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INTRODUCTION

Introduction

In the beginning of the 20th century, starting from work of Poincaré, Mordell,
Weil and Siegel, a new approach was introduced for the study of Diophantine
equations, i.e. polynomial equations with integer coefficients of which we
are concerned about the integral or rational solutions. Motivated by the
(at the time) recent developments in algebraic geometry, it was noticed that
Diophantine equations, like any other polynomial equation, define algebraic
varieties, with integral and rational solutions corresponding to integral and
rational points on these varieties. Finding a link between the geometrical
structure of these varieties and the behavior of rational and integral solutions
of the equations is one of the main problems of Diophantine geometry.

This link is quite clear and well understood in dimension 1, i.e. for algebraic
curves, where the number of rational points is controlled by the genus. More
precisely, if C is a smooth curve of genus g defined over Q, then:

• if g = 0, then either C has no rational point, or, by work of Poincaré
[Poi01], it is isomorphic over Q to P1, and hence it has infinitely many
rational points;

• if g = 1, then again C could have no rational points; in case it has, then
C is an elliptic curve, and by work of Mordell [Mor22] the set of rational
points forms a finitely generated abelian group;

• if g ≥ 2, it was originally conjectured by Mordell [Mor22], and later
proven by Faltings [Fal83], that C can only have at most finitely many
rational points.

All of these results actually hold for K-rational points and curves defined
over K, with K any number field.

The original proof of Mordell Conjecture given by Faltings followed a strat-
egy that involved reducing the problem to the Shafarevich conjecture via earlier
work of Parshin. Other proofs have since been formulated using different tech-
niques: Vojta [Voj91] gave a proof using Diophantine approximation, later sim-
plified by Faltings [Fal91] and Bombieri [Bom90], and more recently Lawrence
and Venkatesh [LV20] obtained a proof relying on p-adic Hodge theory. A
uniform version of the same statement has also been proven by Dimitrov, Gao
and Habegger [DGH21].

Another approach to proving Mordell Conjecture, carrying ideas already
present in the works of Poincaré [Poi01] and then developed by Siegel [Sie29]
and Chabauty [Cha41], begins by observing that any curve C defined over
a number field K and of genus g ≥ 2 that has a K-rational point P can
be embedded into its Jacobian variety JC via the Abel-Jacobi map relative
to P . Since P is K-rational, the corresponding Abel-Jacobi map is defined
over K, hence it preserves K-rationality. Identifying C with the image of this
embedding yields

C(K) = C ∩ JC(K) ⊆ JC ,
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INTRODUCTION

where C(K) is the set of K-rational points of C. By the Mordell-Weil Theorem,
the group of K-rational points JC(K) is finitely generated. Moreover, the
dimension of JC as a variety is equal to the genus g of C; in particular, C is
properly contained in JC as by assumption g ≥ 2. Thus, the set of K-rational
points of C can be viewed as the intersection of a subvariety of an abelian
variety with a finitely generated subgroup of the ambient variety; we expect
such an intersection to be finite in general. This perspective naturally invites
generalizations, which motivated much of the development of Diophantine
geometry. One may consider to replace JC(K) with other subgroups, such
as other finitely generated subgroups, the set of torsion points, or finite rank
subgroups; replace C with higher dimensional subvarieties; and consider the
problem in more general ambient spaces, such as abelian varieties that are not
Jacobians, algebraic tori or semiabelian varieties. This led to the formulation
of many classical conjectures, such as the Manin-Mumford Conjecture [Lan65]
and the Mordell-Lang Conjecture (ibidem), which we will be reviewing in
Chapter 1.

This interpretation of finiteness questions in terms of intersections between
subvarieties and subsets of arithmetic interest of group varieties, and the success
that it had for example in the proof of the Manin-Mumford Conjecture by
Raynaud [Ray83a, Ray83b], led to a broader framework, usually called the
theory of unlikely intersections. The key heuristic is that, whenever we have
two (algebraic) varieties V and W of dimension r and s respectively in a space
of dimension n such that r + s < n, then we expect that the intersection
V ∩W is empty. When this is not the case, we say that we have an “unlikely
intersection”. Fixing V and letting W vary in a suitable countable family
satisfying this dimensional condition, we cannot expect that all the intersections
will be empty, but we still expect the union of such intersections not to be
dense in V , unless some geometric relationship exists between V and the family
of the W s.

The main conjecture in this framework is the Zilber-Pink Conjecture, inde-
pendently formulated in different contexts by Bombieri, Masser and Zannier
[BMZ99, BMZ07], Zilber [Zil02], and Pink [Pin05b]. Suppose that the ambient
space S is a Shimura variety; such varieties naturally come with a countable
family of distinguished subvarieties, known as special subvarieties. If a sub-
variety V of S is not contained in any of these special subvarieties, then the
Zilber-Pink Conjecture predicts that its intersection with the union of all the
special subvarieties of codimension bigger or equal to dimV + 1 is not Zariski
dense in V . While the conjecture remains open, much progress has been made
towards it in the last 30 years, which will be reviewed in Chapter 1.

More recently, a variation of these problems has appeared, where one also
takes into account the multiplicity of intersection. Indeed, whenever two (al-
gebraic) varieties V and W of dimension r and s respectively lie in a space
of dimension n such that r + s = n, then not only do we expect that the
irreducible components of the intersection V ∩W are zero dimensional, but
also that the intersection at those points happens in a transversal way, i.e.
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INTRODUCTION

that the tangent spaces of V and W , seen as subspaces of the tangent space
of the ambient variety, have minimal intersection. So, by a similar heuristic
to unlikely intersections, if we let W vary over a suitable countable family,
we expect that the set of points in which the intersection happens in a non-
transverse, or singular, way is not Zariski dense in V . In particular, in analogy
with the Zilber-Pink Conjecture, we are concerned about the case in which the
ambient space is a Shimura variety and the family of W s is that of the special
subvarieties of codimension bigger or equal to dimV .

This kind of problem has been considered in the literature in some special
cases. Marché and Maurin [MM23], motivated by a question on character
varieties, proved the non-Zariski denseness for the points of singular intersec-
tion between a curve in G2

m not contained in any proper algebraic subgroup
and algebraic subgroups of dimension 1. The analogous result for curves in
a 1-parameter, non-isotrivial family of elliptic curves has also been proven,
independently by Corvaja, Demeio, Masser and Zannier [CDMZ21], and Ulmer
and Urzùa [UU20, UU21]. The first ones also extend the result to powers of
non-isotrivial elliptic curves, with very mild condition on the curve. On the
other hand, the result by Ulmer and Urzùa also holds in the isotrivial case,
and gives a completely explicit bound for the number of points involved. Out-
side algebraic groups, similar questions have also been studied in the modular
setting, where theorems in the same direction have been proven by Spence
[Spe19], Aslanyan [Asl22] and Ballini [Bal24, Thm. 6.0.2].

In this thesis, we investigate some generalizations of these results in the
context of singular intersections, in particular for algebraic groups and families.
After reviewing the history of the conjectures and the main results in Chapter
1, we focus at first on the case of split semiabelian varieties in Chapter 3,
including powers of elliptic curves and Gn

m, and then in Chapter 4 to the case
of 1-parameter families of abelian varieties. The proofs of these two cases use
substantially different techniques. In the case of families, the statement is first
reduced from the setting of abelian schemes to powers of non-isotrivial elliptic
schemes. Here the required finiteness result is obtained by using a variation
of the Pila-Zannier strategy [PZ08], using a height bound due to Silverman
[Sil83]. On the other hand, in the semiabelian setting, we have a similar height
bound only under the stricter hypothesis that the curve is not contained into
any translate of a subgroup. What we show instead is that, under this more
restrictive hypothesis, the tangency condition implies a degree bound a priori
(i.e. without using the height bound) for a broader set of intersections, namely
the singular intersections with all cosets. This more general degree bound, in
turn, allows us to deduce a height bound holding without further assumption
on the curve, other than it not being contained in a proper subgroup.

Similar to the results by Ulmer and Urzùa [UU20, UU21], we also show an
application of our results to divisibility sequences, in particular to elliptic ones.
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INTRODUCTION

Structure of the thesis

We conclude this introduction with a short overview of the content of each
chapter.

In Chapter 1 we provide a historical review of the process that lead to the
Zilber-Pink Conjecture in the context of commutative algebraic groups, and
the state of the art in the process of proving it, focusing on the case of abelian
varieties, algebraic tori and families of abelian varieties. In the same chapter,
we also introduce in more details the problem of singular intersections and the
known results in that direction.

Chapter 2 is dedicated to introducing the main tools used in the proofs of
unlikely (and singular) intersections results, in particular the theory of heights,
o-minimality and point counting, and how these tools are combined in the
Pila-Zannier strategy, introduced for the first time in [PZ08] and since become
the main proof technique in the field.

In Chapter 3 we study the singular intersections problem for curves defined
over a number field K in split semiabelian varieties. Theorem 3.1.1, the main
result of this chapter, concerns the finiteness of points of singular intersection
between a curve defined over a number field K and the algebraic subgroups of
codimension 1. In particular, the same finiteness result holds for curves in Gn

m,
generalizing the work of Marché and Maurin [MM23], and curves in powers of
elliptic curves. The material of this chapter is part of a work in progress with
Ballini and Capuano.

In Chapter 4 we continue the study of the singular intersections problem for
a curve defined over a number field K not contained in any proper subgroup
scheme of a 1-parameter family of abelian varieties. The main result presented
here is Theorem 4.1.3, which proves the finiteness (hence non-Zariski density)
of the points of singular intersection between the curve and 1-codimensional
subgroup schemes of the family. This generalizes the result of Corvaja, Demeio,
Masser and Zannier [CDMZ21], and Ulmer and Urzùa [UU20, UU21]. Further-
more, we show how this implies a result about reduced elements for shifted
elliptic divisibility sequences, extending a similar result in the non-shifted case
due to Ulmer and Urzùa [UU20]. This chapter is based on the preprint [Ott25],
currently submitted for publication.
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1 - Generalities on Unlikely Intersec-

tions

In this chapter we want to give an introduction, both historical and mathemat-
ical, to the topic of unlikely intersections, that has been an object of attention
in number theory, especially in the last thirty years. In the following sections,
we will provide an overview of some results and methods used in general in
this context, including some recent results of intersections with tangency con-
ditions, and we will end by presenting the results obtained in this thesis. some
fundamental references on the topic of unlikely intersections are the books
[Zan12] and [Pil22], which provide a comprehensive treatment of the main
results, conjectures, and techniques. Some very recent survey articles have
also been written, detailing the newest development in the topic, in particular
[Cap23], for the results in the context of semiabelian varieties, and [Daw25] for
the results in the Shimura setting.

The expression “unlikely intersections” refers, in general, to the study
of intersections between varieties that we expect to be “improbable”. If we
have, in fact, two (algebraic) varieties V and W of dimension r, s ≥ 0 in a
space of dimension n, then we expect that every component of the intersection
V ∩W will have dimension r + s − n. In particular, unless there are some
particular (geometrical) conditions between the two varieties, we expect that
the intersection V ∩W is empty whenever r + s < n. When that is not the
case, we say that we are in the presence of an “unlikely intersection”.

The type of problem usually studied is the following one. Suppose that
we have a (fixed) subvariety V in an ambient space X, of dimensions r and n
respectively, and a countable family W of subvarieties of X, all of dimension
strictly smaller that n− r; this family usually comes from some extra structure
attached to the ambient space X, and is chosen independently of V . By the
above discussion, if we consider V ∩W with W varying in W we expect that it
will be nonempty only for a small subset of W, unless there are some special
relations between V and the family W. The question is to clarify what are
these relations, usually in term of the extra structure on X, and to study the
set of intersections

⋃
W∈W(V ∩W ) as a subset of V . More specifically, one asks

the following questions: is this set “small” in V ? When is it finite? In this
case, is it possible to actually compute it?

During the last years it has been pointed out that a lot of known problems
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CHAPTER 1. GENERALITIES ON UNLIKELY INTERSECTIONS

involving arithmetic and geometry can be stated using the previous language:
usually, the varieties in the family W are described by equations of growing
degrees depending on discrete parameters. In this Chapter we are going to
describe some of the main problems studied in this context.

1.1 The beginning of Diophantine geometry

The term “Diophantine geometry” was minted by Lang as a title to one of
his book [Lan62], in which he describes some results about the solvability
of Diophantine equations from the viewpoint and through the techniques of
algebraic geometry.

The use of geometry in a broader sense in the study of the solution of
Diophantine equations dates back at least to Newton, and his “method of the
secant”, to construct from two solutions of a cubic equation a third one. This
technique is what then led to the study of the group law on elliptic curves.
Even before Newton, a similar process was derived, through purely algebraic
means, by Bachet, obtaining formulas in some special cases by what could be
described as a “method of the tangent”.

The idea that techniques from (classical) algebraic geometry could be useful
in the study of rational solutions of equations is due to Hilbert and Hurwitz
[HH90], who remarked that searching for rational points on algebraic curves
is a problem that is invariant under a birational transformation with rational
coefficients. Hence, the correct way to classify and discuss the solvability of a
Diophantine equation in two variables is not by degree, as was commonly done
before, but by the genus of the plane curve described by it.

The same observation was later also made independently by Poincaré
[Poi01]. In the same paper he also noted that the tangent and secant con-
structions give to the set of rational points of genus 1 equations a structure,
that in modern terms we would call a module or abelian group. He defines the
rank of such a module, and asks for what kind of values (finite or infinite) it
can assume. Moreover, in the last section of [Poi01], he also observe that the
same kind of construction can be made on curves of higher genus by replacing
rational points with rational divisors of degree equal to the genus, obtaining a
structure related to the Jacobian of the curve.

1.2 Mordell, Weil and Siegel

The problem by Poincaré was first considered by Mordell. In a paper published
in 1922 [Mor22] he proved that the rank of the Z-module of rational solution
of a genus 1 equation is always finite. His result, and the techniques that he
uses, lead him to pose a wider conjecture, concerning a qualitative answer to
the solution of all Diophantine equations in two variables. According to it,
whenever the equation defines a smooth curve of genus bigger or equal to 2,
the number of rational solutions has to be at most finite. As one can expect,

10



1.3. LANG, AND THE FIRST UNLIKELY INTERSECTIONS PROBLEMS

such conjecture attracted much interest, and much of the later development
of Diophantine geometry was motivated by attempts of proving Mordell Con-
jecture or generalizing it. However it was not until 1983 that Faltings gave a
proof of it [Fal83], using techniques and ideas of different kind compared to
unlikely intersections. An independent proof, using diophantine approximation,
was later given by Vojta [Voj91], and later simplified by Faltings [Fal91] and
Bombieri [Bom90].

In 1928, in his PhD thesis [Wei28], Weil extended the result of Mordell to
the module of degree g divisors defined over any number field of a curve of
genus g. This is what is now known as the Mordell-Weil Theorem. For his
proof, Weil introduced the basis for the theory of height, later developed by
Siegel, Northcott and Weil; this construction still plays a crucial role in the
proofs of many results in Diophantine geometry, including the ones presented
in this thesis. Moreover, he realized that the study of rational divisors, in
particular relating to the problem of them being effective or not, could be
helpful in proving Mordell Conjecture.

Less then one year later, another landmark work was published by Siegel in
[Sie29] (see also [Zan14b]). Here, he proved that, given any affine curve of genus
bigger or equal to one, the number of integral points on it is finite. This result
provided a very broad qualitative result for integral solutions of Diophantine
equations, and gave further evidence for Mordell Conjecture. The proof by
Siegel works as follows: first, he embeds the curve considered into its Jacobian.
The question then becomes to study the intersection of the curve with the
integral points of the Jacobian. These are a subset of the rational points,
which, by the above mentioned result by Weil, form a finitely generated group.
Using some transcendence properties of the abelian functions, he shows that
having an infinite number of integral points would give rise to an algebraic point
with infinitely many “good” rational approximation, contrasting a variation of
Thue’s theorem.

This proof introduced many new ideas in the study of Diophantine prob-
lems, such as using the theory of abelian varieties by embedding a curve into
its Jacobian, a further development of the theory of heights, and a renewed
emphasis on the use of Diophantine approximation of algebraic numbers.

These three theorem mentioned in this section are what Lang later described
as “the prototypes of the Diophantine results and methods” in his 1962 book
[Lan62].

1.3 Lang, and the first unlikely intersections

problems

In 1960, while studying the work of Siegel and Chabauty [Cha38, Cha41], Lang
[Lan60] was led to formulate the following conjecture, generalizing an earlier
conjecture of Chabauty [Cha38]. He also remarked that such conjecture would
imply Mordell Conjecture via the Mordell-Weil Theorem.

11



CHAPTER 1. GENERALITIES ON UNLIKELY INTERSECTIONS

Conjecture 1.3.1. Let G be torus (i.e. Gn
m) (resp. an abelian variety) in

characteristic 0. Let V be a subvariety of G, having an infinite intersection
with a finitely generated subgroup Γ of G. Then V contains a finite number of
translations of group subvarieties of G which contain all but a finite number of
points of V ∩ Γ.

Later, in [Lan65], he reports on a conjecture formulated independently by
Manin and Mumford.

Conjecture 1.3.2 (Manin-Mumford, original formulation). Let C ⊆ J be a
curve in its Jacobian, and assume that C contains infinitely many points of
finite order1. Then, the curve has genus 1.

These two conjectures where then combined by Lang into what is now
known as the Mordell-Lang Conjecture.

Moreover, we can see how these two statements appear as “unlikely inter-
sections” statement: we are intersecting a variety, in the second case a curve,
with a countable set of “special” subvarieties of the ambient space, a finitely
generated subgroup in the first case and the torsion points in the second. The
conjectures amount to saying that having an infinite (hence Zariski-dense) in-
tersection implies that something geometrically special happens: either the
intersections concentrate on finitely many translations of group subvarieties,
or the variety is the whole space (as is the case for a curve of genus 1 in its
Jacobian).

As a special case of his conjecture, Lang posed the following problem: let
C : f(X, Y ) = 0 be an irreducible plane curve passing through (1, 1), and
assume that f(x, y) = 0 for infinitely many couples (x, y) of roots of unity.
What can we say about the polynomial f(X, Y )?

According to the conjectures above, the curve C must be a subgroup variety
of G2

m, so f(X, Y ) is necessarily either of the form Xm − Y n or XmY n − 1.
Such a result was proven independently by Ihara, Serre and Tate, and their
proofs are reported by Lang in [Lan65].

Both the Manin-Mumford Conjecture and the more general Mordell-Lang
Conjecture have been proven between the 80’s and 90’s. In proving them,
people realized that more general results hold. Such results are also known,
by analogy, as Manin-Mumford and Mordell-Lang Conjecture. Before stating
them, we introduce some notation.

Let G be a torus (i.e. Gn
m), or an abelian variety, or more in general an

algebraic group, defined over a field of characteristic zero. Let Γ be a subgroup
of G (usually, not algebraic). We call the division group of Γ the group

Γdiv := {γ ∈ G | ∃k ∈ N such that γk ∈ Γ}.

We say that an irreducible subvariety W of G is special if W is an irreducible
component of an algebraic subgroup of G, and we say that it is Γdiv-special if it

1That is, torsion points
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1.3. LANG, AND THE FIRST UNLIKELY INTERSECTIONS PROBLEMS

is an irreducible component of the translate of a subgroup of G by an element
of Γdiv.

Conjecture 1.3.3 (Manin-Mumford, modern formulation 1). Let G be a torus
(i.e. Gn

m), an abelian variety or a semiabelian variety defined over C, and let
V ⊆ G be a subvariety. Then, V contains only finitely many maximal special
subvarieties.

An equivalent formulation, that highlights the similarities with the original
formulation and with the unlikely intersections ideas, is the following.

Conjecture 1.3.4 (Manin-Mumford, modern formulation 2). Let G be a torus
(i.e. Gn

m), an abelian variety or a semiabelian variety defined over C, and let
V ⊆ G be a subvariety not contained in any proper algebraic subgroup of G.
Then, the set of points of finite order2 contained in V is not Zariski dense in
V .

Indeed, torsion points are special subvarieties. So, assuming Conjecture
1.3.3, there is a closed set containing all of the torsion points of V , namely the
union of all special subvarieties contained in V . Such a set is strictly contained
in V , unless V is itself special, leading to Conjecture 1.3.4.

Vice versa, torsion points are dense in all of the special subvarieties, so the
closure of the set of points of finite order contained in V contains all of the
algebraic subvarieties of V , and, assuming Conjecture 1.3.4, all the irreducible
component of it are special subvarieties, leading to Conjecture 1.3.3.

Conjecture 1.3.5 (Mordell-Lang). Let G be a torus (i.e. Gn
m), an abelian

variety or a semiabelian variety defined over C, let V ⊆ G be a subvariety,
and let Γ be a finitely generated subgroup of G. Then, V contains only finitely
many maximal Γdiv-special subvarieties.

In all of these conjectures the fundamental case is when the (semi)abelian
varieties are defined over Q (or, equivalently, over a number field). This case
implies, via specialization arguments, the general case of characteristic zero.
In positive characteristic all these results are in general false: over Fp all the
points of an abelian variety are torsion, but special subvarieties keep being the
irreducible components of algebraic subgroups.

In the case of powers of the multiplicative group, Gn
m, the Manin-Mumford

Conjecture has been proven by Laurent [Lau84], based on previous work by
Liardet [Lia75]. Actually, Laurent’s paper proves directly the Mordell-Lang
Conjecture. An alternative proof of the Manin-Mumford Conjecture has been
later given by Sarnak and Adams [SAR94].

In the context of abelian varieties, Raynaud [Ray83a] first proved the orig-
inal Manin-Mumford Conjecture, for curves in an abelian variety, and then
extended the result [Ray83b] to arbitrary subvarieties. Multiple alternative
proofs have been given since, by Hindry [Hin88], whose proof is in the more gen-
eral semiabelian setting, Hrushovski [Hru01], using model theory, and Szpiro,

2That is, torsion points
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CHAPTER 1. GENERALITIES ON UNLIKELY INTERSECTIONS

Ullmo and Zhang ([SUZ97, Ull98, Zha98]). Szpiro, Ullmo and Zhang actually
proved a stronger statement, conjectured by Bogomolov, where the torsion
points are replaced by all points of sufficiently small Néron-Tate height; these
include the torsion points, as these are exactly the ones of height zero. Espe-
cially interesting is the proof given by Pila and Zannier [PZ08], which we will
explore in more details in Subsection 2.3 as the techniques that they introduce
have since become the main strategy in the field.

The Mordell-Lang Conjecture for abelian varieties is due to Faltings [Fal91]
and Vojta [Voj96], and extended to the case of semiabelian variety by McQuillan
[McQ95].

1.4 Unlikely intersections and the Zilber-Pink

Conjecture

In both the Manin-Mumford and Mordell-Lang Conjectures, we are intersecting
the variety V with a countable union of zero dimensional subvarieties. Since
n− dimV > 0 by assumption, we are dealing with unlikely intersections.

This problem can be generalized to study the intersection between V and
the union of all the algebraic subgroups of a fixed dimension d; we still remain
in the case of unlikely intersections if d < n− dimV .

For d > 0, this type of problem was firstly studied by Schinzel in the ’80s
[Sch00], but with different motivations: he obtained general results for a curve
V in a space of dimension n ≤ 3. One more general positive answer to this
problem was settled in the paper of Bombieri, Masser and Zannier [BMZ99];
in this work they proved two results in the case of an irreducible curve V in
Gn

m defined over Q. The general condition required is that the curve V is not
contained in any translate of a proper subgroup, meaning that the coordinate
functions x1, . . . , xn are multiplicatively independent modulo constants.

Theorem 1.4.1 (Bombieri-Masser-Zannier, 1999). If V is an irreducible curve
defined over Q and not contained in any translate of a proper algebraic subgroup
of G = Gn

m, then

1. the Weil Height on the set

V [1] :=
⋃

dimH≤n−1

(V ∩H)

is uniformly bounded, where H varies over the proper algebraic subgroups
of G;

2. the set

V [2] =
⋃

dimH≤n−2

(V ∩H)

is finite.
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As shown in the same article, the condition of V not being in a translate of
an algebraic subgroup is necessary for the first statement. As for the second
one, the authors needed it in order to apply part 1, but they remarked that the
same statement may hold if one asks for V not to be contained just in a proper
subgroup of G. Such a statement has later been proven by Maurin [Mau08],
using some methods introduced by Rémond and inequalities of Vojta’s type
in the theory of heights; his argument works only over Q. A deduction of an
extension of his theorem to general complex curves appeared in [BMZ08b].

Again in [BMZ99], Bombieri, Masser and Zannier also conjectured that the
same finiteness result of Theorem 1.4.1 could hold in more general settings, for
higher dimensional varieties V and even algebraic groups or families of abelian
varieties.

At the same time, Zilber [Zil02], studying the formal theory of exponentia-
tion from the point of view of model theory and Schanuel’s conjecture, stated
a conjecture generalizing the second part of Theorem 1.4.1. Before presenting
it, we introduce some further definitions.

Definition 1.4.2. Let G be Gn
m, an abelian variety or a semiabelian variety,

and let V be a subvariety of G. We say that W ⊆ G is an algebraic coset if it
is a translate of an algebraic subgroup of G by any element of G.

Definition 1.4.3. Let G be as above and let W ⊆ G be any subvariety. Let S
be an irreducible component ofW ∩V . We say that S is an atypical component
of the intersection if

dimS > dimV + dimW − dimG,

that is, the dimension of S is larger than the expected dimension of intersection
between V and W . We say that a subvariety V ′ of V is atypical (for V in G)
if it is an atypical component of an intersection between V and an algebraic
subgroup of G.

For example, if V is a proper subvariety of G, then all the (irreducible
components of) algebraic subgroups contained in V are atypical subvarieties
of V .

Conjecture 1.4.4 (Conjecture on Intersections with Tori). For any algebraic
variety V ⊆ Gn

m defined over Q there exists a finite collection

τ(V ) = {T1, . . . , Tk}

of proper algebraic subgroups of Gn
m such that for any algebraic subgroup T of

Gn
m and any atypical component S of V ∩ T we have

S ⊆ Ti for some Ti ∈ τ(V ).

In other words, V contains only finitely many maximal atypical subvarieties.
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Such conjecture implies both the Manin-Mumford and the Mordell-Lang
Conjectures for tori.

In the same paper, Zilber also formulates a similar conjecture for semia-
belian varieties, with a slightly weaker content.

Conjecture 1.4.5 (Conjecture on Intersections with Subgroups). Let G be an
abelian or semiabelian variety and let V ⊆ G be an algebraic subvariety. there
exists a finite collection

τ(V ) = {W1, . . . ,Wk}
of proper algebraic cosets of G such that for any algebraic subgroup H of G
and any atypical component S of V ∩H we have

S ⊆ Wi for some Wi ∈ τ(V ).

Independently of Bombieri, Masser and Zannier, and Zilber, also Pink
[Pin05b] formulated a conjecture of similar content, in the much more general
context of mixed Shimura variety. These are complex manifolds that arise as
quotients, and carry an extra structure. Part of this structure is a countable set
S of distinguished subvarieties, called special subvarieties, such that the whole
variety is special and for every two special subvarieties S, S ′ every irreducible
component of S ∩ S ′ is also special. A general description of Shimura varieties
and their special subvarieties is quite complicated in general, and beyond the
scope of this work. A detailed account can be found in [Del71].

Special subvarieties play a similar role of algebraic subgroups for tori and
for abelian varieties. Indeed, it turns out that both Gn

m and abelian varieties
have a structure as Shimura varieties, where the special subvarieties are exactly
the irreducible components of subgroups.

While trying to generalize the André-Oort Conjecture, an analogue of
the Manin-Mumford Conjecture for Shimura varieties, Pink formulated the
following.

Conjecture 1.4.6. Consider a mixed Shimura variety S over C and an irre-
ducible closed subvariety V . Let S0 be the smallest special subvariety containing
V . Then the intersection of V with the union of all special subvarieties of S
of dimension < dimS0 − dimV is not Zariski dense in V .

Soon after, also Bombieri, Masser and Zannier [BMZ07] formalized their
ideas from [BMZ99] into two conjectures, and also introducing some terminol-
ogy. We will suppose throughout that G is either Gn

m, an abelian variety or a
semiabelian variety.

Definition 1.4.7. Let V be an irreducible subvariety of G. An irreducible
subvariety V ′ of V is called anomalous if it has positive dimension and lies in
an algebraic coset W in G satisfying

dimW ≤ dimG− dimV + dimV ′ − 1

It is called torsion-anomalous if the coset in question is a torsion coset, i.e. the
translate of an algebraic subgroup by a torsion point.
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Definition 1.4.8. We denote by V oa what remains of V after removing all
the anomalous subvarieties, and by V ta what remains after removing all the
torsion-anomalous subvarieties.

For example, if V is an irreducible curve, then its only positive dimensional
subvariety is V itself, so V oa and V ta are either empty or the whole curve. In
particular, V ta is empty if and only if V is contained in a proper algebraic
subgroup, while V oa is empty if and only if V is contained in any translate of
a proper algebraic subgroup.

In general, it clearly holds that V oa ⊆ V ta ⊆ V . The set V oa is better
understood. In [BMZ07] Bombieri, Masser and Zannier proved that it is an
open subset of V . However, while V ta is empty only when V is contained into a
proper algebraic subgroup of G, the set V oa is empty more often: for example,
that is the case for curves that are contained into a proper algebraic coset but
not into a proper algebraic subgroup. This motivated Bombieri, Masser and
Zannier to formulate the following.

Conjecture 1.4.9 (Torsion Openness Conjecture). Let V be an irreducible
variety in G defined over C. Then V ta is Zariski-open in V .

Conjecture 1.4.10 (Torsion Finiteness Conjecture). Let V be an irreducible
variety in G defined over C and of dimension r. Then⋃

H<G
dimH<dimG−r

V ta ∩H

is a finite set.

As remarked in [BMZ07] for G = Gn
m, the Torsion Openness Conjecture

implies the Torsion Finiteness Conjecture. More specifically, the Torsion Finite-
ness Conjecture for a variety V is implied by the Torsion Openness Conjecture
for both V and V ×Gm. Indeed, if we denote by

Z :=
⋃
H<G

dimH<dimG−r

V ta ∩H,

then (V ×Gm)
ta = (V ta \Z)×Gm. By the two instances of Torsion Openness

Conjecture, we deduce that Z × Gm, and hence Z, is a closed set. Since by
construction Z is an at most countable set, it follows that it must be finite.
The same reasoning may be done also in the context of abelian (and possibly
semiabelian) varieties, by taking the product with an elliptic curve.

Bobieri, Masser and Zannier also showed that these conjectures together
imply the Conjecture on Intersections with Tori (Conjecture 1.4.4), and also
Conjecture 1.4.6, by Pink, in the appropriate cases.

As is apparent, while all this conjectures point in the same direction, they
all have slight differences in the formulation. Following the book of Pila
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[Pil22] we take “the” Zilber-Pink Conjecture to be the strongest possible form,
the analogous of the Conjecture on Intersection with Tori and the Torsion
Finiteness Conjecture in the setting of mixed Shimura varieties.

Conjecture 1.4.11 (Zilber-Pink Conjecture). Let S be a Shimura variety
defined over C, and let V ⊆ S be an irreducible subvariety of S. Then, V
contains only finitely many many maximal atypical subvarieties.

This statement is sometimes referred to as the “strong version”, to dis-
tinguish it from Conjecture 1.4.6, which would be the weak version of the
Zilber-Pink Conjecture. However, it has been proven by Barroero and Dill
[BD25, Theorem 12.4] that Conjecture 1.4.6 for all Shimura varieties implies
Conjecture 1.4.11.

1.5 Some known cases

Having outlined the general formulation of the Zilber–Pink Conjecture, we
now review some specific instances in particular settings in which it has been
proven, focusing on the semiabelian cases.

1.5.1 The hypersurface case

The first instances proven of the Zilber-Pink Conjecture were those in which
the variety V is a hypersurface. Here the statement is equivalent to the Manin-
Mumford Conjecture for semiabelian varieties and the André-Oort Conjecture
for more general Shimura varieties.

As we have already seen, the Manin-Mumford Conjecture has been proven,
by Laurent [Lau84], Raynaud [Ray83b] and Hindry [Hin88].

The more general André-Oort Conjecture has also been proven. At first,
Klinger, Ullmo and Yafaev [KY14, UY14] gave a proof conditional on the
Generalized Riemann Hypothesis, using ideas by Edixhoven [Edi05]. It was
later proved unconditionally for Cn by Pila [Pil11] and for Ag by Tsimerman
[Tsi18]. It was finally proved in full generality in 2022 by Pila, Shankar and
Tsimerman [PST+22], building on work of Binyamini, Schmidt and Yafaev
[BSY22] and Gao [Gao16].

1.5.2 The curve case

The other mostly known case is that of curves, i.e., dimV = 1.
When the ambient space is Gn

m, this was proven by Bombieri, Masser and
Zannier [BMZ99], with the additional condition that V is not contained in
any translate of a subgroup (see Theorem 1.4.1 above). An alternative proof
under this hypothesis, using the Pila-Zannier Method (see Subsection 2.3) was
given in [CMPZ16]. This condition was later removed by Maurin [Mau08] for
curves defined over Q, and the result was extended to curves defined over C by
Bombieri, Masser and Zannier [BMZ08b]. Additionally, in collaboration with
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Habegger, they provided an alternative proof in [BHMZ10] which is effective
when combined with the effective height bound proven in [Hab17].

The analogue of Theorem 1.4.1 for powers of elliptic curves is due to Viada
[Via03].

Theorem 1.5.1 (Viada, 2003). Let E be an elliptic curve defined over Q and
n ∈ N. If V ⊆ En is an irreducible curve defined over Q and not contained in
any translate of a proper algebraic subgroup of En, then

1. the Weil Height on the set

V [1] :=
⋃

H<En

dimH≤n−1

(V ∩H)

is bounded;

2. if we further assume that E has complex multiplication, then the set

X [2] =
⋃

dimH≤n−2

(X ∩H)

is finite.

This restriction on V in the second point was later removed in joint work
with Rémond [RV03]. Ratazzi [Rat08] extended the result to the case of
curves in A where A is isogenous to a power of a simple abelian variety with
complex multiplication. Carrizosa’s lower bounds for the Néron–Tate height
[Car08, Car09], combined with Rémond’s upper bounds [Rém07], led to a proof
of the conjecture for all abelian varieties with complex multiplication. The
case of powers of arbitrary elliptic curves was treated by Galateau and Viada
[Gal10, Via08].

Finally, the Zilber-Pink Conjecture for curves defined over Q in arbitrary
abelian varieties was established by Habegger and Pila [HP16], using a height
bound due to Habegger [Hab09]. The condition of the curve being defined over
Q was more recently relaxed to C by Barroero and Dill [BD22].

These results were extended to semiabelian varieties by Barroero, Kühne
and Schmidt [BKS23] for curves defined over Q.

It is worth mentioning that for curves in more general mixed Shimura
varieties, the Zilber-Pink Conjecture is completely open, save for some very
special cases, like asymmetric curves in Y (1)n [HP12] or curves with prescribed
intersections with the boundary of Y (1)n [DO25, Pap24, DOP25]. A more
comprehensive list of the known results can be found in a recent survey paper
by Daw [Daw25].

1.5.3 The codimension 2 case

Beyond the cases of curves and hypersurfaces, significant progress has also been
made in studying subvarieties of codimension 2, at least in tori and abelian
varieties.
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In the case of tori, Bombieri, Masser and Zannier [BMZ07] proved the
following result.

Theorem 1.5.2. Let V ⊆ Gn
m be an irreducible subvariety of dimension n− 2,

defined over Q and not contained in any proper algebraic subgroup of Gn
m. Then,

V ∩ (Gm)
[n−1] =

⋃
H<Gn

m,
dimH≤n−1

V ∩H

is not Zariski dense in V .

In the abelian setting, for codimension 2 subvarieties defined over Q, the
Zilber-Pink Conjecture has been proven by Checcoli, Veneziano and Viada
[CVV14] for subvarieties in powers of elliptic curves with complex multipli-
cation; by Hubschmid and Viada [HV19] in the non-CM case; by Checcoli
and Viada [CV14] for arbitrary products of CM elliptic curves; and finally by
Barroero and Dill [BD22] for arbitrary abelian varieties. Indeed, from their
Corollary 1.6 follows the following result.

Theorem 1.5.3 (Barroero-Dill). Let A/C be an abelian variety of dimension
n and V ⊆ A an irreducible subvariety of dimension n− 2, defined over C and
not contained in any proper special subvariety of A. Then,

V ∩ A[n−1] =
⋃
H<A

dimH≤n−1

V ∩H

is not Zariski dense in V .

As before, for subvarieties of codimension 2 in general mixed Shimura
varieties the Zilber-Pink Conjecture is still open.

1.5.4 General subvarieties

Other than the above-mentioned ones, some partial results are known for
subvarieties of arbitrary dimension but with additional conditions. These are
related to the set V oa (see Definition 1.4.8), obtained by removing from V
all of its anomalous subvarieties. This set is related to V ta appearing in the
Conjectures 1.4.9 and 1.4.10, predicting that for any subvarieties V ⊆ G of a
torus, abelian or semiabelian variety G, the set V ta is open and

V ta ∩G[dimV+1] =
⋃
H<G

dimH≤dimG−dimV−1

V ta ∩H

is finite. Such conjectures are equivalent to the Zilber-Pink Conjecture in this
setting.
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The main result of [BMZ07] is that whenever V is a subvariety of G = Gn
m

defined over Q, then V oa is an open, but possibly empty, subset of V . The
same result for G an abelian variety is due to Rémond [Rém09].

Next, Habegger proved [Hab08, Hab09] that in both the toric and the
abelian case, the set

V oa ∩G[dimV ] =
⋃
H<G

dimH≤dimG−dimV

V oa ∩H

is a set of bounded Weil (resp. Néron-Tate) height (See Chapter 2 for the
definitions of Weil and Néron-Tate heights). This is an analogue of part 1 of
Theorem 1.4.1 and Theorem 1.5.1.

Combining this height bound with Lemma 8.1 of [BMZ08a] we get the
finiteness of

V oa ∩G[dimV+1] =
⋃
H<G

dimH≤dimG−dimV−1

V oa ∩H

whenever G = Gn
m. In the abelian setting the same finiteness result is due to

Habegger and Pila [HP16].
In particular, it follows that the Zilber-Pink Conjecture holds for all subva-

rieties V of a torus or abelian variety G that are defined over Q and such that
V oa is not empty. Unfortunately, this last condition fails for many subvarieties.

1.6 Unlikely intersections in families of abelian

varieties

So far, we have mostly considered the case of tori or fixed abelian varieties.
However, all the conjectures and results presented above have natural analogues
in the context of families of abelian varieties or, more formally, abelian schemes.
This will be the setting of the problem studied in Chapter 4. Throughout this
section we will assume that all the varieties mentioned are defined over C,
unless otherwise stated.

Let S be a regular, irreducible, quasi-projective variety and let π : A → S
be an abelian scheme of relative dimension g ≥ 1, that is, a proper smooth
group scheme such that, for every s ∈ S, the fiber As := π−1(s) is an abelian
variety of dimension g.

Example 1.6.1. Let S = Y (2) := P1 \ {0, 1,∞}. An important example of
abelian scheme, which will be considered in Chapter 4, is the Legendre family
of elliptic curves λ : L → S, defined as the scheme with fibers given by

Lλ : Y 2Z = X(X − Z)(X − Zλ)

for each λ ∈ S. We will denote by Ln → Y (2) the n-th fold fibered power
L ×Y (2) · · · ×Y (2) L.
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Note that n sections P1, . . . , Pn : Y (2) → L define a curve

C = (P1, . . . , Pn)(Y (2)) ⊆ Ln,

which dominates the base Y (2).

Let π : A → S be an abelian scheme. A subgroup scheme of A is a closed
subvariety H of A such that the restriction to every fiber over a closed point
s ∈ S, i.e. Hs = H ∩As, is a subgroup of As. Equivalently, a subgroup scheme
is a closed subvariety H that contains the image of the zero section O : S → A,
is closed under the inversion morphism [−1] : A → A and contains the image
of H ×S H under the addition map A ×S A → A. We will write H < A to
mean that H is a subgroup scheme of A.

A subgroup scheme H ⊆ A is called flat if π|H is a flat morphism; equiva-
lently, if dimHs is constant over all the closed points s ∈ S. We note that, if
S is a curve, this is also equivalent (see [Har77, Proposition III.9.7]) to saying
that every irreducible component of H dominates the base S.

Remark 1.6.2. It is worth noting that certain abelian schemes, such as those
appearing as universal families over Shimura varieties, can be realized as con-
nected mixed Shimura varieties. A general construction is given in [Pin05a,
Construction 2.9], while [BD25, Section 13] discusses the specific case of a
fibered power of the Legendre family. In particular, if S is a curve and A → S
is the fibered power of a non-isotrivial elliptic scheme, then the special subvari-
eties of A are precisely the irreducible components of flat subgroup schemes or
irreducible components of algebraic subgroups of the CM fibers; see [Hab13a,
p. 144].

The first conjecture in this setting is a relative version of the Manin-
Mumford Conjecture 1.3.4. In the original Manin-Mumford Conjecture, we
consider the set of intersections between a subvariety V and the set of torsion
points of the ambient algebraic group. In the case of abelian schemes, we
consider the torsion points of every fiber. Let A → S be an abelian scheme of
relative dimension g ≥ 2, defined over C, and let us denote by As,tors the set
of torsion points over the fiber As, with s ∈ S a closed point. We define

Ators :=
⋃
s∈S

As,tors =
⋃

N∈Z>0

ker[N ],

where the last equality is due to the fact that torsion points all lie by definition
in the kernel of some multiplication-by-N map, and all the points lying in
such kernels are torsion points. In particular, Ators is a countable union of
subvarieties of codimension g. Hence, for a subvariety V ⊆ A with dimV < g,
we expect the intersection V ∩ ker[N ] to be unlikely. This motivates the
following result.

Theorem 1.6.3 (Relative Manin-Mumford Conjecture). Let S be a regular,
irreducible, quasiprojective variety and let π : A → S be an abelian scheme of
relative dimension g ≥ 1, both defined over C. Let V ⊆ A be an irreducible
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subvariety such that
⋃
N∈Z>0

[N ]V is Zariski dense in A. If V (C) ∩ Ators is
Zariski dense in V , then dimV ≥ g.

The Relative Manin-Mumford Conjecture originated from ideas outlined by
Zhang in his ICM talk [Zha98]. It was later formulated explicitly by Pink in
[Pin05b, Conjecture 6.2], and recently proven by Gao and Habegger [GH23].

Prior to Gao and Habegger, some partial results were known. In a series
of paper, Masser and Zannier first established the conjecture for curves in
abelian schemes of relative dimension 2, at first isogenous to a power of elliptic
schemes [MZ08, MZ10, MZ12, MZ14], then for schemes defined over Q [MZ15],
and relaxed to C in collaboration with Corvaja [CMZ17]. The case of curves
in abelian schemes of arbitrary dimension defined over Q was subsequently
treated by Masser and Zannier [MZ20], who also applied this result to the
solvability of Pell’s equations in polynomials. Meanwhile, the case of surfaces
was addressed by Habegger [Hab13b] and by Corvaja, Tsimerman, and Zan-
nier [CTZ23]. Finally, for general subvarieties of fibered products of elliptic
schemes, the conjecture was proved by Kühne [Küh23].

In the setting of families of abelian varieties, Pink, inspired by the conjecture
for mixed Shimura varieties, proposed also another conjecture.

For an abelian scheme A → S, a point s ∈ S(C) and an integer n let

A[n]
s :=

⋃
H<As

dimH≤dimA−n

H

where the union runs over all the algebraic subgroups H of the fiber As. We
also set A[n] to be the union over all the closed fibers of A[n]

s .

Conjecture 1.6.4 ([Pin05b], Conjecture 6.1). Let A → S be an abelian scheme
defined over C and V ⊆ A be an irreducible closed subvariety that is not
contained in any proper closed subgroup scheme of A, not even after a finite
base change. Then, V ∩ A[dimV+1] is not Zariski dense in V .

Remark 1.6.5. The original statement conjectured by Pink is in the broader con-
text of families of semiabelian varieties. However, this more general statement
was shown to be false by Bertrand [Ber11], who exhibited an explicit coun-
terexample based on the existence, in some semiabelian families, of so-called
Ribet sections. Subsequently, Bertrand, Masser, Pillay and Zannier [BMPZ16]
proved that the existence of Ribet section is the only obstruction to the conjec-
ture’s validity in the case of one-parameter families. A complete and published
account of Bertrand’s original counterexample has recently been provided by
Bertrand and Edixhoven [BE20].

In the case of abelian schemes, Conjecture 1.6.4 is implied by the Zilber-Pink
Conjecture, as shown in [Pin05b, Theorem 6.3].3 Note that the Zilber-Pink

3The original statement of this theorem is for families of semiabelian varieties. However,
in this more general case the proof by Pink is incorrect, but is correct for abelian schemes,
as discussed in Remark 5.4(4) of [BE20].
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Conjecture predicts the non Zariski denseness of the intersection of V with a
larger set then A[dimV+1]. Namely, one should consider also some subvarieties
of some fibers with codimension (with respect to A) bigger that dimV +1 that
are not accounted for by Conjecture 1.6.4.

Partial results towards this conjecture has been made in the recent years.
For A → S an abelian scheme and n ∈ N we introduce the notation

A{n} :=
⋃

H<A flat
dimH≤dimA−n

H.

Note that A{n} ⊆ A[n].
The first results in the direction of Conjecture 1.6.4 were the already men-

tioned results by Masser and Zannier for curves in squares of elliptic schemes
[MZ08, MZ10, MZ12, MZ14]. Note that for abelian schemes of relative dimen-
sion 2 Conjecture 1.6.3 and Conjecture 1.6.4 coincide.

These results were later extended by Barroero and Capuano [BC16].

Theorem 1.6.6 (Barroero-Capuano [BC16]). Let S be a smooth, irreducible,
quasi-projective curve, let E → S be a non-isotrivial elliptic scheme, both defined
over Q, and let us denote by En → S the n-th fibered power of E . Let C ⊆ En be
an irreducible curve defined over Q, not contained in a proper subgroup scheme
of En, not even after a finite base change. Then, C ∩ (En){dimV+1} is a finite
set.

Since the intersection of a flat subgroup scheme with a fiber yields an alge-
braic subgroup of the same codimension in that fiber, Theorem 1.6.6 provides
evidence towards Conjecture 1.6.4. However, it does not fully establish the
conjecture in this setting, as it does not account for the fact that some fibers
may have subgroups not coming from intersections with flat subgroup schemes.
This happens precisely for those fibers whose endomorphism ring is larger than
the generic endomorphism ring. This gap was later addressed by Barroero.

Theorem 1.6.7 (Barroero [Bar17]). Let S,C and En be as in Theorem 1.6.6.
Then, there exist only finitely many c ∈ C(C) such that Eπ(c) has complex
multiplication and c lies in a proper algebraic subgroup of Eπ(c).

Note that the conclusion of Theorem 1.6.7 is stronger than what is required
by Conjecture 1.6.4. Indeed, the conjecture only considers subgroups of codi-
mension 2 in each fibers, while the theorem deals also with some subgroup
of codimension 1. Subgroups of CM fibers however are part of the special
subvarieties of En (seen as a mixed Shimura variety), so Theorem 1.6.7 falls
into the prediction of the Zilber-Pink Conjecture.

Notice also that, if C ⊆ En is contained in a fixed fiber, or if E is isotrivial,
then the analogues of Theorems 1.6.6 and 1.6.7 reduce to the case of a curve
in a fixed abelian variety, which was already covered by a result of Galateau
and Viada [Gal10, Via08]. Therefore, by combining these, we obtain a proof of
the Zilber–Pink Conjecture for a curve in a fibered power of an elliptic scheme
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when everything is defined over Q. This was extended to C by Barroero and
Dill [BD22, BD25]

Theorem 1.6.6 was later extended by Barroero and Capuano [BC17] to
curves in products of powers of (non-isotrivial) elliptic schemes, and more
recently [BC20] to curves in arbitrary abelian schemes, again considering only
the intersections with flat subgroup schemes.

The analogue of Theorem 1.6.7 in more general contexts is still open, but
some partial results have been studied by Ferrigno [Fer25, Fer26].

1.7 Singular Intersections

As we saw at the beginning of this chapter, the idea behind the problems of
unlikely intersections is the geometric expectation that two subvarieties V,W
of an ambient variety X with dimV + dimW < dimX are expected not to
intersect in general.

If we now consider the case when dimV + dimW = dimX, the so-called
case of “just likely” intersection, then of course we expect that V and W do
intersect, and that the set of intersection V ∩W is a finite union of points.
Moreover, we also carry the expectation that, at each point P ∈ V ∩W , the
intersection is transverse, that is, in differential geometric terms, that P is a
smooth point for both V and W , and that the tangent spaces TPV and TPW ,
seen as vector subspaces of TPX, intersect only at the origin. Equivalently, in
algebraic geometric terms, we expect that P is an irreducible component of
V ∩W and the multiplicity of intersection of V and W at P is 1. When this
does not happen, we say that P is a point of singular intersection between V
and W . We adopt the following notation

V ∩sing W = {P ∈ V ∩W | dim (TPV ∩ TPW ) > 0}

= {P ∈ V ∩W | P isolated , i(P ;V,W ;X) > 1} ∪
⋃

D⊆V ∩W
dimD>0

D

where i(P ;V,W ;X) denotes the intersection multiplicity.
For subvarieties of tori, abelian varieties and families of abelian varieties,

we expect conjectures similar to Zilber-Pink for singular intersections. We
formulate here such conjectures in the case of curves.

Conjecture 1.7.1. Let G be a split semiabelian variety, and let C be an
irreducible subvariety of G of dimension 1, not contained in any proper algebraic
subgroup, where everything is defined over C. Then, the set

C [1,sing] :=
⋃
H<G

dimH≤dimG−1

C ∩sing H

is a finite set.
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CHAPTER 1. GENERALITIES ON UNLIKELY INTERSECTIONS

Conjecture 1.7.2. Let S be a smooth, irreducible and quasi-projective curve
defined over C. Let A → S be an abelian scheme defined over C and C ⊆ A be
an irreducible closed curve that is not contained in any proper closed subgroup
scheme of A, not even after a finite base change. Then, the set

C{1,sing} :=
⋃

H<A flat
dimH≤dimA−1

C ∩sing H

is a finite set.

Partial results in the direction of these conjectures have already been in-
vestigated in the literature. More specifically, the case of curves which are
images of sections in a power of a non-isotrivial elliptic scheme follows by
works of Corvaja, Demejo, Masser and Zannier [CDMZ21]. Ulmer and Urzúa
[UU20, UU21] give an independent proof of the case of curves that are image
of sections in a single power of an elliptic scheme, and their proof provide an
explicit upper bound to the the size of C{1,sing}, holding also in the isotrivial
case. In addition, in the same papers they also show an application to elliptic
divisibility sequences.

In the case of curves in G2
m, the question was studied by Marché and Maurin

[MM23], who proved the finiteness of C [1,sing], while providing effective bounds
for both the degree and the height of its points.

Questions related to Conjectures 1.7.1 and 1.7.2 have also been studied in
the modular setting, where theorems in the same direction have been proven
by Spence [Spe19], Aslanyan [Asl22] and Ballini [Bal24, Thm. 6.0.2], using an
Ax-Schanuel type result by Pila and Tsimerman [PT16].

In this thesis, we complete the proof of Conjectures 1.7.1 and 1.7.2, at least
in the case where everything is defined over Q. Under this condition, the main
theorem of Chapter 3, which comprise a joint work with Ballini and Capuano,
covers Conjecture 1.7.1. On the other hand, Chapter 4, whose content already
appeared as a preprint [Ott25] with an additional condition on the schemes
considered, concerns Conjecture 1.7.2. Here, the statement is reduced from the
setting of abelian schemes to powers of either non-isotrivial elliptic schemes
or constant ones. An interesting remark is that the proofs in the two cases
use substantially different techniques. For non-isotrivial elliptic schemes, the
required finiteness result is obtained by using a variation of the Pila-Zannier
strategy, using a height bound due to Silverman [Sil83]. On the other hand, in
the constant elliptic setting (as well as in the toric one), we have a similar height
bound only under the stricter hypothesis that the curve is not contained into
any translate of a subgroup. What we show instead is that, under this more
restrictive hypothesis, the tangency condition implies a degree bound a priori
(i.e. without using the height bound) for a broader set of intersections, namely
the singular intersections with all cosets. This more general degree bound, in
turn, allows us to deduce a height bound holding without further assumption
on the curve, other than it not being contained in a proper subgroup.
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We conclude this section by showing, as already observed by Marché and
Maurin [MM23], and Ulmer and Urzúa [UU20, UU21], how the contents of
Conjectures 1.7.1 and 1.7.2 can be reframed as statements about unlikely
intersections in a different ambient variety. To ease the notation, we will focus
on the case of Conjecture 1.7.1, but the exact same construction also works for
families of abelian varieties. Keeping the same notation, we will denote by G a
(split) semiabelian variety of dimension n. Let TG be the tangent bundle of G,
and PTG the associated projective bundle; thus, PTG → G is a Pn−1-bundle4

whose fibers parametrize lines in the corresponding tangent space, and the
total space PTG is a smooth quasi-projective variety of dimension 2n− 1.

Given a curve C ⊆ G, there is a canonical lift of C to C̃ ⊆ PTG, constructed
in the following way. The inclusion ι : C → G induces a map ι̃ : Csm → PTG
from the smooth locus of C, sending a point P ∈ Csm to the class of its tangent
line TPC ⊆ TPG in PTG. We take C̃ to be the closure of the image of this
map. Note that, in this way, C̃ is also a curve.

In a similar way, for W ⊆ G a smooth subvariety we can define W̃ ⊆ PTG
as

W̃ = {(P, [∆]) | P ∈ W,∆ ⊆ TPW}.

By this construction, dim W̃ = 2dimW − 1.
A curve C and a subvariety W intersecting at a point P do so tangentially

if and only if their lifts C̃ and W̃ intersect at a point in PTG over P . Now,
whenever dimW ≤ dimG−1 we have dim W̃ ≤ dimPTG−2, so the intersection
between W̃ and C̃ is unlikely.

We now recast Conjecture 1.7.1 using this new interpretation.

Conjecture 1.7.3. Let G be split semiabelian variety, and let C be an irre-
ducible subvariety of G of dimension 1, not contained in any proper algebraic
subgroup, where everything is defined over C. Let C̃ and, for any W ⊆ G
smooth subvariety, W̃ be as above. Then, the set

C̃ [2] :=
⋃
H<G

dimH≤dimG−1

C̃ ∩ H̃ ⊆ PTG

is a finite set.

Similarly, we also recast Conjecture 1.7.2 using this interpretation.

Conjecture 1.7.4. Let A → S be an abelian scheme, and let C be an irre-
ducible curve in A, dominant over S and not contained in a proper subgroup
scheme of A, even after a finite base change, with everything defined over C.
Let C̃ and, for any W ⊆ A smooth subvariety, W̃ be as above. Then, the set

C̃{2} =
⋃
H flat

codim H≥1

C̃ ∩ H̃,

where H runs through all the flat subgroup schemes of codimension at least 1,
is a finite set.

4actually, it is isomorphic to the trivial one.
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1.7.1 Future works

The contents of Conjectures 1.7.1 and 1.7.2 lend themselves to some general-
izations, which could be interesting to study in the future.

First of all, Conjecture 1.7.1 may be stated for more general semiabelian
varieties. The structure of subgroups here is more complicated compared to the
abelian and toric settings, so some of the arguments of Chapter 3 fail. It should
be however possible to complement those with the arguments of [BKS23] to
recover the claim.

The formulation as unlikely intersections (see Conjecture 1.7.3) suggests
that Conjectures 1.7.1 and 1.7.2 have a higher dimensional generalization, ana-
logue to the Zilber-Pink Conjecture in the Pink’s formulation (see Conjecture
1.4.6).

Conjecture 1.7.5. Let G be a semiabelian variety, and let V be an irreducible
smooth subvariety of G, not contained in any proper algebraic subgroup, where
everything is defined over C. Let, for any W ⊆ G subvariety, W̃ be the lifting
of W to PTG and let

Ṽ [2 dimV ] :=
⋃
H<G

dimH≤dimG−dimV

Ṽ ∩ H̃ ⊆ PTG;

then, the projection of Ṽ [2 dimV ] onto V is non-Zariski dense in V .

In the proofs of Conjecture 1.7.1 and 1.7.2 in Chapters 3 and 4 we rely on
the fact that the Zilber-Pink Conjecture for curves in abelian varieties and tori
is established. Since, however, the Zilber-Pink Conjecture is open in general,
we can expect a proof of Conjecture 1.7.5 to be approachable only in the cases
in which Zilber-Pink is known, in particular hypersurfaces and varieties with
nonempty open anomalous locus. In alternative, it may be interesting to prove
a statement conditional on Zilber-Pink.
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2 - Preliminaries

2.1 Weil heights and canonical heights

In this section we introduce, in increasing generality, the notion of “height”.
This can be thought of as an arithmetic complexity. As we saw in the previous
chapter, this is an essential tool in Diophantine geometry, and having a control
of it is an essential step in most of the proofs.

2.1.1 The Weil height over Q
We start by defining the height of a rational number. As mentioned, this will
be a measure of complexity for it. Let then q ∈ Q be a rational number; either
q is zero or we can write q uniquely as the quotient of two integers a and b, such
that they are coprime and b is positive. We define the absolute Weil height
of q as 0 if q is zero or the maximum between b and the absolute value of a
otherwise.

While this is a good definition, it does not generalize easily to more general
number fields and to Q. This is due to the fact that, in general, an element x
of a number field K does not admit a preferential representation as a quotient
a/b with a and b in its ring of integers OK . In the following, we will give an
alternative definition of the absolute Weil height that, while more complicated
and technical, will more easily generalize to Q.

We recall that an absolute value on a field K is a function | · | : K → R≥0

such that, for every x, y ∈ K,

1. |x| ≥ 0 and |x| = 0 if and only if x = 0;

2. |xy| = |x||y|;

3. |x+ y| ≤ |x|+ |y| (triangle inequality).

We say that it is non-Archimedean if it further satisfies the ultrametric inequal-
ity

|x+ y| ≤ max{|x|, |y|},

and Archimedean otherwise. Every absolute value on K induces a distance
d(x, y) = |x− y| on K, and hence a topology. We say that two absolute values
| · |1 and | · |2 on K are equivalent if they induce the same topology.
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On any field K we can define an absolute value, called the trivial one,
sending every non-zero element of K to 1. This absolute value does not give
many information on the elements of K, so we will often ask for an absolute
value not to be the trivial one.

We ask ourselves what are the possible absolute values on Q. Of course, we
have the usual Archimedean absolute value | · |∞, inherited by the immersion
Q ⊆ R. Let now p ∈ Z be a prime number. We can associate to it an absolute
value | · |p, called the p-adic absolute value, as follows. We set |0|p := 0. For
every x ∈ Q non-zero, we can write it in a unique way

x = pvp(x)
a

b
,

with a, b, vp(x) ∈ Z and p ∤ ab. We call vp(x) the p-adic valuation of x, and set

|x|p := p−vp(x).

It is easy to check that this is indeed an absolute value, and that it is non-
Archimedean.

A bespoke theorem, due to Ostrowski, is that, up to equivalence, the usual
absolute value and the p-adic ones are essentially the only possible ones.

Theorem 2.1.1 (Ostrowski, see for example [Neu99, Prop. II.3.7]). Every
absolute value on Q is either the trivial absolute value or equivalent to | · |∞ or
| · |p for some prime number p.

We will denote by MQ the set of “standard” non-trivial absolute values on
Q, consisting of the Archimedean absolute value | · |∞ and the p-adic absolute
values | · |p, and, with slight abuse of notation, we will write | · |v for the absolute
value corresponding to v ∈MQ. As a consequence of the unique factorization
in Z we get the so-called product formula (Prop 1.4.1 of [BG06], Prop. II.2.1
of [Neu99]): ∏

v∈MQ

|x|v = 1 ∀x ∈ Q \ {0}.

We are now ready to give an alternative definition of Weil height over Q.

Definition 2.1.2. Let x ∈ Q. We define its absolute Weil height as

H(x) :=
∏
v∈MQ

max{1, |x|v}.

It is easy to check, by multiplying by the denominator and using the product
formula, that this new height coincides with the one defined previously.

It is often useful to work with the logarithm of the absolute Weil height, so
we also cast the following.

Definition 2.1.3. Let x ∈ Q. We define its logarithmic Weil height as

h(x) := logH(x) =
∑
v∈MQ

logmax{1, |x|v}.

We observe that the product (and the sum) is always finite, since |x|v = 1
for all but finitely many v ∈MQ.
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2.1.2 The Weil height over Q

We will define the Weil height over Q by defining a Weil height over any number
field K in such a way that it is compatible over field extensions, that is, the
height of an element x ∈ K does not actually depend on K, but only on x. The
definition will be similar to Definition 2.1.2. Before giving such a definition we
will need to discuss absolute values over general number fields.

Fix K a number field. We want to fix a set of representativesMK for all the
non-trivial equivalence classes of absolute values defined over K. We observe
that any absolute value on K restricts to an absolute value of Q. Moreover, as
K/Q has finite degree, the only absolute value restricting to the trivial one on
Q is the trivial absolute value on K (see for example [Wal00, Section 3.1.2]).
So, we decide to pick the representatives inMK in such a way that they extend
the absolute values in MQ. We will now give an explicit description of these
absolute values.

We start by describing the Archimedean ones, which are the ones restricting
to | · |∞ ∈ MQ. For each embedding σ : K ↪→ C, we define an Archimedean
absolute value associated to it by |x|σ = |σ(x)|∞, where | · |∞ denotes the usual
Archimedean absolute value on C. Since |z|∞ = |z̄|∞ for every z ∈ C, it follows
that | · |σ = | · |τ whenever τ = σ̄.

In light of this, we list the n := [K : Q] embeddings K ↪→ C as

σ1, . . . , σr1 , σr1+1, . . . , σr1+r2 , σr1+1, . . . , σr1+r2 ,

where σ1, . . . , σr1 are the real embeddings and σr1+1, . . . , σr1+r2 are the complex
ones, up to conjugation. Thus, we get r1+r2 non-trivial Archimedean absolute
values on K, | · |σ1 , . . . , | · |σr1+r2

, which are pairwise non-equivalent. One can
also show that any non-trivial Archimedean absolute value on K is equivalent
to one of these; see for example [Wal00, Section 3.1.3]. Moreover, if v is an
Archimedean absolute value of the number field K, then the completion Kv

of K with respect to it is isomorphic to R whenever v corresponds to a real
embedding, and to C otherwise. Since the completion Qv of Q is isomorphic
to R for every Archimedean place, we have

dv := [Kv : Qv] =

{
1 if v is real

2 if v is complex.

Next, we describe the non-Archimedean absolute values. These correspond
to the non-zero prime ideals of OK . Analogously to the p-adic absolute values
on Q, we define them starting from a valuation. Let p be a non-zero prime
ideal of OK and let p be the prime number such that pZ = p ∩ Z. For every
element x ∈ K \ {0} we can write in a unique way

xOk = pvp(x)I,

for vp(x) an integer and I a fractional ideal such that I ̸⊆ p. We call vp(x) the
p-adic valuation of x, and set

|x|p := p−vp(x)/e(p|p),
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where e(p|p) = vp(p) is the ramification index of p over p. The factor e(p|p)
ensures that |p|p = p−1, so that | · |p extends | · |p. It can be verified that
absolute values corresponding to different prime ideals are non equivalent and
that any non-trivial non-Archimedean absolute value on K is equivalent to
one of these. Furthermore, if v is the non-Archimedean absolute value of K
associated to p, we have that dv := [Kv : Qv] is equal to e(p|p)f(p|p), where Kv

is the completion of K with respect to v and f(p|p) = [OK/p : Fp] is the inertia
degree of p over p. Similar to Q, we have an analogue of Ostrowski’s Theorem
2.1.1 for number fields: in particular, every absolute value on a number field
K is either the trivial one, equivalent to an Archimedean absolute induced by
an embedding σ : K ↪→ C, or equivalent to the p-adic absolute value, for a
certain prime ideal p.

From now on, we will denote byMK the set of absolute values ofK described
above. These absolute values also satisfy a product formula (see for example
[HS00, Prop. B.1.2].

Proposition 2.1.4. Let x ∈ K \ {0}. Then∏
v∈MK

|x|dvv = 1.

In light of the above discussion, we are ready to give the definition for
height over any number field K.

Definition 2.1.5. Let x be in a number field K. We define its Absolute Weil
Height as

H(x) :=

 ∏
v∈MK

max{1, |x|dvv }

1/[K:Q]

,

and the logarithmic Weil height as

h(x) := logH(x) =
1

[K : Q]

∑
v∈MK

dv logmax{1, |x|v}.

We observe that the product (and the sum) is again always finite, since
|x|v = 1 for all but finitely many v ∈MK . Moreover, the scaling factors ensure
that the definition is independent of K, so that it actually extends to a height
function defined over Q.

We now present several properties of the Weil height.

Proposition 2.1.6.

1. h(x) ≥ 0 for any x ∈ Q, and h(x) = 0 if and only if x = 0 or x is a root
of unity (Kronecker);

2. for any x, y ∈ Q, h(xy) ≤ h(x) + h(y), and moreover, if y is a root of
unity, then h(xy) = h(x);
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3. for any x1, . . . , xn ∈ Q, we have h(x1 + · · ·+ xn) ≤ h(x1) + · · ·+ h(xn) +
log n;

4. for any non-zero x ∈ Q and any n ∈ Z, h(xn) = |n| · h(x);

5. for any x ∈ Q and any σ ∈ Gal(Q/Q), h(σ(x)) = h(x).

Observe that it is not possible to replace log n in part 3 with any smaller
constant, as demonstrated by the example x1 = · · · = xn = 1. For a proof of
these properties see Section 1.5 of [BG06].

The following finiteness theorem is one of the reasons why height functions
are so widely used in Diophantine geometry, serving as a foundational result
for many finiteness results.

Theorem 2.1.7 (Northcott). Let B and D be non-negative real numbers.
Then, the set

{α ∈ Q | h(α) ≤ B and [Q(α) : Q] ≤ D}
is finite.

2.1.3 The Weil height on projective spaces

We will now begin to extend the notion of Weil height to a more geometric
setting, starting from algebraic points in a projective space Pn(Q).

Definition 2.1.8. Let P = [x0 : · · · : xn] ∈ Pn(Q) and let K be a number field
containing x0, . . . , xn. The absolute logarithmic (projective) Weil height of P
is defined as:

h(P ) =
1

[K : Q]

∑
v∈MK

dv logmax{|x0|v, . . . , |xn|n}.

We define the absolute multiplicative (projective) Weil height of P as H(P ) =
exp(h(P )).

As for the Weil height on Q, this definition does not depend on the choice of
K. Furthermore, by the product formula, the height also does not depend on
the choice of the homogeneous coordinates of P , ensuring that it is well-defined.
Moreover, it satisfies h(σ(P )) = h(P ) for any σ ∈ Gal(Q/Q).

Remark 2.1.9. For n = 1 we can recover the previous definition of the height
on Q by identifying Q = A1(Q) ⊆ P1(Q). Indeed, for any α ∈ Q, we have
h(α) = h([1 : α]). More generally, this allows us to define the height of a
n-tuple of algebraic numbers, by identifying Qn

= An(Q). Thus, we get that
the height of a tuple (α1, . . . , αn) ∈ Qn

is

h((α1, . . . , αn)) =
1

[K : Q]

∑
v∈MK

dv logmax{1, |α1|v, . . . , |αn|v},

where we can choose K = Q(α1, . . . , αn), as the definition does not depend on
the choice of K. We call this the affine height for the tuple, to distinguish it
from the projective height defined above.
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For a point P = [x0 : · · · : xn] ∈ Pn(Q), we define its field of definition as

Q(P ) = Q

(
x0
xj
, . . . ,

xn
xj

)
,

for any index j such that xj ̸= 0. In particular, up to permutations and
normalization of the coordinates, we may assume that x0 = 1. From this, it
follows that h(P ) ≥ 0 and, if x0 = 1, h(P ) ≥ h(xi) for every i = 1, . . . , n. Thus,
Theorem 2.1.7 implies the following generalization of Northcott’s theorem to
Pn(Q).

Theorem 2.1.10 (Northcott). Let B and D be non-negative real numbers.
Then, the set

{P ∈ Pn(Q) | h(P ) ≤ B and [Q(P ) : Q] ≤ D}

is finite.

Finally, we generalize Kronecker’s theorem (part 1 of Proposition 2.1.6) to
projective spaces.

Theorem 2.1.11 (Kronecker). Let P ∈ Pn(Q), and assume that x0 = 1, as
above. Then h(P ) = 0 if and only if, for every j = 1, . . . , n, either xj is zero
or it is a root of unity.

2.1.4 The Weil height on projective varieties

After studying the Weil height on Pn(Q), we now extend this notion to the
Q-points of arbitrary projective varieties. This extension is provided by the
Weil height machine, which associates height functions to divisors on projective
varieties, allowing us to measure the arithmetic complexity of points on more
general varieties.

Let V be a projective variety defined over Q. A natural way to define a
height on V (Q) is to use a morphism from V to a projective space φ : V → Pn.

Definition 2.1.12. Suppose that φ : V → Pn is defined over Q. The height
on V relative to φ is defined as

hφ(P ) := h(φ(P )) for any P ∈ V (Q),

Where h is the absolute logarithmic Weil height on Pn defined before.

Since height functions are defined via morphisms into projective spaces,
one may worry about their dependence on the choice of such morphisms. Such
a dependence indeed exists, but the next proposition ensures that it is well-
behaved: if two morphisms come from the same complete linear system, then
the associated height functions differ only by a bounded function.
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Proposition 2.1.13. Let V be a projective variety defined over Q. Let H ⊆
Pn and H ′ ⊆ Pm be hyperplanes. Let φ : V → Pn and ψ : V → Pm be
morphisms such that φ∗H and ψ∗H ′ are linearly equivalent. Then, we have
hφ(P ) = hψ(P ) + O(1) for every P ∈ V (Q), and the bounded function O(1)
depends on V, φ and ψ but not on P .

While the height functions we introduced sofar depend on the choice of the
morphism into a projective space, a more intrinsic approach exists. Instead
of relying on embeddings, one can define heights directly in terms of divisors
on the variety. This construction, due to Weil, is also known as Weil’s height
machine and it allows us to translate geometric relations into arithmetical
statements about heights.

Theorem 2.1.14 (Weil’s height machine). Let V be a smooth projective variety
defined over Q. Then, there exists a map

Div(V ) → {functions V (Q) → R}
D 7→ hv,D

which is, up to bounded functions O(1), uniquely defined by the following three
properties:

1. (Normalization) Let H ⊆ Pn be an hyperplane. Then, for every P ∈
Pn(Q), we have

hPn,H(P ) = h(P ) +O(1),

where h is the absolute logarithmic height on P n(Q).

2. (Functoriality) Let φ : V → W be a morphism and let D ∈ Div(W ) be a
divisor. Then, for every P ∈ V (Q), we have

hV,φ∗D(P ) = hW,D(φ(P )) +O(1).

3. (Additivity) Let D,D′ ∈ Div(V ). Then, for every P ∈ V (Q), we have

hV,D+D′(P ) = hV,D(P ) + hV,D′(P ) +O(1).

Moreover, it satisfies the following additional properties:

4. (Linear equivalence) If D,D′ ∈ Div(V ) are two linearly equivalent divi-
sors, then

hV,D(P ) = hV,D′(P ) +O(1)

for every P ∈ V (Q).

5. (Positivity) Let D ∈ Div(V ) be an effective divisor, and let B be the set of
base points of the associated linear system |D|. Then, there is a constant
γ ∈ R such that, for every P ∈ (V \B)(Q), we have

hV,D(P ) ≥ γ.
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6. (Northcott) Let D ∈ Div(V ) be an ample divisor. Then, for any constants
B,C ∈ R≥0 the set

{P ∈ V (Q) | [Q(P ) : Q] ≤ B and hV,D(P ) ≤ C}

is finite.

The bounded functions O(1) properties 1 to 4 and the constant γ in property 5
depend on the varieties, divisors and morphisms, but not on the points on the
variety.

For a proof of this theorem, we refer to [HS00, Theorem B.3.2].

Remark 2.1.15. If the variety V is not smooth, we can use either Cartier divisors
or line bundles instead of Weil divisors. See for example [HS00, Theorem B.3.6].

To end this section, we recall some properties on the behavior of the Weil
height between morphisms.

Proposition 2.1.16 ([HS00], Theorem B.2.5(a)). Let φ : Pn 99K Pm be a
rational map of degree d defined over Q, so that φ is given by a (n+ 1)-tuple
φ = (f0, . . . , fm) of homogeneous polynomials of degree d. Let Z ⊆ Pn be the
subset of common zeros of the fi’s. Then φ is defined on Pn \ Z, and for all
P ∈ Pn(Q) \ Z,

h(φ(P )) ≤ dh(P ) +O(1).

Proposition 2.1.17 ([BHM16], Theorem 2.3, from [Sil11], Theorem 1). Let
X, Y be irreducible, quasi-affine varieties (where we suppose to fix a projective
embedding and hence a height), defined over Q, with dimX = dimY . Let
g : X → Y be a dominant morphism. Then, there exists a constant η > 0,
depending on X and Y and an open and dense subset U of X such that

h(Q) ≤ η(1 + h(g(Q))),

for all Q ∈ U(Q). Moreover, this estimate holds true with

U = {P ∈ X : P is isolated in φ−1(φ(P ))},

which is Zariski open in X.

2.1.5 Canonical heights

The height functions obtained from Theorem 2.1.14 are well-defined only up
to an additive bounded term. In this section, we introduce a refinement that,
on varieties with some extra structure, selects a distinguished representative
within this equivalence class, known as the canonical height. In particular, we
will consider the special case of abelian varieties, in which canonical heights
satisfy additional properties related to the group structure.
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Theorem 2.1.18 (Néron, Tate). Let V be a smooth projective variety defined
over a number field and D ∈ Div(V ). Let φ : V → V be a morphism defined
over Q such that φ∗D ∼ αD for some α > 1. Then, there exists a unique
function ĥV,φ,D : V (Q) → R, which we call the canonical height on V with
respect to φ and D, such that

1. ĥV,φ,D(P ) = hV,D(P ) +O(1) for every P ∈ V (Q);

2. ĥV,φ,D(φ(P )) = αĥV,φ,D(P ) for every P ∈ V (Q);

3. if D′ ∈ Div(V ) is linearly equivalent to D, then ĥV,φ,D = ĥV,φ,D′.

Moreover, ĥV,φ,D can be computed as follows:

ĥV,φ,D(P ) = lim
n→∞

1

αn
hV,D(φ

n(P )),

where φn = φ . . . φ is the n-th iterate of φ.

A proof of this theorem can be found for example in [HS00, Theorem B.4.1]
or [BG06, Remark 9.2.9].

To illustrate the construction of canonical heights, we consider the special
case of projective spaces.

Example 2.1.19. Let d ≥ 2 and consider the morphism

πd : Pn → Pn

[x0 : · · · : xn] 7→ [xd0 : · · · : xdn].

If H ⊂ Pn is any hyperplane, then π∗
dH ∼ dH. Thus, we can define a canonical

height ĥPn,πd,H .
Since hPn,H(P ) = h(P ) +O(1) and h(πd(P )) = dh(P ) for every P ∈ Pn(Q),

we have

ĥPn,πd,H(P ) = lim
N→∞

1

dN
hPn,H(π

n
d (P )) = lim

N→∞

1

dN
(
dnh(p) +O(1)

)
= h(P ).

Thus, in this case, the canonical height coincides with the absolute logarithmic
Weil height on Pn.

We notice from the previous example that the canonical height ĥPn,πd,H is
non-negative, as such is the logarithmic Weil height. Moreover, the points of
Pn with Weil height zero are exactly those that are represented by n+1-tuples
of zeros and roots of unity, i.e. those that have finite orbit under the action of
πd. As the next proposition shows, this is not an isolated case, but a general
property of canonical heights.

Proposition 2.1.20. Let V be a smooth projective variety defined over a
number field and let D ∈ Div(V ) be an ample divisor. Let φ : V → V be a

morphism such that φ∗D ∼ αD for some α > 1 and let ĥV,φ,D be the associated

37



CHAPTER 2. PRELIMINARIES

canonical height defined in the theorem above. Then ĥV,φ,D(P ) ≥ 0 for every

P ∈ V (Q) and ĥV,φ,D(P ) = 0 if and only if the forward orbit of P ,

{P, φ(P ), φ2(P ), . . . , φn(P ), . . . },

is finite.

Suppose now that V = A is an abelian variety, where we denote the
group structure additively. We will use the notation [n] : A → A for the
multiplication-by-n map. We want to define a canonical height on A using the
construction of Theorem 2.1.18 with φ = [2]. To do so, we need to have a
divisor D such that [2]∗D ∼ αD for some α ≥ 1.

Proposition 2.1.21 (Mumford’s formula, [Mum88, Cor. II.6.3, p.59] ). Let
D ∈ Div(A) and n ∈ Z. Then

[n]∗D ∼ n2 + n

2
D +

n2 − n

2
[−1]∗D.

In particular, if D is symmetric, i.e. [−1]∗D ∼ D, then [n]∗D ∼ n2D. On the
other hand, if D is antisymmetric, i.e. [−1]∗D ∼ −D, then [n]∗D ∼ nD.

We can associate canonical heights to symmetric and antisymmetric divi-
sors.

Theorem 2.1.22. Let A be an abelian variety defined over a number field, and
let D be a symmetric divisor on A. Then, the canonical height ĥA,D := ĥA,[2],D :

A(Q) → R satisfies the following properties:

1. for every n ∈ Z and for every P ∈ A(Q) we have

ĥA,D([n]P ) = n2ĥA,D(P );

2. (Parallelogram law) for all P,Q ∈ A(Q) we have

ĥA,D(P +Q) + ĥA,D(P −Q) = 2ĥA,D(P ) + 2ĥA,D(Q).

Remark 2.1.23. While ĥA,D is classically defined as the canonical height on A
with respect to [2], replacing the 2 with any integer m ̸= −1, 0, 1 yields the
same canonical height on A.

Remark 2.1.24. If D is an ample and symmetric divisor on A, then Proposition
2.1.20 implies that ĥA,D(P ) ≥ 0 for every P ∈ A(Q). Moreover, ĥA,D(P ) = 0
if and only if the set

{P, [2]P, [4]P, . . . , [2n]P, . . . }

is finite. This finiteness condition is in turn equivalent to the existence of
integers 0 ≤ i < j such that [2i]P = [2j]P , which is equivalent to P having
finite order, i.e. , P being a torsion point.
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For antisymmetric divisors, the canonical heights have analogous properties,
which can be found in details in [HS00, Theorem B.5.5] or [BG06, Section 9.2].

Suppose now that D is any divisor on A. We can write 2D as a sum of a
symmetric and an antisymmetric divisor, as follows:

2D = (D + [−1]∗D) + (D − [−1]∗D).

This, together with the additivity property, allows us to define a canonical
height on A associated to any divisor as follows:

ĥA,D :=
ĥA,D+[−1]∗D + ĥA,D−[−1]∗D

2
.

2.2 O-minimality and point counting

Starting from pioneering work of Pila and Zannier [PZ08], the use of point-
counting results has become essential in Diophantine geometry, through the
use of the so-called “Pila-Zannier” strategy, outlined in more details in the
next section.

Point-counting is referred to the estimation of the number of rational points
of bounded height on non-algebraic sets. For such an estimation to be possible,
the sets in question must have some tame structure, for example they could
be compact subsets of the graph of an analytic function. More in general, this
kind of counting theorems are known for sets that are definable in an o-minimal
structure.

In this section, we will introduce some general definitions and properties of
o-minimal structures, and we will give some examples of point-counting results.
For a more in-depth treatment we refer to [Dri98], [DM96] and to Chapter 8
of [Pil22].

Definition 2.2.1. A structure is a sequence S = (SN), N ≥ 1, where each SN
is a collection of subsets of RN such that, for each N,M ≥ 1:

1. SN is a boolean algebra (under the usual set-theoretic operations);

2. SN contains every semi-algebraic subset of RN ;

3. if A ∈ SN and B ∈ SM , then A×B ∈ SN+M ;

4. if A ∈ SN+M , then π(A) ∈ SN , where π : RN+M → RN is the projection
onto the first N coordinates.

If S is a structure and, in addition,

5. S1 consists of all finite union of open intervals and points,

then S is called an o-minimal structure.

Given a structure S, we say that S ⊆ RN is a definable set if S ∈ SN .
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Let U ∈ RM × RN . For t0 ∈ RM , we set Ut0 = {x ∈ RN | (t0, x) ∈ U} and
call U a family of subsets of RN , while Ut0 is called the fiber of U above t0. If
U is a definable set, then we call it a definable family, and one can see that the
fibers Ut0 are definable sets too. Let S ⊆ RN and f : S → RM be a function.
We call f a definable function if its graph {(x, y) ∈ S × RM | y = f(x)} is a
definable set. It is not hard to see that images and preimages of definable sets
via definable functions are still definable. We recall some other properties of
definable functions; for a reference see for example [DM96, B.7].

Lemma 2.2.2. Let U ⊆ Rn, and let f : U → Rm be a definable function in a
structure S. Then:

1. the set {x ∈ U | f is continuous at x} is definable in S;

2. the set U ′ := {x ∈ U◦ | f is differentiable at x} is definable in S;

3. the derivative Df : U ′ → Rm×n ∼= Rmn is definable in S;

4. the set of all x ∈ U ′ such that f is C1 on an open neighborhood of x
contained in U is definable in S;

5. if f : U → Rm is C1, then the set {x ∈ U | rk
(
f(x)

)
= i} is definable

in S for every i = 1, . . . ,m.

Definable families have some uniformity properties analogous to algebraic
families, as the following proposition highlights.

Proposition 2.2.3 ([DM96, 4.4]). Let U be a definable family; then, there
exists a positive integer γ such that each fiber of U has at most γ connected
components.

We give now some examples of o-minimal structures, that are of particular
interest to us. For a more comprehensive list, see [Dri98].

Example 2.2.4. The structure S where Sn is the set of semi-algebraic subsets
of Rn is an o-minimal structure, which we will denote by Rsemialg. It is in a
sense the “smallest” possible o-minimal structure, by Point 2 of the definition.

Example 2.2.5. Let S be the smallest structure containing the graphs of
restricted analytic functions, that is, functions f : [0, 1]n → R that are analytic
on a small neighborhood of the unit cube. The sets definible in this structure
are called finitelly subanalitic, and as a consequence of a theorem of Gabrielov
[Gab68] (see also [Dri86]) they form an o-minimal structure, which is usually
denoted as Ran.

Notice that adding the graphs of all unrestricted analytic functions does
not lead to an o-minimal structure: indeed, if one adds, for example, the graph
of the sine function, then S1 will contain sin−1([0, 1]), which is an infinite union
of disjoint intervals. So S would not satisfy condition 5 of the definition.
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Example 2.2.6. Let S be the smallest structure containing Ran and the graph
of the unrestricted exponential function exp : R → R>0. Then, by a result of
van den Dries and Miller [DM94], this is still an o-minimal structure, usually
denoted by Ran,exp.

Throughout this thesis we are mostly interested in Ran,exp, as most of the sets
required in Diophantine applications can be defined here. Indeed, the complex
exponential function exp : C → Gm(C) restricted to the domain [0, 1] × iR
can be defined using the unrestricted real exponential and restricted sine and
cosine functions; the j modular function restricted to the usual fundamental
domain F can be defined via the q-expansion as the composition of exp and
a restricted analytic function; and, by work of Peterzil and Starchenko [PS04],
the Weierstrass ℘(τ, z) function restricted to {(τ, z) | τ ∈ F , z ∈ Lτ}, where F
is a fundamental domain for the action of SL2(Z) on H, and Lτ is a fundamental
domain for the action of Z+ τZ on C by translation, is also definable in Ran,exp.

From now on, whenever we will be talking about “definable” objects it is
assumed, unless specified otherwise, that they are definable in the structure
Ran,exp.

We note that, if D ⊆ RN is a compact definable set, I is an open neighbor-
hood of D and f : I → RM is an analytic function, then f(D) is also definable.

O-minimal structures and definable sets provide an appropriate setting to
have point-counting results. The first result in this direction is due to Bombieri
and Pila [BP89], who proved the following.

Theorem 2.2.7 (Bombieri-Pila, 1989). Let Γ be the graph of a transcendental
analytic function on [0, 1]. Then, for every ε ≥ 0 there exists a constant
c = c(Γ, ε) such that ∣∣TΓ ∩ Z2

∣∣ ≤ cT ε

for every T ∈ R, T ≥ 1.

This theorem can be recast in terms of points of bounded heights. In order
to state it, we first introduce some notations. Let H be the coordinatewise
affine absolute Weil height, so that H(a1, . . . , an) = maxiH(ai) with H(ai) the
usual absolute Weil height. For X ⊆ Rn let X(Q) be the subset of rational
points of X, and

X(Q, T ) :=
{
P ∈ X(Q)

∣∣ H(P ) ≤ T
}
.

Bombieri-Pila Theorem can then be recast as follows.

Theorem 2.2.8 ([Pil91]). Let Γ be the graph of a transcendental analytic
function on [0, 1]. Then, for every ε ≥ 0 there exists a constant c = c(Γ, ε)
such that ∣∣X(Q, T )

∣∣ ≤ cT ε

for every T ∈ R, T ≥ 1.
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We would want a similar bound for higher dimensional sets X ⊆ Rn. How-
ever, it may happen that, despite X not being a semialgebraic set, it contains
some semialgebraic subsets of positive dimension, and these subsets may con-
tain “many”, i.e. ≫ T δ for a fixed δ, rational points of height less then T ,
which would make a bound ≪ T ε fail for ε smaller than δ.

This motivates us to divide X into two parts: the algebraic part Xalg, given
by the union of all positively-dimensional semialgebraic subsets of X, and the
transcendental part X tran, given as the complement X \Xalg.

The setXalg (and, consequently, X tran) can be very complicated and hard to
identify; it usually consists of infinitely may connected components. However,
as proven by Pila and Wilkie [PW06], removing Xalg (i.e. focusing on X tran)
allows us to recover a result of the same quality as Theorem 2.2.8, at least
whenever X is definable in an o-minimal structure.

Theorem 2.2.9 (Pila-Wilkie Counting Theorem, [PW06, Thm 1.8]). Let X ⊂
Rn be a set definable in an o-minimal structure, and let ε > 0. There is a
constant c(X, ε) such that∣∣X tran(Q, T )

∣∣ ≤ c(X, ε)T ε, (2.2.1)

In the proof of Theorem 4.1.4 we are going to use an even stronger result,
due to Habegger and Pila [HP16]. Before stating it, we introduce some further
notation. For a family Z ⊆ RM1 × RM2 × RN , a positive real number T and
t ∈ RM1 , we define

Z∼
t (Q, T ) = {(y, z) ∈ Zt | y ∈ QM2 , H(y) ≤ T}. (2.2.2)

By π1 and π2, we denote the projections of Zt to the first M2 and the last
N coordinates, respectively.

Proposition 2.2.10 ([HP16, Corollary 7.2]). Let Z ⊆ RM1 × RM2 × RN be
a definable family. For every ε > 0, there exists a constant c = c(Z, ε) with
the following property. Fix t ∈ RM1 and T ≥ 1. If

∣∣π2(Γ)∣∣ > cT ε for some
Γ ⊆ Z∼

t (Q, T ), then there exists a continuous definable function δ : [0, 1] → Zt
such that

1. the composition π1 ◦ δ : [0, 1] → RM2 is semi-algebraic and its restriction
to (0, 1) is real analytic;

2. the composition π2 ◦ δ : [0, 1] → RN is non-constant;

3. we have π2(δ(0)) ∈ π2(Γ).

2.2.1 Effective point counting

The constants appearing in Theorem 2.2.9 and Proposition 2.2.10 are, in gen-
eral, not effective. That is, given a set X (or Z) and ε > 0 there is no
computable way to bound the constants c(X, ε) whose existence is ensured by
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the above-mentioned facts. However, in the applications, it is very desirable
to have an estimation of how large those constants may be. Clearly, to get
such effective bounds, we need to restrict ourselves to a framework in which
the functions involved can be described in a uniform and effective way, so
that we have a notion of “complexity” of the functions and sets involved, with
respect to which to give the bound. The way one usually achieves this is to
limit oneself to a class of functions that satisfy some systems of polynomial
differential equations; the size and degree of these systems provide the required
notion of complexity.

One such class of functions, that will be considered here, is that of Pfaffian
functions, first introduced by Khovanskĭı [Kho80, Kho91], and since become
one of the most promising candidate for a setting in which to prove effective
bounds.

Definition 2.2.11. Let us fix an open subset U ⊆ Rn (whose coordintates
will be denoted by x = (x1, . . . , xn)). A sequence f1, . . . , fl : U → R of
analytic functions is called a Pfaffian chain if there are polynomials Pi,j ∈
R[X1, . . . , Xn, Y1, . . . , Yi], for i = 1, . . . , l and j = 1, . . . , n, such that

∂fi
∂xj

(x) = Pi,j(x, f1(x), . . . , fi(x)),

for all i, j, and all x ∈ U . In other terms, the derivative of the i-th function
in the chain can be expressed as a polynomial in the function itself, all of the
function preceeding it in the chain, and the function arguments xj.

We then say that a function f : U → R is Pfaffian with chain f1, . . . , fl
if f(x) = P (x, f1(x), . . . , fl(x)), for all x ∈ U , for some polynomial P ∈
R[X1, . . . , Xn, Y1, . . . , Yl]. In other terms, a Pfaffian function is any function
that can be expressed as a polynomial in the argument x and in a Pfaffian
chain.
We define the format of such a Pfaffian function to be n+ l and its degree to
be Σi,j deg(Pi,j) + deg(P ).

For example, the exponential function exp : R → R is a Pfaffian function,
and actually forms a Pfaffian chain, by the well-known identity ∂ exp

∂x
(x) =

exp(x). On the other hand, it turns out that the sine and cosine functions are
not Pfaffian.

The first result towards effectivity for sets definable by Pfaffian functions
is due to Khovanskĭı, and already contained in [Kho80]: it shows that Pfaffian
functions have some finiteness properties similar to polynomials. More specif-
ically, let f1, . . . , fl : Rn → R be functions forming a Pfaffian chain, and let
Q1, . . . , Qm be polynomials in R[x1, . . . , xn, y1, . . . , yl]. Then, the set X ⊆ Rn

defined by the system 
Q1(x, f1(x), . . . , fl(x)) = 0

...

Qm(x, f1(x), . . . , fl(x)) = 0
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has a finite number of connected components, and the number of such compo-
nents is effectively bounded in term of n, m, the degrees of the Qis, and the
format and the degree of the Pfaffian chain.

This result was actually crucial in proving that Rexp, the smallest struc-
ture containing the graph of the unrestricted real exponential function, is an
o-minimal structure. This raised the question of whether the same could be
true adding the graph of other unrestricted Pfaffian functions. Indeed, Wilkie
[Wil99] proved that the smallest structure containing the graphs of all unre-
stricted Pfaffian functions, RPfaff, is o-minimal. In particular, sets definable in
RPfaff satisfy the counting theorems, Theorem 2.2.9 and Proposition 2.2.10. As
anticipated, however, for these kind of sets we can prove something stronger:
we can make the constants appearing effective.

Before stating the effective versions of Theorem 2.2.9 and Proposition 2.2.10,
we recall some definitions.

A semi-Pfaffian set is a set X ⊆ Rn, for some n, which is defined by a
boolean combination of equations of the form g = 0 and inequalities of the
form h > 0, where all the functions g and h involved are Pfaffian and defined
on some common U as above. The format of X is the maximum of the formats
of all the functions g and h appearing in the definition of X, and the degree of
X is the sum of the degrees of all these g and h.

A sub-Pfaffian set is a set Y ⊆ Rk, that is the image via projection on the
first k coordinates of a semi-Pfaffian set X ⊆ Rn, for some n ≥ k. The format
and degree of Y are defined to be those of X. Note that semi-Pfaffian sets are
always sub-Pfaffian, but the converse is not true in general.

An effective analogue of Bombieri-Pila Theorem 2.2.8 has been proven by
Pila [Pil06].

Theorem 2.2.12. There is an explicit function c(r, α) with the following
property. Suppose that X is the graph of a non-algebraic Pfaffian function
f : R → R of format r and degree α restricted to a connected component of its
domain. If T ≥ c(r, α), then∣∣X(Q, T )

∣∣ ≤ exp(5
√
log T ).

Later, Binyamini [Bin19] proved an effective constant for the Pila-Wilkie
Counting Theorem 2.2.9 for sets definable using Noetherian functions, a larger
class that Pfaffian function with a similar characterization using differential
equations, but restricted to a compact domain. While this result does apply
to restrictions of the j modular function and to the Weierstrass ℘ function, in
actual applications it is often essential not to restrict the domain to a compact
set, as the fundamental domains of those functions are not compact.

For unrestricted sub-Pfaffian set, an analogous effective point counting
result was proven by Binyamini, Jones, Schmidt and Thomas [BJST23]. In the
same paper, the authors also show an effective version of Proposition 2.2.10,
generalizing also to points of arbitrary degree over Q.

Before stating the theorem, we generalize the notation defined in (2.2.2).
Suppose that Z ⊆ Rm×Rn. For g a positive integer and H ≥ 1 a real number
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we put
Z∼(g,H) = {(x, y) ∈ X : [Q(x),Q] ≤ g,H(x) ≤ H}.

Theorem 2.2.13 ([BJST23, Corollary 4.6], see also end of Section 4 ibidem).
Let ℓ, m and n be nonnegative integers, let g be a positive integer and let F , D
and ε be positive real numbers. Suppose that Z ⊆ Rℓ × Rm × Rn is a definable
family of format at most F and degree at most D. Let π1 : Rm × Rn → Rm

and π2 : Rm × Rn → Rn be the natural projections.
There exists a positive real number c ≤ (D + 1)γ(F ,g,ε), where γ is an

effectively computable function independent of Z, with the following property.
Suppose that a ∈ Rℓ, and that the real number H ≥ 1 and set Σ ⊆ Z∼

a (g,H)
are such that ∣∣π2(Σ)∣∣ > cHϵ;

then, there exists a continuous definable β : [0, 1] → Za with the following
properties:

(i) the map π1 ◦ β : [0, 1] → Rm is semialgebraic;

(ii) the map π2 ◦ β : [0, 1] → Rn is not constant;

(iii) we have π2(β(0)) ∈ π2(Σ);

(iv) the restriction β|(0,1) is analytic (and in particular, π1 ◦β|(0,1) is analytic).

In our context, the families considered will be defined using the Weierstrass
℘ function. This function has been proven to be Pfaffian due to work of
Jones and Schmidt [JS20, Thm. 1], where its degree and format is explicitly
computed.

2.3 The Pila-Zannier Method

In this section we give a sketch of the general ideas and steps behind the
so-called “Pila-Zannier” method. This was introduced in [PZ08] to provide an
alternative proof for the Manin-Mumford Conjecture, and it has since been used
and adapted to prove many special cases of the Zilber-Pink Conjecture, such
as for curves in general abelian varieties [HP16], the Relative Manin-Mumford
Conjecture [MZ08, MZ10, MZ12, MZ14, CMZ17, MZ20, GH23], curves in fam-
ilies of abelian varieties [BC16, Bar17, BC17, BC20], and the André-Oort
Conjecture [Pil11, Ull13, Tsi18, PST+22, BSY22]. It will also be used in this
thesis, in Chapter 4 to prove Theorem 4.1.4.

We will partially follow the approach of [Pil22], and, for simplicity, we
will limit ourself to the case of Manin-Mumford Conjecture 1.3.4 for abelian
varieties. For algebraic tori and more general Shimura varieties the approach
is similar; an in-depth treatment can be found in the already mentioned book
by Pila.

Throughout this section, let G be an abelian variety of dimension g ≥ 2,
and let V be a subvariety of G, defined over a number field k. We are interested
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in studying the Manin-Mumford Conjecture for V in G, that is, we want to
prove that V contains only finitely many maximal special subvarieties, that is
irreducible components of algebraic subgroups (see also the definition before
Conjecture 1.3.3).

The Pila-Zannier method is adequate to prove the finiteness of a set of
points. However, the Manin-Mumford Conjecture (as well as the Zilber-Pink
Conjecture) deals with maximal special (or atypical) subvarieties, of which some
could have positive dimension. Therefore, one needs to deal with the positive
dimensional ones separately. This was also an issue of previous techniques,
and gave rise (in the context of the Zilber-Pink Conjecture) to the notion of
anomalous and torsion anomalous loci (see Definition 1.4.8), to the Torsion
Openness Conjecture 1.4.9, and to the Structure Theorems for the anomalous
locus (See for example [BMZ07, Theorem 1.4], [HP16, Proposition 6.1] and
the discussion after Definition 6.4 ibidem, and [BKS23, Theorem 2.1]). In the
nomenclature of [Pil22], this is the “Finiteness Ingredient”. For the Manin-
Mumford Conjecture, it is enough to consider the set V o obtained by removing
from V all of the positive dimensional special subvarieties. This subset was
first defined in [BZ95], where it was also proved that it is an open subset of V .
Thus, we only need to prove that V o ∩Gtors is a finite set.

Like in many previous proofs in the subject, one proves finiteness by ap-
plying the Northcott property (see Theorem 2.1.14). So one needs to prove
a bound for the height and for the degree of the points in V o ∩ Gtors. The
height bound in this case is trivial, since the torsion points of G have canonical
height all equal to zero. For the more general Zilber-Pink Conjecture, giving
a bound for the height is usually the first step (see, for example, Theorem
1.4.1 from [BMZ99], or Theorem 9.15 of [HP16]). Currently, such a bound
is known for V oa ∩ G[dimV+1], due to work of Habegger, in both the toric
[Hab08] and the abelian case [Hab09]. Such a bound is not known in general
for V ta ∩G[dimV+1], and this is one of the major missing points to establish the
Zilber-Pink Conjecture for general subvarieties of tori and abelian varieties.

To get a bound for the degree, we introduce a certain notion of “complexity”
∆(P ) for points P . To prove the Manin-Mumford Conjecture we only need to
consider torsion points, and we define their complexity as their multiplicative
order. In general, the complexity of P is related to the “smallest” possible coef-
ficients of a group subvariety of G containing P . We then give two estimation
for the complexity of a point P ∈ V o ∩Gtors in terms of its degree, one from
above and one from below. Since the upper bound grows asymptotically slower
than the lower bound, we thus conclude that the degree must be bounded.

For the upper bound, from a result of Masser [Mas84] (see also [PZ08,
Section 3] and [HP16, Section 9.1]), for every P ∈ V o ∩Gtors one gets that

∆(P ) ≤ c1[k(P ) : k]
c2 (2.3.1)

for some constants c1, c2 > 0 depending only on G and on V .
The main innovation due to Pila and Zannier is in the lower bound, in

particular the use of o-minimal geometry and counting theorems derived from
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it, for example the Pila-Wilkie Counting Theorem (Theorem 2.2.9, see also
[PW06, Theorem 1.8]) or, for the more general case, its extension due to
Habegger and Pila, Proposition 2.2.10 (see also [HP16, Corollary 7.2]).

The first step is to reformulate the problem in terms of a rational points
counting problem. To do so, we consider (by slight abuse of notation) G as
a complex Lie group and take the exponential map exp : T0G → G from
the tangent space at the zero of the group law of G to G itself. Since G
is a commutative group, the commutator on T0G is trivial, hence exp is a
group homomorphism, and the preimages of the algebraic subgroups of G are
(countable unions of) affine subspaces of T0G. Moreover, the kernel of exp is
a lattice Λ ⊂ T0G of rank 2g. We can now chose a base of Λ as a Z-module,
which is also a basis of T0G as a real vector space. This choice induces an
isomorphism of real vector spaces T0G ∼= R2g, sending Λ to Z2g. Composing
this isomorphism with the exponential map, we get a group homomorphism
π : R2g → G, with kernel Z2g. In particular, the torsion points of G are
exactly the images via this projection of the rational points of R2g. Moreover,
if q ∈ Q2g ∩ [0, 1)2g, then the order of the point π(q) ∈ Gtors, which is also
equal to its complexity by definition, is exactly the height H(q), where H is
the absolute (multiplicative) affine Weil height on Q2g. Notice also that [0, 1)2g

contains a single representative in each fiber of π.
So, to study the set V o ∩Gtors, we need to study the set of rational points

in π−1(V o) ∩ [0, 1)2g. This set is not, in general, an algebraic set. However,
it turns out that Z := π−1(V ) ∩ [0, 1)2g is a set definable in in an o-minimal
structure (see Section 2.2 for a definition), to be more specific Ran. For these
kind of sets, the structure of their rational points is better understood, due to
the Pila-Wilkie Counting Theorem 2.2.9, giving a constant c(Z, ε) such that∣∣{q ∈ (Ztran) ∩Qn | H(q) ≤ T}

∣∣ ≤ c(Z, ε)T ε, (2.3.2)

where Ztran = Z \ Zalg is the transcendental part of Z, i.e. what remains of Z
after removing all of its positive dimensional semiagebraic subsets.

Suppose now that P is a point in V that is torsion of (exact) order ∆(P ) =
N , which we imagine to be large. So, by Galois conjugation, V contains at least
[k(P ) : k] such points. From (2.3.1), we deduce that Z contains ≥ (c1)

1/c2N1/c2

points of height ≤ N .
However, applying (2.3.2) with ε = 1/(2c2), we get that Ztran contains

at most c(Z, 1/(2c2))N
1/(2c2) points of height at most N . So, if N is large

enough, we conclude that most of the conjugates of the point P must be
contained in π(Zalg). This leads us to the study of semialgebraic subsets of Z,
or, equivalently, their image via π.

A nontrivial fact, proven by Pila and Zannier [PZ08, Proposition 2.1], is
that the set Zalg is the same as Zca, i.e. the union of all the complex algebraic
subsets of Z viewed as a subset of the complex vector space T0G. So the
study of Zalg becomes a problem of functional transcendence of the (abelian)
exponential function exp : T0G → G. More specifically, we ask this question:
if X ⊂ T0G is a (semi)algebraic subset such that exp(X) is contained in a
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proper algebraic subset of G, what can we say about X? Clearly, if X is a
complex vector subspace of T0G such that Λ ∩X is a lattice of maximal rank
in X (i.e. rk(Λ∩X) = 2 dimX), then exp(X) is an abelian subgroup of G, by
elementary Lie theory. The same holds for all the translates of one such X. A
consequence of a theorem of Ax (see [HP16, Theorem 5.4], or [PZ08, Theorem
2.1]) is that this is essentially the only case possible. More specifically, the
following theorem holds, often referred to as the “Ax-Lindemann-Weierstrass”
Theorem 1.

Theorem 2.3.1 (Ax-Lindemann-Weierstrass). Let X ⊂ T0G be a semialgebraic
subset and assume that exp(X) is contained in an algebraic subset W ⊆ G.
Then, there exists an algebraic coset g + H of G such that g + H ⊆ W and
X ⊆ exp−1(g +H).

Suppose now that we have a torsion point P ∈ V of large order N , such that
P has at least one conjugate in π(Zalg). Without loss of generality, we may
assume that P is one such conjugate. Denote by q the unique element in Zalg

such that π(q) = P , and by P̃ its image in T0G. Since q ∈ Zalg = Zca, there
exists X ⊂ Z positive dimensional and semialgebraic such that P̃ ∈ X. In
particular, P ∈ exp(X) ⊆ V . By Ax-Lindemann-Weierstrass, there exists an
algebraic coset g +H of G such that P ∈ exp(X) ⊆ g +H ⊆ V . Moreover, H
has to be positive dimensional. Since P ∈ g+H, we have that g+H = P +H,
and since P is a torsion point, all the irreducible components of P + H are
irreducible components of subgroups of G. In particular, P ∈ g +H ⊆ V \ V o.
Since V o is closed under Galois conjugation, all the conjugates of P are also
contained in V \ V o.

So, we deduce that the torsion points contained in V o have bounded order,
and hence bounded degree. So, by Northcott property, they are finite.

1This is due to the similarity with the Lindemann-Weierstrass Theorem in the context of
transcendental number theory.
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3 - Singular intersections in split semi-

abelian varieties

3.1 Introduction

In Chapter 1 we saw how a dimensional heuristic for the intersection of sub-
varieties motivated the Zilber-Pink Conjecture 1.4.11. In a similar way, the
expectation of transversality for the intersections led us to formulate Conjec-
tures 1.7.1 and 1.7.2. In this chapter, comprising a joint work with Ballini
and Capuano, we aim to prove Conjecture 1.7.1 under the additional hypoth-
esis that everything is defined over Q. The main result that we obtain is the
following.

Theorem 3.1.1. Let G be a split semiabelian variety of dimension n and
let C ⊆ G be an irreducible curve defined over Q and suppose that C is not
contained in a proper algebraic subgroup. Consider the set C[1,sing] of points
P ∈ C such that there is a proper algebraic subgroup H such that:

1. P is in C ∩H;

2. the tangent space TPC of C at P is included in the tangent space TPH of
H at P (namely, the curve C is tangent to H at P ).

Then C[1,sing] is a finite set.

As already mentioned in Section 1.7, in the special case of curves in a
two-dimensional torus, this finiteness result was already known due to work
of Marché and Maurin [MM23]. Furthermore, this statement is completely
trivial if n = 1: in this case, C = G, and the only subgroups of codimension
one are torsion points. However, the tangent space of points is trivial, so the
set C[1,sing] is contained in the set of non-smooth points of C, which is finite.

Before giving a sketch of the proof, we add a couple of remarks. First,
similarly to the Zilber-Pink case, it is necessary to assume that C is not con-
tained in a proper algebraic subgroup: if C was contained in a proper subgroup,
say H, any point P ∈ C ∩H would satisfy the two conditions above. Second,
the tangency condition is actually needed to have finiteness: the set of all the
intersections between the curve and algebraic subgroups of codimension one is
usually infinite (see [BMZ99] for an example in the toric case). At the same
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time, under the more restrictive hypothesis that the curve is not contained in a
translate of a proper algebraic subgroup, the set is still “sparse”, i.e. is a set of
bounded height (see part 1 of Theorems 1.4.1 and 1.5.1, from [BMZ99, Via03]).

Throughout this chapter, we will be treating at the same time abelian and
toric situations; it is then useful to have some notation that is uniform in the
two cases. To that end, we will from now on refer to “independent” elements to
mean either multiplicatively or linearly independent, based on whether we are
working over algebraic tori (usually Gn

m) or abelian varieties (usually powers
of elliptic curves).

To prove Theorem 3.1.1, since the statement is invariant under isogenies
(see Lemma 3.2.1), by Poincaré Reducibility Theorem, we can assume that G
is the power of a torus and pairwise non-isogenous simple abelian varieties. By
[BKS23, Theorem 1.1], the set of points of intersection between the curve C
and the algebraic subgroups of codimension bigger or equal to two, without
considering the tangency condition, is finite; hence, we only need to consider
the intersections of C with algebraic subgroups of codimension one. Since we
are intersecting with subgroups of codimension one, we can reduce ourselves to
the cases in which G = Gn is a power of either G = Gm or of an elliptic curve
G defined over Q.

Since everything is defined over Q, the points that lie in the intersections
between the curve and proper algebraic subgroups are algebraic; hence, to
prove finiteness, it is enough by Northcott property to prove a bound on the
height and on the degree of the points. To do this, we first prove Theorem 3.1.1
with the additional condition that the curve C is not contained in any algebraic
coset of G. Under this assumption, we are able to get a bound for the degree
of the points of singular intersection between the curve and all proper cosets
(see Proposition 3.5.1) using the Gauss map and Bezout’s Theorem. Moreover,
results of Bombieri, Masser and Zannier [BMZ99] for the toric case and Viada
[Via03] for the elliptic case give the bound for the height, which allows us to
conclude.

To prove the general case, we can assume that the curve C is contained in
a proper coset W , but not in a proper subgroup. Moreover, we can assume
W to be maximal and, after performing a suitable isogeny, that it is of the
form Gd × {ξ}, for a tuple ξ ∈ Gn−d of independent elements. By projecting
on the first d components, we can turn our starting problem into studying the
points of singular intersection between a curve not contained in any proper
coset and one-codimensional algebraic cosets of a special shape, which we will
call ξ-special subvarieties. This reduction is analogous to the ones performed
in [RV03, Pin05b, Mau08]. The same bound for the degree from the previous
case applies to these points as well, so to prove finiteness, we only need to get
a bound for the height, as the ones from Bombieri, Masser and Zannier and
Viada do not apply here. To prove the desired bound, we first use the Gauss
map and some properties of the height with respect to morphisms between
projective varieties to control the logarithmic height of the points of singular
intersection between the curve C and a ξ-special subvariety U in terms of the
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logarithmic height of the coefficients of U . A lattice generator bound due to
Masser [Mas88] ensures that, for every singular intersection point P , we can
choose a U with coefficients that are small with respect to the degree of P
and the logarithmic height of P . Combining these two bounds with the degree
bound leads to the desired height bound, thus concluding the proof.

3.2 Reduction steps

In this section, similar to part of Section 4.2, we reduce the proof of Theorem
3.1.1 to the case of powers of an elliptic curve or split algebraic tori. To do so,
we start by showing that our problem is invariant under isogeny.

Lemma 3.2.1. Let G and G ′ be split semiabelian varieties, and let f : G ′ → G
be an isogeny. Moreover, let C ⊆ G be a curve satisfying the assumptions of
Theorem 3.1.1. Then, if the claim of Theorem 3.1.1 holds for all irreducible
components of f−1(C), it holds for C.

Proof. The proof follows from the fact that every isogeny over fields of charach-
teristic 0 is (analytically) a local isomorphism. Hence, they preserve the tan-
gency conditions required by the statement of Theorem 3.1.1.

Using Poincaré Reducibility Theorem (see [HS00, Corollary A.5.1.8]), we
can then assume that the split semiabelian variety G of Theorem 3.1.1 is of the
form

G = Gk
m ×

l∏
i=1

Ani
i ,

where the Ai are pairwise non-isogenous, simple abelian varieties. For ease of
notation, we will adopt the index 0 for the toric component, and we will write
An0

0 instead of Gk
m. We recall that (see, for example, [MW85, Section 5]) all

the algebraic subgroups of this split semiabelian variety G are contained in
subgroups of the same dimension and of the form

H = H0 ×H1 × · · · ×Hl,

where H0 is a subgroup of An0
0 = Gk

m and Hi is a subgroup of Ani
i . Moreover,

all subgroups of codimension at least one will be contained in a subgroup of
this form where Hi = Ani

i for all but one index i.
By Theorem 1.1 of [BKS23], the points of intersection between the curve

C and the algebraic subgroups of codimension bigger or equal to 2, without
considering the tangency condition, is finite. Hence, to prove Theorem 3.1.1,
we only need to intersect the curve C with the subgroups of codimension one,
so we can assume that they are of the form

H = A0 × · · · × Ai⋆−1 ×Hi⋆ × Ai⋆+1 × · · · × Al, (3.2.1)

where Hi⋆ < A
ni⋆
i⋆

is a subgroup of codimension 1. This immediately implies
that Ai⋆ is either Gm (i.e. i⋆ = 0) or an elliptic curve, and that ni⋆ is at least
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1. To prove Theorem 3.1.1 it is enough to show that, for every i⋆, the set of
points of singular intersection between C and subgroups as in (3.2.1) is finite.

Suppose from now on that i⋆ is fixed and that Ai⋆ is either Gm (i.e. i⋆ = 0)
or an elliptic curve. Let π : G → A

ni⋆
i⋆

be the projection map and consider the
image π(C) ⊆ A

ni⋆
i⋆

.

It may happen that π(C) is just a point. If this happens, then such a point
cannot be contained in a proper subgroup of A

ni⋆
i⋆

, since otherwise the curve C
would be contained in a proper subgroup of G, contradicting the assumptions
of Theorem 3.1.1. On the other hand, if P is a point of intersection between C
and a subgroup as in (3.2.1), then π(P ) ∈ Hi⋆ . Therefore, we conclude that,
under the assumption of Theorem 3.1.1, if π(C) is a point, then C does not
intersect subgroups as in (3.2.1).

Suppose then from now on that π(C) is a curve and denote by π̃ the
restriction of π to C. Using an argument similar to the previous paragraph,
under the assumptions of Theorem 3.1.1, the curve π(C) is not contained in
any proper subgroup of A

ni⋆
i⋆

. Now, let H be as in (3.2.1) and let P ∈ C ∩H be
a singular intersection point. We will show that such points are finite. Since π̃
is a finite map between curves, it is enough to show that there are only finitely
many possible values for π(P ).

Notice that Hi⋆ = π(H) and π(P ) ∈ π(C) ∩Hi⋆ . We have two cases:

1. The differential dπ̃P at P is the trivial map. This is the same as saying
that P is a ramification point for the map π̃P . Since this is a non-constant
map between curves, it admits only finitely many ramification points.

2. The differential dπ̃P at P is an isomorphism. Hence, the image of
dπ̃, that is, dπP (TPC), is exactly equal to the tangent space of π(C)
at π(P ). Moreover, since by assumption TPC ⊆ TPH, we have that
dπP (TPC) ⊆ dπP (TPH) = TPHi⋆ . In other terms, π(P ) is a point of sin-
gular intersection between π(C) and Hi⋆ . The finiteness of these points
is ensured by the following result.

Theorem 3.2.2. Let G be Gm or E for some elliptic curve E defined over Q.
Let n be a positive integer, G = Gn, and let C ⊆ G be a curve defined over Q
and suppose that C is not contained in a proper special subvariety. Consider
the set C[1,sing] of points P ∈ C such that there is a one-codimensional special
subvariety H such that:

1. P is in C ∩H;

2. the tangent space TPC of C at P is included in the tangent space TPH of
H at P (namely, the curve C is tangent to H at P ).

Then, C[1,sing] is a finite set.
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3.3 Structure of subgroups and cosets

3.3.1 Multiplicative case

Let G = Gm and let n be a fixed positive integer. We want to characterize
the groups and the cosets of Gn

m. This topic is fairly classical, and can be
found, for example, in [Zan14a, Section 4.2.3]. We are recalling it here mostly
to establish some notation and definitions.

Recall that End(Gm) = Z, so the group homomorphisms φ : Gn
m → Gd

m

correspond to matrices in Matd×n(Z), as follows: given a matrix A = (ai,j), it
induces a homomorphism

φA : (x1, . . . , xn) 7→
(
(x

a1,1
1 · · ·xa1,nn ), . . . , (x

ad,1
1 · · · xad,nn )

)
.

It is easy to check that this correspondence is compatible with compositions,
that is, if A ∈ Matm×n(Z) and B ∈ Matd×m(Z) then φB ◦ φA = φBA.

Proposition 3.3.1.

1. All the algebraic subgroups of Gn
m of codimension d are of the form ker(φA)

for some A ∈ Matd×n(Z) of maximal rank.

2. Let H ⊆ Gn
m be an irreducible component of an algebraic subgroup. Then,

H = ωT , where T is an irreducible algebraic subgroup of Gn
m and ω is a

torsion point.

3. Let W ⊆ Gn
m be an irreducible component of an algebraic coset. Then,

W = cT , where T is an irreducible algebraic subgroup and c is any point
in Gn

m.

This proposition motivates the following definitions.

Definition 3.3.2. We say that H ⊆ Gn
m is a special subvariety or torsion

coset if it is an irreducible component of an algebraic subgroup of Gn
m; we say

that W ⊆ Gn
m is a weakly special subvariety if it is an irreducible component

of an algebraic coset. Note that weakly special subvarieties are exactly the
irreducible algebraic cosets.

Suppose that H is a special subvariety of Gn
m of codimension d. By the

previous proposition, H is an irreducible component of a subgroup H̃, which in
turn can be written as ker(φA) for some matrix A ∈ Matd×n(Z) of maximal rank.
By performing a base change in both the starting and the arrival spaces, we
can turn A into a matrix of the form (B | 0), where B is a d×d diagonal matrix.
In this basis, H̃ is then cut by the equations x1

b1 = 1;x2
b2 = 1; . . . ;xd

bd = 1.
So, H is described by 

x1 = ω1

...

xd = ωd
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where ωi is a bi-th root of unity, for i = 1, . . . , d.
When d = 1, i.e. in the case of hypersurfaces, A ∈ Mat1×n(Z) is just a row

of integers; we will denote them by a = (a1, . . . , an) ∈ Zn. We will adopt for
the rest of this paper the following notation:

Ha,c := φ−1
a ({c}),

whenever a is a vector of integers and c ∈ Gm. If a is primitive, that is, the
gcd of its elements is 1, then Ha,c is irreducible, and therefore it is a weakly
special subvariety.

3.3.2 Elliptic case

Let E be an elliptic curve defined over Q and let n be a fixed positive integer.
We want to study the algebraic subgroups and cosets of En. This section is also
fairly classical, and most of the results can be found, for example, in [MW83,
Section 3.3] and [Via03].

Recall that End(E) is either Z or (isomorphic to) an order in a quadratic
imaginary field. Similarly to the Gm case, we have a correspondence between
group homomorphisms φ : En → Ed and matrices in Matd×n(End(E)), com-
patible with compositions, which we will also denote by φ.

Proposition 3.3.3.

1. All algebraic subgroups of En of codimension d are contained in sub-
groups of the same codimension of the form ker(φA) for some A ∈
Matd×n(End(E)) of maximal rank.

2. Let H ⊆ En be an irreducible component of an algebraic subgroup. Then,
H = ω + A, where A is an irreducible abelian subvariety and ω is a
torsion point.

3. Let W ⊆ En be an irreducible component of an algebraic coset. Then,
W = c + A, where A is an irreducible abelian subvariety and c is any
point in En.

Similarly to the Gn
m case, we introduce the following definitions.

Definition 3.3.4. We say that H ⊆ En is a special subvariety or torsion coset
if it is an irreducible component of algebraic subgroup of En; we say that
W ⊆ En is a weakly special subvariety if it is an irreducible component of an
algebraic coset. Note again that weakly special subvarieties are exactly the
irreducible algebraic cosets.

Recall that any abelian subvariety A < En is contained in a codimension
one abelian subvariety defined by a1P1+ · · ·+anPn = O, where the Pi’s denote
the projections on the i-th factor, O is the zero element of E, and the ai’s are
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elements of the endomorphism ring of E. We will adopt the following notation:
we write Ha,c for the subvariety of En cut by

a1P1 + · · ·+ anPn = c,

for a = (a1, . . . , an) ∈ (End(E))n and c ∈ E. In particular, every every coset
of En will be contained in a coset of this shape. Unlike the Gm case, we can
only guarantee containment, as some irreducible subvarieties of En may not be
expressible in the form ker(φA) in those cases where End(E) is not a PID. For
example, let E5 be a CM elliptic curve with End(E5) = Z[

√
−5], and consider

in E5 × E5 the subgroup H defined by{
2P1 + (1 +

√
5)P2 = 0

(1−
√
5)P1 + 3P2 = 0

.

Then, H is an irreducible subgroup of codimension one that cannot be de-
scribed by a single equation. Moreover, it is isogenous but not isomorphic to
E5.

We notice that, for any elliptic curve E, if we identify the elements of
End(E) with the elements of Z or with the elements of the appropriate order in
a quadratic field in the CM case, the abelian subvariety given by the connected
component of the identity of Hp = Hp,O is precisely the image via the expo-
nential map of the linear subspace cut by the equation p1z1 + · · · + pnzn = 0
in the tangent space of En at the origin.

Let now A < En be an irreducible abelian subvariety of any dimension.
By Poincaré Reducibility Theorem (see for example [HS00, Corollary A.5.1.8]),
there exist an abelian variety A′ over Q and an isogeny φ : A′ ×A→ En, both
defined over Q. By unique factorization, we have that A′ is isogenous to Ed

and A is isogenous to E(n−d), where d = codimA. Hence, if A < En is an
irreducible abelian subvariety, up to an isogeny, we can assume that it is the
kernel of the first d coordinates. Similarly, if H ⊆ En is a special subvariety,
we can assume, up to isogeny, that

H = E × · · · × E︸ ︷︷ ︸
n−d

×{ω1} × · · · × {ωd},

with ω1, . . . , ωd torsion elements of E and d = codimH, and, if W ⊆ En is a
weakly special subvariety, we can assume, again up to isogeny, that

W = E × · · · × E︸ ︷︷ ︸
n−d

×{c1} × · · · × {cd},

with c1, . . . , cd points in E
d(Q).

Note that this is not in contrast with the existence of subgroups that are
not cut by system of equations of maximal rank: indeed, to write subgroups in
that form we need first to perform an isogeny which depends on the subgroup.
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3.4 The Gauss Map

In this section, we will introduce a technical tool, the Gauss map, that will be
crucial in the later proofs. Although we will only need it for curves in Gn

m or
in powers of elliptic curves, we introduce it in a much more general context,
that of Lie groups.

The term “Gauss map” is used in general to denote a map associating to
every point of a subvariety V of an ambient space X the tangent space TPV .
It was first considered by Gauss for orientable surfaces in R3, mapping to the
points of the unit sphere corresponding to the normal directions. He used such
a map to study the curvature of surfaces, and ultimately prove the Theorema
Egregium in 1827.

Let L be a Lie group. The group structure allows us to identify the tangent
spaces at each point, using the differential of the translation maps. Hence, we
get a trivialization of the tangent bundle TL ∼= L × TeL, where TeL is the
tangent space at the identity. Suppose that V ⊆ L is a subvariety, and let V sm

be the open dense locus of smooth points. Then, for each P ∈ V sm the tangent
space TPV is well-defined subspace of TPL of dimension equal to the dimension
of V . Using the above-mentioned trivialization of the tangent bundle of L, we
can also identify TPV with a subspace of TeL. Hence we get a map

γL,V : V sm → Gr(dimV, TeL),

where Gr(dimV, TeL) is the Grassmanian of (dimV )-dimensional vector sub-
spaces of TeL. We will often suppress the dependence on the Lie group L, as
such datum will be clear from the context. This map has been studied previ-
ously, see for example [GH79, Section 4], and is a key ingredient in Raynaud’s
proof [Ray83a] of the Manin-Mumford Conjecture 1.3.2.

In the case when V = C is a curve, the Grassmanian Gr(dimV, TeL) is just
the projective space PdimL−1.

Remark 3.4.1. By definition, we have γC(P ) = γτ−1
P (C)(e) = [Te(τ

−1
P (C))], where

τP is the left translation by P .

Whenever L is the analytification of an abelian variety or of Gn
m, then the

Gauss map defined above is actually an algebraic map. For abelian varieties,
this was proven by Raynaud in [Ray83a]; for Gn

m we check it by explicitly
describing the map.

Let L = (Gn
m)

an. The Gauss map can be written more explicitly as follows.
Let x1, . . . , xn denote the coordinates of Gn

m (one coordinate for each factor);
we also see these as coordinate functions on C and we have the corresponding
differentials dx1, . . . , dxn. Endowing T1Gn

m with the basis ( ∂
∂x1
, . . . , ∂

∂xn
), we

then have γC : Csm → Gr(1, T1Gn
m) = Pn−1 defined by

γC : P = (x1, . . . , xn) 7→
[
dx1(tP )

x1
: · · · : dxn(tP )

xn

]
,
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where tP is any non-zero element in TPC. Since all non-zero elements of TPC for
P a smooth point of C are proportional, this is well defined. We notice that this
map is just the logarithmic derivative, and therefore we expect multiplicative
relations to translate into linear relations. We will prove such a statement,
again in a more general setting.

Proposition 3.4.2. Let L be an abelian Lie group, l = TeL the tangent space
at the identity, and exp : l → L the associated exponential map. Let V be a
linear subspace of l, let C ⊆ L be a curve, and let H = exp(V ). Then, for every
P ∈ C we have that C is tangent to P +H at P if and only if γC(P ) ∈ V .

Proof. Notice that, since L is a commutative Lie group, the exponential map is
a group homomorphism, hence H is a subgroup of L. By definition, C is tangent
to P +H in P if and only if TPC ⊆ TP (P +H), when seen as subspaces of TPL.
Since dτP is an isomorphism, this is the same as Te(τ

−1
P (C)) ⊆ Te(τ

−1
P (P+H)) =

TeH = V . The claim follows from the fact that [Te(τ
−1
P (C))] = γP (C).

In the special case in which L = G is a power of Gn
m or of an elliptic curve,

we get the following.

Corollary 3.4.3. Let C be a curve in G = Gn
m or G = En for some elliptic curve

E, all defined over a number field K, and let W = Hp,c be a one-codimensional
coset. Let P be a point of C∩W and assume that C is tangent to W at P . Then
γC(P ) is contained in the hyperplane L ⊆ Pn−1 = PTeG given by the equation:

p1z1 + · · ·+ pnzn = 0,

where zi =
∂
∂xi

are the (usual) coordinates of PTeG.

3.5 Proof for C not contained in a coset

We recall the notations from Theorem 3.2.2. Let G be Gm or E for some elliptic
curve E defined over Q, let n be a positive integer, G = Gn and let C ⊆ G be an
irreducible curve defined over Q that is not contained in any proper algebraic
subgroup. Let us fix a number field K over which both G and C are defined.

Let us further assume in this section that C is not contained in any proper
algebraic coset of G. Under this assumption, we will show a bound for the
degree of the field of definition of a point P ∈ C ∩ W , where W is a one-
codimensional weakly special subvariety of G and C is tangent to P at W ; this
bound will be independent of W . The statement of the theorem will follow
combining this degree bound with height bounds for points in a curve not
contained in a weakly special subaviety lying in a proper algebraic subgroup
proven by Bombieri, Masser and Zannier (part 1 of Theorem 1.4.1, see also
[BMZ99]) in the case of tori and by Viada (part 1 of Theorem 1.5.1, see also
[Via03]) in the ellptic curve case.

We remark that this height bound does not hold anymore if the curve is
contained in a weakly special subvariety, as shown in [BMZ99] and [Via03]; so
this last hypothesis is crucial to perform the argument.
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Proposition 3.5.1. Let G = Gm or E for some elliptic curve E defined over
a number field K, and G = Gn. Let C ⊆ G be a curve, also defined over K, and
assume that is not contained in any proper algebraic coset. There is a constant
δ1 > 0, depending only on C (and G), such that, for every one-codimensional
coset W and every point P ∈ C ∩W with C tangent to W at P :

[K(P ) : K] ≤ δ1.

Proof. Up to removing a finite number of points, we may assume C to be a
smooth curve, so that γC is defined everywhere. Up to enlarging W , we may
assume that W = Hp,c for some p ∈ End(G)n and c ∈ G. We will denote by
L the hyperplane cut by p1z1 + · · ·+ pnzn = 0 in PT0G = Pn−1.

Notice that the image γC(C) cannot be contained in L. Indeed, consider
the map φp : G → G given by

φp : (x1, . . . , xn) 7→ xp11 · · ·xpnn

(resp. p1x1 + · · ·+ pnxn) and its differential dφ. If by contradiction γC(C) ⊆ L,
we have that dφ is constantly zero on C, and this means that φ|C is constant.

Hence C is contained in the weakly special subvariety Hp,c′ , for some c′ ∈ G,
which is in contradiction with the assumption that C is not contained into any
proper coset.

Now, let P ∈ C ∩W be a point such that C is tangent to W at P . Then
γC(P ) is in L ∩ γC(C) and the latter is a finite set, as γC(C) is not contained in
L. We have two possibilities:

1. γC(C) is a point: this means that γC(C) is exactly {γC(P )} and therefore
γC(C) is contained in L; as already remarked, this cannot happen under
our assumptions.

2. γC(C) is a curve: observe that in this case there is an upper bound on
the cardinality

∣∣L ∩ γC(C)
∣∣ which does not depend on L; such an upper

bound is the degree d of γC(C) with respect to the line bundle O(1) (and
the following holds: any hyperplane intersects γC(C) in at most d points
and a generic hyperplane intersects γC(C) in exactly d points).

As L is defined over Q (or over a quadratic field in the CM case, which
we may assume to be contained into K) and γC(C) is defined over K, this
means that:

[K(γC(P )) : K] ≤
∣∣L ∩ γC(C)

∣∣ ≤ d.

Hence [K(P ) : K] ≤ d·deg γC, where deg γC is the degree of the morphism
of curves given by γC : C → γC(C).
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By Northcott’s Theorem, to prove Theorem 3.2.2 for C not contained in
any proper algebraic coset we only need to have a height bound for the points
P ∈ C where C intersects tangentially a proper algebraic cosetW . Such bounds
are already known by previous work of Bombieri, Masser and Zannier (part
1 of Theorem 1.4.1, see also [BMZ99]) for G = Gm and by Viada (part 1 of
Theorem 1.5.1, see also [Via03]) for G = E an ellptic curve, who proved that
the set of points P ∈ C such that there exists a one-codimensional special
subvariety H with P ∈ C ∩H is a set of bounded height.

We finally remark that, differently from the usual proofs in Unlikely Inter-
sections (e.g. [BMZ99, Via03, PZ08, HP16], and all those proven using the
Pila-Zannier method outlined in Section 2.3), the bound on the degree given
by Proposition 3.5.1 is independent of the bound on the height. This is similar
to what Marché and Maurin get in the special case of G = G2

m in [MM23], and
will be crucial in the proof of the general case.

3.6 Proof in the general case

The proof of the result under the more general assumption that the curve is
not contained in a special subvariety is more difficult to handle; indeed, we
do not have that the height of the points in our set is automatically bounded
applying the results of Bombieri, Masser and Zannier (part 1 of Theorem 1.4.1,
see also [BMZ99]) for G = Gm and by Viada (part 1 of Theorem 1.5.1, see
also [Via03]) for G = E an ellptic curve. Since we already proved the result in
the case when the curve C is not contained in any weakly special subvariety,
we can now assume that this is the case. We will now translate our problem
(up to isogenies) in an analogous one: namely, we will show that there is a
1-1 correspondence between points of C which intersect tangentially a special
subvariety and points of another curve C ′, lying in some Gd with d ≤ n and not
contained in a weakly special subvariety which intersect tangentially a weakly
special subvariety of Gd of a special type. Using this reduction, Theorem 3.2.2
will be a consequence of the (more general) Theorem 3.6.3, which is analogous
to [RV03, Theorem 1.6],[Pin05b, Conjecture 5.2] and [Mau08, Théorème 1.6]
(see also [BMZ06]).

We recall our setting from Theorem 3.2.2. Let G = Gm or E for some
elliptic curve E defined over a number field K; let n be a positive integer,
G = Gn and let C ⊆ G be a curve defined over K and not contained in a proper
special subvariety. We want to prove that the set C[1,sing] of points of C where
C intersects tangentially a proper special subvariety of G is a finite set.

In the last section, we proved this under the assumption that C was con-
tained in no weakly special subvariety. Now, we consider the case in which
C is actually contained in a proper weakly special subvariety W (not special),
which we suppose to have minimal dimension. As shown in Section 3.3, up to
an isogeny of G we can assume that W = Gd×{ξ1}×· · ·×{ξk} with d+k = n.

Since C is contained in W and C is defined over K, then also ξ1, . . . , ξk will
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be defined over K; moreover, these points will be (multiplicatively or linearly)
independent in Gk, since otherwise C would be contained in a proper special
subvariety of G. We put ξ = (ξ1, . . . , ξk).

If C[1,sing] is empty, there is nothing to prove; therefore, we assume that this
is not the case and fix P ∈ C[1,sing].

We now wish to restrict our attention to the first d components (with
elements y = (y1, . . . , yd)) and consider the following injection:

ι : Gd → Gn

y 7→ (y1, . . . , yd, ξ1, . . . , ξk)

Notice that ι(Gd) is exactly W , and since we are assuming that C ⊆ W , we
can consider ι−1(C); this is again a curve that we will denote by C ′.

Using the minimality of W , we can show that C ′ is not contained in any
proper weakly special subvariety of Gd. Indeed, if we assume by contradiction
that ι−1(C) ⊆ W ′ for W ′ a proper weakly special subvariety of Gd, the image
ι(W ′) would be again a weakly special subvariety strictly contained in W ,
contradicting the minimality of the dimension of W .

We will be showing that ι induces a one-to-one correspondence between
points in C ∩H where H is a special subvariety of Gn and points lying in the
intersection between C ′ and a weakly-special subvariety of Gd of a “special
shape”. Recall that for a ∈ (End(G))h, we denote by φa,h : G

h → G the map
defined by φa,h(x1, . . . , xh) = xa11 · · ·xahh if G = Gm and φa,h(x1, . . . , xh) =
a1x1 + · · ·+ ahxh if G = E.
Let P ∈ C ∩Ha, where Ha is the algebraic subgroup of Gn defined by φa,n =
O, and O is the identity element of G; since C ⊆ W , in particular P =
(x1, . . . , xd, ξ1, . . . , ξk). Then, P ∈ C ∩Ha if and only if

φa′,d(x1, . . . , xd) = φ−a′′,k(ξ), (3.6.1)

with a′ = (a1, . . . , ad) and a′′ = (ad+1, . . . , an). This means that the point
ι−1(P ) = (x1, . . . , xk) lies in the intersection between C ′ and the subvariety
of Gd cut by (3.6.1) (which is nothing else than ι−1(Ha)). Notice that this
subvariety is union of weakly-special subvarieties of Gd of some special form,
since ξ is fixed.

This characterization leads us to the following definition.

Definition 3.6.1. Let k, d be two positive natural numbers and let ξ ∈ Ck

be a k-tuple of independent non-zero elements (ξ1, . . . , ξk) of G. A ξ-special
hypersurface of Gd is an irreducible component of the zero locus of an equation
of shape

φa′,d(y) = φ−a′′,k(ξ),

with a′ and a′′ tuples of endomorphisms such that a′ is not the zero vector.

Notice that ξ-special hypersurfaces are weakly special subvarieties of Gd

of codimension one, and we showed that P ∈ C ∩H with H a proper special

60



3.6. PROOF IN THE GENERAL CASE

subvariety of Gn if and only if ι−1(P ) lies in the intersection of C ′ and a ξ-special
hypersurface of Gd.

Next we will show that, if the first intersection is singular, then also the
second one is singular. More specifically, putting all together we have the
following result.

Lemma 3.6.2. Let C ⊂ Gn be an irreducible curve of the form C ′ × {ξ1} ×
· · · × {ξk}, where C ′ ⊂ Gd is not contained in any weakly special subvariety
and ξ1, . . . , ξk ∈ G are independent. Let H be a one-codimensional special
subvariety of Gn and let P ∈ C ∩H be such that C is tangent to H at P . Then,
there exists a ξ-special hypersurface of Gd, which we denote by U , such that C ′

is tangent to U at ι−1(P ).

Proof. Let us denote by W = Gd × {ξ1} × · · · × {ξk} which contains C by
assumption. Let us first prove that TP (W ∩H) = TPW ∩ TPH. Notice that
W and H are both translates of algebraic subgroups; if we denote by W0 and
H0 the images of W and H by the translation that maps P to the origin, the
statement above amounts to saying that the Lie algebra of (the irreducible
component of) W0 ∩H0 (containing the origin) coincides with the intersection
of the Lie algebras of W0 and H0. This is true both for the complex Lie group
Gn

m and the complex lie group obtained from powers of elliptic curves: their
Lie algebra can be identified with some Cn and its closed complex subgroups
(which are all algebraic) correspond to subspaces of Cn defined over Q, for
Gn

m and regular elliptic curves, or the CM field, for CM elliptic curves; such
subgroups are closed by intersection.

We now have that TPC ⊆ TPH by hypothesis and, since C ⊆ W , then
TPC ⊆ TP (W ∩H) by the above argument. Observe that ι−1 is an isomorphism
between W and Gd, therefore Tι−1(P )(ι

−1(C)) is contained in Tι−1(P )(ι
−1(H)).

Let now a ∈ End(G)n be such that H is an irreducible component of the kernel
of φa,n. Then, ι

−1(H) is contained in the subvariety of Gd cut out by

φa′,d(y) = φ−a′′,k(ξ),

where a′ = (a1, . . . , ad) and a′′ = (ad+1, . . . , an), and it is not empty since
P ∈ W ∩ H. Hence, if we take as U the unique irreducible component of
ι−1(H) containing P , this satisfies our claim.

Thanks to Lemma 3.2.1 and Lemma 3.6.2, Theorem 3.2.2 will now be a
consequence of the following result.

Theorem 3.6.3. Let k and d be positive integers, let ξ = (ξ1, . . . , ξk) be a
vector of independent non-zero elements of G(K) with K a number field and
let C ⊆ Gd be a curve defined over K which is not contained in any proper
weakly special subvariety. Then, there are only finitely many points P ∈ C such
that there is a ξ-special hypersurface U such that:

1. P is in C ∩ U ;
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2. the tangent space TPC of C at P is included in the tangent space TPU of
U at P (namely, the curve C is tangent to U at P ).

This theorem is analogous to [Pin05b, Conjecture 5.2], [RV03, Theorem
1.6] [Mau08, Théorème 1.6]. More generally, one can prove that the general
version of the Zilber-Pink Conjecture [Pin05b, Conjecture 5.1] is equivalent to
[Pin05b, Conjecture 5.2] (see [Pin05b, Theorem 5.5] and [RV03, Proposition
4.2]).

3.7 A bound for the height

To prove Theorem 3.6.3, we will need a bound for the height of the points of
singular intersection. In what follows, we will always assume that our varieties
are embedded in a projective space of which they inherit the usual projective
logarithmic Weil height. For example, we embed Gn

m into Pn via:

(x1, . . . , xn) → [x1 : · · · : xn : 1].

We will now show that, if a point P lies in the intersection of a curve
with a one-codimensional weakly special subvariety of the form Hp,c, with
p ∈ (End(E))n \ {0} and c ∈ G(Q) a non zero element and the intersection is
tangent, then the height of P is bounded in terms of the height of p.

Proposition 3.7.1. Let G = Gm or G = E with E an elliptic curve defined
over a number field K. Let n be a positive integer and let C ⊆ G = Gn be a curve
again defined over K, not contained in any proper weakly special subvariety of
G. Then, there exists a constant δ2 > 0, depending only on C (and G) such that,
for every P ∈ C(Q) and for every one-codimensional weakly special subvariety
Hp,c with p ∈ (End(E))n \ {0} and c ∈ G(Q) such that C and Hp,c intersects
at P tangentially, then

h(P ) ≤ δ2(1 + h(p)),

where h(p) is the projective height of p ∈ Pn−1.

In order to prove Proposition 3.7.1, we recall the Gauss map introduced in
Section 3.4:

γC : Csm → Pn−1 = PTeG.

Possibly removing the finitely many singular points, we will assume Csm = C
and recall that, since P ∈ C ∩sing Hp,c, by Corollary 3.4.3 γC(P ) is contained
in the hyperplane L given by the equation:

p1z1 + p2z2 + · · ·+ pnzn = 0,

where z1, z2, . . . , zn are the coordinates of Pn−1. As in Section 3.5, if γC(C) were
contained in L, this would imply that C is contained in a one-codimensional
weakly special subvariety. Since by assumption this is not the case, the set
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γ−1
C (γC(C)∩L) is a finite set containing P (as in Section 3.5, γC is not constant,

since γC(C) is not contained in L).

By Proposition 2.1.17 we just need to bound the height of any element
of γC(C) ∩ L (notice that C and γC(C) are already embedded in Pn and Pn−1,
respectively). This amounts to proving the following.

Proposition 3.7.2. Let s be a positive integer and C ′ ⊆ Ps be an irreducible
curve defined over a number field K. Then, there is a constant δ′ > 0, depending
only on C ′, such that, for every hyperplane Lp given by the equation:

p0z0 + p1z1 + · · ·+ pszs = 0,

with p = (p0, p1, . . . , ps) ∈ Qs+1 \ {0}, not containing C ′, and for every point
P ∈ C ′ ∩ L, one has

h(P ) ≤ δ′(1 + h(p)),

where h(p) is the projective height of p ∈ Ps.

Proof. Recall that the Grassmannian (Ps)∨ parameterizing hyperplanes in Ps,
also known as its dual, is isomorphic to Ps. This isomorphism is induced by
the choice of a projective basis: we choose the canonical one, and denote by
z0, . . . zs the coordinates (with respect to this basis) of the starting Ps and with
p0, . . . , ps the coordinates in the Grassmanians (Ps)∨ with respect to the dual
basis. In other words, the point [p0 : · · · : ps] ∈ (Ps)∨ represents the hyperplane
Lp of Ps given by the equation p0z0 + p1z1 + · · ·+ pszs = 0.

Let V ⊆ (Ps)∨ be the subset consisting of p ∈ (Ps)∨ such that Lp does not
contain C ′; V is an open subset of (Ps)∨ (since the requirement of containing a
prescribed point is a closed condition and therefore (Ps)∨ \V is an intersection
of closed sets).

Our strategy consists in constructing some morphisms which behave well
with respect to height in order to bound the height of P from the height of p.

Let us consider Symd(C ′) = (C ′)d/Sd the d-th symmetric power of C ′. From
[Knu71, Prop IV.1.5, p.180], Symd(C ′) is a quasi-projective variety, so we can
assume that it is embedded into a projective space, from which it inherits a
height function.

We can suppose that C ′ is closed in Ps (this would just enlarge C ′ ∩ Lp).
By Bézout’s Theorem, there is a positive integer d such that, for any p ∈ V ,
we have that Lp intersects C ′ in precisely d points (counted with multiplicity).
This gives rise to the following morphism, defined over K:

ϕ1 : V → Symd(C ′)
(p) 7→ C ′ ∩m Lp,

where C ′ ∩m Lp denotes the schematic intersection of C ′ and Lp, taking into
account multiplicities. Since Symd(C ′) = (C ′)d/Sd is the quotient of (C ′)d by
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the finite group Sd, the quotient map defines a finite morphism, defined over
K:

ϕ2 : (C ′)d → Symd(C ′)
(P1, . . . , Pd) 7→ (P1, . . . , Pd)no

where the d-uple is ordered in the LHS and non-ordered in the RHS (we use
the subscript no to denote this).

Finally, we consider the projection on the first coordinate:

ϕ3 : (C ′)d → C ′

(P1, . . . , Pd) 7→ P1

To summarize, we have the following diagram:

(C ′)d V ⊆ (Ps)∨

C ′ Symd(C ′)

ϕ3 ϕ2 ϕ1

We will now see that these maps behave well with respect to height.
Since V is an open set of (Ps)∨, the map ϕ1 extends (formally) to a rational

map between projective spaces. Therefore, by Proposition 2.1.16, there exists
a constant η1 > 0 such that, for all p ∈ V (Q), we have

h(ϕ1(p)) ≤ η1(1 + h(p)).

If we consider (C ′)d ⊆ (Ps)d ⊆ P(s+1)d−1, then the map ϕ3 can also be
extended to a rational map between projective spaces such that it is defined
on (C ′)d, and in a similar way we get that there exists a constant η3 > 0 such
that, for all (P1, . . . , Pd) ∈ (C ′)d(Q),

h(P1) = h(ϕ3((P1, . . . , Pd))) ≤ η3(1 + h((P1, . . . , Pd)).

Let us now focus on ϕ2; this is the quotient map by a finite group, so (C ′)d

and Symd(C ′) have the same dimension, ϕ2 is surjective, and all the fibers are
finite; in particular, all the points P ∈ (C ′)d are isolated in their fiber. We
can then apply Propostition 2.1.17 with U = (C ′)d, which gives us a constant
η2 > 0 such that

h((P1, . . . , Pd)) ≤ η2(1 + h(ϕ2((P1, . . . , Pd))) = η2(1 + h((P1, . . . , Pd)no)).

Let now be P ∈ C ′ ∩ Lp. We can choose points Q1, . . . , Qd−1 in C ′ such that
the element (P,Q1, . . . , Qd−1)no = C ′ ∩m Lp. We have:

ϕ1(p) = (P,Q1, . . . , Qd−1)no

ϕ2(P,Q1, . . . , Qd−1) = (P,Q1, . . . , Qd−1)no

ϕ3(P,Q1, . . . , Qd−1) = P.
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We thus have

h(P ) ≤ η3(1 + h((P,Q1, . . . , Qd−1)))

≤ η3(1 + η2(1 + h((P,Q1, . . . , Qd−1)no)))

≤ η3(1 + η2(1 + η1(1 + h(p))))

Putting δ′ = (η1 + 1)(η2 + 1)(η3 + 1) we conclude.

3.8 Proof of Theorem 3.6.3

This section is dedicated to proving Theorem 3.6.3. We recall the notation
introduced in the statement. Let G = Gm or G = E, for E an elliptic
curve defined over a number field K. Let k and d be positive integers, let
ξ = (ξ1, . . . , ξk) be a vector of independent non-zero elements of G(K) and let
C ⊆ G = Gd be a curve defined over K which is not contained in any proper
weakly special subvariety. Fix a point P ∈ C such that there is some ξ-special
hypersurface U with C tangent to U at P .

Let us assume that U is contained in the zero locus of

φpU ,d(y) = φ−qU ,k(ξ),

where pU , qU are tuples of endomorphisms of G such that not all of the pi are
zero. We want to show that we can assume pU and qU to be sufficiently small
in an appropriate sense. Let Γ be the submodule of End(G)d+k consisting of
the tuples (a1, . . . , ad, b1, . . . , bk) such that:

φa,d(P ) = φ−b,k(ξ),

and let Γsing be the submodule of Γ consisting of the tuples (a1, . . . , ad, b1, . . . , bk)
such that the curve C is tangent at P to the coset cut by the equation

φa,d(y) = φ−b,k(ξ).

Recall that, for a moduleM over an integral domainO with field of fractions
K, the rank of M is defined as the rank of the maximal free O-submodule
contained in M , or, equivalently, with the K-dimension of M ⊗O K.

Notice that the ranks of Γ and Γsing are at least one, since P ∈ U and
the intersection of the curve with U at P is tangent, so (pU , qU) ∈ Γsing ⊆ Γ.
There are then two possibilities:

1. If rk(Γ) ≥ 2, then there are finitely many possible values as a consequence
of Zilber-Pink-like statements for a curve in a power of Gm, due to
Maurin [Mau08, Théorème 1.6], or in a power of an elliptic curve, due to
Viada [Via03, Via08], Rémond and Viada [RV03, Théorème 1.5-1.6] and
Galateau [Gal10, Théorème 1.10].

65



CHAPTER 3. SINGULAR INTERSECTIONS IN SPLIT SEMIABELIAN
VARIETIES

2. If, on the other hand, rk(Γ) = rk(Γsing) = 1, let r = [End(G) : Z], so
r = 1 for G = Gm or G = E for a regular elliptic curve, and r = 2 for
G = E a CM elliptic curve. We also define

h̃aff(P ) := max {h(ξ1), . . . , h(ξk), h(y1(P )), . . . , h(yd(P ))}.

By a consequence of a result of Masser [Mas88] (see [BC17, Lemmas 5.1
and 5.2] and the proof of [Bar17, Lemma 6.1]), for an absolute constant
ηd+k > 0, the module Γ contains an element (p1, . . . , pd, q1, . . . , qk) with

max{|p1| , . . .,|pd| ,|q1| , . . . ,|qk|} ≤ (3.8.1)

≤ ηd+k[K(P ) : K]r(d+k)+1(h̃aff(P ))
r(d+k)−1.

We will need a similar small element in Γsing. This is ensured by the
following.

Lemma 3.8.1. Let F be the field of fractions of End(G). Then F d+k ⊇
FΓsing∩Γ = Γsing. In particular, the element (p1, . . . , pd, q1, . . . , qk) above
lies in Γsing.

Proof. Clearly, FΓsing ∩ Γ ⊇ Γsing, so we only need to prove the reverse
inclusion. Recall that in Section 3.6 we defined the map ι by

ι : Gd → Gd ×Gk

y 7→ (y, ξ).

We will, throughout this proof, tacitly apply Lemma 3.6.2.

Let (a1, . . . , ad, b1, . . . , bk) ∈ FΓsing ∩ Γ; then, ι(P ) = (P, ξ) lies in the
hypersurface Ua,b of Gd × Gk cut out by φa,d(y) = φ−b,k(z). Moreover,
there exists µ ∈ F× such that the curve ι(C) is tangent to the hypersurface
Uµa,µb cut by φµa,d(y) = φ−µb,k(z) in Gd × Gk at (P, ξ). We want to
prove that, actually, ι(C) is tangent to Ua,b at (P, ξ).

Let T = T(P,ξ)(G
d+k) be the tangent space in ι(P ), which we identify with

the tangent space at the origin, with coordinates ∂y1, . . . , ∂yd, ∂z1, . . . , ∂zk.
Now, the curve ι(C) is tangent to Ua,b at (P, ξ) if and only if we have
that the line T(P,ξ)(ι(C)) is contained in the hyperplane a1∂y1 + · · · +
ad∂yd + b1∂z1 + · · ·+ bk∂zk = 0. By assumption, T(P,ξ)ι(C) is contained
in µa1∂y1 + · · ·+ µad∂yd + µb1∂z1 + · · ·+ µbk∂zk = 0, and clearly these
two are the same hyperplane, so our claim is proven.

Notice that, by Proposition 3.5.1, we have an absolute upper bound on
[K(P ) : K]; combining this with (3.8.1) we obtain:

max {|p1| , . . . ,|pd| ,|q1| , . . . ,|qk|} ≤ ρ(1 + h(P ))r(m+n)−1, (3.8.2)

where ρ > 0 is a constant depending only on C and ξ. By Proposition
3.7.1 we have

h(P ) ≤ ρ′(1 + logmax {|p1| , . . . ,|pd|}), (3.8.3)
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for a constant ρ′ > 0 depending only on C. Combining (3.8.2) and (3.8.3)
we obtain an upper bound on |p1| , . . . ,|pn| and hence an upper bound
on h(P ). Finally, together with the upper bound for [K(P ) : K] given
by Proposition 3.5.1, we conclude the proof of Theorem 3.6.3 applying
Northcott’s theorem.
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4 - Singular intersections in families of

abelian varieties

4.1 Introduction

In this chapter, we continue the study of singular intersections for curves,
tackling the case of one-parameter families of abelian varieties.

In this context, as we saw in Section 1.6, the finiteness of the set of unlikely
intersections with flat subgroups and everything defined over Q is known due
to work of Masser and Zannier [MZ08, MZ10, MZ12, MZ14], Habegger and Pila
[HP16] and Barroero and Capuano [BC16, BC17, BC20]. The final statement
that one gets is the following.

Theorem 4.1.1 ([BC20], Theorem 1.1). Let S be a smooth irreducible curve
defined over Q. Consider an abelian scheme A → S and C an irreducible curve
in A not contained in a proper subgroup scheme of A, even after a finite base
change. Let

C{2} =
⋃
G flat

codim G≥2

C ∩G,

where G runs through all the flat subgroup schemes of codimension at least 2,
that is, all the subgroup schemes of codimension at least 2 whose irreducible
components dominate the base S; then, C{2} is a finite set.

On the other hand, the finiteness of the set of unlikely intersections with
non-flat special subvarieties, namely the so-called special fibers, is only known
in limited cases, by work of Barroero [Bar17] and Ferrigno [Fer25, Fer26].

Our aim for this chapter is to prove that analogous finiteness results hold
for the set of singular intersections; in particular, we are interested to prove
Conjecture 1.7.2. Similar to the Zilber-Pink case, we consider separately the
intersections with flat subgroups and the intersections with the special fibers.
The finiteness in this second cases is implied by the following statement.

Theorem 4.1.2. Let S be a smooth irreducible curve defined over C. Consider
A → S be an abelian scheme and let C be an irreducible curve in A, not
contained in any fiber. Let

C{1,ram} =
⋃
s∈S

C ∩sing As.
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Then, C{1,ram} is a finite set.

The proof of this result follows from the fact that the set C{1,ram} is exactly
the ramification locus of the map C → S, which is dominant as C is not
contained in any fiber. This, in turn, can be seen in two ways. The first, more
algebraic in nature, is that the schematic intersection C ∩ As is exactly the
schematic preimage of s via the map A → S. The second is more differential
in nature. If c ∈ C ∩As is a point of intersection, then the tangent space to the
fiber TcAs, seen as a subspace of the tangent space at c, is exactly the kernel
of the differential at c of the structural map A → S. So, C is tangent to As at
c if and only if the differential of C → S vanishes at c, i.e. c is a ramification
point.

The rest of this chapter is then dedicated to prove the finiteness of the
singular intersections with flat subgroups.

Theorem 4.1.3. Let S be a smooth irreducible curve defined over Q. and
let us consider A → S an abelian scheme, also defined over Q. Let C be an
irreducible curve in A, dominant over S and not contained in a proper subgroup
scheme of A, even after a finite base change. Let

C{1,sing} =
⋃
G flat

codim G≥1

C ∩sing G,

where G runs through all the flat subgroup schemes of codimension at least 1.
Then, C{1,sing} is a finite set.

Some special cases of this theorem are already known from the literature.
In particular, the case of curves which are images of sections (so, after a base
change reduction like Proposition 4.2.3, all curves) intersecting tangentially the
torsion cosets in a power of an elliptic scheme follows from works of Corvaja,
Demejo, Masser and Zannier [CDMZ21]. Ulmer and Urzúa [UU20, UU21] give
an independent proof of the case of curves that are image of sections in a single
power of an elliptic scheme. In the same papers they also show an application
to elliptic divisibility sequences.

To prove Theorem 4.1.3, similarly to [BC20], we start by showing that
we can substitute A with an isogenous abelian scheme A′. Therefore we can
assume, up to isogeny, thatA is the product

∏
iA

ni
i of fibered powers of pairwise

non-isogenous simple abelian schemes. The finiteness of the intersection of C
with the flat subgroups of codimension ≥ 2 is proven in [BC20], so we can
restrict ourselves to consider only codimension 1 subgroups. Those will all be
of the shape

H = An1
1 ×S · · · ×S Ani−1

i−1 ×S Hi ×S Ani+1

i+1 · · · ×S Anr
r ,

where Hi < Ai is a codimension 1 subgroup of Ai, and Ai is a power of an
elliptic scheme. Therefore, it is enough to consider the case where A is itself a
power of an elliptic scheme. If A is isotrivial, than the statement reduces to
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Theorem 3.2.2; so we will suppose from now on that it is not. Adapting some
work of Habegger [Hab13a] we can reduce to the case where A is a power of
the Legendre scheme, i.e. the elliptic scheme λ : L → C \ {0, 1}, where for
every λ0 ∈ C \ {0, 1} the fiber Lλ0 is an elliptic curve defined by

Y 2 = X(X − 1)(X − λ0).

The full reduction is performed in the second section.

We are then left to prove the following statement.

Theorem 4.1.4. Let λ : L → S = P\{0, 1,∞} be the Legendre elliptic scheme
with fibers Lλ, and let Ln be its n-th fibered power, with coordinates P1, . . . , Pn.
For a ∈ Zn let φa : Ln → L be the fiberwise linear map given by

φa(P1, . . . , Pn) = a1P1 + · · ·+ anPn.

Let C ⊆ Ln be an irreducible curve defined over Q and not contained in a fiber
over S. Assume that, for every j = 1, . . . , n, there is no a = (a1, . . . , an) ∈
Zn \ {0} such that

φa = O ◦ λ,

identically on C, where O is the zero section of L. Then, there are at most
finitely many c ∈ C such that there exists a ∈ Zn \ {0} with

φa(c) = O(λ(c)) (4.1.1)

and such that C and ker(φa) intersect tangentially at c.

This result follows from [CDMZ21, Thm. 2.10] and the invariance of the
problem under base change, proven in Lemma 4.2.3. However, we provide an
independent proof of it following Pila-Zannier method, a strategy introduced by
Pila and Zannier in [PZ08] to give an alternative proof of the Manin-Mumford
conjecture (already proved by Raynaud in [Ray83a]), and used in several works
in the field. This method may lead to an effective result for the number of
points of singular intersection, using an effective version of Proposition 2.2.10,
such as Theorem 2.2.13 (see also [BJST23, Corollary 4.6]).

To prove finiteness, we prove that C{1,sing} is a set of bounded height and
degree, and then conclude by Northcott property. In particular, the height
bound comes from Silverman Specialization Theorem [Sil83], while for the
degree we compare two estimates for the growth of the size of the set of
singular intersections of C with subgroups defined by linear conditions with
bounded coefficients. To get an upper bound, we consider the elliptic logarithms
z1, . . . , zn of P1, . . . , Pn restricted to the curve C, their derivatives with respect
to λ and the equations{

zj = ujf + vjg,
∂zj
∂λ

=
∂uj
∂λ
f + uj

∂f
∂λ

+
∂vj
∂λ
g + vj

∂g
∂λ
,
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for j = 1, . . . , n, where f and g are suitably chosen basis elements of the period
lattice of Lλ. If we consider the coefficients uj, vj,

∂uj
∂λ
,
∂vj
∂λ

as functions of λ and
restrict them to a compact set, we obtain a subanalytic surface Σ in R4n. The
points where C has singular intersection with a flat subgroup scheme give rise
to two linear relations with integer coefficients, one for the zjs and another
one (actually the same) for the derivatives. Consequently, the points will cor-
respond to points of Σ lying on linear varieties defined by equations whose
coefficients are the same as those of the linear (on the elliptic curve) relations
that the points satisfy. Combining an o-minimality result by Habegger and
Pila [HP16] with transcendence of the elliptic logarithms and their derivatives
proven by Bertrand [Ber90], we get that the number of points lying on Σ and
these linear varieties with coefficients bounded by T grows slower than any
power of T .
On the other side, if a point of degree d lies in C{1,sing}, it brings all of its Galois
conjugates, and we can prove that all of them need to satisfy a linear equation
with coefficients bounded by a constant times a certain power of d. Combining
this with the upper bound forces the degree to be bounded, concluding the
argument.

We conclude this introduction with a final remark on Theorem 4.1.3. As
already observed in Section 1.7, the result is equivalent to an unlikely intersec-
tions statement in the projectivized tangent bundle PTA. It is important to
notice that in this case we are not considering the relative tangent bundle of
A with respect to π : A → S, but the global one.

4.2 Reduction to powers of the Legendre ellip-

tic scheme

In this section we will reduce the proof of Theorem 4.1.3 to the case of powers
of the Legendre scheme. Similarly to [BC20], we prove that our problem
is invariant under finite base changes and isogenies. Combining this with
Poincaré Reducibility Theorem we reduce to two cases: the first one is the
case of subgroups of codimension at least two, which is covered by a theorem
of Habegger and Pila [HP16] in the case of isotrivial components and by the
aforementioned result by Barroero and Capuano [BC20] for the non-isotrivial
components. The second case is that of codimension one subgroups in powers
of an elliptic scheme, which is not isotrivial by assumption. Part of this section
is similar to Section 3.2.

In the second part of this section we further reduce ourselves to consider
powers of the Legendre scheme and flat subgroups defined by a single linear
condition with integer coefficients.

This section is inspired by the second sections of [BC16] and [BC20], and
by [Hab13a].
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For V,W subvarieties of a varietyX, and P ∈ V ∩W an isolated intersection
point we denote by i(P ;V,W ;X) the intersection multiplicity of V andW in P .
Notice that this number is by definition 0 whenever dimV ̸= codimXW . We
say that P is a proper component of the intersection, or that V andW intersect
properly at P , if P is an isolated intersection point and dimV = codimXW .
The main tool we will use in our reduction steps is the following.

Proposition 4.2.1 ([Now98], p.173). Let f : X ′ → X be a dominant morphism
between smooth varieties defined over an algebraically closed field k, let V ′ and
W ′ be two subvarieties of X ′ that intersect properly at a closed point P ′, and
let V := f(V ′),W := f(W ′) and P := f(P ′). If the morphism f is étale at P ′,
then

i(P ′;V ′,W ′;X ′) = i(P ;V,W ;X).

In other words, the intersection multiplicity is invariant under étale morphisms.

This will help us show that our problem is preserved by moving back and
forward through étale morphisms.
We also state a corollary, that will be required in Section 4.7.

Corollary 4.2.2. Let f : X → X be an isomorphism between smooth varieties
over an algebraically closed field k, and let V and W be two subvarieties of X
invariant under f , that intersect properly at a closed point P . Then,

i(P ;V,W ;X) = i(f(P );V,W ;X).

In particular, this holds when k = Q, the varieties X, V and W are defined
over a number field and f is induced by a Galois action.

We also note that, since we are proving a finiteness result, we are always
allowed to replace the base curve by a non-empty open subset, and we will
tacitly do so. This allows us to pass from an abelian variety defined over a
function field of a curve to the corresponding abelian scheme over (a non-empty
open subset of) the curve.

We recall our setting and some definitions. Let A be an abelian scheme
over a smooth irreducible curve S, where everything is defined over Q. We call
π : A → S the structural morphism. A subgroup scheme G of A is a closed
subvariety, possibly reducible, which contains the image of the zero section
O : S → A, is mapped to itself by the inversion morphism and such that the
image of G ×S G under the addition morphism is in G. A subgroup scheme
G is called flat if π|G : G→ S is flat. By [Har77, Proposition III.9.7], since S
has dimension 1, this is equivalent to require that all irreducible components
of G dominate the base curve S.

4.2.1 Reduction to powers of simple abelian schemes

We want to show that, in order to prove Theorem 4.1.3, we can perform finite
base changes and isogenies.
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Lemma 4.2.3. Let C be as in Theorem 4.1.3. Let A′ = A×S S
′ for some finite

cover S ′ → S and let f be the projection A′ → A. Then, if the conclusion of
Theorem 4.1.3 holds for all irreducible components of f−1(C), it holds for C.

Proof. First, we see that f is flat because it is a fibered product of two flat
morphisms A → A and S ′ → S. Moreover, since A and A′ have the same
dimension, by [Har77, Corollary III.9.6], it follows that f is quasi-finite, and
finite, since it is also proper. Up to substituting S ′ and S with an open dense
subset, we can also assume that S ′ → S is unramified, and therefore A′ → A
as well, as it is a fibered product of unramified maps. Hence, the projection
A′ → A is étale. By [Har77, Corollary III.9.6], we have that if X ⊆ A is
an irreducible variety dominating S, as f is finite and flat, each component
of f−1(X) is a variety of the same dimension dominating S ′. It is clear now
that, if the assumptions of Theorem 4.1.3 hold for C, then they must hold
for all components of f−1(C). Finally, the preimage of any point of C lying
in a flat subgroup scheme of A of codimension at least 1 must lie in a flat
subgroup scheme of the same codimension, namely the preimage. Moreover,
by Proposition 4.2.1, the tangency condition is also preserved.

Lemma 4.2.4. Let A and A′ be abelian schemes over the same irreducible
curve S, let η be the generic point of S, and let fη : A′

η → Aη be an isogeny
between the generic fibers defined over k(S). Moreover, let C ⊆ A be a curve
satisfying the assumptions of Theorem 4.1.3. Then, if the claim of Theorem
4.1.3 holds for all irreducible components of f−1(C), it holds for C.

Proof. By the proof of [BC20, Lemma 2.2], we have that fη extends to a map
f : A′ → A that is finite, flat, and is an isogeny on every fiber. So, to conclude
in the same way as the previous lemma, we only need to show that f is also
unramified, and thus étale.
Since f is finite and A and A′ are locally noetherian, by [Liu02, Chapter 4,
Lemma 3.20] f is unramified if and only if, for every p ∈ A, the fibers A′

p

are finite. By the same argument, for any s ∈ S, the map fs : A′
s → As is

unramified if and only if for any p ∈ As the fiber (A′
s)p is finite. By properties

of the base change, (A′
s)p = A′

p, so it is enough to show that fs is unramified
for every s ∈ S. This follows from [Mum88, Section II.7, Corollary 1 of Thm.
4, p.74] and the fact that f is fiberwise an isogeny.

Now we can proceed as in [BC20] to show that it is enough to prove Theorem
4.1.3 for products of simple abelian schemes. Let us consider the generic fiber
Aη of A as an abelian variety defined over k(S). Since every abelian variety is
isogenous to a product of simple abelian varieties (see for instance [HS00, Corol-
lary A.5.1.8]), there are geometrically simple, pairwise non-isogenous abelian
varieties B1, . . . , Bm, such that Aη is isogenous to A

′ :=
∏

iB
ni
i . Note that the

abelian variety A′ and the isogeny might not be defined over k(S), but over a
finite extension of it, which is k′(S ′) for some irreducible, non-singular curve
S ′ covering S. However, up to enlarging the base field we can (and do) assume
k′ = k, and by Lemma 4.2.3 we can (and do) assume S ′ = S. For the same
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reason, we can assume that the endomorphism ring of A′ is defined over k(S).
Up to shrinking S, the abelian varieties Bi extend to abelian schemes Bi → S.
We define A′ as

∏
i B

ni
i , where the product and the powers are intended as

fibered product and fibered powers over S. Lemma 4.2.4 then allows us to
reduce the proof of Theorem 4.1.3 to the case of products of simple abelian
schemes.

We are now going to describe flat subgroup schemes of A, which is a
fibered product A1 ×S · · · ×S Am, where Ai is the ni-th fibered power of Bi
and B1, . . . ,Bm are abelian schemes whose generic fibers Bi are pairwise non-
isogenous geometrically simple abelian varieties. Moreover, we let Ri be the
endomorphism ring of Bi, which we can suppose to be defined over k(S).
Fix i0, with 1 ≤ i0 ≤ m. For every a = (a1, . . . , ani0

) ∈ R
ni0
i0

, we have a
morphism φa : Ai0 → Bi0 defined by

φa(P1, . . . , Pni0
) = a1P1 + · · ·+ ani0

Pni0
.

In a similar way, square matrices of size ni0 with entries in Ri0 will encode
endomorphisms of Ai0 , and m-tuples in

∏
iMatni

(Ri) will encode endomor-
phisms of A. These endomorphisms form a ring, which we call R.
If α ∈ R, the kernel of α is the fibered product of α : A → A and the zero
section S → A. We consider it as a closed subscheme of A. It is quite easy to
see that ker(α) is a subgroup scheme.

Let gi be the relative dimension of Bi over S. If α = (α1, . . . , αm) ∈ R, we
define the rank r(α) of α to be

∑
i rk(αi)gi, where rk(αi) is the matrix rank

of αi ∈ Matni
(Ri). In practice, kerα is a closed subscheme of A obtained by

imposing rk(αi) independent equations on each factor Ai.

Lemma 4.2.5 ([BC20], Lemma 2.3). Let G be a flat subgroup scheme of A of
codimension d with 1 ≤ d ≤ n. Then, there exists an α ∈ R of rank d such that
G ⊆ ker(α). Moreover, ker(α) is a flat subgroup scheme of A of codimension
r(α).

From this lemma, we can deduce that each flat subgroup scheme of A is
contained in a flat subgroup scheme of the same dimension and of the form

G = G1 ×S · · · ×S Gm,

where, for every i = 1, . . . ,m, Gi is a flat subgroup scheme of Ai.
This implies that any flat subgroup scheme of A of codimension at least 1 is
contained in a G = G1 ×S · · · ×S Gm of codimension at least 1. Moreover, up
to enlarging G, and to possibly increasing its dimension, we can assume that
all Gi = Ai except for one index i0, and that Gi0 is a maximal flat subgroup
of Ai0 , In this way, Gi0 , and therefore G, has codimension exactly gi0 . Notice
that, in order to prove Theorem 4.1.3, it is enough to show that the set of
points of singular intersections between the curve C and the subgroups of this
shape is finite. Let then

G = A1 × · · · × Ai0−1 ×Gi0 ×Ai0+1 × · · · × Am, (4.2.1)
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let π : A → Ai0 be the projection map, and consider the image π(C) ⊂ Ai0 .
It may happen that π(C) is just a point. In that case, such a point cannot

be contained in a proper flat subgroup of Ai0 , as otherwise the curve C would
be contained in a proper flat subgroup of A, contradicting the assumptions of
Theorem 4.1.3. On the other hand, if c is a point of intersection between C
and G, then π(c) ⊆ Gi0 . Therefore, we conclude that, under the assumption
of Theorem 4.1.3, if π(C) is a point, then C does not intersect subgroups as in
(4.2.1).

Suppose then from now on that π(C) is a curve and denote by π̃ the
restriction of π to C. Using an argument similar to the previous paragraph,
under the assumptions of Theorem 4.1.3, the curve π(C) is not contained in
any proper flat subgroup of Ai0 . Now, let G be as in (4.2.1) and let c ∈ C ∩G
be a singular intersection point.

Notice that Gi0 = π(G) and π(c) ∈ π(C) ∩Gi0 . We have two cases:

1. The differential dπ̃c at c is the trivial map. This is the same as saying
that c is a ramification point for the map π̃. Since this is a non-constant
map between curves, it admits only finitely many ramification points.

2. The differential dπ̃c at c is an isomorphism. Hence, the image of dπ̃,
that is, dπc(TcC), is exactly equal to the tangent space of π(C) at π(c).
Moreover, since by assumption TcC ⊆ TcG, we have that dπc(TcC) ⊆
dπc(TcG) = TcGi0 . In other terms, π(c) is a point of singular intersection
between π(C) and Gi0 . Moreover, since π̃ is a finite map between curves,
only finitely many points of C lie above π(c).

So, to prove Theorem 4.1.3 we can assume that A = Bn is the n-th fibered
power of a geometrically simple abelian scheme B of relative dimension g over
the base S.

The case B geometrically simple can be further divided in these four cases:

1. g1 ≥ 2 and B is isotrivial;

2. g1 ≥ 2 and B is not isotrivial;

3. g1 = 1 and B is isotrivial;

4. g1 = 1 and B is not isotrivial.

In the first two cases, G needs to have codimension ≥ 2, so the claim follows
from [HP16] in the isotrivial case and from [BC20] in the non isotrivial one,
while in the third case the claim follows from Theorem 3.2.2. Therefore, we
are only left to prove the fourth case.

4.2.2 Reduction to the Legendre elliptic scheme

In the last subsection we showed that, to prove Theorem 4.1.3, it is enough to
prove the following special case:

75



CHAPTER 4. SINGULAR INTERSECTIONS IN FAMILIES

Theorem 4.2.6. Let S be an irreducible and smooth curve and let E → S be
a non isotrivial elliptic scheme over S both defined over Q. Let A = En be the
n-th fibered power of E over S, and let C be an irreducible curve in A defined
over Q and not contained in any proper subgroup schemes of A. Let

C{1,sing} =
⋃

G<A flat

codim G≥1

C ∩sing G.

Then, C{1,sing} is a finite set.

We will show that this is implied by Theorem 4.1.4. To do so, we will need
to use some results from a work of Habegger [Hab13a].
Consider the Legendre family defined by

Y 2 = X(X − 1)(X − λ).

This gives an example of a non isotrivial elliptic scheme, which we call the
Legendre elliptic scheme and denote by L, over the modular curve Y (2) =
P1 \ {0, 1,∞}. We write AL for the n-fold fibered power of L and πL for the
structural morphism πL : AL → Y (2).

Lemma 4.2.7 ([Hab13a, Lemma 5.4]). Let A be as above. After possibly
replacing S by a Zariski open, nonempty subset, there exists an irreducible,
non-singular, curve S ′ defined over Q such that we have a commutative diagram

A A′ AL

S S ′ Y (2)

f

l λ

e

π πL

where l is finite, λ is quasi-finite, A′ is the abelian scheme A×S S
′, f is finite

and flat and e is quasi-finite and flat. Moreover, the restriction of f and e to
any fiber of A′ → S ′ is an isomorphism of abelian varieties.

The following lemma, already stated in [BC16], follows from the first part
of Lemma 5.5 of [Hab13a].

Lemma 4.2.8 ([BC16, Lemma 2.4]). If G is a flat subgroup scheme of A, then
e(f−1(G)) is a flat subgroup scheme of AL of the same dimension. Moreover,
let X be a subvariety of A dominating S and not contained in a proper flat
subgroup scheme of A, let X ′′ be an irreducible component of f−1(X) and let
X ′ be the Zariski closure of e(X ′′) in AL. Then, X ′ has the same dimension
as X, dominates Y (2) and is not contained in a proper flat subgroup scheme
of AL.

Using these two lemmas we can now prove how Theorem 4.2.6 follows from
Theorem 4.1.4.
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Proof of Theorem 4.2.6 assuming Theorem 4.1.4. First, note that, since C is
not contained in any proper subgroup scheme, it is in particular not contained
in any flat subgroup scheme. Moreover, it is also not contained in any fiber, as
each fiber with the zero section forms a subgroup scheme.

To ease the notation, we also extend the definition of C{1,sing} to non-
irreducible curves as follows:

C{1,sing} :=
⋃

D⊆C irred

⋃
G flat

codim G≥1

D ∩sing G

where D runs through the irreducible components of C.
Keeping the notation from Lemma 4.2.7, since e is a quasi-finite morphism,

if e(f−1(C{1,sing})) is finite, then C{1,sing} is finite. By Lemma 4.2.8 and by
Proposition 4.2.1, we have that

Z := e(f−1(C{1,sing})) \ e(f−1(C)){1,sing}

is contained in the fibers over the branch locus of λ and over the image by λ of
the ramification locus of l. Hence, Z is contained in the intersection between
the dominant curve e(f−1(C)) and a finite number of fibers of πL. Then, it is
a finite set, as by Lemma 4.2.8 no irreducible component of e(f−1(C)) can be
contained in a fiber of πL. Hence, it is enough to prove that e(f−1(C)){1,sing}
is a finite set, since e(f−1(C{1,sing})) ⊆ Z ∪ e(f−1(C)){1,sing}.

Let us consider the Zariski closure C ′ of e(C ′′) for an irreducible component
C ′′ of f−1(C). Then, C ′ is irreducible, and by Lemma 4.2.8, C ′ is a curve
in AL dominating Y (2) and not contained in a proper flat subgroup scheme.
Moreover, e(f−1(C)) is a finite union of such C ′s. Proving that (C ′){1,sing} is
finite will make us conclude the proof. By Lemma 4.2.5, each flat subgroup
scheme of codimension at least 1 of AL is contained in ker(φa) for some a ∈ Zn.
So, it is enough to show that

⋃
C ′ ∩sing ker(φa) is finite, where the union is

taken over all a ∈ Zn \ {0}. The claim now follows by applying Theorem 4.1.4
since C ′ is not contained in a proper flat subgroup scheme.

4.3 Periods and elliptic logarithms

In this section, we recall some tools and results from [MZ12] and [BC16]
regarding the elliptic logarithms.

We start by recalling our setting. We defined λ : L → Y (2) = P \ {0, 1,∞}
to be the Legendre elliptic scheme, as a subscheme of P2 × Y (2), with fibers
Lλ defined in affine coordinates by the equation

Y 2 = X(X − 1)(X − λ).

It naturally comes with functions X and Y defined on it. We denote by Ln
its n-th fibered power, with coordinates P1, . . . , Pn, and with corresponding
functions x1, . . . , xn and y1, . . . , yn.
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We have an irreducible curve C, defined over Q and embedded in Ln, not
contained in a fiber over Y (2), and not contained in any proper flat subgroup
of Ln.

Let Ĉ be the subset of points c ∈ C such that for every j = 1, . . . , n the val-
ues xj(c) are different from 0, 1,∞ and λ(c), and such that c is not a singular
point or a point on which the differential of λ vanishes. Note that, in this way,
we exclude finitely many c ∈ C, and these are algebraic points of C. Moreover,
on Ĉ, the coordinate function λ has a local inverse everywhere.

Fix a point c∗ ∈ Ĉ and a (analytic) simply connected neighborhood Nc∗

on which λ has an inverse. On Nc∗ it is possible to define analytic functions
f, g that form a basis of the local system of periods ΠEλ . More specifically, we
are choosing an identification between the relative tangent bundle TO◦λ(Nc∗ )L
and Nc∗ × C and functions f, g : Nc∗ → C such that for every c ∈ Nc∗ the
complex numbers f(c) and g(c) form a Z-basis for the kernel of the exponential
map for Lλ(c) induced by the identification above. In particular, Lλ(c) ∼=
C/f(c)Z+ g(c)Z for any c ∈ Nc∗ . For ease of argument, we will be assuming
in the following that the identification chosen is the one induced by the affine
model Y 2 = X(X − 1)(X −λ) and that f and g are the analytic continuations
of hypergeometric functions in λ(c). With a more general choice the proofs
carries through with minor variations in the shapes of the formulae.

Furthermore, we can define functions z1, . . . , zn, again analytic on Nc∗ , such
that expλ(c)(zj(c)) = Pj(c), for any c ∈ Nc∗ , where exp is the exponential map
induced by the identification above. In other words, they are elliptic logarithms
for the Pi’s. The explicit construction of these maps can be found in [MZ12]
and [BC16].

Notice that, since we are avoiding singular points and points on which the
differential of λ vanishes, λ gives an analytic isomorphism λ : Nc∗ → λ(Nc∗).
Therefore, we can view f, g, z1, . . . , zn as analytic functions on λ(Nc∗), and, in
particular, it makes sense to consider ∂f

∂λ
, ∂g
∂λ

and ∂zi
∂λ

.

4.3.1 A functional transcendence result

Keeping the same notation as the previous subsection, we prove the following
transcendence result, that will be needed later.

Lemma 4.3.1. The functions z1, . . . , zn,
∂z1
∂λ
, . . . , ∂zn

∂λ
are algebraically indepen-

dent over C
(
λ, f, g, ∂f

∂λ
, ∂g
∂λ

)
on NC∗.

Proof. The functions z1, . . . , zn, f, g are analytic functions of λ, linearly inde-
pendent over Z. Indeed, a relation a1z1+· · ·+anzn = an+1f+an+2g, with integer
coefficients, would map via expλ to a relation of the form (4.1.1) on NC∗ , and
therefore on all of C, which cannot hold by the hypothesis of the theorem. More-
over, if ℘λ is the Weierstrass ℘-function associated with ΠEλ = f(λ)Z+ g(λ)Z,
the ℘λ(zi) are algebraic functions of λ because ℘λ(zj) = xj− 1

3
(λ+1) (see [MZ10,
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(3.8), p. 1683]). Therefore, applying [Ber90, Théorème 5, p. 136] we have that

z1, . . . , zn,
∂z1
∂λ
, . . . , ∂zn

∂λ
are algebraically independent over C

(
λ, f, g, ∂f

∂λ

)
.

To conclude, we will prove that ∂g
∂λ

∈ C
(
λ, f, g, ∂f

∂λ

)
, and so actually we have

that C
(
λ, f, g, ∂f

∂λ

)
= C

(
λ, f, g, ∂f

∂λ
, ∂g
∂λ

)
. This part of the proof was suggested

to us by Daniel Bertrand.
Since f and g are hypergeometric series, they satisfy the hypergeometric dif-
ferential equation (see [Hus87, p. 182]):

λ(1− λ)
d2ω

dλ2
+ (1− 2λ)

dω

dλ
− 1

4
ω = 0.

Since they are linearly independent, they form a basis of the space of solution
of such a differential equation. We can therefore consider the Wronskian
associated with them:

W (λ) := f
∂g

∂λ
− g

∂f

∂λ
.

By explicit computation, we get that

dW

dλ
= − 2λ− 1

λ(λ− 1)
W ;

solving this differential equation gives W = k(λ2 − λ)−1 for some k ∈ C, hence
W ∈ C(λ). We conclude that

∂g

∂λ
=

(
W + g

∂f

∂λ

)
1

f
∈ C

(
λ, f, g,

∂f

∂λ

)
,

proving the claim.

4.4 The main estimate

Let us fix a c∗ ∈ Ĉ and a neighborhood Nc∗ of c∗ in Ĉ. Moreover, let us fix a
closed disc Dc∗ inside λ(Nc∗), centered in λ(c∗).

In Section 4.3 we defined the analytic functions f, g and zi on a small neigh-
borhood of c∗, which we may assume to be Nc∗ up to shrinking, as a basis for
the local system of periods of Lλ and elliptic logarithms of the Pj. For the rest
of this section, we suppress the dependence on c∗ and D in the notation, since
they are fixed.
We use Vinogradov’s ≪ notation. The implied constants will always depend
on D.

Given a ∈ Zn \ {0}, we define D(a) to be the set of λ ∈ D such that

n∑
i=1

aizi(λ) = an+1f(λ) + an+2g(λ),

n∑
i=1

ai
∂zi
∂λ

(λ) = an+1
∂f

∂λ
(λ) + an+2

∂g

∂λ
(λ),

(4.4.1)
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for some an+1, an+2 ∈ Z. Notice that λ(c) ∈ D(a) corresponds to C being
tangent to the subgroup

∑
aiPi = O in c.

For a vector of integers a we denote by |a| = max{|a1| , . . . ,|an|}.

Proposition 4.4.1. Under the hypotheses of Theorem 4.1.4, for every ε > 0
we have

∣∣D(a)
∣∣≪ε |a|ε, for every non-zero a ∈ Zn.

Before proving this estimate, let us collect a few more preliminary facts.

Let us define

∆ = fg − fg,

which does not vanish on D, since f(λ) and g(λ) are R-linearly independent
for every λ ∈ D. Moreover, for every j = 1, . . . , n let uj, vj be the functions
from D to C defined by

uj =
zjg − zjg

∆
, vj =

zjf − zjf

∆
.

One can easily check that these functions are real-valued and, furthermore,
that we have

zj = ujf + vjg;

uj and vj are therefore the so-called Betti coordinates of Pj. Taking derivatives
on both sides yields

∂zj
∂λ

=
∂uj
∂λ

f +
∂vj
∂λ

g + uj
∂f

∂λ
+ vj

∂g

∂λ
.

If we view D as a subsets of R2, then uj, vj,
∂uj
∂λ
,
∂vj
∂λ

are real analytic functions
on a neighborhood of D.

Define now Θ : D → R4n by

λ 7→
(
u1(λ), v1(λ), . . . , un(λ), vn(λ),

∂u1
∂λ

(λ),
∂v1
∂λ

(λ), . . . ,
∂un
∂λ

(λ),
∂vn
∂λ

(λ)

)
and set Σ = Θ(D). Since Θ is analytic and D is a closed disc, we have that Σ
is definable in Ran, as image of a definable set under a definable function.

Lemma 4.4.2 ([BC17], Lemma 4.2). Under the hypotheses of Theorem 4.1.4,
there exists a constant γ (depending only on D) such that, for every choice of
integers a1, . . . , an+2, not all zero, the number of λ in D with

a1z1(λ) + · · ·+ anzn(λ) = an+1f(λ) + an+2g(λ),

is at most γ.
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In what follows (u1, v1, . . . , rn, sn) will denote the coordinates in R4n.
For T > 0 , let us denote by Σ(1)(a, T ) the set of points of Σ of coordinates
(u1, v1, . . . , rn, sn) such that there exist an+1, an+2 ∈ Z ∩ [−T, T ] with

a1u1 + · · ·+ anun = an+1,

a1v1 + · · ·+ anvn = an+2,

a1r1 + · · ·+ anrn = 0,

a1s1 + · · ·+ ansn = 0.

(4.4.2)

Lemma 4.4.3. Under the hypotheses of Theorem 4.1.4, for every ε > 0, we
have ∣∣∣Σ(1)(a, T )

∣∣∣≪ε (max{|a| , T})ε.

Proof. Let us set T ′ = max{|a| , T} and fix ε > 0.
Let us define W to be the set of (α1, . . . , αn+2, u1, . . . , sn) ∈ Rn+2 × Σ such
that 

α1u1 + · · ·+ αnun = αn+1,

α1v1 + · · ·+ αnvn = αn+2,

α1r1 + · · ·+ αnrn = 0,

α1s1 + · · ·+ αnsn = 0;

(4.4.3)

this is a definable set in Ran. Using the notation introduced in (2.2.2), we denote
by W∼(Q, T ′) the set of tuples (α1, . . . , αn+2, u1, . . . , sn) ∈ W with rational
α1, . . . , αn+2 of height at most T ′. Note that π2(W

∼(Q, T ′)) ⊇ Σ(1)(a, T ),

where π2 : W → Σ is the projection to Σ. Then,
∣∣∣Σ(1)(a, T )

∣∣∣ ≤ ∣∣π2(W∼(Q, T ′))
∣∣.

We claim that
∣∣π2(W∼(Q, T ′))

∣∣≪ε (T
′)ε.

Assume by contradiction that this is not the case; then, by Proposition
2.2.10, there exists a continuous definable δ : [0, 1] → W such that δ1 := π1 ◦ δ :
[0, 1] → Rn+2 is semi-algebraic and δ2 := π2 ◦ δ : [0, 1] → Σ is non-constant.
Therefore, there is a connected infinite subset E ⊆ [0, 1] such that δ1(E) is
contained in a real algebraic curve and δ2(E) has positive dimension. Then,
there exists a connected infinite D′ ⊆ D with Θ(D′) ⊆ δ2(E).
The coordinate functions α1, . . . , αn+2 on D′ satisfy n + 1 independent alge-
braic relations with coefficients in C. Moreover, the relations given by (4.4.3)
translate to  α1z1 + · · ·+ αnzn = αn+1f + αn+2g,

α1
∂z1
∂λ

+ · · ·+ αn
∂zn
∂λ

= αn+1
∂f

∂λ
+ αn+2

∂g

∂λ
,

adding 2 algebraic relations among the α1, . . . , αn+2 and the zj,
∂zj
∂λ
, f, g, ∂f

∂λ
, ∂g
∂λ
.

Thus, on D′, and therefore by continuation on the whole D, the n + 2 + 2n
functions α1, . . . , αn+2, z1, . . . , zn,

∂z1
∂λ
, . . . , ∂zn

∂λ
satisfy n + 1 + 2 independent

algebraic relations over F = C
(
λ, f, g, ∂f

∂λ
, ∂g
∂λ

)
. Therefore,

trdegFF

(
z1, . . . , zn,

∂z1
∂λ

, . . . ,
∂zn
∂λ

)
≤ 2n− 1.
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This contradicts Lemma 4.3.1, and proves the claim and the lemma.

Proof of Proposition 4.4.1. If t ∈ D(a), then Θ(t) satisfies (4.4.2) for some
integers an+1 and an+2. Now, since D is compact, we have that the sets
zi(D), f(D), g(D) are bounded, and therefore we can choose an+1, an+2 bounded
solely in terms of |a|. Therefore, we have Θ(t) ∈ Σ(1)(a, T0), with T0 ≪ |a|.
Now, by Lemma 4.4.2, we have |D(a)| ≪ |Σ(1)(a, T0)| and the claim follows
from Lemma 4.4.3.

4.5 Small generators of the relations lattices

In this section we recall general facts about linear relations on elliptic curves.

Recall from Section 2.1.3 that for a point (ξ1, . . . , ξN) ∈ QN
, the (affine)

logarithmic Weil height h(ξ1, . . . , ξN) is defined by

h(ξ1, . . . , ξN) =
1

[Q(ξ1, . . . , ξN) : Q]

∑
v

logmax
{
1,|ξ1|v , . . . ,|ξN |v

}
,

where v runs over a suitably normalized set of valuations of Q(ξ1, . . . , ξN).

We recall our running setting. We have an irreducible curve C embedded in
the nth fibered power of the Legendre elliptic scheme Ln → Y (2), not contained

in a fiber or proper flat subgroup of Ln. We considered the subset Ĉ, obtained
by removing from C finitely many points, and showed that for any point c ∈ Ĉ,
we can define generators of the period lattice f(c′) and g(c′), and the elliptic
logarithms zi of the projections Pi(c

′) ∈ λ(c′), for c′ in a neighborhood Nc of
c. Moreover, we can look at such elliptic logarithms as a function of λ, so it
does make sense to write ∂zi

∂λ
.

We define, for c ∈ Ĉ, the lattice of relations:

L(c) = {(a1, . . . , an) ∈ Zn | a1P1(c) + · · ·+ anPn(c) = O(λ(c)) ∈ Lλ(c)}

= {a ∈ Zn | ∃an+1, an+2 ∈ Z :
n∑
i=1

aizi(c) = an+1f(c) + an+2g(c)}.

This is a sublattice of Zn, and it is of some positive rank r whenever c is
contained in a proper subgroup of Ln.
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We can also define the lattice of singular relations:

Lsing(c) =

= {(a1, . . . , an) ∈ Zn | a1P1(c) + · · ·+ anPn(c) = O(λ(c)) tangentially}

=

a ∈ Zn
∣∣∣∣∣∣ ∃an+1, an+2 ∈ Z :

n∑
i=1

aizi(c) = an+1f(c) + an+2g(c),

n∑
i=1

ai
∂zi
∂λ

(c) = an+1
∂f

∂λ
(c) + an+2

∂g

∂λ
(c)

 .

Suppose now that c ∈ Ĉ is one of the points considered in Theorem 4.1.4,
i.e. there exits a ∈ Zn \ {0} with φa(c) = O(λ(c)) and C and ker(φa) intersect
tangentially at c.
In this situation we have that the ranks of Lsing(c) and L(c) are both pos-
itive, and λ(c) is an algebraic number, as C is defined over Q and not con-
tained in any proper algebraic subgroup of Ln. Under this condition, we
would like to show that Lsing(c) has a set of generators with small norm
|a| = max{a1, . . . , an}. Unfortunately we are able to prove such a result only
in the case when rk(Lsing(c)) = rk(L(c)), but we will see that this will suffice.

By slight abuse of notation we will omit in the following the dependence
on c, writing λ for λ(c) and P1, . . . , Pn for P1(c), . . . , Pn(c).
Suppose that P1, . . . , Pn ∈ Lλ are defined over some finite extension K of Q(λ)
of degree d = [K : Q]. Furthermore, assume that P1, . . . , Pn have Néron–Tate
height ĥ at most q ≥ 1 (for the definition of Néron–Tate height, see for example
p. 255 of [Mas88]). In case the Pi are all torsion, we have ĥ(Pi) = 0, and we
put q = 1.

We recall the following lemma.

Lemma 4.5.1 ([BC16], Lemma 6.1, based on [Mas88]). Under the above
hypotheses, there are generators a1, . . . ,ar of L with

|ai| ≤ δ1d
δ2(h(λ) + 1)2nq

1
2
(n−1),

for some positive constants δ1, δ2 depending only on n.

Before stating and proving the next result we notice that, by definition,
Lsing ⊆ L. In general we do not expect them to be equal.

Lemma 4.5.2. One has that

QLsing ∩ L = Lsing;

in particular, if rk(Lsing) = rk(L), then Lsing = L.
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Proof. Clearly we have QLsing ∩L ⊇ Lsing, so we only have to prove the other
inclusion.

Let a ∈ QLsing ∩ L. Since a ∈ L, there exist some integers an+1, an+2 such
that

∑n
i=1 aizi(λ) = an+1f(λ) + an+2g(λ), which are unique because f and g

are linearly independent over R.
Since a ∈ QLsing, then for some integer µ we have µa ∈ Lsing, hence for some
bn+1, bn+2 ∈ Z, we have

n∑
i=1

µaizi(λ)− bn+1f(λ)− bn+2g(λ) = 0

n∑
i=1

µai
∂zi
∂λ

(λ)− bn+1
∂f

∂λ
(λ)− bn+2

∂g

∂λ
(λ) = 0

We know, moreover, that
∑n

i=1 µaizi(λ) − µai+1f(λ) − µai+2g(λ) = 0; since
the bi’s are unique again by the linear independence of f and g, we have that
µai = bi for i = n+ 1, n+ 2. Hence we have

0 =
n∑
i=1

µai
∂zi
∂λ

(λ)− µan+1
∂f

∂λ
(λ)− µan+2

∂g

∂λ
(λ)

= µ

 n∑
i=1

ai
∂zi
∂λ

(λ)− an+1
∂f

∂λ
(λ)− an+2

∂g

∂λ
(λ)


so ∑

ai
∂zi
∂λ

(λ)− an+1
∂f

∂λ
(λ)− an+2

∂g

∂λ
(λ) = 0,

from which we deduce that actually a ∈ Lsing, as desired.

Combining the two lemmas we get the following.

Corollary 4.5.3. Let c, λ, q, d be as in Lemma 4.5.1; assume rk(Lsing(c)) =
rk(L(c)). Then, there are generators a1, . . . ,ar of L

sing(c) with

|ai| ≤ δ1d
δ2(h(λ) + 1)2nq

1
2
(n−1),

for some positive constants δ1, δ2 depending only on n.

4.6 Bounded height

Let C ′ be the set of points c of Ĉ considered by Theorem 4.1.4, i.e. such
that P1(c), . . . , Pn(c) satisfy a linear relation with integer coefficients on the
specialized elliptic curve Lλ(c), and fix c0 ∈ C ′. Since C is defined over Q,
the xj(c0) and λ(c0) must be algebraic, unless the Pj are identically linearly
dependent on C, which we excluded by hypothesis. We want to show that C is
a set of bounded height. This will follow from a theorem of Silverman [Sil83],
which we will now state.
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Theorem 4.6.1 ([Sil83, Theorem C]). Let S be an irreducible quasi-projective
smooth curve and let π : A → S be an abelian scheme with no isotrivial
component, where everything is defined over a number field K. Then, the set

{s ∈ S(K) | ∃σ : S → A section , σ ̸= O, σ(s) = O(s) ∈ As}

is a set of bounded height in S. This bound is effective in principle.

Suppose now that we are in the situation of Theorem 4.1.4, with the notation
established at the beginning of this section. We therefore have a curve C in
Ln → Y (2). The coordinates of this curve P1, . . . , Pn will in general be given
by multisections of L → Y (2), that is, sections of a finite base change of the
Legendre scheme. Hence, there exists a finite base change

E L

S Y (2)

µ♯

π
⌟

λ

µ

such that P1, . . . , Pn are given by sections P1, . . . , Pn : S → E . In this way, the
curve C is induced by a section P : S → En. We will denote by P : S → Ln
the composite µ♯ ◦ P , and by slight abuse of notation, with Pi the projection
on each component of L.

Now, for every a ∈ Zn\0, the coordinates of c ∈ C satisfy the linear relation
with coefficients a if and only if the section

a1P1 + · · ·+ anPn : S → E

sends P−1(c) to the zero element of the corresponding fiber. Hence, by Theo-
rem 4.6.1, there exists a constant γ1 such that the height of every element of
P−1(c0) is less that γ1.

To obtain a bound for λ(c0) we apply a height inequality due again to
Silverman.

Theorem 4.6.2 ([Sil11, Theorem 1], special case of curves). Let φ : W 99K V
be a dominant rational map between quasi-projective curves, all defined over Q.
Fix height functions hV and hW on V and W , respectively, corresponding to
ample divisors. Then there are constants C1 > 0 and C2, effective in principle,
such that

hV (φ(P )) ≥ C1hW (P )− C2 for all P ∈ W (Q).

Combining these, we obtain a constant γ1 > 0, effectively computable in
principle, such that

h(λ(c0)) ≤ γ1. (4.6.1)

This bound has some important consequences that we will see in the rest
of this section.
First, we will show a “Large Galois Orbit” type of statement. Let k be a
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number field on which C is defined. We can also assume that the finitely many
points we excluded from C to get Ĉ, which are algebraic, are defined over k.
In the proof of Theorem 4.1.4 we want to get a bound on the degree of points
in C{1,sing}, using Proposition 4.4.1 and the fact that every point in C{1,sing}

has many Galois conjugates also in C{1,sing}. However, Proposition 4.4.1 gives
a bound only in a small neighborhood of a point. The next lemma shows that
a good proportion of Galois conjugates are actually in the same neighborhood.
Let δ > 0 be a small real number, and let

Cδ =
{
c ∈ C | ∥c∥ ≤ 1

δ
, ∥c− c′∥ ≥ δ for all c ∈ C \ Ĉ

}
,

where ∥·∥ is the standard norm of C2n+1.

Lemma 4.6.3. There is a positive δ such that there are at least 1
2
[k(c0) : k]

different k-embeddings σ of k(c0) in C such that σ(c0) lies in Cδ for all c0 ∈ C ′.

Proof. See Lemma 8.2 of [MZ14].

Remark 4.6.4. We would like to point out that it would be possible to avoid
the restriction to a smaller domain and the use of the previous lemma by
either constructing the Betti coordinates uj, vj in a more global way, following
[Gao20], or by using the results from Peterzil and Starchenko [PS04] and Jones
and Schmidt [JS20], who proved that the Weierstrass ℘ function, and hence
its derivative, can be defined globally in the structure Ran,exp.

Secondly, we show a bound for the Néron-Tate heights and the degree of
the coordinates of the points in C{1,sing}, needed in order to apply Corollary
4.5.3.

Lemma 4.6.5 ([BC16, Lemma 7.2]). There exist positive constants γ2, γ3 such
that, for every c0 ∈ C ′ and every i = 1, . . . , n we have

ĥ(Pi(c0)) ≤ γ2,

and the Pi(c0)’s are defined over some number field K ⊇ k(λ(c0)), with

[K : Q] ≤ γ3[k(λ(c0)) : k].

Remark 4.6.6. In the assumptions of Lemma 7.2 of [BC16] the authors assume
that c0 satisfies two linearly independent conditions on the specialized elliptic
curve Lλ(c0). However, the proof uses this only to get a height bound like
(4.6.1), so the same proof works in our situation as well.
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4.7 Proof of Theorem 4.1.4

We want to show that there are at most finitely many c on the curve such that
P1(c), . . . , Pn(c) satisfy a linear relation with integer coefficients on Lλ(c) with
multiplicity ≥ 2. Let C{1,sing} be the set of such points. Since C \ Ĉ is finite, as
observed in Section 4.3, we only need to prove the finiteness of

C ′′ := C{1,sing} ∩ Ĉ.

In the previous section we showed that for c ∈ C ′′ ⊆ C ′ the height of λ(c) is
bounded by a constant γ1. By Northcott’s theorem [Nor49] we then only need
to bound the degree d of λ(c) over k, a number field over which C and the

points of C \ Ĉ are defined.
Fix one c0 ∈ C ′′ and d0 := [k(c0) : k] which we suppose large. It is enough

to prove that d0 is bounded, as λ(c0) ∈ k(c0). By Theorem 1.1 of [BC16], up
to removing a finite number of points from C ′′ we can assume that the Pi(c0)’s
do not satisfy two linearly independent linear relations, that is, rk(L(c0)) = 1.
Since they satisfy a linear relation with tangency condition, we also have
rk(Lsing(c0)) = 1.

By Lemma 4.6.3, we can choose δ, independently of c0, such that c0 has at
least 1

2
d0 conjugates in Cδ. Now, since Cδ is compact, there are c1, . . . , cγ4 ∈ Ĉ

with corresponding neighborhoods Nc1 , . . . , Ncγ4
and Dc1 , . . . , Dcγ4

⊆ π(Ĉ),
where Dci ⊆ λ(Nci) contains λ(ci) and is analytically isomorphic to a closed
disc, and we have that the λ−1(Dci) ∩Nci for i = 1, . . . , γ4 cover Cδ.

We can assume that Dc1 contains tσ0 = λ(cσ0 ) for at least
1

2γ4
d0 conjugates

cσ0 . Since each t ∈ λ(C) has a uniformly bounded number of preimages c ∈ C,
we can suppose that there are at least 1

γ5
d0 distinct such tσ0 in Dc1 .

Now, the corresponding points P1(c
σ
0 ), . . . , Pn(c

σ
0 ) satisfy the same relations.

Moreover, by Corollary 4.2.2, the tangency of these relations is also preserved,
so we have that rk(Lsing(cσ0 )) = rk(L(cσ0 )) = 1.

By Lemma 4.6.5, ĥ(Pi(c
σ
0 )) ≤ γ2, and the Pi(c

σ
0 ) are defined over a field

K of degree ≤ γ3d0 over Q. Hence, by applying Corollary 4.5.3 and recalling
(4.6.1), there exist a ∈ Lsing(cσ0 ) such that

|a| ≤ γ7d
γ8
0 . (4.7.1)

Recall that in Section 4.3 we defined on Dc1 the functions f, g to be gener-
ators of the period lattice of Lλ, and the zi as the elliptic logarithms of the Pi.
Since a ∈ Lsing(cσ0 ), we have a1z1(t

σ
0 ) + · · ·+ anzn(t

σ
0 ) = an+1f(t

σ
0 ) + an+2g(t

σ
0 ),

a1
∂z1
∂λ

(tσ0 ) + · · ·+ an
∂zn
∂λ

(tσ0 ) = an+1
∂f

∂λ
(tσ0 ) + an+2

∂g

∂λ
(tσ0 ).

Notice also that the same relationships are satisfied by all the other Galois
conjugates of tσ0 in Dc1 , by Corollary 4.2.2.
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In Section 4.4 we defined Dc1(a) as the set of t ∈ Dc1 such that relations of the
form (4.4.1) (same as the above) hold. In particular, we have that tσ0 ∈ Dc1(a)
for all the tσ0 as above. Therefore,

∣∣Dc1(a)
∣∣ ≥ 1

γ5
d0.

On the other hand, by Proposition 4.4.1 we have
∣∣Dc1(a)

∣∣ ≤ γ9|a|ε, so applying
(4.7.1) we have that

∣∣Dc1(a)
∣∣ ≤ γ10d

γ8ε
0 . Therefore if we choose ε = 1/(2γ8) we

have a contradiction if d0 is large enough.
We just deduced that d0 is bounded and, by (4.6.1) and Northcott’s Theo-

rem, we have the claim of Theorem 4.1.4.

4.8 An application to elliptic divisibility se-

quences

In this section we discuss an application of Theorem 4.1.4 to geometric elliptic
divisibility sequences.

A sequence of positive integers {dn}n∈N is called a divisibility sequence if,
for all m,n ∈ N, whenever m | n we have that dm | dn. Examples include
the Fibonacci sequence and, for all positive integers a, the sequence {an − 1}n.
Bugeaud, Corvaja and Zannier, in [BCZ03, Theorem 1], proved that if one
takes a and b to be multiplicatively independent, then the gcd between an − 1
and bn − 1 cannot be too large. More specifically, for every ε ≥ 0,

gcd{an − 1, bn − 1} ≪ε e
εn.

Shortly after, it was conjectured by Ailon and Rudnick [AR04, Conjecture A]
that a stronger statement should actually hold, namely that for infinitely many
n ∈ N,

gcd{an − 1, bn − 1} = gcd{a− 1, b− 1}.

As observed by Silverman [Sil05], these statements have a geometric interpre-
tation. Recall that every positive integer can be viewed as divisor over SpecZ,
via its prime factorization. Moreover, the multiplicative group Gm can be
viewed as a group scheme defined over any ring. Suppose now that a and b are
fixed positive integers different from 1; they induce in a natural way sections
Pa and Pb from SpecZ[ 1

ab
] to Gm, seen as a Z[ 1

ab
] scheme, that are always

different from the unitary section P1. Now, the number gcd{an− 1, bn− 1} cor-
responds exactly to the pull back via (P1, P1) : SpecZ[ 1ab ] → G2

m of the image
of (P n

a , P
n
b ). Substituting the multiplicative group with other group schemes

over (open subsets of) SpecZ, naturally leads to other divisibility sequences.

This geometric interpretation led to a function field version of the conjecture
by Ailon and Rudnick. Let C be an irreducible curve; a divisibility sequence
on C is a sequence of divisors (Dn)n≥1 of C such that ∀m,n ∈ N, if m | n then
Dm | Dn, that is, Dn −Dm is an effective divisor. Notice that this is exactly
the function field analogue of an integral divisibility sequence.

88



4.8. AN APPLICATION TO ELLIPTIC DIVISIBILITY SEQUENCES

Let now π : G → C be a group scheme with zero-section O. As noted by
Silverman, again in [Sil05], every section P : C → G that is not identically
torsion, i.e. nP ̸= O for all n ≥ 1, has an associated divisibility sequence given
by

DnP := O∗(nP ), (4.8.1)

i.e., DnP is the pull-back along the zero section O of the divisor nP on G; such
divisibility sequences are called geometric.

The analogue of the conjecture by Ailen and Rudnick in the function field
case was formulated by Silverman in [Sil05], and it predicts that, if G has
relative dimension at least 2, and the images of the multiples of P are dense
in the generic fiber, then DnP = DP for infinitely many n > 0. This question
has been studied by Silverman [Sil04] and Ghioca, Hsia and Tucker [GHT18]
when G is the product of two elliptic schemes, and by Barroero, Capuano and
Turchet [BCT24] in the case of split semiabelian schemes. The results proved
in [GHT18] and [BCT24] are stronger than the one mentioned above: under
the conditions predicted by Silverman’s conjecture, the set of n ∈ N for which
DnP = DP is the complement of a finite union of arithmetic progressions.

Generalizing the setting above, if we have two sections P andQ of π : G → C,
we can construct a sequence of divisors by replacing the zero section in (4.8.1)
with Q, provided that nP ̸= Q for all n ≥ 1. We then get

DnP,Q := Q∗(nP ) = π∗(nP ∩Q), (4.8.2)

where, by slight abuse of notation, we are identifying nP and Q with their
image, and the intersection is intended to be the scheme-theoretic intersection
as zero-cycles.
These sequences have also been studied by Ghioca, Hsia and Tucker [GHT18]
and Barroero, Capuano and Turchet [BCT24], for G the product of two elliptic
schemes and a split semiabelian scheme respectively. They proved that, under
the same conditions on P as the above mentioned conjecture of Silverman’s,
DnP,Q is bounded by a divisor independent of n.

If the relative dimension of G is 1, then there is no expectation that DnP =
DP infinitely often. However, in this case it is interesting to study when DnP

is reduced, that is, it is of the form DnP =
∑

i ti for ti ∈ C distinct points
(equivalently, each non-zero coefficient of DnP is equal to 1). This condition is
an analogue for an integer to be square-free.

In [UU21], the authors prove that, if G = E is an elliptic scheme and P is
not identically torsion, then DnP is reduced for all n outside a finite union of
arithmetic progressions. Using Theorem 4.1.4 we prove that a similar statement
holds for DnP,Q. We start by proving a consequence of Theorem 4.1.4.

Theorem 4.8.1. Let π : E → S be an elliptic scheme over a smooth curve
S, and let P,Q be sections S → E. If there exist infinitely many s ∈ S(Q)
for which there exists ms ∈ Z such that msP (s) = Q(s) tangentially, then, for
some m ∈ Z, we have that Q = mP identically on S.
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Proof. Consider (sn)n an infinite sequence of pairwise distinct sn ∈ S(Q) for
which there exists msn ∈ Z such that

msnP (sn) = Q(sn) tangentially. (4.8.3)

We have two cases: either the msn are bounded, or they are unbounded. We
will treat these two cases separately.

If the msn are bounded, then, up to taking a subsequence, we have that
for a fixed m there exist infinitely many s ∈ S(Q) where mP (s) = Q(s), from
which the claim follows.

The case in which the msn are unbounded is left to prove, so we will be
assuming to be in that case. From Theorem 4.1.4 it follows that, for some
a, b ∈ Z not both zero,

aP = bQ (4.8.4)

identically on S. Combining this with (4.8.3), we find that P (sn) is torsion for
infinitely many n, since we have

O(sn) = aP (sn)− bQ(sn) = aP (sn)− bmnP (sn) = (a− bmn)P (sn) (4.8.5)

and (a − bmn) is non-zero infinitely often, as mn is unbounded. Moreover,
since (4.8.3) is true tangentially and (4.8.4) is true identically, we get that
(4.8.5) also holds tangentially. By [UU21, Theorem 1.1] (see also [CDMZ21,
Proposition 2.4]), P must be identically torsion, and so the same is true for
Q, by (4.8.4). Since by assumption there is a certain s ∈ S(Q) and m ∈ Z
such that mP (s) = Q, such relation must hold for all s ∈ S(Q), and hence
identically on S.

Theorem 4.8.2. Let π : E → C be an elliptic scheme, and let P,Q : C → E be
two sections such that no multiple of P is identically equal to Q. Let DnP,Q be
as in (4.8.2). Then the set

Ξ = {n ∈ N | DnP,Q is not reduced}

is the union of a finite set and a finite union of arithmetic progressions.

Proof. For s ∈ C let Ξs = {n ∈ N | 2s ≤ DnP,Q}, that is, the set of n ∈ N such
that nP and Q intersect tangentially in s. Clearly, Ξ =

⋃
s∈C Ξs. Moreover, by

Theorem 4.8.1, there are only finitely many s ∈ C such that Ξs is nonempty.
It is then enough to show that for each s ∈ C we have that Ξs is either empty,
a singleton, or a finite union of arithmetic progressions. Suppose that Ξs is
nonempty, and let n0 be its smallest element. For any other n ∈ Ξs we have
that both n0P and nP intersect Q tangentially over s. Hence, (n − n0)P
intersects the zero section tangentially over s. By [UU21, Thm 1.4], we can
deduce that Ξs − n0 is a finite union of arithmetic progressions starting from
0, so Ξs itself is a finite union of arithmetic progressions starting from n0.
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Remark 4.8.3. The result of Theorem 4.8.2 is weaker than what Ulmer and
Urzúa get in the special case Q = O ([UU21, Thm 1.4]). There, the authors
prove that {n ∈ N | DnP is not reduced} is the finite union of arithmetic
progressions starting from 0, implying that if DP is reduced, then DnP is
reduced infinitely often. In our case, the arithmetic progressions may not start
from 0, so Theorem 4.8.2 does not provide an easy method to check wether
DnP,Q is reduced infinitely often.
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