1). The problem is
now to find the best arrangement of a; and a, in Q, which minimizes the heat energy
stored in Q (this is taken as a global measure of its conductivity).

To give a precise mathematical definition of this problem, we first give the form
of the so-called state equation. Denoting by T the temperature, and by J the heat flux,
it reads

J(x) = a(x) OT(x) with a(x) = [1-x(x)]a; + x(x)a,
dvJ =0 inQ (1.2)
Jn = Jon on 0Q

where x(x) is the characteristic function of the subdomain occupied by a, (a measur-
able function on Q satisfying x(x) =0, or 1 a.e.). Then, the energy (or cost) function
IS

!E a(x)OT(x).OT(x) dx = !E a(x)"1J(x).J(x) dx (1.2)

which is to be minimized under the constraint
J;X(X) dx < al|Q]. (1.3)
To further smplify the presentation, we introduce a positive Lagrange parameter A in

order to add the constraint (1.3) to the energy function (1.2). This gives the new cost
function to be minimized without any constraint

E(x) = £ a(x)" I (x).J(x) dx + A !E X(x) dx. (1.4)
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The minimization of (1.4) is our model problem of shape optimization. (In the
degenerate case a; = 0, we really optimize the shape of the domain containing a, with
zero-flux boundary condition.) Remark that the compatibility condition J[ Jon =0 is

always satisfied for a divergence-free function J, O L2(Q)N, and that equation (1.1)
has a unique solution T O HY(Q)/IR for any measurable characteristic function x. This
implies that E(x) is well defined for any such x. Nevertheless, we claim that the
minimization of (1.4) is ill-posed, i.e. that E(X) has usualy no minimizer among
characteristic functions. To support that clam, we give an equivalent form of (1.4)
which turns out not to be lower semicontinuous.

Proposition 1.1.
The minimization of (1.4) is equivalent to the minimization of

!l; Min[al‘lff castyg + A] dx (1.5)

among admissible currents |, i.e. satisfying
{divf =0 inQ

jom = Jonm  on 0Q. (16)

Namely, any minimizer j* of (1.5) (if any) yields a minimizer x* of (1.4), related by
X*(x) =1 ifazirgr + A < arlffjr, x*(x) = 0 if not. (1.7)

Reciprocally, the solution J* of equation (1.1), associated to a minimizer x* of (1.4)

(if any), isa minimizer of (1.5).

Proof.

By the dual variational principle, the solution J of equation (1.1), for a fixed ¥, is the
minimizer of

£ a(x)1J(x).J(x) dx = Min{ a() ™ (x).Jx) dx.  (1.8)

divj=0inQ
jon =Jon on dQ

Inserting (1.8) in (1.4), it is perfectly legitimate to interchange the order of minimiza-
tions in x and j. For fixed |, the minimization in X is pointwise and gives the
integrand in (1.5). In view of (1.8), the interrelation between the minimizers x* and
j* isnow obvious. This completes the proof of Proposition 1.1.

The integrand in (1.5) is clearly not convex if A > 0. Consequently, (1.5) is not
lower semi-continuous by a classical result (at least in 2-D, see e.g. Chapter X in
[13]), that won't be detailed here. The upshot is this : the model problem (1.4) may
have no solution ; thus, we need to introduce its relaxation, but we don't want to com-
pute it with the general arguments of the relaxation theory, rather we use the homo-
genization theory (see section 2). The reason for not using the general theory is that it
works only for scalar state equation, as considered in our model problem. In
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particular, it does not apply to the other model problem introduced in section 4, where
the state equation is actually a system of equations (elasticity). On the contrary, the
homogenization method goes through exactly in the same way for that problem (but
the computations are a little more tricky).

Before introducing homogenization in the next section, we give the final result for
the formulation (1.5) of our model problem.

Theorem 1.2.

The relaxed formulation of (1.5) is the minimization, under the same constraint (1.6),
of the relaxed energy

!E D (j(x)) dx (1.9

with

> Yo Yo
. A . Aa, . A " A
D(j) :<2{ } [j]—— |fa2{ ~ } >|J|>al{ ~ }
a,—a a,—a, a,—a,

Of course, this relaxed formulation satisfies the condition (1)-(3) defined above.
Remark that the integrand of (1.9) is just the convexification of the integrand of (1.5)
as can be expected (see e.g. Chapter X in [13]). However, relaxation is not always
synonymous of convexification : in the vector-valued case the relaxed integrand is the
quasi-convexification (see section 4 for references).

2) G-convergence and relaxation.

The first part of this section recalls fundamenta notions of G-convergence in the
particular context of the model problem of section 1. (For proofs and generalizations,
we refer to the course of A. Defranceschi [12] and the references therein.) In a second
part, G-convergence is applied to the relaxation of the model problem. We keep the
notations of section 1, i.e. Q is a bounded domain of IRN, a; and a, are two conduc-
tivities satisfying O < a; < a,, and X is a sequence of measurable characteristic func-
tions indexed by a positive real €. For this sequence X, we define an associated
sequence of conductivities

ag(x) = [I-Xe(x)]ag + Xe(x)as. (2.1)
We denote by L%(Q,div) the space of divergence-free functions in L2(Q)N. For a
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given J, in L%(Q,div), let T, be the unique solution in H(Q)/IR of the model problem
Je(x) = ag(x) OT(x)
dvJ, =0 inQ (2.2)

P

Jem = Jopn  on 0Q.

Definition 2.1.

The sequence of conductivities a, is said to G-converge to an homogenized or
effective conductivity tensor A” if, for any J, in L%(Q,div), the associated sequence of
solutions T, converges weakly in H LQ)/IR to the solution T of the homogenized prob-
lem

J(x) = A" (x) OT(x)
dvy =0 inQ 2.3)
Jn = Jon  on 0Q.

This definition makes sense because of the following compactness theorem.
Theorem 2.2.

From any sequence of conductivities a, defined by (2.1), we can extract a subse-
quence, and there exists an effective tensor A", such that this subsequence G-
converges to A” .

Of course, G-convergence can be defined for more general sequences a., and more
general elliptic problems than (2.2). There are a number of properties of G-
convergence that we recall in the next proposition.

Proposition 2.3.
Any G-limt A" of a sequence a, is a symmetric, positive definite, bounded, and
measurable matrix on Q. Furthermore, it does not depend on Q, and on the type of

boundary condition in (2.2). Finally, the sequence of energies associated to equation
(2.2) converge to the homogenized energy of (2.3), i.e.

!E a (x) 1T (x).J(x) dx - !E A" (x) 1T (x).J(x) dx. (2.4)

By remarking that the set of measurable characteristic functions on Q is weakly com-
pact "star" in the set of measurable densities on Q (i.e. functions which take their
values in the whole interval [0;1]), we easily obtain the following corollary of
Theorem 2.2.

Corollary 2.4.

From any sequence of characteristic functions X, and conductivities a., we can extract
a subsequence (still denoted by €), and there exist a density 8 and an effective tensor
A", such that, for this subsequence, one has
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Xe(X) v B(x) in L®(Q;[0;1]) weak *, and a, G-convergesto A*.  (2.5)

For any density 8(x) O L*(Q;[0:1]), the precise set of associated G-limits A* (x) is
denoted by Gg(y and is called the G-closure of a; and a, with density 6(x). The fol-
lowing theorem of G. Dal Maso and R. Kohn indicates that there is a pointwise (or
local) definition of the G-closure and that it is enough to consider effective tensors
that arise by periodic homogenization of a; and a,.

Theorem 2.5.

Denote by Pg the set of all effective tensors obtained by periodic homogenization of a;
and a, in proportions (1-6) and 8. Then, any possible effective tensor A™ (x) O G
belongs to the closure of Py where 8(x) = 6 (almost everywhere in Q). Furthermore,
any tensor A(x), such that A(x) O Py, is a G-limit, i.e. belongs to Gy,

We have now finished with results on G-convergence. Let us comment a little
on the so-called G-closure problem, i.e. finding the set of all possible effective con-
ductivity tensors obtained by mixing a; and a,. Since the work of F. Murat and L.
Tartar [20], [24], and K. Lurie and A. Cherkaev [19], a complete answer for our model
problem is available, i.e. an algebraic closed form of the G-closure is known (see the
course of L. Gibiansky [15] for details). We won't use it here. Rather, we will use a
partial knowledge of the G-closure furnished by so-called optimal bounds on effective
properties (see section 3). The justification of our method is that we ultimately want
to generalize our result to the model problem of section 4 in elasticity. Since the G-
closure is unfortunately still unknown for elasticity, our method is the only available
route to relaxation in this case.

We turn to the relaxation of the shape optimization model problem (1.4).
Theorem 2.6.
The relaxed formulation of (1.4) is the minimization of the relaxed energy

E@A") = !EA* )T (x).T(x) dx + A ![ B(x) dx, (2.6)

where J(x) is the solution of the homogenized problem (2.3). The minimization of
(2,5) takes place over all densities 6(x) O L%(Q;[0;1]) and all effective tensors
A (X) H GG(X)'

Pr oof.

Let X, be a minimizing sequence of (1.4). By applying Corollary 2.4 to the
corresponding sequence of conductivities a,, up to a subsequence one has

Xe(X) é(x) in L*(Q;[0;1]) weak *, and a, G-converges to A",

Passing to the limit in the state equation (2.2) yields the relaxed state equation (2.3).
Furthermore, Proposition 2.3 implies that

E(x) — EBA").
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Since, by definition, any couple (8,A") in L®(Q;[0;1])xG4 is attained as a limit of
some sequence of characteristic functions, the above limit (8,A”) is a minimizer of
(2.6). Thus, (2.6) satisfies all the required properties of a relaxed problem for (1.4) : it
has a solution, its minimum value is also that of (1.4), and its minimizers are attained
by minimizing sequences of (1.4).

Theorem 2.6 gives the relaxation of our model problem in shape optimization, in
a form which is not suitable for our purpose. Indeed for numerical computations, it
requires the knowledge of the G-closure to minimize (2.6) on that precise set. Thus,
in the same spirit of Proposition 1.1, we give an equivalent formulation of (2.6).

Proposition 2.7.
The minimization of (2.6) is equivalent to the minimization of

;E Min{o - 1[A* 17 (x).J(x) + )\e(x)} dx 2.7)
A" OGq

among admissible currents ', i.e. satisfying
{divf =0 inQ

jom = Jonm  on 0Q. (28

Pr oof.

By using the dual variationa principle as in Proposition 1.1, we can interchange the
order of minimization in | and in (8,A"). By virtue of Theorem 2.5 the definition of
Gy is pointwise (as is the constraint 0 <6 < 1). Thus, the minimization in (8,A™) can
be interchanged with the integration on Q, yielding (2.7).

The integrand in the new formulation (2.7) is not very explicit, and still involves
the G-closure Gg. However, the main interest of (2.7) is that, even if we don’'t know
Gg, We can explicitly compute the minimum in A® of the dual energy <A* ~1j’> for a
fixed field j. The result is especially simple.

Proposition 2.8.
When homogenizing materials a; and a, in proportions (1-6) and 6 respectively, the
minimum value of the effective dual energy is

- -1,
Min pgg, <A* > = < [(1—9)a1+6a2J .

j>. (2.9)

The minimum vaue in (2.9) is a so-caled optima lower bound on the dua
energy. Proposition 2.8 will be proved in the next section with the help of the
Hashin-Shtrikman variational principle, which is a very general and powerful tool for
computing such bounds. After this minimization in A”, it remains an obvious 1-D

minimization in 8 to compute an explicit form of the integrand in (2.7). This is done
in the next Proposition, which implies Theorem 1.2.
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Proposition 2.9.

Y2
Let m be a constant defined by m = } . Denoting by 6 the optimal value of

ax-a;
the density, the integrand in (2.7) is
<a;ff >+ A if [[|=2ma,and 6=1 (2.10)
— 2 . — - _ m_l|r| - al
2m |j | - mea; if m,>|j| >ma;and 6 = ——— (2.12)
a —ag

<aiYfj > if ma, =|]| and 8=0. (2.12)
Proof.

We have to minimize in 6 the function
-1 .,
a1+ Bag-ay] " 1717 + 28,

The optimal value of 6 is easily seen to be

. mt|j| -a

5 = |j | 1
a-a

The different regimes (2.10)-(2.12) arise because of the constraint 0 < <1 This
easy calculation is left to the reader.

Remark that the original problem (1.4) of shape optimization has been relaxed in
a minimization of a non-linear dual energy defined by (2.10)-(2.12). However, this
relaxed formulation is still a problem of shape optimization, thanks to the optimality
condition for the density in Proposition 2.9. Numerically, one process by computing
the minimizer J of (2.7), then recovering an optimal shape, defined by its density 6.
Remark also that where the heat flux j is small, the bad conductor a; is chosen
(6 = 0), where it is large, the good one a, is preferred (8 = 1), and for intermediate
values, composites arise.

3) The Hashin-Shtrikman variational principle.

This section is devoted to the proof of Proposition 2.8, i.e. to the computation of
an optimal lower bound on the effective dual energy < A* 1’ j >. To this end, we
introduce the Hashin-Shtrikman variational principle (see their original paper [17] or
the course of L. Gibiansky [15] ; here, we follow the lines of [4]). We begin with the
definition of such an optimal bound.

Definition 3.1.

A lower bound on the effective dual energy < A* 7Yj’,j > is a function f depending
only on 8, ay, a,, and | such that, for any effective tensor A" [ Gg
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<A1 > = f(8,a5a,)). (3.1)

This bound is called optimal if, for any value of 6, a,, a,, and |, one can find a par-
ticular effective tensor A" for which there is equality in (3.1). The corresponding
microstructure (i.e. the arrangement of a; and a, in this composite) is also called
optimal.

By virtue of Theorem 2.5, it is enough to establish the bound (3.1) for effective
tensors obtained by periodic homogenization. This alows us to use the convenient
following formula.

Proposition 3.2.

Let A* be the homogenized tensor obtained by homogenization of a; and a,, distri-
buted in the periodic cell Y = [0;1]N with characteristic functions [1-x(y)] and X(y)
respectively. Then, for any constant vector j, A* is characterized by

<A > = Min [ < (A0 Dait + X (HaLGHRY) > oy (32

where the minimization is subject to the constraints
¢ OHAYN , {?p(y) dy =0, dvg =0 inY.

(For a proof of that well-known result, see eg. [9].) Since formula (3.2) involves
periodic functions on the unit cube, it is tempting to use Fourier analysis to evaluate it.
This is indeed the main idea behind the Hashin-Shtrikman variationa principle that we
can now state.

Theorem 3.3

Let A" be an effective tensor obtained by homogenization of a, and a, (with
0 <aj <a,), in proportions (1-6) and O respectively. The Hashin-Shtrikman varia-
tional principle is the following lower bound

<A > 2 <aglf [ >+ (1) Max  |2< > - <ait-az?) > - g (@D

where the maximum is taken over all constant vectors rj, and g(n) is the so-called
non-local term defined by

g(m) = a,Sup

2 _ (n.K)?
- 34
| e (3.4)
where the supremum is taken over all vectors K with integer components (K is actually
the Fourier variable corresponding to y).

Proof.

We start from the definition of A” (3.2). Adding and subtracting the reference energy
< ayt (J+@y)).(7+@y)) > gives

<A > = Ming [ (1-xO))< [agt-az 1(+9).(+¢) > dy +J;< az' (i+o (35 > dy|.
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Let us rewrite the first term in the right hand side of (3.5). Since a; < a,, by convex
duality we have

[< WX -as 1G9+ > dy = Swp {(1—x(y))[2< G+ > (36)

- <[ar-az' 7N >} d

Here, n(y) ranges over periodic vector fields. One can get an inequality by making a
special choice of n(y) in (3.6). We take n(y) being constant in the domain of integra-
tionin (3.6). By integration, thisimplies

£< (1-x(y)lart-az'1(+9,(+9 >dy 2 2(1-6)<n,j >
- (1-0)<[a;'-az ] > + ZJ;(l X(¥))< n.@y) > dy

for any constant vector . Substitution into (3.5) yields, after a bit of simplification
<A > 2 <ayl [ > +2(1-8)< n,j > - (1-6)< [a; ;"] Tn,n 8.7)

+ Min (p£[ <azt@y).@y) > - 2x(y)< n.@y) >} &.

The last term in (3.7) is the so-called non-local term, which is easily evaluated by
means of Fourier analysis. We denote by (p(k) the Fourier components of @(y), i.e.

wy) = T @ke®

kOz N

where k.fp(k) = 0, because of the constraint div ¢ =0, and fp(O) = 0, because of the
constraint £¢ dy =0 (see (3.2)). By application of Plancherel’s formula, we obtain

flast o) 12 -2< new > o = Re 3 | a5t 1602 - 2%0)< n les).

koz M
Minimizing frequency by frequency is easy. Frequency O is specia : it contributes
nothing to (3.8) since Ep dy =0. For k # 0, taking into account the divergence-free

constraint k.fp(k) = 0, each term in the right hand side of (3.8) is minimum for

wK) = x(k)az{n - %k}

Thus, the non-local term is

- Z|>“<(k)|2az[|n|2—M

k70 k|2

N
| —

It is bounded below by
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k)2 .

- Sup {Inlz— %] a, 3 IRK) |2 (3.9)
Kk | kZ0

One can check that (3.9) is exactly — g(n), as defined in formula (3.4), since, by

Plancherdl’s formula

> k) |? = UX()/)—@l2 = 6(1-9).

k20
Combining (3.7) and (3.9) gives the Hashin-Shtrikman variational principle.

We favor the Hashin-Shtrikman variational principle, because it gives a sys
tematic procedure for checking that the lower bound (3.3) is optimal (in the sense of
Definition 3.1).

Proposition 3.4.

The Hashin-Shtrikman lower bound (3.3) is optimal, namely, for any flux j, there
exists a composite material, obtained by a single lamination of a; and a, in a direc-
tion orthogonal to |, for which equality is attained in (3.3).

Pr oof.

In the course of the proof of Theorem 3.3, we have used only two inequalities : the
first one is a consequence of forcing ri(y) to be constant, the second one comes from
the maximization over all frequencies k. We are going to prove that they are actually
equalities for a carefully chosen lamination of a; and a,. Up to a change of variables,
we can always assume that the flux | is parallel to one of the axis of the unit cell Y.
Consider a single lamination of a; and a, in a direction e parallel to the axis and
orthogonal to j (the periodic cell is cut in two subdomains separated by an interface
orthogonal to €). It is an easy algebra exercise (left to the reader) to check that
@(y) = 0 is indeed the solution of the cell problem (3.2) for this special microstructure.
This implies that, in the dual transformation (3.6), the optimal r(y) is a constant vec-
tor parallel to j. Thus, we don’t get an inequality but an equality by forcing n(y) to
be constant in (3.6). Furthermore, for this special microstructure, the Fourier com-
ponents X (k) of the characteristic function of the a,-domain are zero except when Kk is
paradlel to e. Thus the non-local term is exactly
2
-a,| 12 - %} S 1%k |2
e | k#0

Since € is orthogonal to j” which is paralel to r}, the non-local term becomes
- a,|n|*6(1-6)
which is nothing than g (). Thus equality is achieved for this microstructure in (3.3).

Of course, in the case of our simple model problem, formula (3.4) for the non-
local term can be further simplified, and the bound furnished by the Hashin-Shtrikman
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variational principle can be explicitly computed.
Theorem 3.5.

The optimal lower bound (3.3) on the dual effective energy is nothing else than the
arithmetic mean bound

<A > 2 < (-0, + 6 T > (3.10
Proof.
The maximum in (3.4) is obvioudly attained for a vector K orthogonal to n
g(m = axnl?

Thus, (3.3) becomes
<A > 2 <aglf >+ (1-0) Max, [2< > - <[(@it-azt) + 6agnip).
By convex duality, the maximum in rj reduces to

<[(@st-az)t + 6a) T >

An easy computation leads to the result (3.10).

Proof of Proposition 2.8.

By combining Proposition 3.4 and Theorem 3.5, the proof is immediate. Since the
bound (3.10) is optimal, the minimum of < A* 71J',j > is precisely the right hand side
of (3.10).

Remark 3.6.

We have actually proved more than Proposition 2.8, namely we have exhibited a spe-
cia class of composite materials which are optimal : the laminated composites. This
type of composites play an important role in the theory of optimal bounds on effective
properties (see [4], [5], [14], [16]). However, they are not the only class of optimal
composites (cf. the concentric spheres, or ellipsoids, construction [17], [24]). These
optimal composites give aso an insight of the geometry of minimizing sequences for
the original problem (1.4). In this particular case, a minimizing sequence is obtained
by simply considering an optimal lamination of the two materials, but with a finite
length scale going to zero.

4) Another model problem in elasticity.

In this section we introduce another model problem, similar to that of section 1, but
much more difficult to analyse since the state equation is now a system of equations
from elasticity. However, the strategy for solving this problem is completely parallel
to that presented in the previous sections. Just some computations are a little more
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involved... Consequently, we content ourselves in giving the main results without any
proof (for details see [3]). Another difficulty comes from the physical motivation of
this problem which is to find an optimal shape rather than an optimal arrangement of
two materials (as in section 1). This is modeled by considering one of the two materi-
as as being degenerate (i.e. holes, or void). This leads to serious mathematical
difficulties that won't be discussed here. Thus, this section must be regarded as an
illustration of the homogenization method for shape optimization in a context where
applications are numerous (see e.g. [3], [2], [7], [8]).

Let us explain the physical motivation of this problem. The usua goal in struc-
tural optimization is to find the "best" structure which is, at the same time, of minimal
weight and of maximum strength. Here, we consider a model problem of this type, in
the context of linear elasticity with a single loading configuration. For simplicity, we
work in two space dimensions, but most part of the analysis can be carried away in
three space dimensions. We begin with a plane bounded domain Q, occupied by a
linearly elastic material with isotropic Hooke's law A, and loaded on its boundary by
some known force f'. Admissible designs are obtained by removing a subset H [1Q ,
consisting of one or more holes (the new boundaries created this way are traction-
free). The holes H are actually the degenerate limit of a second material whose
Hooke's law is going to zero. We recall that a Hooke's law is a fourth-order tensor
acting on symmetric matrices (it plays the role of conductivity in this problem). An
isotropic Hooke's law A is defined by two positive reals Kk and p (the bulk and shear
moduli, respectively), and for any symmetric matrix &, it satisfies

2
AE = 2uE + (K—Wu)(tr &, (4.1)
where | , is the identity matrix. The state equation is the system of elasticity equations
o = Ae(u), e(u) = ¥%(Ou + '0u)

dvo =0 inQWH (4.2
on = f onadQ, on = 0 on oH,

where the unknown u is the displacement vector, e(u) and o are symmetric matrices
(the strain, and the stress, respectively). The compliance is defined as the work done
by the load, or equivalently as the primal, or dual, energy

C(QH) = [fu = [<Ae(u)eu)> = [ <Alo,0>. (4.3)
LT i
Introducing a positive Lagrange multiplier A, the goal is to minimize, over admissible
designs Q\H, the weighted sum of the compliance and the weight, i.e.
Min [C(Q\H) + A QWH I} . (4.49)

Problem (4.4) is the equivalent of the conductivity problem (1.4) for elasticity. We
now give the equivalent of Proposition 1.1.
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Proposition 4.1.
The minimization problem (4.4) is equivalent to the minimization of

0O ift=0
!EG(T) dx , with G(1) :{

<Altt>+ N if not (4.5)
among admissible stresses T, i.e. satisfying
dvt =0 inQ
wn = f  onaQ. (4.6)

Namely, to any minimizer of (4.5) corresponds a minimizer of (4.4), and reciprocally.

Following is the equivalent of Theorem 1.2.
Theorem 4.2.

The relaxed formulation of (4.5) is the minimization, under the same constraint (4.6),
of the relaxed energy

£ G (1) dx (4.7)

with
&r) = <AltT> + A ifp=1 i
© = <Aht1> + Ap(2-p) ifp<1 (48)

and

] (1 1)

where 14 and 1, are the two eigenvalues of T.

The relaxed formulation (4.7) satisfies the condition (1)-(3) defined in section 1.
Remark that the integrand (4.8) is not the convexification of the integrand of (4.5), but
rather its quasi-convexification (see [3]). As for Theorem 1.2, the proof of Theorem
4.2 is based on G-convergence and on an optimal lower bound on the dual effective
energy. Recall that, in the case of elasticity, the G-closure is unknown, which implies
that this optimal lower bound is crucial. To enlighten the differences between the con-
ductivity and elasticity cases, we state the equivalent of Theorem 3.3 and 3.5.

Theorem 4.3.

Let A* be an effective Hooke's law obtained by homogenization of the material A with
holes, in proportions 6 and (1-6) respectively. The Hashin-Shtrikman variational
principle is the following lower bound

<A > > <Al > + (1-6) Max [2<T,s> - eg(a)] (4.9)
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where the maximum is taken over all constant symmetric matrices €, and g (€) is the
so-called non-local term defined by

g(e) = <Agge>-h(Ag) (4.10)
with

hE) = S %[IER|2-<EKI?>2]+m<zR’.R’>Z}

where the supremum is taken over all unit vectors K. The bound (4.9) is optimal and
is attained for so-called rank-N sequential laminates.
Furthermore, the right hand side of (4.9) can be computed explicitly in 2-D :

- - K+u)(1-6 2
<A hrs 2 <Alr> 4+ %[ﬁﬂ + |T2|J . (4.9)

For a proof of Theorem 4.3, we refer to [3].
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