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Notations and conventions

We work over an algebraically closed field k of characteristic zero. Other conditions on
the field, if necessary, will be oportunely noted. By an abelian variety A defined over k
we mean a complete smooth projective algebraic group (in particular, commutative) over
k . Usually ¢ will indicate the dimension of A. Given a point a € A, we consider the
translation map

t,: A— A givenby z— z+ a,
where “+” stands for the group law. For a positive integer b we write

bp:A— A, x—b-zrz=x+ - +u,
—_———
b-times

for the multiplication by b isogeny. We write A[b] for the subgroup of the b-torsion points
of A, that is, the kernel of b 4.

Pic’(A) is the subgroup of Pic(A) given by translation-invariant line bundles (i.e:
L € Pic(A) such that t#L ~ L for every a € A). By a polarization on A we mean
an ample class in NS(A) = Pic(A)/Pic’(A). Usually we will use capital letters for line
bundles and small letters for their class in NS(A). For example, ¢ usually will denote the
class of L € Pic(A4) in NS(A).

Given an abelian variety A defined over k we denote by A its dual abelian variety.
That is, A is the k-abelian variety representing the functor Pic% : Schy, — Sets given
by

Picy(T) = {L’ EPic(Axp T) 1 L],y € Pic’(A) for every t € T} [~
where £ ~ M if there exists M € Pic(T") such that L&p*M ~ M, p: Ax T — T being
the natural projection.

In the above setting, given a closed point a@ € A we write P, € Pic’(A4) for the
corresponding line bundle. We write P for a line bundle on A x A which has the property
that

P|A><a = Py and P‘OXA = OA’
such P is called a normalized Poincaré bundle. In the notation of the above paragraph
we have that P € @ic?q(fl) corresponds to id4 under the natural isomorphism Zic% ~
Hom(—, A).

For a polarization ¢ with representant L we will write ¢, or ¢y, for the isogeny A — A
which, under the identification fl(k) ~ Pic(A), is given by

or(a) =t L ® LY,



where LY stands for the line bundle s#om(L,04).

For a k-projective variety X we will write Coh(X) for the category of coherent sheaves
on X and D?(X) for D®(Coh(X), the derived category of bounded complexes in Coh(X).
For x € X k(z) € Coh(X) denotes the skycraper sheaf on supported on z. For an object
G € Coh(X) we will also write G € D*(X) for the complex whose unique non-zero term
is in degree zero and it is equal to G. For F € Db(A), F will stand for the derived dual
of F, that is

FY = R#om(F,0,)

(note that if F is a line bundle then there is no harm in using the same notation as in
the precedent paragraph). Given n € Z, [n] : D*(X) — D’(X) denote the shift which at
the level of complexes is defined by B®[n], = B"*". By ® we mean the derived tensor
product. Given f : X — Y morphism of schemes we will write Rf, : D*(X) — D*(Y") for
the derived pushforward. As most of the morphism involved in this work are flat, usually
we will not make distinction between the usual pullback f* and the derived one Lf*. For
F € D*(X) we write H (X, F) (or H'(F) if X is clear from the context) for the sheaf
(hyper)cohomology of F (that is, the i-th cohomology of the derived functor of the global
sections functor).

For a sheaf F contained in a line bundle over a variety we write |F| for the linear
system PHC(F). Moreover, sometimes we will (somehow abusevily) write “D € |F|”,
meaning that D is the zero locus of a section s € H°(F) and say that “D belongs to the
linear system |F|”. For instance, given a line bundle L on X and a subvariety ¥ C X
we write | L|y | for the linear system consisting of the zero loci of global sections of Ly .
Similarly, ‘I F® L| is the linear system consisting of sections of L passing with multiplicity
at least k through the point z € X.

More symbols, notations and conventions will be introduced and clarified during the
text as needed.
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Introduction

In this thesis we study abelian varieties using the machinery of the Fourier-Mukai-
Poincaré functor (FMP transform). Since Mukai’s remarkable paper [Muk81] it has
become clear that this functor is a very useful tool to study such kind of varieties because
it defines an equivalence between the bounded derived category of an abelian variety A
with the one of its dual A and, as in general an abelian variety is not isomorphic to its
dual, this equivalence gives a non-trivial symmetry between objects in A and objects on
A, which turns out to be very fruitful.

More precisely, in the first two parts of this thesis, which are the content of the pre-
prints [Alv24] and [AP24], we introduce and study certain numerical invariants that one
can associate to a polarization on an abelian variety by means of some cohomological
vanishing conditions or, equivalently, by means of the dimension of the support of the
cohomology sheaves of the Fourier transform of an opportune object. Finally, in the third
part of this work we propose an approach, based in the use of the FMP transform, to
characterize a special type of principally polarized abelian varieties, namely, hyperelliptic
jacobians, by means of a classical numerical invariant, namely the Seshadri constant of
the theta divisor.

Turning to a more detailed exposition, we start by giving an idea of what are the
invariants that we introduce and study. The general principle is that we would like to
quantify “how positive” is an ample line bundle. Roughly speaking, the idea is that a high
multiple of an ample line bundle is “very positive” because it has many good properties.
Moreover, for abelian varieties, we can usually be very explicit about what “high multiple”
means. For instance, if £ is a polarization on an abelian variety, then it is well known that
2¢ is already globally generated ([BL04, Proposition 4.1.5]), (p + 2)¢ is p-ample ([BS97]
and also [PP11D]) and (p+ 3)¢ satisfy the property N, ([Laz89, Conjecture 1.5.1], [Par00,
Theorem]). However, for primitive line bundles the situation is very different: the only
intrinsic numerical invariant that we have a priori, namely the h°, does not completely
encode the properties that we mentioned above since, for instance, for any d € Zx>;
there exist polarizations with h® = 2d that are not globally generated ([BLR93, Example
4.2]). In this context it is interesting to find finer numerical invariants guaranteeing
effective results regarding properties such as global generation, projective normality or,
more generally, property N,.

An interesting invariant was recently introduced by Pareschi and Jiang in [JP20] by
means of Q-twisted vanishing conditions. Intuitively, their invariant, called the basepoint-
freeness threshold (), is defined as the minimal ¢ such that ¢¢ “is generically globally



generated” and thus 5(¢) < 1 with equality if and only if £ has base points. To present
a precise definition, let us recall that a coherent sheaf F is said to be IT(0) (short for
“satisfy the index theorem with index zero”) if

HY(F®P,)=0 foreveryi>0andac A.

In loc.cit the cited authors extended this notion to the setting of Q-twisted sheaves F (t¢) ,
that is, “sheaves twisted by a rational multiple of a polarization” (see Section 1.3 for a
precise definition of these objects). In this context, we may define the vanishing threshold
of F with respect to ¢ as the real number

ve(F) =inf{t € Q: F (tf) is IT(0)}. (1)

When we take F to be the ideal I, of a (any) closed point x € A we obtain a number which
is sensible to be called the basepoint-freeness threshold of £. Indeed, if L is an line bundle
on an abelian variety then L is globally generated at x if and only if H'(I, ® L) = 0. On
the other hand, for a € A the line bundle L @ P, are isomorphic to #; L for some y € A
and hence we have the following equivalences:

HYI,® L® P,) =0 for every a € A < H(I, ®@t,L) =0 for every y € A
<= t;L is globally generated at x for every y € A
<= L is globally generated

and, as the higher cohomology groups automatically vanish, the above conditions are
equivalent to IT(0) (for the sheaf I, ® L). In practice, a polarization with small basepoint-
freenes threshold is a polarization that godes properties similar to the ones that high-
multiplies of polarizations have. For instance, in [Cau20, Corollary 1.2] Caucci shows
that if B(¢) < (p+ 2)~', which holds for example in the case that ¢ = (p + 3)¢, then ¢
satisfy V.

In the first part of this work, in a slightly more general way, we consider the vanishing
thresholds, with respect to a polarization, associated to the ideal of a closed subscheme
of an abelian variety. In symbols: for a closed subscheme Z C A we write

e(Z,0) = vy(Iz).

As a particular case, we introduce the p-jets-separation thresholds which is nothing else
than the vanishing threshold of p-th infinitesimal neighborhood z(®) of a closed point,
that is, the closed subscheme defined by the ideal I2*! and hence they are higher-order
analogues of the basepoint freeness threshold. In symbols:

ep(0) := e(zP) £) = v, (IP+).

Here we prove two results regarding these numbers, the first of them is that the sequence
of jets-separation thresholds, suitably normalized, converges to the Seshadri constant ()
of the polarization. This is no surprise since, by a result of Demailly ([Dem92, Theorem
6.4]), it is well known that the Seshadri constant of a line bundle at a point in a smooth
projective variety is related to the jets-separation. However, unlike the numbers s(kL, z)



considered by Demailly (see [Laz04al Proposition 5.1.6 ] for their definition), which are
integers and depend on the point, our jets-separation thresholds depends just on the
numerical class of L and are allowed to be real numbers. In this sense, our result can be
thought as a finer version, valid for abelian varieties, of Demailly’s result. Our result is
the following:

Theorem 0.1. Let A be a g-dimensional abelian variety and Z C A a closed subscheme
with ideal Iz. For p € Z>q write Z®) for the closed subscheme of A defined by the ideal

157 Then:
1. The following inequalities hold:

_p+l
(2@, )’

] p+1 .
SUPW > €(IZ,€) > hmsup

where €(Iz,¢) is the Seshadri constant of the ideal Iz with respect to £ (see Section
2.2 for its definition).

2. If dim Z < 1 then
(a) Forp,r € Z>o with p < r we have
0<e(ZM 1) <e(ZP=Y 0) + (2P 1)
(b) The sequence {(p + 1)_16(Z(p),£)}pezzo converges and

o p+1 p+1
Uz L) = Im “7e 5 =S Sz 0y

3. For a complex abelian variety the following inequalities of jets separation thresholds

hold:
p+1 g+p

0 == Qo

Our second result says that jets-separation thresholds are related, via the FMP trans-
form, in a very explicit way to the surjectivity of certain Gauss-Wahl maps. To state
this result, we first give an informal introduction of what are these maps (in Section
2.3 the reader can find a more detailed exposition). They were introduced by Wahl in
[Wah87] and they are a hierarchy of linear maps {7 ,,}pez., associated to a pair of line
bundles L, M, where v%) u is no other than the multiplication map of global sections.
In this context, our result is a higher order version of the fact, proved in [JP20], that
basepoint-freeness thresholds are related to a (suitably defined) surjectivity threshold for
the multiplication map of global sections.

Briefly, given two line bundles L, M on a projective variety A, the associated p-th
Gauss-Wahl map is a linear map

W 0t HORY ™D @ M) — HO(Sym” Q4 © L M),
where R(Lp ~Y is the kernel of the natural evaluation map

H(L)® O — PP7Y(L), (2)

3



where PP~1(L) is the p — 1-principal parts bundle (we refer to Section 2.3 for the precise
definition of this sheaf). In the case that L is very ample, R%D*l) is nothing else than the
p — l-order conormal bundle associated to the embedding of A into PH(L) (for instance,
RS) can be identified with N A/IPHO(L) ® L).

When L separates p-jets at every point, the surjectivity of ’yg a 1s detected by the

vanishing of H I(R(Lp) ® M) (we refer again to section 2.3 for details). In this context,

informally speaking, the vanishing threshold Vg(R(Lp)) (see (1)) of the sheaf Rgp ) with
respect to £ may be seen as the minimal “rational power” of L such that the “rational”
Gauss-Wahl map 77 ; is surjective. Extending [JP20), Proposition 8.1}, our second result
establish a relation between the numbers

(€)= v (RY)
and the jets-separations thresholds. Concretely, we have:

Theorem 0.2. Let L be an ample line bundle on an abelian variety A. Let £ € NS(A) be
the class of L and suppose that L separates p-jets at every point of A (thus e,(¢) < 1).
Then the following equality holds:

ep(0)

pip(€) = 1_7%(@~

As an application, we can use Theorem [0.2] above to quantify, in terms of the jets-
separations thresholds and hence also in terms of the Seshadri constant, the surjectivity
of Gauss-Wahl maps:

Theorem 0.3. Let L, M ample and algebraically equivalent ample line bundles on an
abelian variety A. Let c,d be positive integers and write £ for the class of L and M in

NS(A). Assume that
cd

c+d
for some p € Z>g. Then the Gauss-Wahl map va’dM is surjective.

ep(f) <

For instance, the above result says that if €,(¢) < 1, that is, if £ separates p-jets at every
point, then ~5 120 18 surjective, while ’YL M s already surjective whenever ¢,(¢) < 1/2.
Now, comblmng with Theorem |0 - 3) we obtain a condition ensuring the surjectivity of
certain Gauss-Wahl maps in terms of the Seshadri constant which, at least asymptotically,
improves the results present in the literature ([Par95, Theorem 2.2], for instance):

Corollary 0.4. Let { be a polarization on an abelian variery. Consider a positive integer
¢ such that ¢ - €(f) > g+ p, where £(£) is the Seshadri constant of ¢. Then

g+p
<=0 -trp

In particular, for L, M ample line bundles representing ¢, the Gauss-Wahl map vavdM 18
surjective as soon as
(g +p)

ey B PR
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On the other hand, a combination of Theorem and Theorem gives then an
interesting expression of the Seshadri constant in terms of the asymptotic surjectivity of
higher Gauss-Wahl maps:

Corollary 0.5. Let £ € NS(A) be a polarization on an abelian variety A. Then:

el)=1+ lim ———
r=oe pp((p +2)0)
Surprisingly, this result also says that certain special types of polarized abelian varieties
can be characterized in terms of the surjectivity of certain Gauss-Wahl maps.

1. Decomposable abelian varieties with a curve factor: In [Nak96] Nakamaye
proved that if (A, ¢) is a polarized abelian variety, then ¢(¢) > 1 and, moreover, ¢(¢) =1
if and only if

(A,0) ~ (E,0) K (B,m), (3)

where (F,0) is a principally polarized elliptic curve and (B,m) is another polarized
abelian variety. In this context, Corollary says that varieties of the form are
also characterized by the following equivalent conditions:

a) €,(¢) =p+ 1 for every p € Z>g
b) the sequence {p,((p +2)¢)}pez., is unbounded

2. Hyperelliptic jacobians: In [Deb04, Theorem 7] it is shown that if C is a curve of
genus g > 5 and C is not hyperelliptic then e(Jac C,0) > 2 while e(Jac C, 0) = 2g/(g+1) <
2 in the hyperelliptic case. Moreover, it is also conjectured (see Conjecture below)
that the condition £(f) < 2 should characterize jacobians of hyperelliptic curves among
indecomposable principally polarized abelian varieties (i.p.p.a.v) of dimension g > 5.

In this context, Corollary [0.5] says that hyperelliptic curves are characterized among
smooth curves by the fact that p,((p +2)0) > 1 for p > 0, that is, for the failure of
surjectivity of the Gauss-Wahl map Wfp +2)0,(p42)0 for p > 0 and, moreover, conjecturally
this fact characterize hyperelliptic jacobians among all i.p.p.a.v.

Based on this, a natural question that arise is wether we can render the above
characterizations effective. That is, we may ask if there exists an specific Gauss-Wahl
map whose non-surjectivity characterizes p.p.a.v. with small Seshadri constant. More
generally, we can ask the following:

Question 0.6. Given a positive real number u. Does there exist a positive real number
t(u) and a positive integer p(u) such that for any g-dimensional principally polarized
abelian variety (A,0) we have

5(0) > U = Ep(u) (9) < t(u) ?

As an example, we answer the above question in the case that u = 1. More precisely,
we prove the following:

Proposition 0.7. Let (A,0) be a g-dimensional principally polarized abelian variety.
Then the following are equivalent:



a) (A,0) is not as
b) e(f) >1
¢) e2(6) < 3.

As a consequence, we have that the Gauss-Wahl map 73@@9 is surjective for d > 7 and if
7(?@76@ fails to be surjective then (A,0) is of the form (3).

In the second part of this thesis we revisit some cohomological aspects of Q-twisted
objects. More precisely, in [JP20] Jiang and Pareschi introduce the cohomological rank
functions which are a sensible way to define the dimension of the (generic) cohomology
of a Q-twisted object. Here we revisit this notion, providing an interpretation of them in
terms of certain Mukai’s semi-homogeneous vector bundles.

More precisely, due to [Muk78, Theorem 7], given a polarization ¢ and a rational
number A there exists a, unique up to twist by an element of PicO(A), simple and semi-
homogeneous vector bundle E = Ej ; such that

det E
rk F

= \-£eNS(A)g.

If A = a/b, this vector bundle satisfy that b% E ~ (L%®)®™®F where L is a representant
of £. This means that it is possible to compute cohomological rank functions (and hence,
the various thresholds that we define) using the vector bundles E} ¢, which plays the role
of the “rational power” 3¢ with the advantage that now we are dealing with concrete
sheaves (and sheaf maps) rather than with a certain somehow elusive equivalence class.

Using the above interpretation, we focalize in the study of the cohomological rank
functions of the ideal of a point and its relation to the surjectivity of certain multiplication
maps of global sections. More precisely, we first observe that for t = a/b the cohomological
rank function h'(Io (t¢)) can be computed as the generic (normalized) dimension of the
cokernel of the restriction map

HO(E)\’g) — E)\,Z ® k’(.’l?),

which means that we have the following vector bundle interpretation of the basepoint-
freeness threshold:

o €(f) = BL(¢) < a/b if and only if the vector bundle E, 4, is globally generated

e (f) = BY(¢) = a/b if and only if E,;, is generically globally generated but not
globally generated.

We can also introduce the following number:
BY(0) == sup{\ € Q: I (M) is IT(1)}
and, as before, this has a corresponding vector bundle interpretation:

o B%(¢) > a/b if every non-zero section of E, ;¢ is nowhere zero



o B%(¢) = a/b if there are sections of E, ;¢ vanishing at some points but the zero loci
of those sections do not cover the whole variety.

For instance, using this observation we can prove the following:

Proposition 0.8. Let ¢ be a polarization on an abelian variety A. Then the following
inequalities hold:

B0 = x(O)79 > BY(0).

Now, in this context, the relation between the cohomological rank function of the ideal
of a point and the surjectivity of multiplication maps ([JP20, §8], which also corresponds
to the p = 0 case in Theorem translates as a relation between the restriction map of
the global sections of a vector bundle and the surjectivity of the multiplication of global
sections of vector bundles. More precisely, for A\,t € Q and «a € A we can consider the
multiplication maps

mYy sea t HY(Exg) @ HY(Eyp e ® Po) — HO(Ex s @ Ex 0 ® Py)
and define the following numbers:
sY (X 0) :=sup{t € Q:mly 5, , is injective Vo € A}
and R
sh(A-0) == inf{t € Q:mly 5, is surjective Vo € A}
Here we prove the followings relations:

Proposition 0.9. For every A\ € Qsg we have
. iy
0= B0
A= Ba(6)

On the other hand, we show that there exists a duality between the cohomological
rank functions of the ideal of a point in A with respect to a polarization ¢ and the ones
of the ideal of a point in A with respect to the dual polarization ¢5 ([BL04, Proposition
14.4.1]). Concretely, we prove the following:

Proposition 0.10. Let ¢ be a polarization of type (di,...,dy) on an abelian variety A

with dual (A, €5). Then
1

didy BT

Combining with Proposition above we obtain relations between thresholds on A
and thresholds on A. Concretely:

Ba(0)

Corollary 0.11. Fori=20,1 and A\ € Q we have

i _ 1 _ 1
ﬁA(g) - \ 'dldg <1 + SlA—i(A'£5)>




In particular, this means that the basepoint-freeness thresholds can be controlled by
studying the (non) injectivity of certain multiplications maps on the dual abelian variety
A. As a consequence, the basepoint-freeness threshold can be bounded by below whenever
we are able to find non-trivial elements in the kernel of an appropiate multiplication map.
Indeed, we shall see that if E = FEj,, is generically globally generated of rank r, then
the image of A" HO(E) in H°(E) ® H(det E) is a non-zero subspace contained in the
kernel of the multiplication map. Ellaborating on this approach we reach to find a lower
bound for the basepoint-freeness threshold. The precise inequality is the following:

Theorem 0.12. We have that

1 1
1
/) > su — 1+ .
Bal6) >\>B9£155) A-dydy ( rk EAE&)

As we pointed out before, a low basepoint-freeness threshold ensures good properties
for the polarizations and hence, a lower bound for such invariant represent an obstruction
to have such good properties. Up to the knowledge of the author, this is the first
result that goes into this direction, improving the picture that we have of the numerical
behaviour of this invariant and complementing the results present in the literature (see
[[to22a] or [Jia23], for example), which give obstructions to upper bounds for 8} in terms
of the presence of low degree abelian subvarieties.

As a particular example, as we know that a polarization with 34(¢) > 1/2 can not
be projectively normal, we can apply Theorem [0.12] above in order to find obstructions
for a polarization to satisfy such property in terms of its type. Interestingly enough, our
inequality contains many of the results on the subject and cover new cases that were out
of reach by means of more classical methods. To illustrate this, we consider the case of
A = L. In this situation we have that \s is a line bundle and hence we obtain that, if

dy
dy < dg (we need this to apply Theorem |0.12)) we obtain the following universal bound:

2

1

Ball) = d,

In particular, we obtain that polarizations of type (1,...,2) has 84 > 1 and hence are
never globally generated (a previously known result, [NR95]) while polarizations of type
(1,...,3) has B4 > 2/3 > 1/2 and hence are never projectively normal, which, up to the
knowledge of the author, was a previously unknown case. On the other hand, we obtain
that polarizations of type (1,...,4) has 8} > 1/2, which means that there exists a point
a € A such that the multiplication map

H(L)® H*(L ® P,) — H*(L®**® P,) (4)

is not surjective. In this situation we have that L is not projectively normal if and only if
we can take o to be the origin. Now, at the end of Chapter 3 we study the cases di1d, = 4
and did, = 6, where projective normality is not clear (even with computational methods,
[FGO05]), in a bit more detail. Here we prove that although in general is not true that
0 belongs to the jump-locus, it is always the case that there exist a finite order point in
such subvariety. Concretely:



Proposition 0.13. Let L be an ample line bundle of type (di,...,dy) with didg € {4,6}.
Then there exists a point o € fl[dl dg] such that the multiplication map 1s not surjective.

Finally, in the last chapter of this thesis we report a work in progress with G. Pareschi
regarding an approach to to a question of Debarre that we now present.

One of the most important problems in the study of abelian varieties ask for characteriza
-tions of (polarized) jacobians of curves among all the indecomposable principally polarized
abelian varieties (i.p.p.a.v) (A,0) (see [Grul2| for an excellent account on this problem).
Examples of such characterizations are the Matsusaka’s criterion ([Mat59]) which states
that an i.p.p.a.v is a jacobian if and only if there exists a curve with minimal cohomology
class 0971 /(g — 1)! € H?972(A,Z) or Schreieder’s theorem ([Schi6l Corollary 3]) which
states that jacobians are characterized by the fact that the theta divisor is dominated by
a product of curves.

In this context, we may ask if it is possible to characterize jacobians by means of
the Seshadri constant of 6. Now, althought it is known that jacobians tend to have
small Seshadri constant (for instance, in [Laz96, Proposition (i)] Lazarsfeld proves that
e(JacC,0¢c) < \/g), there exist i.p.p.a.v’s with £(f) = 2 that are not jacobians while for
a non-hyperelliptic curve it is known that e(JacC,0c) > 2 (see [Deb04, Theorem 7]).
However, there is the following:

Conjecture 0.14 ([Deb04]). If (4,0) is an i.p.p.a.v with£(0) < 2 then (A,0) ~ (Jac C, 0¢)
for an hyperelliptic curve C.

Our approach is based on Debarre’s observation which says that the Seshadri constant
can be bounded by below by studying the base locus of the continuous linear systems

[k} = |J 15 (kO]

ech

where the union runs over all the line bundles with class 6. More precisely, note that we
always have that 0 belongs to Bs({k6}o ) and Debarre’s observation ([Deb04, Lemma
1]) says that £(f) > k/m whenever 0 is an isolated point of such base locus. In particular,
a possible approach to study Conjecture above is based on the study of the base
locus of the continuous linear system {260} 4. Now, of course, such system can also be
rewritten as
{20}04 = | 117" © 04(k©) @ Pu,
acA

where O is a (any) divisor representing the polarization 6, which suggests that we may
study its base locus using the Fourier-Mukai transform. Concretely, we note that for
x # 0 we have that z lies in Bs({20} 4) if and only if the evaluation map

P HO(15(20) ® Po) @ PY — I3(20) ® k(z) ~ k(x)
aGA

fails to be surjective, that is, that I;(20) is not continuously globally generated at x. Now,
we can study the surjectivity of this map using the methods developed in [Par23] (where
also a finer version of generation is introduced), which allow us to prove the following
strange implication:



Theorem 0.15. Let (A,0) be a principally polarized abelian variety and let © be a
symmetric divisor representing 6. Let Q) be the cokernel of the dual of the natural map

¢ P3(20)Y — H°(04(20))Y @ Oa.
Then, if €(8) < 2 then there exists a torsion subsheaf of Q with non-reduced support.

Finally, we revisit a well-known characterization of hyperelliptic jacobians in terms of
the non-generation of the sheaves I.(©), where 7 is a length-two subscheme of A supported
on the origin. More precisely, a theorem by Marini ([Mar93]) says that hyperelliptic
jacobians are characterized among i.p.p.a.v by the fact that there exists a divisor D in ©
belonging to the linear system Og(0) such that all the components of D are not reduced.
On the other hand, we can prove the following:

Theorem 0.16. Let 7 be a length two subscheme of A supported on the origin. Then:

a) The scheme V(1) := Supp RIY®pv (I(0)Y) (which is called the ©-dual of T) belongs
to the linear system |Og(O)|. Moreover, any divisor in such linear system arise in
this way.

b) If the sheaf I(0©) is not generated (see Definition[4.5) then V(1) is not reduced.

Here we note that in item b) of the above theorem we are not claiming that all of the
components are not reduced, just that there exists a non reduced component, and hence
we do not obtain an hyperelliptic jacobian. However, due to a result proved by Beauville
and Debarre ([BD86, Théoréme 2.1]), the existence of a non integral (i.e not reduced or
not irreducible) divisor D € |Og(0)| implies that either dim Sing © > g—4 or there exists
an elliptic curve £ C A with (- E) = 2. Now, for a very general abelian variety the latter
option can not occur while the locus in A, (the moduli space of p.p.a.v) where the former
holds contains the jacobian locus as an irreducible component ([AMG7]) and, even more,
the locus where dim Sing © > g — 3 contains the hyperelliptic locus as a component. In
this context, these last two theorems leave a couple of open questions:

1. Is there a better description of the sheaf @ from Theorem [0.15]? More precisely,
what is its torsion filtration (see Definition [4.10]) ?

2. Suppose that I-(0) is generated for every length two subscheme 7 supported on the
origin. Does it follow that I3(20) is generated (and hence £(8) > 2)?

3. Let (A,0) be an i.p.p.a.v. and suppose that there exists a non-reduced divisor D
belonging to the linear system |Og(0)|. Does it follow that either there exist an
elliptic curve E with (- E) = 2 or dim Sing©® > g — 37

This thesis is structured as follows: in Chapter 1 we review the preliminar material
regarding the FMP transform and generic vanishing conditions that we need throughout
this work; in Chapter 2 we study the relation between jets-separation thresholds, the
Seshadri constant and the surjectivity of the Gauss-Wahl maps, proving Theorem [0.]]
and which are the content of the author’s pre-print [Alv24]; in Chapter 3 we review
the theory of Mukai’s semi-homogeneous vector bundles and prove Theorem which
is the content of the pre-print [AP24], written by the author together with G. Pareschi.
Finally, in Chapter 4 we present our approach to Debarre’s conjecture, proving Theorem
[0:15] and [0.16], which is a work in progress with G. Pareschi.
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Chapter 1

Generic vanishing theory

In this chapter we survey the general background material about generic vanishing theory,
as it will needed throughout this work. At the beginning of each chapter the reader will
find more specific preliminaries concerning the particular subject treated at the moment.

1.1 Fourier-Mukai functors

One of the most important tecnical tool employed throughout our work is the Fourier-
Mukai-Poincaré functor, which we now proceed to review.

Definition 1.1. Let A be an abelian variety defined over an algebraically closed field k
and let A be its dual. Let P € Coh(A xj A) be a normalized Poincaré bundle. Then the
Fourier-Mukai-Poincaré (FMP) functor with kernel P is the functor

op : D'(A) — D*(A) : F — Rps. (piF @ P),
where p1, p2 are the product projections.

Remark 1.2. Of course, P define also a functor Db(/l) — DP(A) by means of the

identification A~ A When confussion may arise we will explicitly mention the source
and target of our functors.

This functor is particulary interesting in view of the following remarkable theorem
due to Mukai:

Theorem 1.3 (Theorem 2.2 in [Muk81]). ®p is an equivalence of categories. A quasi-
inverse is given by the composition

(=1a)"®p g]

DP(A) DP(A) ———— DP(A)

An important feature of the equivalence ®p is the fact that interchanges skycraper
sheaves of a point with the line bundle parametrized by such a point:

Example 1.4. We have that ®p(k(0)) = O 4. From Theorem and the identification
A~ AM we see that ®p(O4) = k(0)[—g], where 0 is the zero of the abelian variety A.

11



We now list some of the main properties of Fourier-Mukai transforms.

- Exchange of translations and tensors ([Muk81, (3.1)]) Let o € A and P, € Pic’(A)
the Correspon(iing line bundle. Then we have the following isomorphism of functors
DP(A) — DP(A)

Dpo(Py®—)=thodp. (1.1)
Similarly, for a € A we have a natural ismorphism

(Po®—)o®p ~Ppot’, (1.2)

- Grothendieck-Verdier duality ([Muk81l (3.8)] and [PP1llal Lemma 2.2]) For F €
DP(A) we have that

Op(F)Y = pv(F)[g] = (=14)"@p(F)]gl. (1.3)

- Fourier transforms of ample line bundles ([Muk81l, Proposition 3.11(1)]) .
For an ample line bundle L € Pic(A) we have that ®p(L) is a vector bundle on A,
denoted by L. Moreover, we have that

©iL~HAL)® LY, (1.4)

where ¢y, : A — A is the isogeny associated to L. In particular, if L = 04(©) is a
principal polarization and we use ¢y, to identify A with A then we have that

0A(0) = 04(-0). (1.5)

-Ezchange of pull-back and pushforward under isogenies ([Muk8&1l, (3.4)])
Let f : B — A be an isogeny between abelian varieties. Then for every F € D’(A)
and G € D°(B) we have that

Op, (f*F) =~ fu®p,(G) and @p, (f.9) ~ f*®p,(9), (1.6)
where f: A — B is the dual isogeny of f.

- Hypercohomology ([PP11a, Lemma 2.1]) Given F € D(A) and G € D?(A) we have
that

H'(A,®p(F) @ G) = H' (A, F @ ®p(9)), (1.7)
where ®p denotes both the functors D(A) — DP(A) and DP(A) — Db(A).

Now, for the next and last properties that we survey here, we recall the following
definition:

Definition 1.5. Let A be an abelian variety with group law m : A x A — A. Given
F,G € Coh(A), the Pontryagin product of F and G is the sheaf

FxG=m, (FXG).
Given F,G € D%(A), the derived Pontryagin product of F and G is

FxG=Rm, (FRG).
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One of the most important properties of ®p is the fact that it interchanges tensor and
Pontryagin products ([Muk81, (3.7)]). That is, for F,G € D?(A) we have that

Op(F @ G) = p(F) x 2p(9)[9] (1.8)

and

Finally, for an ample line bundle L, [Muk&1l (3.10)] gives the following isomorphism
of functors:
LR p;dp(L®—)~Lx —. (1.10)

1.2 Cohomological support loci

“Cohomology and base change” theorem ([Har77, III, Theorem 12.11]) states that the
higher direct images of a sheaf under a flat morphism are related to the cohomology of
the fibers of such sheaf. More precisely, from this theorem it follows that if for 7 € Coh(A)
we consider the sheaves

R'®p(F) := Rip,, (piF @ P) € Coh(A)

then
Supp(R ®p(F)) C {a c A] Hi(A,F® P,) # o} . (1.11)

In particular it follows that R‘®p(F) = 0, whenever the vanishing H (A, F ® P,) = 0
holds for every a. More generally, [Gro63, Théoréme (7.7.5) IT] implies that the contention
still holds for an object F € Db(A).

In this context, is natural to study the subsets of A at the right-hand side of .

Definition 1.6. Let F € D(A) and i € Z>o. Then the i-th cohomological support loci
of F is the set ‘ o
Vi(A,F) = {a e A‘ Hi(A,F @ P,) # o} .

When A is clear from the context we may simply write V¢(F) for Vi(A, F).

Remark 1.7. From the semi-continuity theorem [Gro63, Théoréme (7.7.5) I] ([Har77,
Theorem 12.8] for sheaves) it follows that the sets Vi(F) are closed in the Zariski topology
of A.

In this context, in [PP1la] there were introduced the following notions of generic
vanishing for a sheaf on an abelian variety

Definition 1.8. An object F € D’(A) is said to
1. satisfy the index theorem of index j (I.T(j), from now) if Vi(F) # 0 if and only if
1=
2. satisfy the weak index theorem of index j (W.L'T(j), from now) if Ri®p(F) # 0 if
and only if i = j
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3. be a GV-object if codim 4(V*(F)) > i for every i > 0
4. be a M-regular object if codim 4(V*(F)) > i for every i > 0

Example 1.9. It may happen that VI(F) # 0 but R'®p(F) = 0. Indeed: From [Mum08,
pag. 716, (vii)] we know that Vi(O4) = {0} # 0 for evey i > 0 but R°®p(O4) = 0 for
i # g (see Example . Howewver, the condition of being GV can be controlled either by
codim 4 V¥(F) or by codim 4 Supp R'®p(F) (see [PP1ld, Lemma 3.6]).

Remark 1.10. Of course, from it follows that if F satisfies I.T(j) then it also
satisfies W.I1.T(j). Moreover, from Grauert’s theorem ([Har77, Corollary 12.9]) and the
fact that the Euler characteristic is constant in families ([Gro63, Théoréme (7.9.4)]) it
follows that in that case RI®p(F) is locally free.

We now give some examples which is good to have in mind for the next chapters.

Example 1.11. If Z C A is a zero-dimensional subscheme then obviously Oz satisfies
LT(0).

Example 1.12. Ezample[1.9 says that O is GV and satisfies W.I.T(g).

Example 1.13. If L is an ample line bundle, then we know that H'(L ® P,) = 0 for
every i > 0 ([Mum0S, pag.150]). In other words, V(L) = 0 for every i > 0, that is, L
satisfies I.T(0). By Serre-duality this implies that LY satisfies I.T(g).

Example 1.14. Let L be an ample line bundle, 0 € A the zero of the group law and I
its ideal sheaf. From the exact sequence

0—-Ih®L—L—k0) —0

we see that H'(Ip @ L ® P,) = 0 for every i > 2 and that H(Io ® L @ P,) # 0 if and
only if the evaluation map
H°(L ® P,) — k(0)

fails to be surjective, that is, if and only if 0 is a base point of the complete linear system
associated to L ® P,. This means that Vi(Ip ® L) = 0 for i > 2 and

VHIh ® L) = —p1(Bs(L))

because L@ P, =~ t: L for every a € p; ' ({a}). This means that Iy ® L is always GV, it is
M -regular if and only if Bs(L) does not have divisorial part and it is I.T(0) if and only
if L does not have base points.

Sometimes, instead of using ®p we shall use the ‘dual FM-transform’
Dpo((—)Y) : DP(A) — DP(A).
The reason is the following characterization of GV-objects:
Theorem 1.15 (Theorem 3.7 in [PP11al). An object F € D(A) is GV if and only if
Opy (FY) = RIDpy (FV)[—g),
that is, if and only if FV satisfies W.I.T(g).
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We conclude this section mentioning a result of preservation of vanishing under (derived)
tensor products, which is proved in [PP11Dbl Proposition 3.1 and Theorem 3.2] when & is
a locally free sheaf. In Remark 3.3 of such reference it is observed that the more general
result stated below is true but no proof is given. Since in Chapter 2 we will need this
more general version, we prove it here for the sake of completeness, although it follows
essentially the same lines of the cited reference.

Theorem 1.16. Let £ € Coh(A) and F € D*(A). Then
a) If € satisfies 1.T(0) and F is GV then € @ F satisfies 1.T(0)
b) If € and F are both GV then € ® F € D°(A) is a GV-object.

Proof: a) Let o € A and we need to show that H'(F ® € ® P,) = 0. Now, since & is
IT(0) it follows that £ ® P, is also IT(0) and thus the sheaf

N, := RP®p(E® P,) = ®p(E @ P,)
is locally free. On the other hand, by we have that
€ ® Po = ®p((=14)"Na)lg]
and thus by we have the following isomorphisms:

H(F®E® Py) = H'(F ® ®p((—14)"Na)lg])
~ Hl(‘l)p(]:) @ (_1A)*Na[g])
= Hi+g((1)7>(}—) ® (=14)"Ny).

Now, the latter group can be computed from the Leray spectral sequence ([Huy06| p.74
(3.5)] combined with the projection formula):

Ep? = HP(R'®p(F) ® (—14)"No) = H"'(0p(F) @ (=14)"Na).

Since F is GV we have that dim Supp(RI®p(F)) < g — ¢ and thus E5'? = 0 whenever
p+ q > g. The spectral sequence then gives

HIT (®p(F) ® (—14)*Ny) =0 for every o € A,

as we wanted to see.

b) Let L be an ample and symmetric line bundle and write L for the vector bundle
RI®pv(LY) = Ppv(LY)[g]. First, we claim that £® LY is IT(0). To prove the claim, note
that we have the following sequence of isomorphisms:

H(ERLY® Py) = HIV (E® Py @ (—14)*®p(LY))

~ H9" (®p(E® Po) ® LY) (L.7)
~ H (®p(E® P,)Y ® L) Grothendieck- Serre duality
~ H (@p((E® P.)Y) © L) (L3)

15



Now, as £ is GV, £ ® P, is also GV and thus by we have that ®pv((E @ Py)Y) =
RI®pv ((€E @ Py)Y)|[—g] and thus

H(EQLV®Py) ~H {(R®pv((£® Pa)V)® L),

in particular, all such groups vanish for ¢ > 0 and the claim is proved.
As £€® LY is an IT(0) sheaf, from part a) it follows that F ® £ ® LY is IT(0), in
particular this means that

H(FRE® ﬁ) =0 for every ample line bundle L and ¢ > 0.
In particular, reasoning as before, we obtain that for any ample line bundle L we have
0=H(FREQLV)~ H (dp(F' ® EY)® L) for i > 0. (%)

We will apply the previous observation to the case in which L = kM, where M is an
ample line bundle and k is a sufficiently big positive integer such that:

i) HP(R1®p(FY @ EY)® kM) =0 for every p > 0 and
ii) R1®p(FY ® £Y) ® kM is globally generated for every ¢ > 0.

(such k exist by [Laz04al Theorem 1.2.6]). Now, the group at the right side in (%) can
be computed using the Leray spectral sequence, which, from condition [i)| degenerates to
give isomorphisms

0=HI"(®p(FY @ EY)@kM) ~ H' (R ®p(F¥ @ £Y)®@ kM) for i > 0.
At this point, condition fii)| implies that RI=i®p(FY @ £Y) = 0 for i # 0 and therefore
p((€® F))=R0p(F' @ &Y)[—gl,

which by [[.T5] means that £ ® F is a GV object, as we wanted to see.
O

1.3 Q-twisted objects and cohomological rank functions

In this work we will need to deal not just with objects, but also with Q-twisted objects,
which informally speaking are twists of objects with “rational powers” of line bundles.
More precisely, we consider pairs (F,tf), where F is an object in D’(A), t is a rational
number and ¢ € NS(A). On these pairs we impose the relation given by identifying
(F® L®™ tf) with the pair (F, (t+m)f) for every integer m and for every L representing
£. Note that, for example, (L ® P,,0-¢) is identified with (L, 0 - £) because both of these
pairs are equivalent to (O 4, £); this causes no harm since we will deal with properties that
depends just on the algebraic class of a line bundle (and not on the line bundle itself).

Definition 1.17. A Q-twisted object, written F (t¢) , is the class of the pair (F,t¢) under
the relation described in the previous paragraph.
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In [JP20} Section 5] the generic vanishing conditions presented in the previous section
are extended to the Q-twisted setting. Indeed, for a Q-twisted object F (¢£) it is possible
to define its cohomological support loci Vi(F (tf)) as follows. Let L be a line bundle
representing ¢ and consider a,b € Z with b > 0 and ¢ = a/b. Write

Vi(F,L,a,b) := {a cA: HWFo LY P,) # o} ,

where H® stands for the sheaf (hyper)cohomology. Now, if IV is another representant of
¢ then V¥(F, N, a,b) is just a traslation of V*(F, L,a,b). On the other hand we note that
if we change a, b for ac, bc with ¢ a positive integer and we consider a symmetric L, then:

Vi(F, L, ac,be) = {a € A: Hi((be)\ F @ L% @ P,) # o}

= {a € A: Hi(cy(WWF o L®® P,)) #0 for a (any) v € czl(a)}

=SacA: @ H@OFOLP®P)#0,,
yeey (a)
=ca (VI(F,L,a,b)).
where, to get the direct sum we used [MumO08| p.72] and the projection formula.

In this context, the next definition naturally arise:

Definition 1.18. For a Q-twisted object JF (tf) its i-th cohomological support loci V' (F (t£))
is the class of V(F,L,a,b), where L is a representant of ¢ and a/b = t, under the
equivalence relation generated by translations and by taking direct images of multiplication
isogenies.

In particular, although V(F (tf)) is not a set, its dimension and codimension are well
defined and are denoted by dim V* (F (t¢)) and codim 4V* (F (t£)) , respectively. In [JP20),
Section 5] the cited authors use these loci in order to define generic vanishing notions for
Q-twisted objects:

Definition 1.19. We say that a Q-twisted object F (t£) is
1. IT(0) if a (any) representant of V(F (t)) is empty for i # 0
2. GV if codim 4 V¥(F (tf)) > i for every i > 0

Example 1.20. By Kodaira-vanishing theorem, it follows that O 4 (t€) is IT(0) for every
t>0.

We have the following characterization of the behaviour of the generic vanishing
conditions of F (tf) for varying ¢t :

Theorem 1.21 ([JP20], Theorem 5.2).
1. A Q-twisted object F (tol) is GV if and only if F (t€) is IT(0) for every t > to.
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2. If F (tol) is GV but not IT(0) then for every t < to the Q-twisted object F (tl) is
not GV

3. F (tol) is IT(0) if and only if F ((to — n)t) is IT(0) for every n > 0 small enough
The rational analogues of the theorems of the previous sections are the following:
Theorem 1.22.
1. A Q-twisted object F (tl) is GV if and only if
codim 4 Supp (R'®p (b3 F @ L)) > i
for a (any) representation t = a/b and for a (any) representant L of £.

2. Let F (tf) be a Q-twisted object and G (sf) a Q-twisted sheaf. If both of them are
GV then (F ® G) ((t + s){) is also GV.

We conclude this chapter by reviewing the theory of cohomological rank functions,
introduced in [JP20], which are a sensible way of defining the (dimension of the generic)
cohomology of a Q-twisted object, which are also a convenient way of expressing wether
Vi(F (t0)) = A or not, when we let ¢ vary.

Definition 1.23. Let A be a g-dimensional abelian variety, £ € NS(A) an ample class
and F € D%(A). Given i € Z, the i-th cohomological rank function of F with respect to
¢ is the function Q — Q given by

% Ly (]?<%£>) = b% -min{hi(b*Af@)L“b ®P,):ae fl},

where L is a (any) line bundle representing /.

Here a couple of observations are in place in order to make precise the paragraph
preceding the definition:

¢ By semicontinuity, the minimum involved in the definition is actually the generic
value of h'(b*,F ® L% ® P,) for varying . In other words, h*(F (tf)) = 0 if and
only if Vi(F (tf)) # A. In particular, from Example we see that I (t¢) is GV
if and only if hl (o (tf)) = 0.

o If we take another representant M of ¢, then M = L ® P,, for some a € A and thus
obviously hi(F (tf)) does not depend on that choice. In particular, we can always
choose a symmetric representant (i.e L such that (—14)*L ~ L), for which we have

byL ~ LY.

o The definition depends just on ¢ and not on a particular representation as a/b.
Indeed, in characteristic zero we can argue as follows: let ¢ be a positive integer, we
need to show that for a generic @ € A and a representant L of ¢ we have

hi((be) (F) © L @ Py) = 29 - hi(b%(F) ® L @ P,).
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Without loss of generality we may assume that L is symmetric and thus ¢ L ~ L.
In this setting we have:

Hi((be)5(F) @ LY @ Py) ~ H(c(03(F) @ L® @ P, /.)) for a/e € ¢;* ()
~ P HOWF)@L®@Pyye®P,)  [Mum08, p.72],
y€EA[c]

now, for generic « all of the direct summands at the righ side have the generic
dimension and thus the claim follows.

e Similarly, for an isogeny f : A — B between abelian varieties, we have that
(A, (f*F) (t- f*0)) = deg(f) - B'(B, F (t£)) (1.12)

o For any m € Z, t = a/b and generic a € A we have

W(F © L") (1) = o HOXF & L") @ 1% & )

1 1 (L% mb%+a

— o W EAF) @ L o Py)
1 .

= 7 WA © LN @ )

_ (]-'< *bm"e>) — W ((t+m))),

so the cohomological rank functions respect the equivalence defining Q-twisted
sheaves.

One of the main properties of the cohomological rank functions is the following
fundamental transformation formula with respect to the FMP functor:

Proposition 1.24 ([JP20], Proposition 2.3). For F and ¢ as in Definition above
and t > 0, the following equalities hold:

a) W(F (=t) = 55 - b ((0; @ (F)) (1))

b) hi(F (tl)) = Xt(gg) R (s @pv (FY)) (10)) , where F stands for the derived dual
RAom(F,04).
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Chapter 2

Jets separations, Seshadri
constants and higher
Gauss-Wahl maps

2.1 Vanishing thresholds

In this section we introduce the notion of vanishing thresholds for coherent sheaves.
Afterwards, we give a some examples and at the end we prove Theorem from the introduction.

Definition 2.1. 1. Let F be a coherent sheaf on an abelian variety A and ¢ be a
polarization on A. The vanishing threshold of F with respect to £ is the real number

ve(F) :=1inf {t € Q: F (tf) satisfies IT(0)}.
2. Given a closed subscheme Z of A and a non-negative integer p we write
(2,0 = v (1)),

where I is the ideal sheaf of Z.

We note that, by definition, we have that vy,¢(F) = n~ vy (F).

The main example for our work regards the notion of separation of jets that we now
recall:

Definition 2.2. Let X be a projective variety, and = a closed point in X with ideal I.
Given a line bundle L on X and a non-negative integer p, we say that L separates p-jets
at z if the natural map

HY(X,L) — H°(X,L® Ox/IP")

is surjective.
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In particular, L separates 0-jets at x if and only if = is not a basepoint of L, while L
separates 1-jets at x if and only if = is not a basepoint and L separates tangent vectors at
x (i.e the map between tangent spaces induced by the rational map X — — > PHY(X, L)
is injective). Arguing as in Example we see that L separates p-jets at every point if
and only if L ® Ig“ is IT(0). In particular, it is natural to consider the following:

Definition 2.3. The p-jets separation threshold of ¢ is the number

ep(0) == €p({0}, ),

where we consider the reduced scheme structure on the set {0}.

Example 2.4. We have that eo({) is the basepoint-freeness threshold 5(€) considered in
[IP20, §8]. In particular €o(£) < 1 and e(€) = 1 if and only if £ has base points. More
generally, from Proposition|1.21] we see that

1. €,(0) <1 if and only if there exist a representant L of £ such that L separates p-jets
at 0. FEquivalently, for any representant L of ¢ there exists a point such that L
separates p-jets at such a point.

2. ¢,(0) < 1 if and only if for every representant L of £, L separates p-jets at 0.
Equivalently, any representant L of £ separates p-jets at every point of A.

Example 2.5. Consider a principal polarization 8 and © a symmetric divisor representing
it. If 6 is indecomposable, then O 4(20©) fails to separate 1-jets (i.e tangent vectors) just in
the 2-torsion points of A. That is, 12 (20) is GV but not IT(0) which, by Pmposz’tion
means that €1(0) = 2. From [BLO4, p.99], the same conclusion holds if 0 is decomposable.

Example 2.6. Let C be a smooth curve of genus g and u : C — JacC an Abel-Jacobi
map. By [IP20, Theorem 7.5 and Proposition 7.6] we know that

h' (O () =9 —gt+ (g—1) >0 fort € [0,1).
Write A = Jac C. From the exact sequence
0 — byl ® O4(ab®) — O4(ab®) — b4 Oucc) (ab®) — 0

it follows that
h? (Iu(C) <t9>) =ht (Ou(C) <t9>) >0 forte [0, 1)

This means that
H? (b3 Lucy @ O4(ab®) @ Py) # 0 for every o € Aanda<b

and hence I,y (t0) is not GV for every t < 1. On the other hand, in [PP03, Proposition
4-4] it is shown that I,y (0) is GV and thus eo(u(C),0) = 1.

By [PP08, Theorem 6.1] this is esentially the only example of a curve inside an abelian
variety whose vanishing threshold is at most one. More precisely, if C is a smooth curve
that generates an abelian variety A and Ic (0) is GV for a principal polarization 0, then
C has minimal cohomology class 69~ /(g —1)! and thus by Matsusaka’s criterion [Mat59,
Theorem 3] it follows that (A,0) ~ (Jac C, 0¢).
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Example 2.7. Let (A,0) be a g-dimensional principally polarized abelian variety and T
a length two closed subscheme supported in the origin. Again in this case, we have that

eo(,0) = inf {t € Q : ' (I, (t)) =0} .

Let © be a symmetric divisor representing 8. We now compute the dual Fourier transform
of 1.(©) : first, we note that Iy, ~ k(0) and thus we have an exact sequence

0—I,(0) — IH(0) — k(0) — 0.

Now, ®pv(k(0)¥) =~ O4[—g] and Dpv(I(©)") ~ Oe(O)[~g], whence we identify A with
A via 8 (see Examples and . 1t follows that

R ®pv(I;(0)Y) =0 forj<g—2
and that we have an exact sequence
0— R ®pv (I.(O)Y) — 04 — 0e(0) — RI®pv(I,(0)Y) — 0. (2.1)

For this example the value of R it does not matter (see, however, Section 4.4) and thus
we focus on RI~1. From (2.1)) we have that

RIT1®py (I.(0)Y) ~ ker [04 — 0o (0)] (2.2)

and thus we need to understand such map. From the chain of contentions 0 C 7 C 02,
where 02 is the subscheme defined by I3, we have a commutative diagram

1,(0) Io/+(8) ~ k(0)

>~

I)(©)/13(0)

Now, Iy(0)/I3(0) ~ Tap ® k(0) (the tangent space at the origin) and the induced
morphism
Oy ~ qu)pv (I(\)//T) — qu)pv (TA,O X k‘(())) ~ TA,O ® O4,

is no other than the morphism corresponding to 7. On the other hand, we have that
TA,O ® k(O) ~ HI(OA) ~ HO(OQ(G)),

where the first isomorphism comes from [?] while the second one comes from taking
cohomology to the exact sequence

0— 04— 04(0) = 0s(0) — 0.

Summarizing, the map in (2.2)) is the composition

04—+ H%0g(0)) ® 04 —= 0g(0) ,
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which means that
RI7'®pv(I,(0)Y) ~ker [V ® 04 — 0g(0)],

where V.C HY(Og(0©)) is a one-dimensional subspace. Since this last map factors through
the evaluation map

V®0g — O@(@),

it follows that its image is isomorphic to Og and thus
RIT1py (1.(0)Y) =~ Ig s ~ O4(—0O).

We want to compute the cohomological rank function h* (I (t0)). From the transformation
formula (Proposition|1.24b)) for t = a/b > 0 we have

BT (0 08) = R E0) (18) = ¢~ (@ (10)) (70)) . (23)

t

which means that we need to compute the hypercohomology
HI Y aX®pv (I,(0)Y) ® Oa(ab®) @ P,) for a,b>0 and o € A.
From our previous calculation we see that the spectral sequence
EY? = H?(a*y R1®pv (I.(0))®04(abO)®P,) = HP1I(a’®pv(I.(0))®04(abO)RP,)

fort <1 collapse to give:

ht (@PV(IT(Q)V) <19>) =hn° (OA(—e) <19>) = (1 — 1>g.
From it follows that
RYIL (1 +1)8)) = (1 —t)? fort e [0,1].
Since it is clear that h' (I, (uf)) # 0 for u € (0,1) we conclude that
eo(T,0) = 2.
A couple of formal properties are the following;:

Proposition 2.8. a) If Z is a smooth closed subscheme of an abelian variety A then

ep(Z,0) < max {epH(Z, £), vy (Symp+1 N}/A) } ,

where Ng/A is the conormal sheaf of Z in A.

b) The sequence {€,(€) }pez-, of jets-separation thresholds is unbounded and not decreasing
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Proof: a) We want to prove that I% (t£) is GV whenever both I (¢¢) and (Sym” N%//A) (te)
are GV. As Z is smooth, we have that

15157 ~ Sym? (Iz/13) = Sym? Ny,
and thus we get exact sequences
0— I?H — I, — Sym” Ng/A — 0

and thus the claim follows from [[t022al Lemma 2.8 (1)].

b) The fact that the sequence is not decreasing follows from the previous part considering
Z = {0} (with reduced scheme structure). Now, the sequence {h°(Oa/IV™")}pez., is
unbounded and for every p € Z and for every line bundle M we have -

M@ (O8>~ O,/ I8,

It follows that, for any fixed N € Z there exists p > 0 such that for every a € A the
restriction map

W sy (1 1,5 00/1)

is not surjective and thus Ig“ (N¥) can not be GV. In other words, for any N there exists
p such that €,(¢) > N and hence the sequence {¢,(¢)}, is unbounded.
O

We also have the following:

Theorem 2.9. Let ¢ be a polarization on an abelian variety A and Z C A a closed
subscheme of dimension at most one. Then for p,r € Z positive integers with p < r, the
following inequalities hold:

0<e(Z,0) <e—p_1(Z,0)+ €(Z,0).
In particular, the sequence {(p+1)"'ep(Z,€)}pez., converges and

ep(Z,0) . .e(Z,0)

lim =in .
p—oo p+1 » p+1

In order to prove the theorem, the following subadditivity lemma is fundamental:

Lemma 2.10. Let I,J ideals sheaves of subschemes of dimension at most one. Let M
be a line bundle such that I ® J®@ M is GV. Then both I ® J @ M and IJ @ M are GV.

Proof of the Lemma: For an object F we write Vi(F) = {a € A: H(F ® P,) # 0}. In
this context, the hypothesis means that

codim 4 V(I ® J® M) > for all i
and we need to prove

codim 4 V(IJ @ M) > i. (2.4)
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Now, we claim that
VilJoM)CV(I®JM)CV(I®Je M). (2.5)

It is clear that, once the claim is proved, the result follows. Now, to prove the claim,
we prove the opposite contentions between the complements, that is, we show that if for
M, = M ® P, we have H(I ® J ® M,) = 0 then H'(I ® J ® M,) = 0 and if such
vanishing holds then H*(IJ ® M,,) = 0. To do this we use the (fourth-quadrant) spectral
sequence ([?, (3.5)])

EY? = HP(Tor_o(I,J) © My) = HP (I @ J @ M,).

Tensoring the exact sequence 0 — I — 04 — O4/I — 0 by J we see that the support
of the sheaves Jor;(I,J) for ¢ > 0 is contained in the intersection of the cosupports of I
and J. As such scheme has dimension at most one, it follows that

HP(For;(I,J)® My) =0 fori>0and p>2
and spectral sequence already degenerates at the second page. It follows that E;’O =
HY(I ®J® M,) is a subquotient of H*(I ® J ® M) and thus
ViIeJoM)CV(I®J® M),

as we wanted to see.
Now, to prove that IJ ® M is also GV, we note that we have the exact sequence

0— TJor(I,J) @My, - 1I®J M, —IJ® M, — 0,
and thus taking cohomology we get an exact sequence
H(I®J® M, — H(J® M,) — HY(FTor (I,]J) @ M,).

As dim Supp Fori(I,J) < 1 the H*™! at the right is zero for i > 1 and hence we get the
contention ‘ ‘
Vi(IJ @ M) C V(I ®J® M)

that we wanted to prove.
O

Proof: Let s,t € Q such that both I}, * (t¢) and I5** (s¢) are GV. By Theorem we
have that (I % ® I5™) ((s +t)¢) is GV. If we write s = a/b and t = c/e, the latter
condition means that A, (I % @ IET1) @ Lbe(aetbe) is GV. Now, as pullbacks commutes
with derived tensor products and Ay is a flat morphism (so Aj I ;ﬂ and A} 1 27’“ are also
ideals), the Lemma implies that It (s +¢)¢) is GV, as we wanted to see. The result
then follows from the well known Lemma 2.11] below.

0

Lemma 2.11. Let {zk}rez., be a sequence of real numbers such that
Tpyr < xp + 2,  for every k,r € Zsg.
Then the sequence {xy/k}rez., converges and
Lk

. Tk .
lim — = inf —.
k—oo k k€Z=o k
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Proof of the Lemma: We will show that for every k € Z~o we have
. T Tk
limsup — < —, *
P S (*)
which implies
lim sup In < inf Lk < liminf x—n,
n E Kk n

from which the result would follow. It is enough then to show . To do this, fix k € Z>g
and for n € Z<o write n = ¢,k + r,, with r,, € {0, ...,k — 1}. We then have

T T T T 1
In o DTk Tr Tk 2 - max{zo, ..., Tp_1 }-
n qnk + T n n

Letting n — oo we obtain the desired inequality.
O

An immediate consequence of Theorem [2.9]above is the following important particular
case:

Corollary 2.12. For every p € Z>q the following inequalites of jets-separation thresholds
hold:
ep(0) < (p+1l)e(f) <p+1

and if €,(0) = p+1 then €,.(¢) =7+ 1 for every r < p.

Remark 2.13. Note that using the above proposition we see that if eo(f) < (p+ 1)7!
then e,(¢) < 1 and thus ¢ separates p-jets at every point. In particular we recover the well
known fact ([BS97, Theorem 1],[PP11b, Theorem (4)]) that for every p € Z>o we have
that (p + 2)¢ separates p-jets at every point.

2.2 Seshadri constants

In the previous section we proved that for a closed subscheme Z of dimension at most
one, the sequence {(p + 1)7'€,(Z,¢)}, converges. In this section we establish that the
limit is actually the inverse of the Seshadri constant of the ideal I, with respect to /.

First, recall that for an ample line bundle L and an ideal sheaf I, the Seshadri constant
of I with respect to L is the real number

e(I,L) =sup{t € Q:0"L —tE is nef},

where o : Bl;A — A is the blow-up along I with exceptional divisor F.

In particular, the “classical Seshadri constant” (L, z) of a line bundle L at a point x
is no other than (I, L). By |Laz04al Proposition 5.1.5] we have

_ g LC)
e(L,z) = cl‘gfa: mult, (C)’
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where the infimum runs through all the irreducible curves containing x. In particular, it
follows that (L, x) depends just on the numerical class of L and, in the case of abelian
varieties, it does not depend on the particular point x. In this context, we may write

E(Z) = E(L,LU) = E(Ia:a L)7
where z is a (any) closed point and ¢ is the class of L.

Theorem 2.14. Let L be an ample line bundle on an abelian variety A and € the
corresponding polarization. Let Z be a closed subscheme of A. Then:

p+1 . p+1
>e(lz,L)>1 .
sup (7.0 >e(lz,L) > 1msup6p(Z7£)
If dim Z < 1 then
1 1
e(Iz,L) = lim Pt = sup Pt .

p—oc €,(Z, 1) p €(Z,0)
In particular, in this case we have that €,(Z,0) > (p+ 1)e(Iz, L)~ for every p € Z>o.

Proof: The proof of this statement closely follows [CELO1, Theorem 3.2]. First we prove
that e(Iz,L) > sup,(p + 1)ep(Z,£)~". In order to do this we consider a rational number
t =a/b < e(Iz, L) and we need to show that there exists k (possibly very big) such that
ex(Z,0) <t71(k + 1), for which is enough to find & > 0 such that

HI (a5 @ L)) = 0 for j > 0. (2.6)
To do this, we start by noticing that by [CELO1, Lemma 3.3] there exists ry such that
HI(I, @ M) ~ H (6" M ® Ox:(—rE)) (2.7)

for all j > 0, all > rg and all line bundles M, where X’ = BlzX and 0 : X' — X
is the corresponding projection. Now, let u such that au > ry. For all such u consider
k., = au — 1 and thus we have

H(ay I @ Lot D) = () I5 @ L) ~ @ HI(IF @ L @ Py),
aeA[a]

so, in order to get the vanishing (2.6)), we need to ensure the vanishing of each direct
summand. Now, by (2.7) and the way we choose u we have that

HI(I% @ L @ P,) ~ H (6% (L™ @ P,) ® Ox/(—auFE))
~ HI((0*P,) ® Ox:(bo* L — aE)®").

Now, as e(Iz,L) > a/b we have that bo*L — aF is ample and thus, as we just need to
consider finite a’s, by Serre’s vanishing we can take u > 0 such that the desired vanishings

(2.6) hold. Summarizing, we have established that I§“+1 <W€> is GV for for u >0

and thus
k+1 ky +1
sup

>
k €k(Z,£) - Eku(Z,é) -

=t.

4
b
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As t can be arbitrarily close to €(Iz, L) we conclude that

kE+1
su >e(lz,L).
kka(Zaf)_ Uz, L)

To prove the opposite inequality, we first note that by [Laz04al, Proposition 5.4.5] we have
that

(k+1)e(Iz, L)™' <dp(IE™) := min{d € Zso : [5™ @ L®? is globally generated},
while Mumford’s theorem ([Laz04al, Theorem 1.8.5]) says that
dp(IET) <vegy (I5™) := min{m € Zsq : I is m-regular with respect to L},

where being m-regular with respect to L means that H7 (15 @ (m — j)L) = 0 for j > 0.
Now, by definition, we have that

HY(IF™ @ (1 + [ex(Z,L)])L) = 0 for all j > 0,
and hence
reg, (1) <14+ g+ [en(Z,L)] <2+ g+e(Z,L).

It follows that
,1<2+g+6k(Z7L)

e(Iz, L) < E 1 for all k
and therefore, passing to the limit we get
k+1
Iz,L) > 1 _—
6( Z )— 1msup6k(Z,L>7

as we wanted to see. If dim Z < 1, Theorem [2.9] above implies that we have equalities.
O

2.3 Principal parts bundles and Gauss-Wahl maps

In this section we recall the definition of the Gauss-Wahl maps and in particular we
introduce some thresholds that may be thought as the surjectivity thresholds of such
maps. Then we relate these thresholds with the jets-separation thresholds.

To start, consider a smooth projective variety X. We write p1,p2 : X x X — X for
the projections, A C X x X for the diagonal and In C Ox«x for the corresponding ideal
sheaf. For n € Z>q we write nA for the closed subscheme of X x X defined by the ideal
I, (we consider I = Oxxx) thus

Ona = Oxxx/Ix.

Definition 2.15. Let L be a line bundle on X. Given n € Z>_;, the sheaf of n-principal
parts of L over X (or the sheaf of n-jets of L over X) is the sheaf

P™(L) :=p1s (5L @ O(inya) -

We also consider the sheaf of n-jets-relations

R =pi. (p3L @ I .
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From the definition it follows that P=!(L) = 0 and P°(L) = L. On the other hand,

)

when L is very ample, we can identify R(L1 with the conormal sheaf associated to the

embedding of X in PHY(L).

Applying p1.(p3 L ® —) to the exact sequence 0 — IZH — Oxxx — O@msnya — 0 we
get an exact sequence

0 R H(L) ® Ox —== P™(L), (2.8)
where the fiber over = of the last arrow is given by the restriction
H°(L) - H° (L@ Ox/I}").

In particular, the right arrow is surjective if and only if L generates n-jets at every
point of X. In this way we also see that R(Lfl) = H°(L) ® Ox and Rg)) is the kernel of
the evaluation map (which in [JP20] is denoted by My). On the other hand, applying
p1«(p5L ® —) to the exact sequence

0= IxT = IR = IR /I =0

we get an exact sequence

0 R RV " L@ Sym™ Qy, (2.9)

fitting in the following commutative and exact diagram:

0 0 (2.10)

0— = R"Y L HYL)® Ox == Pr=i(L)

u evy,

0——=L®Sym" Qx ——> P"(L) —— P"~"}(L) —=0

where the surjectivity at the bottom follows from the fact that the sheaf I /IZ‘Irl is
supported on the diagonal (for example, see [GR20, Proposition 1.3] for details). In
particular, from the 5-lemma it follows that u is surjective as soon as the evaluation map
ev,, is surjective, that is, as soon as L generates n-jets at every point of X.

Definition 2.16. Given L, M line bundles on a smooth projective variety X and n € Zx.
a) The n-th Gauss-Wahl map associated to L, M is the map

Vs = H(uwe M) : HO(RY™ @ M) — H(L @ M ® Sym™ Qx),
where u is the morphism in (2.9).
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b) The n-th multiplication map associated to L, M is the map
mf = H(ev, ® M) : H*(L) ® H*(M) — H°(P"(L) ® M).

From the diagram (2.10]) we see that the surjectivity of my ; implies the surjectivity
of v¢ 5r- Moreover, from (2.9) and the remark below it, we see that if L generate n-jets at

every point then the surjectivity of m} ), is equivalent to the vanishing of H 1(R(Ln) Q@ M)
and hence such vanishing implies the surjectivity of YL, v In the case that M = LF and X

is an abelian variety, this suggests to study the cohomological rank function h'(Rr, (— £)),
where £ is the class of L in NS(X).

Lemma 2.17. Let L be an ample line bundle on an abelian variety of dimension g > 2.
Then:

a) Fort>—1 P"(L) (tf) is IT(0) and h°(P™(L) (t€)) = (1 +)9h°(L)("}?)
b) B (RS (wl)) =0 foru < —1.

¢) If L separate n-jets at every point then hl(R(Ln) (vf)) = (1 4+ v)9R°(L) (”;‘g) for
v € (—1,0).

d) If L separates n-jets at every point then we have hj(R(Ln) (st)) =0 for every s >0
and j > 2.

Proof: a) Write t = a/b with 0 > a > —b. Without loss of generality we may assume that
L is symmetric and hence b% L ~ LY. Applying b% (—) ® L% ® P, to the exact sequences

0— L®Sym" Q4 — P"(L) — P" (L) =0 (2.11)
we get that for every j > 1 we have
HI(b%P"(L) ® L ® P,) ~ HI (b3 P" (L) ® L** ® P,)
and thus, inductively, we see that
H (03P (L) ® L* ® P,) ~ H (b5 P°(L) ® L** @ P,) = H)(L*tY @ P,) =0,

as we wanted to prove. It also follows, inductively, that

- -1
RO P(L) ® L @ Py) = BO(LL+) S (9 K ; ) — B9(b+ a)9hO(L) (” + g).
g — g
k=0

b) Write u = —r/q with r,¢ > 0 and L;"? = L™ " ® P,,. Consider the exact sequence
0 R"™ - HY(L)® 04 — Q — 0,

where
Q=Im[H(L)® 04 — P"(L)] C P*(L).
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As HO(LZ™1) = HY(L_ ") = 0 (because g > 2), applying ¢ (—) ® L™ to the above
exact sequence and taking cohomology we get

HY (iR ® L") ~ H(¢4,Q® L;™) € HO(¢4 P"(L) ® L"), (2.12)

with equality whenever L separates n-jets at every point. In particular, to prove the first
part of b) it is enough to show that the group at the right vanishes when r > ¢. Now,

again by , inductively we get that
H(q3 P (L) ® L") = H(¢3 P'(L) ® L") = HO(LY™7)) = 0

as we wanted to see.

¢) In the case that L separates n-jets, in (2.12) there is equality and thus the result
follows from item a).

d) Write s = ¢/d with ¢, d positive integers. As L separates n-jets at every point we
get that
HI(d4 R @ L&) ~ HI=V(d P™(L) ® L&%) for every j > 2.

The result then follows from part a).

In the spirit of [JP20), §8] we introduce the following numbers:

Definition 2.18. Let L be an ample line bundle on an abelian variety A. For p € Z>¢
we write

pip(L) = inf {t € (~1,00)NQ: K1(RY () = 0} ,
where ¢ is the class of L in NS(A).

Note that, when L separates p-jets at every point, the above lemma tell us that p,(L)

is the vanishing threshold Z/g(R(Lp )) (see Definition . Note also that the invariant (L)
is already considered in [JP20], where it is denoted by s(L). In the cited reference it is
shown that there is a relation between such number and the base-point freeness threshold,
when L is globally generated. In the following we compute @p(IgH ® L) to show that
there is an analagous relation between p,, and €.

Before stating our result, we need to introduce further notation. Let L be an ample
line bundle on an abelian variety A and a € A. For a,b € Zso and n € Z>q we write

m} o (a,b) = HO(b*ev,,@ L¥**®P,) : H* (L)@ H*(L** @ P,) — H(b*P*(L)® L**®P,),

and for t = a/b € Q we write
n 1 s n
georank m7 (t) = 7 mEHA} corank my (a,b).
[

Here two observations are in place:
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o The number gcorank m7 (¢) does not depend on the representation ¢ = a/b. To see
this, note that

RO(L) - RO (L)
b29

— 10 (P™(L) (t)) — t9R°(L)? + RO (R‘L"> <te>)

georank m® (1) = h° (P™(L) (t£)) — RO (Rgﬂ <t€>)

and the right hand side does not depend on the representation.

o When L separates n-jets at every point, gcorank m? (¢) is no other than h' (R(Ln) (t0)).
In the proof of Theorem below we will see that, in general, gcorank m7 (¢) can
be seen as the cohomological rank function of an appropiate object.

Theorem 2.19. Let A be an abelian variety. Let L be an ample line bundle on A with
class £ € NS(A). Then for every y € (0,1) the following equality holds:

nt (IgJrl (y[)) = d-yy - gcorank m7 < Y ) .

hO(L) 1—y
In particular, if L separates p-jets at every point, the following equality holds:
& (0)
(L) = — 2
g 1—e(0)

and if L and L' are numerically equivalent then ,(L) = p,(L’).
The main tool to prove this is the following lemma:

Lemma 2.20. Let A be an abelian variety and L an ample line bundle over A. We write
0™ for the closed subscheme of A defined by the ideal Ii}. Then we have

o D [L&L@Oon } ~ [HO(L) ® 04—~ Pr-1(L) ] ® LY.

Proof: Let m : A x A — A be the multiplication map and p;,ps : A x A — A be the
projections.

By (|1.10) we have that
o Dp [L@ (OA%OM )} ®L~m, [pf (OA%OOR ) @p;L} .

Now, let pu: A x A — A x A be the map given by u(z,y) = (m(z,y),y), whose inverse is
given by v(z,y) = (6(z,y),y), where § : A x A — A is the difference map. Then we have:

m. {p’{ ( 04 ——> Ogn ) ®p§L} o Prafis {p’{ ( O ——> Opn ) ®p§L}
~ pr. [(p1 ov)* ( 04 —=> Ogn ) ® (p2 o V)*L}
> Piy {5* ( 04 —== Ogn ) ®P;L}
~ HY(L)® 04 —> Pr=Y(L),
where in the last line we used the fact that *Op» = O,,a and the definition of the natural

map in (2.8]).
O
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Proof: We have that Ig“ ® L is isomorphic in D*(A) to the complex L — L ® Ogpt1
(concentrated in degrees 0 and 1). By Lemma above, this implies that in D*(A) we
have the following isomorphism

1 op(IIT @ L) ~EVS @ LY,
where EV; is the complex (concentrated in degrees 0 and 1) given by
HY(L)® Oy —= PP(L) .
By the transormation formula (Proposition it follows that for s € Q~ we have
Kt ((Ig“ ® L) <se>) = 25; -t ((EV]; ®LY) <ie>> .
Now, by Lemma above, we have that both (PP(L) ® L") (—1¢) and LY (—1¢) are

IT(0) for s € (—1,0). In this context, writing s = —a/b with b > a > 0, the spectral
sequence ([?, Remark 2.67])

Ep?=HYa}(EV,® LY)® L @ P,) = H" (a3 (EV,® L) ® L ® P,)

says that
H'(a}(EV, ® L) ® L* @ P,) ~ Cokerm ,(b— a,a)

ht ((Ev; ® LY) <—i£>> = gcorank m} (— (1 + 1)) .

Finally, as h' (12" @ L) (st)) = h*(IET" (1 + s)£)), setting y = 1 + s, the result follows.
O

and thus

An important consequence of Theorem [2.19|is that we can ensure the surjectivity of
certain Gauss-Wahl maps when we know that €, is small. We discuss this application
in detail in the next section. For the moment, we limit ourselves to discuss formal
consequences of the above theorem and its relation with the Seshadri constant.

First, we note that, unlike the jets-separation thresholds, a priori it is not clear how
pp(L) changes when we replace L by a multiple of it. However, using the previous theorem,
we are able to give such a formula:

Corollary 2.21. Let L be an ample line bundle and suppose that L separates p-jets at
every point. Then for every n € Z>1 we have that

NP(L)

pp(nl) = n+(n—1)pu,(L)
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Proof: As L separates p-jets, it follows that also nL separates p-jets for every positive n
and hence, applying the previous theorem we get that the following equalities hold:

€p(nl) n~Le,(0)

L) = P — P

Hp(nl) 1—¢,(nl) 1—n"le,(d)

pp (L)

_ &) TreD

_ (L
n-all) - e

fp(L)

n+(n—1)u,(L)
]

Combining with the results from previous section we get an expression of the Seshadri
constant in terms of the thresholds .

Corollary 2.22. Let L be an ample line bundle on an abelian variety, then

(D) = el D) =1+ lim ——omrs,

where py, is the threshold given in Definition [2.18,

Proof: From Remark we see that if L is an ample line bundle then L®®12) generates
p-jets at every point. Therefore, by Theorem [2.19| we have

o (0 +2)0) = LD

On the other hand, by definition we know that €,((p + 2)¢) = (p + 2) '€, (¢). Therefore

we have (0)
c (f) )
2)L) = -2 =Ty ol
pp((p +2)L) 24p—e,(0) 22 _ 2@
P p

In particular the limit lim, .. p,((p + 2)L) exist as an element of R U {co} and by
Proposition it follows that

1

1
li L) = —Y_ -
oo, wo{p+2)L) = 17 -1
or, in other words, we have
1

O Loy

as we wanted to see.

Using the results of this section, we get the following;:
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Corollary 2.23. Let A be an abelian variety of dimension g and a polarization ¢ € NS(A).
Then the following are equivalent:

a) e(0) =1
b) ep(0) =p+1 for every p € Z>g
¢) For L a line bundle representing £ the sequence {p,((p + 2)L)}pez., is unbounded

d) There exists a principally polarized elliptic curve (E,0) and a g — 1-dimensional
polarized abelian variety (B, m) such that

(A, 0) ~ (E,0) R (B, m) (2.13)

Proof: By and

p+1 p+1
e(f) = sup >
O=sw 2 o0

The equivalence a) <= b) is then clear.
From Corollary above, the equivalence a) <= c¢) is immediate. Finally, the
equivalence a) <= d) is the content of Nakamaye’s theorem [Nak96, Theorem 1.1].

> 1.

O

2.4 Effective surjectivity of higher Gauss-Wahl maps

In this section we establish Theorem [0.3] from the introduction.

Theorem 2.24. Let L and M be ample and algebraically equivalent line bundles on an
abelian variety A. Let ¢,d € Z~o and p € Z>o. Then the Gauss-Wahl map

Vopane - HO(RYD @ M®) — HO(L® @ M® @ Sym” Q1) (2.14)
1s surjective whenever
cd
¢ .
ep(0) < et d

In particular, if L separates p-jets at every point then 'YSLQM 18 surjective.

Proof: The surjectivity of (2.14) follows as soon p,(cL) < d/c. Indeed: this inequality
means that the Q-twisted sheaf

RY) (e ot) = R (at

is IT(0), where £ is the class of L and M in NS(A). This means that H'! (RE’? ® M®d> =0

and thus that 7%, ,,, is surjective.

Now, we note that by hypothesis we have




which means that €,(cf) < 1, that is, cL separates p-jets at every point of A. From
Theorem (2.19) it follows that

_ 6lcl) 6l)
Hp(el) = 1—e)(cL)  c—ep(L)

t

Now, as the function [0,¢c) — R : ¢ +— =

is strictly increasing, we have

dc d

c+d
pip(cL) < +dc = c
c+d

)

and hence the result follows.

Regarding the last part, we note that hypothesis means that €,(¢) < 1. On the other
hand, if ¢,d > 2 then ¢d/(c + d) > 1 and thus the result follows.
O

Finally, we use multiplier ideals in order to bound the jets-separation thresholds €, (¢)
in terms of the Seshadri constant of £. To do this, we will need the following:

Lemma 2.25. Let A be an abelian variety and L an ample line bundle on it. Fix a
rational number to = ug/vo with to < e(L). Then for every positive integer m > 0 there
exists a divisor Dy such that

i) Do € |mugL)|
1) multgDg = mug
iii) p: BlgA — A is a log-resolution of Dy and the strict transform u; 1Dy is reduced

Proof: By definition of the Seshadri constant we have that vou*L — ugE is ample, where
E is the exceptional divisor. It follows that muvou*L — mugFE is globally generated for
m > 0. By Bertini’s theorem, a general member D of the linear system |muvou*L —mugFE|
is smooth and thus it is enough to put Dy = p.(D).

O

Now, if we fix ty and m > 0 as in the previous lemma then considering A = fntﬁ Dy
and r € Q with r > g;‘—op, we obtain:

WA= MMIIDO + (g *p ~mult0D0> E
mu

mug 0
g+p _

= "——u Do+ (9 +p)E.
mug

Now, as j is a log-resolution of Dy we have that u; ' Do + E is snc and hence, as m > 0,
it follows that

WAl =(g+p)E.

In this way we can compute the multiplier ideal
J(A,A) = 1.0piyx (9 = VE = (94 p)E) = pOpi,x (—~(p+ VE) = I
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On the other hand:

rLA(rg+p)L,
to

is ample because of the way we chose r. Therefore, the following inequality directly follows
by letting tg — (L) and Nadel’s vanishing ([Laz04b, Theorem 9.4.8]):

Proposition 2.26. For a polarization £ on an abelian variety the following inequality
holds

W) < (D) < L

where

. .. _ p+1
ro(L) = inf {r €0 ’EI an effective Q-divisor A such that J(X,A) = I } ’

and rL — A is ample

and L is a line bundle representing {.
Now, from Proposition [2.26] and Theorem [2.24] we are able to prove the following:

Corollary 2.27. Let L, M be ample and algebraically equivalent line bundles and p €
Z>¢. Consider a positive integer ¢ such that e(cL) > g+ p. Then the Gauss-Wahl map
fny,dM 18 surjective as soon as

c(g +p)
ce(L) = (9+p)

Proof: From Theorem [2.24] and Proposition [2:26] the desired surjectivity follows as soon
as

d > (2.15)

g+p cd

< )
el) “d+ec

where /¢ is the class of L and M. Now, as £(cf) > g + p the above inequality becomes

(2.15). The inequality of u,(cL) follows as in the proof of Theorem

O

To illustrate the usage of this result, let L, M be algebraically equivalent ample line
bundles as in the theorem. Consider f,h : Z>9 — Z>o two functions and suppose that
we want to ensure the surjectivity of v, ;5 for all ¢ > f(p) and d > h(p). In order to
apply the corollary we would just need

g+p (9 +p)fp)
=0 > f(») and h(p) > fp)e(t) — (g9 +p)
or, equivalently:
L) > U0 h@) +p)

f(p)h(p)

As an example, we contrast with [Par95, Theorem 2.2]. In such reference it is proved
that vaﬁdM is surjective for all ¢,d > 2(p + 1) with ¢+ d > 4p + 5. Now, if we consider
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f(p) = h(p) = 2p+ 1 we get that 'ny,dM is surjective for all ¢,d > 2(p + 1) (no matter
¢+ d) whenever

e(t) > zf:ii?2 (2.16)

As (g+p)/(p+1/2) — 1 as p — oo, from Nakamaye’s theorem we get that if (A, £) is not

as in (2.13) then (2.16]) holds for p >> 0. In this sense, Corollary above asymptotically
improves the cited result.

Using the above result, we can also find conditions for the surjectivity of Gauss-Wahl
maps on (non necessary abelian) subvarieties of abelian varieties. More precisely, we
prove the following:

Proposition 2.28. Let L, M be two ample and algebraically equivalent line bundles on
an abelian variety A. Let Y be a smooth (but not necessarily abelian) subvariety of A.
Suppose that

1. e1(€) < 1/2, where £ is the class of L (and M ) in NS(A)
2. HY(A, Iy ® L ® M) = 0, where Iy is the ideal of Y in A
3. HY(Y, N¥/A ® (L ® M)y ) =0, where Ny, is the normal sheaf of Y in A.
Then the Gauss-Wahl map (on'Y)
Vipyan, s (VRG) @ Ml ) — HO (Y, (Lo M)y ©Qy)
1S surjective.

If in addition we suppose that Y is a divisor and €,(¢) < 1/2 then 'yzzl
Y
surjective.

8
s My

Proof: We note that we have the following commutative diagram

n— + (s LRT)QM
R(L 1) o M P1x(P3 ) L& M ®Sym™Qy

|

Lly ® M|y ® Sym™ Qx|y

|

Ly, ® M|y ® Sym"Qy

R(nfl) ® M
Lly Iy (a5 LIy @)@ M|y,

where 7 : IR — I% /I and 7' : IR, jyxy = IZY/ny/IZJ;I/YxY are the projections;

while Ay C Y xY C X x X is the diagonal of Y and ¢1,¢2 : Y XY — Y are the
product-projections.

Taking cohomology to the commutative diagram above, the lower horizontal map is
no other than the Gauss-Wahl map ’YZL| M| and therefore, we conclude that such map
Y Y
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is surjective as soon as the composition:

k
YL, m

HORP™ @ M) —" HO(L® M ® Sym? Q4) —> H (L ® M)|y ® Sym” Q4],.)

HO((L® M)|y @ Sym” Qy)

is surjective. For this to hold is enough to ensure the surjectivity of each step. By
Theorem the condition 1) ensures the surjectivity of the first map. Now, taking
cohomology to the exact sequence

(LM @Sym” Qx)®1[0— Iy — 04 — Oy — 0],

we see that the surjectivity of u follows from hypothesis 2). To handle the the third map,
we note that from the conormal exact sequence we get an exact sequence

2
/\N%A ® Sym”™? Quly — ¥/A ® Sym? ™! Q4] — Sym® Q4ly — Sym? Qy — 0.

When Y is a divisor, the left term in the above sequence vanish. The result then follows
by taking cohomology since (24 is trivial.
O

A particular situation where we can apply the previous result is in the case of curves
contained in abelian surfaces. It is well known (see [CEP12] Theorem A]) that if C' is a
smooth curve contained in an abelian surface then the second Gauss-Wahl ~2 o.we 1S never
surjective while the maps 7£C7WC®77 for n € PicO(C’) with 7 # 0 “tend to be surjective”
(ICF13], [BE14] and [CV93]). In this context, the following result gives a quantification
of this phenomenon in terms of the jets-separation thresholds (using Corollary a
similar statement can be done using the Seshadri constant):

Corollary 2.29. Let C' be a smooth curve of genus g > 2 contained in an abelian surface
A. Let n € Im [Pic®(A) — Pic®(C)] with n # 0. If €, (04(C)) < 1/2 then Voo wosn 18
surjective.
Proof: Write L = O4(C) and M = L ® P, for a € A with a # 0. In this case Nojg ~
we ~ L|s and Ioyq ~ LY. Now, as g(C) > 2 it follows that C' is an ample divisorljand
thus

Hl(Ic/A ®L®M) = Hl(L®Pa) =0,

while
H' NGy © (L@ M)|o) = H' ((L® Pa)lo)-

Now, taking cohomology to

0—-P,—L®P, — (L®Pa)|c_>0

1On an abelian variety any effective divisor is nef and any big divisor is ample. It follows that a curve
inside an abelian surface is ample if and only if it has positive self-intersection. By Riemann-Roch this
is equivalent to g(C) > 2.
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follows from Proposition [2.28 and the fact that the restriction map Pic’(A4) — Pic’(C) is
injective by [Fuj80, Theorem p.155].

we get that H'(C, (L ® P,)|~) ~ H?(A, P,) = 0, since we took o # 0. The result then
ﬂ

O

2.5 Further questions

We conclude this chapter by stating a couple of questions that might be interesting for
future research:

2.5.1 Effective convergence of jets-separation thresholds:

First, we may ask for a more detailed study of the convergence () = lim,_, %. More
p
precisely, we may ask the following:

Question 2.30. Given a positive real number u. Does there exist a positive real number
t(u) and a positive integer p(u) such that for any g-dimensional principally polarized
abelian variety (A, 0) we have

5(0) > U = Ep(u) (9) < t(u) ?

Here it is worth to point out that, in view of the results of this chapter, an affirmative
answer to the above question would also give a characterization of p.p.a.v with small
Seshadri constant in terms of the failure of the surjectivity of an specific Gauss-Wahl
map. As an example, here we answer the above question in the case u =1 :

Proposition 2.31. Let (A,0) be a g-dimensional principally polarized abelian variety.
Then the following are equivalent:

a) (A,0) ~ (E,0g) K (B,0p), where (E,0g) is a principally polarized elliptic curve
and dimB =g —1

b) The sheaf I3(20) is not M-regular
c) e2(0) =3

Proof: Write
(A, 0) ~ (Al, 91) X..-X (A»,-, 97)

for the decomposition of (A, #) in indecomposable principally polarized abelian varieties
(IBLO4) Theorem 4.3]). Write L, respectively L;, for a symmetric line bundle representing
the polarization 26, respectively 26;. By [BL04, p.99] we have the following commutative
diagram:

oL

PHO(L)

[1PH"(L;)

[TA;
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where 9 is the Segre embedding. At the level of tangent spaces we have then that for
a = (a1,...,a,;) € A, the differential dodr : Ta,a — Tpro(L),6,(a) 15 injective if and
only if all the differentials dq,ér, : Ta;0, — TPHO(L:),61,(a:) aTe injective. As (4;,0;) is
indecomposable we have that d,, ¢, fails to be injective just in A;[2]. It follows that
L does not separate l-jets at a <= a € UA1 X o X Ag2] x -+ Ay
and hence
in;dim A4; ifr > 2
codim 4 V1(13(20)) = i 1 e
g ifr=1

We conclude that that I2(20) is M-regular if and only if (4, #) is not as in a).

Now, if I3(20) is M-regular then by [[to22b), Proposition 3.1 (ii)] we have that I3(30)
is IT(0) and thus €2(f) < 3. On the other hand, if €3(8) < 3 then by Corollary we
have that (A4, ) is not as in a). This completes the proof.

0

Corollary 2.32. Let (A,0) be a principally polarized abelian variety and let © be a line
bundle representing it. Consider the second Gauss-Wahl map

Yoo.d0 : H' (Rég ® @6) — HY(096 @ 52Q,).
We have that Vge 4 is surjective for d > 7 and if ygg ¢o fails to be surjective then
(A4,0) ~ (E,0p) ¥ (B, 05), (2.17)

where (E,0g) is a principally polarized elliptic curve and dim B = g — 1

Proof: For the first point we note that as we always have €5(6) < 3. From Theorem [2.24]
it follows then that '762@,(1@ is surjective whenever 3 < 6d/(d+6), that is, as soon as d > 6.
Regarding the second statement, we note that by Theorem we have that

62(69) 62(9)

p2(66) = -— 2(60) ~ 6 —ea(0)’

If (A, ) is not as in (2.17)), Proposition above implies that e2(f) < 3 and hence

12(60) < —2— =1

which means that 72g 4 is surjective.

2.5.2 Seshadri constant in positive characteristic:

The theory of the Fourier-Mukai functors, generic vanishing and cohomological rank
functions work also over algebraically closed fields of positive characteristic. In this
context, most of the results of this work also hold in that setting. However, in positive
characteristic Nadel’s vanishing theorem does not hold and hence we are not able to prove
Proposition [2:260 We may then ask the following:
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Question 2.33. Let (A, £) be a polarized abelian variety over a field of positive characteristic.
Does the inequality €,(¢) < (g -+ p)e(¢)~! hold?

On the other hand, in [MS14] and in [Murl§]|, there are introduced the Frobenius-
Seshadri constants % (L, z) of a line bundle L at a point x of a smooth variety X over
an algebraically closed field of positive characteristic and it is shown that the following

inequalities hold:
E+1 E+1 k+dim X

e(L,z) — ek(L,z) — e(L,x) ’
where €(L, x) is the usual Seshadri constant at xz. This, together with our Theorem
3), suggests to study the following:

Question 2.34. Let L be an ample line bundle on an abelian variety defined over an
algebraically closed field of positive characteristic. Compare the number (k +1)/ek (L, x)
and the k-jets separation threshold €x(€), where £ is the class of L.

For instance, if we are able to prove that

kE+1

) (2.18)

ex(l) <

then Question [2:33] would have positive answer.
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Chapter 3

Semi-homogeneous vector
bundles and projective
normality

3.1 Simple and semi-homogeneous vector bundles

Definition 3.1. A vector bundle F on an abelian variety A is said to be semi-homogeneous
if for every « € A there exists a € A (wich depends on x) such that

t*E ~ E® P,.

Definition 3.2. A vector bundle E on a k-variety X is said to be simple if its only
endomorphisms are scalar multiples of the identity. In symbols:

Homoe, (E,E) =k -id.
In Mukai’s fundamental paper [Muk78]|, the following result is proved:

Theorem 3.3 (Theorem 7.11 in [Muk78|). Let ¢ be a polarization on an abelian variety
A and A € Q. Then there exists a simple and semi-homogeneous vector bundle E such

that
[det E]

rk F

Moreover, this vector bundle is unique up to tensorization by P, for a € A.

— M € NS(A) 7 Q. (3.1)

In what follows we write F/4 x¢ for a simple and semi-homogeneous vector bundle on
an abelian variety A which satisfies (3.1)). The full subcategory of Coh(A4) whose objects
are the (not necessarily simple) semi-homogeneous vector bundles satisfying (3.1)) will be
denoted by S x¢. Sometimes we will omit A from the notation.

Here we review some of their main properties of E), and the category S4 x:

(a) Write X = § with b > 0 and denote A[b] the group of n-torsion points in A. Let

ui,l(a, b) := ord(A[b] N K (al)).
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Then, by [Muk78| Theorem 7.11(5)], we have that

b9 ~ x(al) — a9x()
uAJ(a,b) ’ X(EA7M) B UA,l(avb) B uA,l(aab) (3.2)

TAJ()\) =1k EA,)\Z =

(b) (]Muk78| Proposition 7.3]) There exists an isogeny 7 : B — A and a line bundle M
on B such that
W*EA’/\I ~ MQ)T.

Moreover, writing A = a/b, by Proposition 7.6(2) and Theorem 7.11(3) in [Muk78], all
the isogenies with this property are the ones factoring through the projection

(I)(E,\g) = Im(bA,Lpag) C A X /Al 4}7) A

(¢) (IMuk78l Proposition 6.18, Theorem 7.11(2)]) Any F € Sa x¢, not necessarily simple,
is of the form A
F ~ @ U, ® Exe® P,, forsome a; € A,

where U; is a unipotent vector bundle, i.e. it has a filtration 0 C G; C --- C Gg_1 C
Gy =U; with G;/G,_1 ~ O4 (in particular, U; ® Ex ® Py, € Sxe).

3.2 Cohomological rank functions and semi-homogeneous
vector bundles

In this section we formalize the fact, mentioned in the introduction, that we can compute
the cohomological rank functions of an object F with respect to a polarization ¢ using
the vector bundles F), introduced above. The main point is the following precisation of
point (b) from the previous section.

Proposition 3.4. Let A = § € Q, let Ea x¢ be a simple bundle in Sy xe and let 74,(\) =
rk EA)\g. Then
by Eane ~ (L2%)%rac), (3.3)

for a line bundle L representing £.
Proof: Tt follows from (b) of the previous section that

b5 Eaxe ~ METae(N)
for some line bundle M on A. Taking determinant we get the following equalities

r[M] = b*[det W] = abrt € NS(A)

and hence (as NS(A) is torsion-free) we get that [M] = abl, and thus the result follows.
O
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Remark 3.5. It is interesting to note that, conversely, given any line bundle L representing
{ there exists a simple and semi-homogeneous vector bundle E € Syp with b% E ~ (L%)®"

where, as usual, A\ = a/b. This directly follows from the proposition by twisting with an
appropiate element of Pic®(A).

As announced in the introduction, it turns out that the Q-twisted sheaf (’)fm’lo‘) (AO)
behaves cohomologically as the bundle E 4 y;, in the following sense:

Proposition 3.6. Keeping the notation of Proposition and of Section 3.1. For all
object F in D*(A) and for all \,t € Q and for all simple bundle Ea e € Saxe we have

h' (A, (F® EA,)\g) <t€>) = TA,g(/\) K (A,.F<(t +A)0)).
Moreover a Q-twisted object F (M) is IT(i) if and only if the object F @ Ea x¢ s so.

Proof: Let A = ¢ and ¢t = 5. For general a € Aand L a representant of ¢ satisfying ((3.3)
we have:

W (F ® Exg) (t0)) = (bd1)29 1 (bada) (F @ Br) © I @ P, )
- (bdlrzg h ((bada)"(F) © di (L) o4O @ LY o P, )
_ T.(zzdz)(;;) iy ((bAdA)*(J—_-) ® Lbd(ad+bc) ® Pa>

rae(N) S ad + bc
s o (7 (50
= ra0(N) - B (F(E+N)D),

as we wanted to see.
O

We now study the behaviour of semi-homogeneous vector bundles under the Fourier-
Mukai equivalence. To do this we recall the notion of the dual £s of a polarization £.

Proposition 3.7 (/Definition; Proposition 14.4.1 in [BL04]). Let A be an abelian variety
and ¢ € NS(A) be a polarization of type (di,...,dg). Then there exist a unique polarization
ls on A satisfying the following equivalent conditions:

a) oils = didgl
b) @es 0o = (didy)a.

A couple of important properties of ¢s are the following.

e (5 has type (dl, Z;fgl e 7%,%) and thus

xX(€) - x(ls) = (drdy)? (3.4)
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o (|[BL04l Proposition 14.4.3]) ¢s is related to the Fourier transform as follows: let L
be a representant of £, then in NS(A) the following equality holds

x(£)
did,

[det ®p(L)] = — 2L . 45 (3.5)

We have the following:

Proposition 3.8. Let ¢ be a polarization of type (d1,...,dy) on an abelian variety A of
dimension g. Let E' € Saxe. If A € Qs then E is IT(0) and E := ®p(E) €S4

didg X

05"

Proof: By item (c) from Section 3.1 above, we know that F is a direct sum of E4x ® P,,-
potent vector bundles, where E 4y, is, as usual, a reference simple vector bundle in S4 x¢
and thus it is enough to prove the result assuming that F is simple. In this context, the
assertion regarding the vanishing conditions directly follows from Proposition [3.4]

Concerning the Fourier-Mukai transform we first note that Eis sunple since ®p is
an equivalence. We claim that E is also semi- homogeneous. From and (| . we see
that in order to prove the claim it is enough to prove that the prOJectlon

q:9%E)={(z,0) EAXxA:t!E~E®QP,} — A

is surjective. Now, the source of this map is a subgroup of A x A and q is a group
homomorphism whose kernel is

{(2,00) € Ax A: t'E ~ E} — K(det E),
and thus is finite, since det E is ample (resp. antiample). It follows that
dimIm ¢ = dim ®°(E).
On the other hand, since F is semi-homogeneous, we have that the first projection
®°(FE) — A is an isogeny and thus dim ®(E) = g, which means that ¢ is surjective,

completing the proof of the claim.

The rest of the Statement is proved as follows. In the first place, we note that from
and Proposition [3.4] we have the following equalities in NS(A )

~ — —@rk(E) (ab)9=1x(0)
~ frg * frd ab e ——— .
[det (bA*E)] [det (bAE)] {det (L ﬂ oL ) s, (36)
where the last equality follows from (3.5). On the other hand we have that
b [det(bg*ﬁ)} - [b%det(bg* det E)] — b2 [det E} : (3.7)

where the second equality comes from Lemma below. Combining (3.6)) and (3.7)) we
obtain

[det E] _ (ab)?~'x(¢) rk(E) g = A0 k(B

el - )y,
k(E) b29-2did, tk(E) did, k(E)
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Now, by duality one can assume that A € Q. If this is the case the Fourier-Mukai
transform exchanges x with the rank, more precisely, the rank of E is h°(E) = x(E) (by

Grauert’s theorem). Now, by b), % =\ - x(¢) and hence

[detE] 1 .
k(B)  Adidy

as we wanted to see.
O

Lemma 3.9. Let m : A — B be an isogeny between abelian varieties. Let E be a vecor
bundle on A. Then
B~ @ trE.
a€ker

In particular, in NS(A) the following equality holds:
7 [det(m. E)] = deg(n) - [det E].

Proof: Since ®p is an equivalence, it is enough to prove that the Fourier transform of the
left side is isomorphic to the Fourier transform of the right hand. Now, by (1.6|) we have:

Op, (" B) =~ 1.7 0p, (E).
On the other hand, by [MumO8|, p.72] we have

A Op, (E)~ @ ©p,(E)® Py~ p, < P t;E),

acker acker

where the last equality comes from (|1.2)).
O

As a consequence we record here the following relation between the cohomological
rank functions of an object F with respect to ¢ and the ones of ®p(F) with respect to
ls, which turn to be equivalent to the formulas given by Proposition [1.24

Proposition 3.10. Let A an abelian variety and let F € D(A). For A € Qg

B (A, F (M) = (—\)9x(0) - B (ﬁ, B (F) <—1e5>) . (3.8)

didgA
For A € Qs
, VPN 1
h (A, F (M) = x(ON - h9™" (A, Opv (FY) < €5>) . (3.9)
didgA
Proof: Let A € Q<o and let £ :=E, o € Sp_ . ‘s be a simple vector bundle.

VT dydg X didgX”

By the previous proposition E is an IT(0) vector bundle i.e. ®p(E) = E (concentrated

in degree zero). By (1.2) and (1.7) we have
H (A, F@E®P,) ~ H'(A,&p(F) @ t1E)
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By Proposition above, we have E@Pa € S4 x¢. Hence, by Proposition (for t = 0),
we have that

g V) RAF (M) = WA (F e E){0-0))
RH(A, (Bp(F) @ E) (0-l5)) (3.10)

1 o~ 1
== -~ —_ . hl A @ - e .
TA’Z‘; < dldg/\) ( ’ 7)(]:.)< dldg)‘ 6>)

Now, by the rank-formula in a) and (3.4), for A = —a/b we have that

1 a?(dydy)? afx(O)x(ls) _ a?x(O)x(E)
i = = = = (=Nx(O)x(E).
Als ( dldg)\> uﬁ,za(b’ adidy) UZ s (b, ad1dy) b9

On the other hand, from the proof of Propositionwe have that y(F) = rk E = Ta,0(\)
and thus from (3.10) we obtain the equality (3.8]).
The proof for A € Q¢ is similar. Let £ € S+~ | be a simple vector bundle. In

the same way, by and we have ot
H (A, F®E® P_,) ~ H(A, &p(F) ® t*E) (3.11)
By Grothendieck-Serre duality we have that
H(A,FQE®P_o)~HI"'(A,F' @ (E) @ P,)Y (3.12)

The second equality follows from Proposition [3.6)in the same way, because by Proposition
we have that (E)Y ® P, is a simple bundle in S4 x.
O

Now, regarding the equivalence of the above formulas to Proposition for A € Q<9
we have

v (A teion) (56)) =1 (A leion) (g dat) )

=h' <A, (s ®p(F)) < 3 di i <p;5125>> Definition of ¢5
(02 (A%(F) <Ad1dg .£5>> €12
- (’i(f))g -hi(A, F (\0)) 3.3,

and thus we obtain the claimed transformation formula. The case A € Q- follows
similarly.
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3.3 Basepoint freeness threshold revisited

In the following two sections we give an interpretation in terms of semi-homogeneous
vector bundles of the well known relation between the cohomological rank functions of
the ideal of a point and multiplication maps of global sections (see [JP20), §8] and Chapter
2). More precisely, we use the duality given by Proposition above to bound the
basepoint-freeness threshold (the 0-jets separation threshold from Chapter 2) and study
the multiplication maps of global sections. The key point is the following simple technical
lemma (recall that in this work, FV stands for the derived dual R7#Zom(F,O4)):

Lemma 3.11. Let 0 € A (resp. 0) be the origin of the group law of A (resp. A\) and
write Iy (resp. Iy) for the corresponding ideal sheaves. Then we have:

Op (1) = I[—(g = 1.

Proof: By Rees’ theorem ([BH93, Theorem 1.2.5 and Lemma 1.2.4]), dualizing the trivial
exact sequence 0 — Iy — Oy — k(0) — 0 we get that

Oa fori=0
Ext'(I,04) = k(0) fori=g—1.
0 otherwise

Now, it is well known that ®p(04) = k(0)[—g] ([Mum08, Proof of Theorem in §13]), and
it is clear that ®p(k(0)) = O4. Therefore the spectral sequence

Eg,q = qu)"p(éax‘tq(lo, OA)) — Rp+qq)'p(16/)
collapses giving the exact sequence
0— RIT'®p(IY) — 03— E(0) — 0

and the vanishings R'®p (1) =0 for i # g — 1.
O

Plugging Lemma[3.11]into the second formula of Proposition [3.10 we get the following
basic symmetry satisfied by the cohomological rank functions of the ideal of one point.

Corollary 3.12. For A € Qs¢ and i = 0,1 we have

R(A, I (AL)) = x(O)AI - B (2, I <d161ig/\£5>> .

As we saw in Chapter 2, for A € Q¢ the cohomological rank functions hi(A, I (\f))
are identically zero for ¢ # 0,1. Now, from the tautological exact sequence 0 — [j —
O4 — k(0) — 0 we have

BO(A, Ty (AD) — B (A, Ty M) = x(A, To (M) = (DN — 1.
Now, it is easy to see that if Iy (A¢) is IT(0) (respectively IT(1)) then the same holds for

all M > A (resp. X < X). Therefore it is natural to consider the following two thresholds:
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Definition 3.13. For a polarized abelian variety (A, ¢) we write
BY(0) == sup{\ € Q: Iy (M) is IT(1)} = sup{\ € Q: h°(Io (\)) = 0}
and
BL(0) == eo() =inf{\ € Q: I (\f) is IT(0)} = inf{\ € Q : h'(Iy (\f)) = 0}.
The following property is a direct consequence of Corollary above:

Corollary 3.14. Let (A,{) be a polarized abelian variety of type (di,...,dg) with dual
(A, Ls). Then the following equality holds:

1

Ball) = —————.
didg 5" (£s)
Note that the threshold 8% (¢) is not new, but it is worth to point out that now we
can give an interpretation of it in terms of semi-homogeneous vector bundles. Concretely,
from Proposition [3.6] we have that

hi(I (M) = R ((Io ® Eane) (0 £)).

ra,0(A)

Taking cohomology to the exact sequence
0—1Ip— 04— k(0) = 0] ®@ Egr @ Pa,

we see that hY(Io (M) is the generic dimension of the kernel of the restriction map
HY(Esxn ® Py) — HY(Eax ® P, @ k(0)) (%)

normalized by the rank of E4 s, while h'(Iy (\f)) is the (normalized) generic dimension
of the cokernel of such map. On the other hand, as we saw in the proof of Proposition [3.8]
the vector bundles E4 ¢ ® P, are all traslates of E4 ¢ and thus the maps () correspond
to the maps

H(Ea ) — H°(Eaxe ® k(z)) for x € A. (%)

The announced interpretation is then the following:

(¢) < X if E4 x¢ is globally generated

() = X if E4 x¢ is generically globally generated but not globally generated
(£) > X if every section of E 4 »¢ is nowhere zero

Bh
B
Ba
B%(¢) = X means that the restriction map (xx) is injective for generic x but not all
x. This implies that the morphism

evare : H(Esx) ® O4q — Ea

is injective as a morphism of sheaves (i.e injective at the stalks) but not as a
morphism of vector bundles (i.e at the level of fibers).
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Using the above interpretation we directly obtain the following:

Proposition 3.15. Let £ be a polarization on an abelian variety A. Then the following
inequalities hold:

Ba(6) = x ()9 = BL(0).
Proof: The first inequality is well known and it is proved in [[t022al Lemma 3.4]. For the
second one, we have that if A > x(¢£)~'/9 then from a) we have that h°(Ey,) > rk(Ex)

and hence the evaluation map can not be injective.
O

3.4 Duality and multiplication maps

Here we will establish a relation between the cohomological rank functions of the ideal of
one point and the ones of the evaluation complex of a suitable simple semihomogeneous
vector bundle. This generalize the content of [JP20L §8], allowing us to give a vector-
bundle interpretation of such relation and allowing us to work with fractionally polarized
abelian varieties in a simpler way.

We start by noticing that we can formally define a fractional polarization on an abelian
variety to be a symbol v- ¢, where v € Q and ¢ € NS(A) is an ample class. In this setting,
the cohomological rank functions of an object F with respect to a rationally polarized
abelian variety (A, v - ¢) can be formally defined as

(A, v-0), F;t) :=h'(A,F (vt -£)) (3.13)

and the formulas from the previous section remain valid. More precisely, for a fractional
polarization v - £ we formally define its type to be (vdy,...,vdy), where (di,...,dy) is the
type of ¢ and its dual (v - £)s := v - £5. With this notation, the transformation formula

for A € Q¢ becomes:
B((A w0, F0) = x(w-0) - (=N b’ ((fl, (v 0)s)  ®p(F); —W) ,

where x(v - £) := v9x(£). Indeed:
RY((A,v-£),F); \) = h' (A, F (X - £))

= )1 (An() (~ g6 by )

~

= (wx(t) 1 (A, 2p() <—M )
(1) (—N)7 B ((ﬁ,ws) Bp(F)); —dlw)

We have the following fundamental lemma:

Lemma 3.16. Let F4 ¢ be a simple semihomogeneous vector bundle in Sa ¢, where

v =%, with a,b > 0. Applying the functor ¢:,Pp to the restriction map

b
Eave — E4 0 Qk(0)
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one gets the twisted evaluation map
*AHO(A,EA,VK) ® L@—ab N OfTA’Z(V) ~ (bZEA,VZ) ® L®—ab7

wherer 4¢(v) =tk E4 ¢ and L is a line bundle representing £ such that b% E ~ (L®%®)®ra.)

(See Proposition [3.4).

Proof: We know that E4 ., is an IT(0) vector bundle. We claim that
@uuBau = (L) A Fa) (3.14)

where L’ is a line bundle representing . To prove this we argue as in the proof of
Proposition We have that tk E4 0 = h°(A, E4 ). Moreover E4 ., is simple and
belongs to S; (Proposition . Therefore, according to Subsection (b), we

VT dydgy

ls
have that the subgroup @(m) C Ax A is the image of the morphism ((adidg) 7, Pves) :
A— Ax A, and we have that

@:éﬂ:l ~ MEBhO(A,EA,,,l) (*)

if and only if ¢, factors through the projection @(m) — A. We claim that Dat

satisfies such condition and therefore ¢ ,F'4 ¢ splits. Indeed, since (adldg)g = PatPrs
(Proposition [3.7)), we have that for any a € ker ¢y, we have

(adidg) () = @aepes (@) =0
and thus we can define an isogeny
A— @(m) rx — adidy - B,

where f is a (any) element in the preimage of = under the isogeny ¢, and it is clear that
¢aq¢ factors through this isogeny. Taking determinants and recalling that ¢;¢s = didg - ¢
(Proposition [3.7)), the claimed (3.14) follows.

Now, we need to understand the induced map

Par(Eave) — Lar(Eape @ k(0)). (3.15)
Concerning the target, we have the isomorphism ¢?,(E Am(())) = 02" where L
is a line bundle representing ¢ such that the isomorphism of Proposition holds. By
, is identified to a morphism (L/®~ )@’ AEave) — 0% W) From the
definition of the Fourier-Mukai functor, it is not difficult to see that , at the level
of fibers, is an evaluation map of global sections of E4 ,¢ tensored by L’ ®=ab " Since
we know by Proposition that b% E4,,0 ® L®~% is trivial (for a suitable line bundle
L representing /), it follows that is identified to a twisted evaluation map from
b HO (A, E40) @ L'®7% to b Ea e ® L2~ Tt follows that L~® = /e (otherwise
there would not be a non-zero morphism) and the proof is complete.
O
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Let us write EVY , for the complex
0— H(A,Ea0) @ 0g — Ea e — 0. (3.16)

We observe that there is a slight abuse of notation, in the sense that the complex above
does not depend just on v and ¢ but also on the choice of a simple vector bundle in S4 ..
However, the cohomological rank functions built on it does not depend on this choice.

The basic result we are interested in is the following relation between the cohomological
rank functions of the ideal sheaf of the origin and the ones of the above complex.

Proposition 3.17. Let v € Qs and A € (0,1) N Q. Then, in the notation of (3.13))

(A 0,0 0) = - LA ((A,V@,Ev;l,ye; 1_AA> (3.17)

(I/E)TA)Z(V)

Proof: Let t € QN (—1,0) and write v = #. We have that

(A, vl), Ig, 14+ t) = h (A, Ip (v(1 + 1)) = “RY(A, (Ip ® Ea ) (vtl))  (3.18)

’I“A7g(l/)

_ TA;(V) X (A, (Io ® Eae) <Z . ag>>

where the second equality follows from Proposition Since Iy ® E4,,¢ is isomorphic
(in D*(A)) to the complex 0 — Ea ¢ 5 Fa,0® k(e) — 0, it follows from Lemma m
that ¢%,®p(Ip ® E4,u¢) is isomorphic, in D(A), to the complex (b,*axEV;x,ue) ® L~ Thus
the transformation formula (Proposition yields that

Rt (A, (Io® Eaue) <It) -a£>> = (X_(f;;)g -h (A,( HEVS ,, ® L) <—l; .a£>> (3.19)

Manipulating the right hand side we get

e (A, VY. <—V(1t+ t)£>>

Combining with (3.18)) we get

. _ g i 1
W ((At) It 1) = — (4,00, BV —?) .

>0
—~
<
~
~—
3
S
~
—
AN
S~—
7N

The Proposition then follows letting A = 1 + .
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Plugging v = 1 and combining with Corollary we get the following duality:
Corollary 3.18. For A € (0,1) N Q the following equality holds:
(S
X(€) - ra ( . )

K (A, EVS, @ Ey 2 (0 £>)

.
= Xx(0) Dl ARV @B L, (005))
x(£s) 'TZ,eé(dldgl,\—ﬂ -t

As before, we can give an interpretation of the formula (3.17) above in terms of semi-
homogeneous vector bundles. Indeed: using Proposition the afore mentioned formula
can be equivalently stated as follows:

(1- )9
X(Wl) -rae(v) -rae (%)

for v € Qs and A € (0,1) N Q. Now, for those values of A and v we have that E4 ¢
and E, v, are both IT(0) and thus the Ej-spectral sequence ([Huy06, Remark 2.67])

computing the hypercohomology of EV:L,,@ ® E% ¢, degenerates to the complex

B (A, v0), Ip, ) = i (A, (BVS,e ® Bty ) <0-e>). (3.20)

0— HY(A, Ex0) ® HO(A,EA’%E ® P,) HY(A,Ep 0 ® EA%K ® P,) — 0.
(3.21)

where we wrote m; VZ* for the corresponding multiplication map of global sections. In

particular, we see that h° (A, (EVS 0 ® E%z) - €>> is the generic dimension of the

kernel of the multiplication map while the h! is no other than the generic corank of those
maps.

A
Again, we point out that writing mi"’ja is already a slight notational abuse since
these maps depends on the choice of a simple vector bundle, but the cohomological
rank functions do not depend on this choice. In particular, the following thresholds
are independent of this choice:

Definition 3.19.
sO(v-€) =sup{y € Q: mA i s injective Va € A}

and
sh(v-0) =inf{y € Q: mi"yﬂ . Is surjective Va € A}.

We can directly obtain the following relations:

Corollary 3.20. '
G
v —B4(0)
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Proof: We can formally introduce the numbers
BY(v-€) :=sup{\ € Q: h°((A,v-£),Io,\) # 0}

and
BL(v-0) :=inf{A € Q:h'((A,v-0),1y,\) =0}.

We have that 8% (v - £) = v=1 - B%(¢), where 3%(¢) is the threshold introduced in
Definition From (3.20) and (3.21)) we obtain that

Balv-0) By

K R R Gk
O
Corollary 3.21. For v,u € Q we have
) = (Al et
A AWM
O

Finally, combining with Corollary we obtain the following relation that will be
fundamental in the following section:

Corollary 3.22. Fori=0,1 and v € Q we have

i _ 1 ) 1

A

O

To conclude this section we mention that, even though until we have used only simple

semi-homogeneous vector bundles in Sy4 .4, to compute the thresholds s% (v - £) we may
omit the simplicity hypothesis. The reason is the following

Lemma 3.23. Let E be a (not necessarily simple) semi-homogenenous vector bundle in

S)\g. Then
tk B

TA)g(/\)

where, as usual, Exg is a simple vector bundle in Syy.

W ((BVS, ® E) (0-0) = W (EVS, ® Bxe) 0-6)),

Proof: By we know that every vector bundle in Sy, is direct sum of vector bundles of
the form U ® Eyy ® P,, where U is unipotent. Thus, in order to prove the statement it
is enough to prove that if U is unipotent and F € Sy, then

R(EVS, ® FRU) =1k(U)-h(EVS, ® F).

To start we note that by [Muk78, Theorem 4.12] U = ®p(Oz) for a zero-dimensional
subscheme Z C A with length Z = rk U. On the other hand, by (1.7) we have

HY(EV}, @ FoU)~ H (®p(EVy,® F) © Oz).
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Now, as dim Z = 0, the spectral sequence
B} = HY (For_y(0p(EVS, ® F),07)) — HP*1(9p(EVS, @ F) @ Oy)
degenerates to give isomorphisms
HY (®p(EVS, @ F) ® Oz) ~ H* (FZor;(®p(EVS, ® F),0z)).

Now, it is easy to see that ®»(EV®, ® F) is represented in D?(A) by the complex of
locally free sheaves

HYE,)®F — E,® F.
It follows then that
Toro(@p(EVS, @ F), 07) = ker [(H(E,) @ F — E& F) @ 07
~ ker {(HO(E,/@) ®F — @“) ® k(@)} ® 0y
~ Torg(®p(EVS, @ F),k(0) ® Oz
Similarly,
Tor1 (®p(EVS, @ F),0z) ~ Tori (®p(EVS, @ F),k(0)) @ 0.

Finally, as both .Zor; and Zorg are supported on a point, we have that their h° is nothing
else than their rank and thus

K (T ori(®p(EVE,QF),0z)) = tk(Tori(®p(EVS,RF), k(0)))length Z = h'(EVS,@F)-1k U,

where the last equality comes from the previous calculations (for Z = {0}). The proof is
then complete.
O

3.5 Lower bounds for the basepoint-freeness threshold:
obstructions to projective normality

In this section we use the results from the previous section to prove a lower bound for
the base-point freeness threshold. The approach is based on Corollary above which
says that a lower bound for 8 (¢) is equivalent to an upper bound for s% (v-Ls), and an
upper bound this number can be found by proving that certain multiplication maps can
not be injective.

Proposition 3.24. Ifv > ﬁ%(&;) then

s%(y L) <14, (V).

To heart of the proposition is the following lemma:
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Lemma 3.25. Let E be a generically globally generated vector bundle with vk E < h°(E).
Then the multiplication map

H(E)® H°(det E) — H°(E ® det E)
18 not injective.
Proof: Let r = rk E. Let 1) be the composition

r+1 r
/+\ HY(E) — H(E)® \ H(E) — H°(E) ® H"(det E),

where the first map is given by
SIA -+ ASpy1 — % . Z SgN(0)S5(1) @ [So(2) A+ A So(r41)]
TES 41
(for example, for » = 2 this map is given by
S1AS2As3— 81 (s2AS3) — 2R (81N S3)+ 53R (81N 82)).
Clearly we have that
Imy C ker [H(E) @ H°(det E) — H°(E ® det E)]

and hence the lemma follows once we prove that Imt # 0. To do this, we note that the
fact that F is generically globally generated implies that the natural map

e: A"HY(E) — H°(det E)

is not zero. Let sa,...,s, € H°(E) such that sy A ---s, # 0 € H°(det E) and consider
s1 € H°(E) such that {s1,...,s,41} is a linearly independent subset of H°(E). We claim
that

1/}(51 /\52/\"'/\57«_:,_1) 7&0

To justify this, let V = spang(sy, ..., s,4+1) C H°(E) and suppose that the image (via €)
of A"V has rank k. Let 7y, ..., 7% € S,41 such that

(8r@) Ao ASpirn) s Smu@) A A S
is a base of ¢ (/\k V) C HY(det E). If we write
S =Sy N NSy rt1)

then for o € S, 11 we have that

k
So2) Nt AN So(rg1) = Z Ao,187, for certains A, ; € C.
=1
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We have then

k
1
(ST AS2 N ASpp1) = ~E Z ZSgn(U))\o’,ZSa(l) ® S,
O’GST+1 =1
k r+1

:%ZZ > sgn(o)Aous; @ sy,

=1 j=1o|oc(1)=j

k r+1

1
LSS S o s e
I=1 j=1 | o|o(1)=§
= Z sgn(0;j)Ag;,155 @ 87,
g

where in the last line we chose a o; € S,41 with o(1) = j and we used the fact that if
0,0’ € S,41 both satisfy o(1) = 0’(1) then A\, ; = sgn(o’0 =)\, ; (and that there are 7! of
such o’s). Finally, as {s;®s,, : 4,1} is a linearly independent subset of H(E)® H°(det E)
and Aig; # 0 for some [, we conclude that ¢(s1 A sa A -+ A spy1) # 0, as we wanted to

prove.
O

Proof of the Proposition: By Proposition we have that 6}4(&;) > ﬁ%(&;). To prove
the proposition we will distinguish two cases, namely:

v > L) (a)

and
BL(6s) > v > B (L), (b)

In case (ED we have that E,,, is generically globally generated and hence the lemma
implies that the multiplication map

H°(E,,) ® H(det E,p,) — H°(E,;, ® det E,,) (3.23)

is not injective unless h°(E,;) = 1k E,¢. As shown in Proposition if the latter
happens then v9 - x(¢5) = 1 and ﬁ}l(&;) = ﬁ%(&;) = v, contradicting the hypothesis
v > B9 (¢s). We have then that is not injective. Now, by definition we have that
det E, ¢, is a simple (line) vector bundle in S A g, )0t and hence it follows that

s%(u As) < TA’ZS(I/),

as we wanted to see.

Now, in case (]E[), we have anyways that the evaluation map H(E,¢) ® O 4 — Eyq,
is not injective and thus the rank of its the image, say wu, is strictly less than the rank of
E, ;. A similar computation as in the lemma then shows that the multiplication map

HO(EVZS) ® H° (/\uEV&s) — H° (EVIZ(S ® /\uEl’&S)
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is not injective. Now, although A“E,,, is not necessarily simple, it is a direct summand
of E?Z: and thus by Lemma we have that

s%(u-ﬁ) <u <tk E,y,

as we wanted to prove.

Corollary 3.26. We have that

1 1
BL(6) > sup N1+ — .
A0 vo(es) |V dad ")

1 1
BL(6) >  sup 1+ — 5.
v x(éal)l/g v dydy T A5 ¥)

Proof: The first inequality is a direct combination of Corollary [3.22]and Proposition [3.24]
The “in particular” statement follows from Propostion [3.15]

In particular:

O

Example 3.27. If the type of £ satisfy di < dg4 then in the above corollary we can consider
v =1/d;. In this case E, 5 is nothing else than a line bundle representing d1_1€5 and hence
we get that
2
1
0 > —.
BAO 2
Concretely:
o Ifd, =2 we get B4(¢) > 1 and hence B4 (¢) = 1, which means that polarizations

of type (1,...,2) are never globally generated. This was an already known example
([NR95)).

o Ifd, =3 we get B4(¢) > 2/3 > 1/2 and hence polarizations of type (1,...,3) are
never normally generated. Note that for g > 5 we have that 3971 > 2911 — 1 and
hence this was not dimensionally obvious and at the best knowledge of the author
this case was not covered in the literature before.

o Ifd, = 4 then we get that B4(¢) > 1/2. This means that there is a non-empty
subvariety Z of A such that for every a € Z the multiplication map

H(L)® H°(L ® P,) — H*(L®? ® P,)

is not surjective. Here we point out that L fails to be normally generated if and
only if 0 belongs to Z and it is worth to mention that, by means of computational
methods ([EG05]) it is known that there are polarizations with didy = 4 such that
L is normally generated (so 0 ¢ Z) but there also exist polarizations of that type
that are not normally generated. In Corollary [3.33 below we give a slighlty more
detailed result concerning this “jump locus”.
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Example 3.28. Consider a polarization £ of type (1,a, ..., a,ab) with a > b. In this case
the dual polarization {s has type (1,b, ...,b,ab) and thus x(€s) = b9~ 1a > b9. We can then
consider v = 1/b. We have

K(Ls) ~ (Z/b2)*9™? x (Z/abZ)*

and thus
K(Ls)[b) = K(Ls) N A]b) ~ (2/b7)*~ Y .

Therefore, we have u(1,b,45) = b9~" and thus T 44, = b. We get then

1+0

Ba(0) > —

For instance, if a = 3 and b = 2 we obtain B4(¢) > 1/2, which again means that there
exists a non-empty jump - locus. This case is particularly interesting because it was out
of reach even using computational methods in [FG0S]. In Corollary below we study
this case in more detail.

3.6 On the jump - locus for the multiplication map

We conclude this chapter by studying wether the origin 0 belongs to the jump-locus, that
is, wether the multiplication map

H°(L)® H°(L) — H°(L?) (3.24)

is surjective or not, giving a slightly better picture of the situation in the above examples.
To start, we recall that if L is globally generated, then the map above is surjective
if and only if

H'Mp®L)=0

where M, is the kernel of the evaluation map H°(L) ® O4 — L. It is then natural to
seek for a more detailed description of such a group. The key point is that, by Lemma
we know that

My, ® L~ pi®p(lhy® L) ® L2

We have then the following isomorphisms

H' (M, ® L) ~ H (¢} ®p(Ip ® L) ® L?)
~ H (®p(Iy ® L) ® pr.(L?)) (3.25)
~ H'(Ip ® L ® ®p(pr.(L?)))
where the last isomorphism comes from ((1.7). This suggests to study the sheaf ¢r.(L?).
We know that this is a semi-homogeneous vector bundle and hence admits a direct sum

decomposition as in ¢). A more explicit description of such decomposition is given by
the following:

60



Proposition 3.29. Let L be an ample line bundle on an abelian variety A with class
¢ € NS(A). Fiz a simple vector bundle W € Sy 1, such that 2, W =~ (L®2)S kW) gnd

assume that L? is symmetric. We have

pL-(L%%) = @ (@p(W & P)")™X M, (3.26)

«

and o runs over the quotient A[2]/S(W), where
Z(W):{aefl:W@PazW}.

Before proving the proposition, we point out a couple of things:

1. From the relation 2*W ~ (L®2)® %W e see that L(W) c A[2]. It follows that the
quotient A[2]/%(W) makes sense and, moreover, the isomorphism class W @ P, is
determined by the class of a in such quotient. Also, by [Muk78| Proposition 6.1]
we have that |X(W)| = rank(W)2.

2. Recall that rk & (W) = x(W). Concreteley, this means that in the decomposition
there are 229/ rk(W)? different simple vector bundles, each one of those has
rank y (W) and appears x (W) times (note thas this make sense since x(L)-rk(W) =
29 . x(W) and ¢r.(2L) has rank x(L)?).

Example 3.30. In the (1,4,4) case we have K(L) ~ (Z/AZ)* and hence K(L)[2] ~
(Z)27Z)*. This means that R =23/22 =2, N = 2%/22 = 4 and

’A[Q]/Z(W)’ = 96/9% = 24,

That is, pr+(2L) (which is a vector bundle of rank 28), is the direct sum of 4 copies of a
direct sum of 2* vector bundles of rank 4.

Now we prove the proposition:

—~V
Proof of the Proposition: The main point is to write the sheaf ¢ .5, 2L in two different
ways. For one part, by (1.4) we have

0t 2L ~ HY(2L) @ L%2.

Applying ¢, we get
erapsrdL = HI(2LY) ® o1 (L52).
On the other hand, by projection formula we have:
SOL*SOZLEEV = T:@ﬁv ® ¢r+Oa

—~V
~ @ 2°2L ® P,.
a€K(L)

61



—~V —~V
Now, we claim that 2E2L ® P, ~ 2*2L . To see this, we note that for any b with 2b = a
we have

* 57V * —
252L @ Py~ ®p (t*,24.L77) [g]
~ ®p (24.t*,L7?) [g]
—V —~V
~ 2*t*, (2L) ~2°2L ,

where we used (|1.3) (and the fact that 2L is symmetric) and the cartesian diagram

t_p

A——sA .
S
A——=A
24
Summarizing, we have:
—~ v\ ®x(L)? —~V
(2;2L ) ~ i 2L o~ opl(20)82X(E) (3.27)

Now we use Mukai’s semi-homogeneous vector bundles to decompose the left side of the
above equation. More precisely, we have that

—~V
2520 = @p(24.(L77))7, (3.28)
and thus we need to compute 24, (L®?). We have
@ W ® Py o 24,25 W = (24, LE?)®CW,
acAl2]

Now, as W is simple, it is in particular indecomposable and hence by [Ati56, Theorem
3] it follows that 24,L%®? is the direct sum of vector bundles W @ P, for o € A[2] and,
moreover, all the possible isomorphism classes W ® P, with a € A[Q] must appear in such
decomposition (and with the same “multiplicity”), that is:

24.(L%) ~ P (WP,

Al2]
aec =)

for some integer n. Now, n must satisfy the equation

2% = 2

~ rk(W)2
and thus n = rk(W). Substituing in (3.28) and (3.27) we get

@ ((I)'P(W ® Pa)V>@Tk(W)'X(L)2 ~ SDL*(L®2)®2QX(L)'

ae

-tk(W) - n,

A[2]
S(W)
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Again by [Ati56] it follows that

e (L) = @ (@p(We P,

aez’i[j})
e W) x(D)? (1)
_! X - X _
" T vkom

as we wanted to see.

Combining with (3.25) we obtain:

Corollary 3.31. Let L be a symmetric and ample line bundle on an abelian variety A. Let
¢ € NS(A) the class of L and fiz a simple vector bundle W € Sy, with 2, W =~ (L®2)or,
Then we have:
H'M,oL) ~ @ H GHeWaP).
acA2]/T(W)

In particular, if L is globally generated then it is projectively normal if and only if
{a € A[2] : W @ P,, not globally generated in 0} = (.

Proof: First note that, as L is symmetric it follows that L®? is also symmetric and thus
we are able to apply the previous proposition. From ([3.25)) and (1.3) it follows then that

H' (M@ L)~ @ H' (Ip @ L® (-14)'W" @ Pa),

where a and the number of copies are as in the proposition. It remains to show that
L® (=14)*WY =~ W. To do this we note that L @ (—14)*W" is a simple vector bundle
in S%e and thus L@ WY ~ W @ Pg for some 8 € A. Applying 2% and the fact that L is

symmetric (thus 2% L ~ L®*) we conclude that 3 € A[2)].
The final part follows since W ® P, is IT(0) and thus W ® P, fails to be globally

generated at 0 if and only if H'(Ip @ W ® P,) # 0.
O

For instance, if L = N®2 for a symmetric N, then in the above setting we have W = N
and we get Ohbuchi’s theorem ([Ohb88| Theorem]), that is, L is normally generated if
and only if

0¢ (J Bs(N®P.).
acA[2)
A new example regards the cases didy = 4 and d1dy = 6, which we study a bit more in
detail in the remaining of this chapter. More precisely, in Corollary [3.33] below we will
prove that in these cases the jump-locus

VY(Mp, L) ={a e A: HY(M, ® L) # 0}

contains points of order did,. To do so we will need the following statement regarding
such jump-locus:
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Lemma 3.32. Let L be an ample and symmetric line bundle (of any type) on an abelian
variety A. Suppose that there exists B € A such that

HY(2%Iy ® L? @ Pg) #0.
Then B € VY (M, L).
Proof: We have the following sequence of isomorphisms:
HY (251 ® L? ® Pg) ~ Ext'(2* I/, L* ® Pg) ~ Ext' (25, (I ® L"), L2 ® Pp)

~ Ext'(Iy ® LY,24.(L72 ® P3))
~ Ext' (®p(Iy @ LY),25®p (L% @ P3))

now, the latter group is a direct summand of
Ext' (05 ®p(Iy ® LY), 05, 8p (L2 ® Ps)) ~ Ext' (M) @ L, L? ® Pg)®"" (F*®Ps)
~ H' (M ® L @ P)®" (),

concluding the proof.
O

Corollary 3.33. Let L be a symmetric and ample line bundle of type (d1,...,dg). If
didg = 4 then
VY(Myg, L) N A[4] # 0.

Proof: Consider a symmetric representant Ls of ¢5. From Lemma [3.25] we have that the
multiplication map H°(Ls)®% — H(LE?) is not injective and thus HY(Mp, ® Ls) # 0.
Now, fix a simple vector bundle E € SA,%&; with 2% F ~ (L)@ E (which exist by
Remark . From Corollary we get then that

H(Iy® E® P,) #0 for some a € A[2].

Now, by Serre-duality, (1.7) and Lemma the above non-vanishing can alternatively
be described as
H'(Iy ® ®p(E® P,)Y) #0 for some a € A[2].

The idea is to apply Lemma [3:32] above, so we just need to establish that
248p(E @ P,)Y ~ (L? @ P,)®XE)  for some o € A[4]. (3.29)

To do this we first claim that £ ~ Ey ® P, with b € A[4] and Ey € SA,%&; simple and
symmetric. Indeed: we have that (—14)*E € S g5 18 simple and hence

(=14)*FE ~ E® P. for some c € A.

Applying 2% we get that ¢ € A[2]. Tt follows that for b € A with 2b = ¢ we have
that Eg := F ® P_, € Sy is simple and symmetric, as we claimed. We get then that
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Fy := Ey® P, is a simple and symmetric vector bundle in S 4 1 ¢, In this setting, writting
’2
y =a+be A[4], the left side of (3.29) above can be developed as:

250p(Fy ® Py)Y ~ QZth)p(FO)V
>~ tz/22f4q)73(F0)v
~ t;;/2<M®2)69X(E)’
where in the last line M is line bundle algebraically equivalent to L (and the isomorphism

comes from Proposition . Now, as Fy is symmetric it follows that M ®2 ig also
symmetric and hence M®? ~ L®? @ Pg for some 3 € A[2]. Finally:

t2/2(L®2 ® Pg) ~ L®? ® Pstor(y)
and we get the desired isomorphism (3.29) for o = 8 + ¢ (y).
O

A similar proof shows that if L has type (1,...,2) then 0 € Bs(L ® P,) for some a €
A[2]. Tt follows from Corollary that polarizations of type (2, ...,4) are not normally
generated, an already known fact ([Rub9g]).

With a bit more of work we can study the case from Example [3:28}
Corollary 3.34. If L has type (1,3, ...,3,6) then V1 (Mg, L) N A[6] # 0.

Proof: Let £ be a polarization as in the statement. Let Ls be a symmetric representant
of £5 and fix a simple vector bundle (necessarily of rank two, see Example 3.28) E € Sy,

with 2% F ~ (L$?)®2. It follows that det B ~ Ls ® P, for some a € A[2]. Now, from

Lemma we have that the multiplication map H°(E) @ H%(det E) — H°(E @ det E)
is not injective and thus

HY(EV*® Ls ® P,) #0 for some a € A[2]

(see (3.16) for the notation) and thus HO(Q’ZEV' ® L) # 0. On the other hand, both

¢7,L and L?ﬁ are symmetric algebraically equivalent line bundles and thus they differ
by an element = € A[2]. Write = ¢, («). We have then the following isomorphisms:

0# H°(25EV* ® L3) ~ H'(24EV* @ L;> ® L§)
~ H° (¢}, (®p(I; ® E) @ L® Py))

~ P H(Pp(Iy® E)® LS Payp)
BEK(Ls)

~ P H (L E@®p(L® Paip)).
BEK(Ls)

Now, we note that £/ ® ®p(L ® Patp) is a (not simple) element of S4 1, , which is a
73
direct summand of the following sheaf:

64,67 (E® ®p(L ® Patp)) =64, (3323 F ® 01,01 Pp(L @ Paip))
* &N
~ 64, (L3® ® oL, (LY ® P_ap))
~ 64, (L<158 ®L;°® P, ® P—«pL5<a+ﬂ)) ~ 64, (L")
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where the value of NV does not matter for this argument and the last line is justified since

B € K(Ls) and ¢r,(a)) = z € A[2]. Now, continuing with the above computation, since

¢} L~ LY ® P, with z € A[2], using the definition of the dual polarization we have:
6,4, (L3*)*N = grapreapr, (L)Y

~ 2 N
~ P (pr.L®)®P.)®
YEK(Ls)

where in the last line ¢, € A is a (any) preimage of v via ¢r. Finally, from Proposition
[3:29 we conclude that

6LLHON~ B P @rwWer)er.)™,
YEK(Ls) ve A2

where W € S, 1, with 23 W ~ (L®2)® W Tt follows then there exists v € A[2] and
~ € K(Ls) such that

0# H ([0 ®p(W @ P,)’ ® Pe,)~ H(Iy @ ®p(t;W © B,)Y)
~ H'(Iy®t;W ® P,)
which implies that
0 # H (2300 © 5,23 W) = H' (2310 & £2,(LE2)) 2™ W
~ H'(Iy® L*?*® P,).

Finally, as v € K(Ls) it follows that 4 € A[6] and hence the result follows from Lemma
3.32] above.
O

66



Chapter 4

Generation of some twisted
ideals

In this chapter we report on a work in progress with G. Pareschi which propose a generic
vanishing approach to characterize hyperelliptic jacobians and, in particular, to study
van Geemen-van der Geer’s conjecture. We start by reviewing the statement of such
conjecture and its relation with a conjecture regarding the Seshadri constant of the theta
divisor. Afterwards, we review the notion of gemeration of sheaves and see how the
generation of some special twisted ideals is related to these conjectures.

4.1 The I'yp-conjecture

Let (A, 6) be a principally polarized abelian variety and © a symmetric divisor representing
0. The Van Geemen-van der Geer conjecture, also known as I'gg-conjecture, concerns the
base locus of the linear system [20],, = |13(20)| (which in [Grul0] and [BD89] is
denoted by I'gg). More precisely, based in the work of Welters ([Wel86]), who proved that
when A = Jac C such base locus is the surface C'— C, in [vGvdG86] van Geemen and van
der Geer proposed the following B

Conjecture 4.1. Let (A,0) be an i.p.p.a.v. Then
(A, 0) is a polarized jacobian if and only if Bs(|20), ,) # {0}.

On the other hand, Debarre also noted that it is useful to consider the continuous
linear system:

{20}0.4 := | PH'(I§(20) ® Pu) = {D =pum 20 : multgD > 4}
aGA

Indeed, in [Deb04] is proved that the geometry of the base locus of this continuous linear
system influences the size of the Seshadri constant. More precisely, in such reference the
following is shown:

Hn [BD8Y) it is explained how this conjecture relates with other approaches to characterize jacobians
such as the trisecant conjecture
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Proposition 4.2 (Lemma 1 in [Deb04]). Let Y be a subvariety of A. If either:

o Y is a curve and

(0-Y)
<
multgY

or

o dimY >2 andY

((m : Y)>1/T = £(0) <2 (4.1)

multyY
then'Y Q BS({2@}0,4).

The relation with the Seshadri constant is as follows: by definition of Seshadri constant,
writing o : A = BlgA — A for the blow-up map and E for the exceptional divisor, we
have that the R-divisor D = %0 —¢(0) - F is nef but not ample. By Camapana-Peternell’
theorem (Theorem 2.3.18 in [Laz04a]) it follows that there exists a positive-dimensional

subvariety Y C A such that (D -Y) = 0 or, equivalently, a subvariety ¥ C A satisfying
the equality in (4.1). This means that if Bs({20}¢4) is zero-dimensional then () > 2.
Combining with Conjecture the following weaker conjecture arise:

Conjecture 4.3 ((7) in [Deb04], Remark 5.3.13 [Laz04al).

Let (A,0) be an i.p.p.a.v. If £(0) < 2 then (A, 0) is a polarized jacobian.

Moreover, in Theorem 7 of loc.cit Debarre also computed the Seshadri constant of the
theta divisor of a jacobian, proving that for g > 4 we have that €(6¢) < 2 just in the
hyperelliptic case. Summarizing, we have the following:

Conjecture 4.4.
Let (A,0) be an i.p.p.a.v of dimension g > 4.

If €(0) < 2 then (A, 0) is the polarized jacobian of an hyperelliptic curve.

In the following section we review the notion of generated sheaves and in the subsequent
one we study the generation of the sheaf I§(20), which we will see is intimately related to
the base locus of the continous linear system {20} 4 and hence to the Seshadri constant
of ©.

4.2 Generated sheaves and the Fourier transform

In this section, as usual, for an object F € DY(A) we write FV for the derived dual
RAom(F,04).

Let F be a coherent sheaf on an abelian variety A. For an open subset U of A = Pic’(A)
and a point z € A we can consider the continuous evaluation map

evy(x) : @ HY(F®P,)® PY — F®k(x).
acU

In [Par23| the cited author introduce the following notion:
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Definition 4.5. Let F and A as above. Let Z = {Zi,..., Z,} be a finite collection of
irreducible subvarieties of A.

1. We say that F is generated by Z at a point « € A if the evaluation map evy (z)
is surjective whenever U N Z; #£ () for i =1, ..., 7.

2. We say that F is generated by Z if it is generated at x for all
Example 4.6. A globally generated sheaf is generated by {6}

A sheaf generated by the whole A (i.e when we can take Z = {ﬁ}) is said to be
continuously globally generated (CGG). In [Deb06, Corollary 3.2] it is shown that a
CGG sheaf is ample (in the sense of [Kub70]). On the other hand, in [PP0O3, Proposition
2.13] it is shown that an M-regular sheaf is CGG.

In order to work with this definition, a criterion for the surjectivity of the maps evy ()
is needed. Such a criterion is provided by [Par23l, Corollary 3.2.1]. To state such a result
we need to recall the definition of the edge map of a bounded spectral sequence.

Definition / Construction 4.7. Let EY? = EP%Y be a first-quadrant spectral
sequence. For a positive integer r the edge map

ed": " — Eg’r

is the map constructed as follows.
First, as EY" = 0 for p < 0 we have that the stable value E%" injects into ES".

On the other hand, by definition of spectral sequence, there is a decreasing filtration
{FPE"}pez of E" such that

a) UFPE" =E" and E" =0
b) FPET/FPHIET o BRI,

In particular, it follows that ES" = FOE" /FYE". Now, as EE:" =0 for p < 0 (since E5"
is already zero in those cases), from a) and b) it easily follows that

F'E"=F 'E'=...=FPE"=...=E" V¥p<0
and hence we have a quotient map
E" — E%".
The edge map is then the composition

E’I‘

r. T 0,r __
ed” s B BY =

— Eg’r.

Moreover, the following easy observation directly follows from the above construction:

Remark 4.8. Let EY'? = EP'Y be a first quadrant spectral sequence. Then the edge
map ed” is injective if and only if F*E™ = 0.
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In particular, we may define an edge map for the Leray spectral sequence associated
to the Fourier-Mukai functor. Concretely, for z € A and a coherent sheaf 7 € Coh(A)
we have the first-quadrant spectral sequence

EY?= HP(R'®pv(FY)® P,) = HPT(®pv(FY)® P,)
and hence we obtain an edge map

ed, : H9(®pv (FY)® P,) — HY(RI®pv(FY)® P,).

With these language we can state the announced criterion for the surjectivity of
evy(x) :

Proposition 4.9 (Corollary 3.2.1 in [Par23|). Let F € Coh(A) and x € A as above. For

a non-empty open set U C A the evaluation map evy(x) is surjective if and only if the
following two conditions hold:

a) the edge map ed, is injective

b) the simultaneous evaluation map

evy(U) : H(RIOpv (FY) @ Py) — [[ Ré®pv (FY) ® P @ k(a)
acU

restricted to the image of ed, is injective (here, as usual, k(a) denotes the skycraper
sheaf supported on the point o € A).

First, note that condition a) above does not depend on the open set U. In particular,
this condition holds once we know that evy (z) is surjective for some open set U.

Next, note that the failure of condition b) means that there exist a non-zero section
which vanishes at all fibers of an open subset of A, which is, a priori, a weird condition.
Note however that there are two very natural situations where this can happen:

« Consider a coherent sheaf 7 and a global section s : O ; — F and let Zeroes(s) be

the closure of the set {a € A : s®@k(a) = 0}. If we take the open set U = A\ Zeroes(s)
and assume that this is not empty, then we tautologically see that s € ker ev,(U).

e For a non-reduced scheme it is perfectly possible for a non-zero section to vanish at
all fibers. For instance, for X = Spec k[¢]/(¢?) we have that the non-zero section of
Ox given by - : k[e]/(e?) — k[e]/(¢?) vanish at every (i.e the unique) fiber of X.

Moreover, in Corollary below E| we shall see that these are esentially the only two
cases where b) may fail. Before stating such corollary, we recall the following:

Definition 4.10 (Definition 1.1.4 in [HLI10]). Let F be a coherent sheaf on a noetherian
scheme X.

2whose proof, already present in [Par23], is an excercise in scheme theory which we include just to
highlight how the non-reducedness arise
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1. The torsion filtration of F is the filtration
0:f0Cf1C"’C.Fd:f,

where Fj, is the maximal subsheaf of F whose support has dimension at most k& and
d = dim Supp F. Each Fj, will be called a torsion component of F.

2. The support of F, denoted Supp(F), is the closed set {x € X : F, # 0} endowed
with the scheme structure determined by the ideal

Ann(F) :=ker [Ox — Hom(F,F)].

Remark 4.11. It is worth to point out that the noetherianity of X ensures the existence
of such a filtration. Also, there is no problem to have F = Fy41 for some k. For example,
for a line bundle L and a closed subscheme Z we have that the torsion filtration of L& Oy
is given by
0 if k <dimZ
Fr =<0y ifdimZ <k <dimX .
L®0Oyz ifk=dimX

‘We then have:

Corollary 4.12 (Corollary 3.2.4 in [Par23]). Let F be a coherent sheaf on an abelian
variety A. Suppose that

i) The edge map ed, is injective
ii) All torsion components Ty, of RI®pv(FY) have reduced support.

Then F is generated at x by the set of irreducible components of the support of the sheaves

T

Proof: The only thing to prove is that (ii) ensures condition b) from Proposition [4.9/above
for all open sets intersecting the support of the sheaves 7Tx. To do this, suppose that we
have a non-zero section s € kerev, (U), that is s®@ k(o) =0 foralla € U. Let s : O3 — F

be the corresponding morphism where, for this proof, we write F for RI®py (FY).

First, we claim that the image sheaf Zm(s) is a torsion subsheaf of F. To see this, let
S A be the generic point. As U is open we have that n € U and hence s ® k(n)=0¢
F ®k(n) = .7-",7, where in the last equality we use the fact that A is reduced This means

that the composition R
OA,n — Im(s), — Fy
is zero and hence Zm(s), = 0. It follows that the sheaf Zm(s) is generically zero and
therefore of torsion.
Being a torsion sheaf, it is contained in 7 for d = dim Supp Zm(s). By the definition

of the torsion filtration it follows that each irreducible component of SuppZm(s) is an
irreducible component of 7.

3If B is a reduced noetherian ring and p is a minimal prime ideal then pB, = 0
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We claim that if S := SuppZm(s) is reduced, then the fact that s # 0 belongs to
kerev, (U) implies that U is contained in the complement of such support. To prove the
claim it is enough to show that the set V := {y € A : s ® k(y) # 0} is not empty. To do
this note that s factors through a morphism ¢ : Og — Zm(s) of Og-modules. Moreover,
Zm(s) is torsion free as Og-module and if s ® k(z) = 0 for all = then ¢ has the same
property. We conclude that we just need to prove the following statement:

Let X be a noetherian and reduced scheme. Let t be a section of a coherent and torsion
free sheaf G on X. Suppose that t @ k(x) =0 for all x € X. Then t = 0.

Now, this statement follows easily since G is torsion free and hence ¢ is either zero or
injective, but, as in the second paragraph, the hypothesis implies that ¢ is generically
zero and thus the latter can not hold.

O

4.3 Generation of ;(20)

This section is devoted to the proof of the following result:

Theorem 4.13. Let (A,0) be a principally polarized abelian variety and © a symmetric
line bundle representing 0. Let Q be the cokernel of the natural morphism (see Chapter

2 £3)
¢: P3(04(20)) — H° (04(20))" @ O4.

Then, if €(0) < 2 then there exist a torsion component of Q (Definition with non-
reduced support.

The skeleton of the proof has the following steps:
1. In Lemma below we compute the Fourier transform of I$(20)Y, proving that
P RIPpv (15(20)") = Q ® 04(20)

while
<p§9R9_1<I>pv(I§(2®)V) = K ® 04(20),

where K = ker ¢.

2. In Lemma we prove that if all the irreducible components of the supports of
the torsion components of @) are reduced then for x # 0 the fact that = belongs to
Bs{20}.4 is detected by the non-injectivity of the edge map

ed, : HY(®pv (I3(20)Y) @ P,) — HO(RI®pv (I5(20)Y) @ P,),
and this turns out to be equivalent to the non-vanishing of

HY (R ' ®pv (I5(20)Y) ® Py).
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3. From the previous point we deduce that if all the components of ) are reduced then
we have the following contentions:

Bs({20}0,4) \ A[2] C w3 (VI (K © 04(20)) \ {0}) € Bs({20}0.4) + A[2].
In particular, we have that V(K @ 04(20)) # A.

4. Finally, in Lemma we compute the cohomology of K ® 04(20) ® P,, proving
that for i # 1 we have V(K ® 04(20)) C {0}. Using the previous step we deduce
that K ® O4(20) is a GV sheaf. From Hacon’s lemma (Lemma 1.7 in [Parl2]) we
deduce that V(K ® 04(20)) C VO(K ® 04(20)) = {0}.

5. The previous point implies then that
Bs({20}0,4) C ker g = A[2].
and the result then follows from Proposition [£.2]
We start by the first step:
Lemma 4.14. We have that RF®pv (I§(20)Y) = 0 for k < g — 2 while
P RIPpv (15(20)Y) = Q ® 04(20)

and
PheRITIOpv ([H(20)Y) = K ® 04(20),
where K = ker ¢.
Proof: First, by Grothendieck-Verdier duality (1.3]) and the fact that © is symmetric we

have
Opv (15(20)7) = Dp(15(20))"[-g]. ()
By Lemma [2.20] we have that
30 (15(20)) = EVS ® 04(-20),

where

EVS = [H°(20) ® O4 — P?(20)] .
To compute the dual, we use then the spectral sequence (Remark 2.67 and Example
2.70(ii) in [Huy06]):

EP? = Ext1(EVZP,04(20)) = Ext!T1(0p(15(20)),0,).
As EV5 7 is locally free for all g, the above spectral sequence gives
3o Ext’ (Pp(15(20)),04) = coker [P*(20)Y — H(L)Y ® O] ® 04(20)
and
hp&at™ (Dp(15(20)),0,4) = ker [P?(20)Y — HO(L)Y ® 04]®04(20) = K®04(20).
From (%) it follows then that
ORI Opv (I5(20)Y) = K @ 04(20) (4.2)

and similarly for RY.
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Now we proceed to the second step:

Lemma 4.15. If x # 0 and all the torsion components of Q have reduced support then
the following conditions are equivalent:

a) = € Bs({20}0.4)
b) the edge map
ed, : HY(®pv (I5(20)Y) @ P,) — HY(RI®pv (I5(20)Y) @ P,)
18 not injective
c) HY(RI"1®pv(I§(20)V) @ P,) #0, i.e x € VLRI~ 1 0pv (I5(20)V))
In particular, the following contentions hold:
Bs({20}0.4) \ A[2] C qq (V! (K ® 04(20)) \ {0}) C Bs({20}0.4) + A2 € A.

Proof: As R*®pv (13(20)Y) = 0 for k < g — 2, the equivalence b) <= c) follows from
Remark [4.8

Now, we note that for 2 # 0 the condition a) is equivalent to the nullity, for all «, of
the map
H°(I}(20) ® P,) ® PY — I}(20) @ k(z)

or, equivalently, to the non-surjectivity, for all open sets U C A, of the map
evy(z) : @ HY(I§(20) © Pa) ® Py — I3(20) @ k().
aclU
By Proposition[4.9]this means that either ed, is not injective or the simultaneous evaluation
ev,(U) : H(R9®pv (I3(20)") @ P;) — [[ R9®pv @ P, @ k(a)
acU

fails to be injective for all U. Now, if {s1, ..., s, } is a basis of HO(RI®pv (I3(20)V) ® P,)
then the reduced hypothesis and the previous lemma imply that the open set U :=
fl\ UZeroes(s;) is not empty and ev,(U) is injective and hence the only possibility is that
ed, is not injective.

Now, regarding the “as a consequence part” we proceed as follows. As usual, applying
P29+, tensoring with P, and taking cohomology to (4.2)) we obtain that

P H' (R '0pv(I5(20)") ® Payy) = H (K ® O4(20) ® Py ().
yEA[2]
In particular, we directly obtain that
Bs({20}0,4) \ {0} C 5 (V' (K © 04(20)).

In a similar fashion, if @ag(x) lies in V(K ® O 4(20)) then there exist y € A[2] such that
HY(R9™' ® P,4,) # 0 and therefore, if z +y # 0, then z + y € Bs({20}¢.4) and hence
x € Bs({20}¢,4) + A[2] whenever = ¢ A[2]. Summarizing, we have proved that

Pan (VK ® 04(20))\ {0}) € Bs({20}0.4) + A[2],
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as we wanted to see.
O

Finally, we proceed to prove the last step which concludes the proof of the theorem:

Lemma 4.16. Let K = ker ¢ as above. Then we have that the sheaf K ® O4(20) is GV
and VO (K @ 04(20)) C {0}. In particular, V(K @ O4(20) c {0}.

Proof: We need to stimate the codimensions of the jump loci V(K ® 04(20)). To start,
as K ® 04(20) ® P, is a subsheaf of the locally free sheaf P3(20)Y ® 04(20) ® P, and
thus

HY(K®04(20)®P,) Cc H(P?(20)"@04(20)®P,) ~ HI(P?*(20)204(—20)®P_,)"

and, as we see in the proof of Lemma a), the latter group vanishes for o # 0. In
other words, V(K ® 04(20)) c {0}.

Now, from the previous lemma we know that V! is proper closed subset of A and
hence, in any case, codimAV1 > 1. It remains then to compute V* for ¢ > 2. We claim
that V(K ® 04(20)) C {0}. To do this, we use again the Leray spectral sequence:

B} = HP(R1Dpy (I3(20)) @ P,) = HP'1(@p (11(20)") @ P).
From we have
HY(pv (I3(20)") © P,) = HY9(I3(20) ® k(x)).

We claim that for x # 0 the derived tensor at the right is nothing else than the usual one.
Indeed: we have the exact sequence

0— I = Op — Ops — 0.
Tensoring with k(z) for  # 0 we get that for all k¥ > 1 we have
FTory(I3,k(x)) ~ Tory1(Ops, k(x)) = 0,
which proves the claim. We conclude that
H*(13(20) ® k(x)) ~ H*(I3(20) @ k(z)) =0 for all k > 1.
From the spectral sequence we obtain then
VF(RIT 0pv (I5(20)Y)) C {0} for all k > 2

and thus from ([4.2)) we see that V*(K ® 04(20)) is zero-dimensional for all k¥ > 2, which
is more than enough to conclude that K ® O 4(20) is GV. As mentioned before, the “in
particular” assertion follows then from Hacon’s lemma.

O

75



4.4 ©-duals and Marini’s theorem revisited

A well known characterization of hyperelliptic jacobians is given by the following theorem
due to Marini:

Theorem 4.17 (Theorem in [Mar93|). Let (4,0) be an i.p.p.a.v. and O a symmetric
representant of 0. Then (A,0) is the polarized jacobian of an hyperelliptic curve if and
only if there exists a divisor D € |Og(0)| such that all the irreducible components of D
are not reduced.

In this section we give an interpretation of the above result in terms of ©-duals of
length two subschemes (i.e tangent directions) of A. To do so we first briefly recall what
O-duals are.

Definition 4.18. Let Z be a closed subscheme of a p.p.a.v (A4, #) and let © be a symmetric
representant of . The O-dual V(Z) of Z is the scheme

V(Z) := Supp (RI®pv (I2(0©)Y)) C A.

Here it is worth to point out that, using the identification ¢y : A — A, we have that
V(Z) is supported on the set

VOIz0)={acA: H(Iz(©)@P,) #0}~{ac A: ZC O —a}.

As an example, when we identify A with A via ©, we have that ®pv (IH(©)Y) =~
Oo(0)[—g] and hence V({0}) = ©. More generally, we have the following fundamental
relation:

Lemma 4.19 (Corollary 4.3 in [PP0S]).
RI®pv(I2(0)") = (—=14)"Ov(2)(O),

where in the right side we identified © with its image in A.
We now state and prove the main results of this section:

Theorem 4.20. Formation of ©-duals gives a bijection

length two subschemes Divisors (in ©) in the
> .
supported on the origin linear system Og(0)

This has the following consequence:

Corollary 4.21. Assume that dim A > 2. If there exists a length two subscheme T such
that I.(0©) is not generated then there exist a non-reduced divisor in the linear system

|06 (0)].

Proof of the Corollary: The idea is to use Corollary above. As in the case of I3(20),
for x € A the injectivity of the edge map

HI(®pv(1(0)Y) @ P) — H*(Oy(+)(©) ® P;)
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is equivalent to the vanishing of H'(RI™1®pv(I.(0)Y) ® P,). Now, in Example we
computed that RI~1®pv (I,(0)Y) = O4(—0) and hence such vanishing (and hence the
injectivity) is automatic. It follows that, if V(7) is reduced, then I.(0) is generated and
therefore the result follows from the theorem.

O

Proof of the Theorem: We first prove that if 7 is a length two subscheme supported on the
origin then V' (7) belongs to |Og(©)|. To do this we start by noticing that from Example
we have the following exact sequence:

0— 0a(=0) = 04 — 0a(0) — Oy(©) — 0,
which implies that V(7) is a closed subscheme in © and, moreover, we can compute its
ideal Iv(T)/@ .
Iy(ry/e(©) = Im [ 04— 0e(0)
—Tm | 04 —T= H'(06(0)) ® 04 — 0o(9) |
= O@v

that is, Iy (r)/e ~ Oe(—0©). In other words, we have that V() is a Cartier divisor in ©
and belongs to the linear system |Og(0)]|, as we wanted to see.

Now, we proceed to prove that if D € |Og(0)]| then its theta dual V(D) is a length
two subscheme supported on the origin. To do this, the strategy is the following: first we
will compute ®p(Ip(0)) and then, dualizing, we compute ®pv(Ip(0)Y), proving that
we have an exact sequence

0 — k(0) = BB (Ip(©)") — k(0) — 0. (+)

At this point, the result will follow from Lemma above.

We proceed then to compute 5 (Ip(0)). We claim that it is concentrated in degree
g—1. To prove this assertion start by noticing that, as dim D = g—2 we we automatically
have that R9®p(Ip(0)) = 0. Now, we have the exact sequence

OHOAH[D((:))HO@HO

obtained by twisting 0 — Ie — Ip — Ipj/e — 0 (and using the fact that D € |Og(O)]).
Applying &p and taking the corresponding long exact sequence we deduce that

R'®p(Ip(0)) =~ R'®p(Op) fori <g-—2. (4.3)
and that we have an exact sequence
0 — RI'Pp(Ip(0)) — RI'Pp(Og) — k(0) — 0. (4.4)

Therefore, from (4.3)) and (4.4) we see that in order to prove our claim it is enough to
compute p(Og). Now, applying ®p to 0 — O4(—0) — 04 — Og — 0 it is easy to see
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that ®p(Og) = Ip|—(g — 1)] and hence we conclude that &p(Ip(0)Y) is concentrated in
degree g — 1, proving our claim. Moreover, we obtain an exact sequence

0 — RI"'®p(Ip(0)) — Iy(©) — k(0) — 0. (4.5)

Now, we need to dualize (that is, use Grothendieck-Verdier (1.3])) to compute the

sheaf RI®pv (Ip(0)Y) ~ 2t (@p(Ip(0)),04) to obtain an exact sequence of the form
(*). As we have a fourth quadrant spectral sequence (see e.g [Huy06, (3.8)])

EPY = Ext? (R‘qd)p(lp(é)),OA) — Ertht (%(ID(é)),oA) (4.6)
we shall compute the sheaves
Ext? (Rgfl@p(ID(é)), OA) for p=0,1,..., 9.
Now, from the exact sequence and Lemma below it follows that
Ext? (Rg_l(I)P(ID(é))),OA> =0 forp#0,9—1,
and that we have the exact sequence
0 — k(0) — &xt9~! (Rg—l%(ID(é)), (’)A) — k(0) — 0.

From these observations the result follows because, by our previous calculations, in the
espectral sequence (4.6) EY? = 0 except for (p,q) = (9 — 1,—(¢g — 1)) and (p,q) =
(0, —(g — 1)) and hence it degenerates to give an isomorphism

Extd! (Rgil(bp(ID(é)), OA> ~ gzt(](CI)P(ID(@), O4)) ~ RIDpv (ID(@)V)

Until now we have proved that formation of ©-dual gives maps between the sets of the
statement of the theorem. It remains to show that these maps are inverse to each other.
More precisely, we need to show that if 7 is a length two subscheme then V(V (7)) = 7
and that if D € |Og(©)| then V(V(D)) = D. Now, by [GL11, Remark 2.7] we have an
inclusion 7 C V(V (7)) and as both 7 and V(V (7)) have length two and are supported on
the same point they must be equal. Similarly, we have an inclusion D C V(V(D)), and
as D is linearly equivalent to V(V(D)) they must coincide. This completes the proof of
the theorem.

O

Lemma 4.22. We have that
a) ExtP(k(0),04) =0 for p < g and Ext9(k(0),04) = k(0)

b) Ext’(1(0),04) = Oa(—0), ExtI1(15(0),04) = k(0) and ExtP(Iy,04) = 0
otherwise
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Proof of the Lemma: a) We know that the sheaves &zt?(k(0),O4) are all supported on
{0} and, moreover
Ext? (k(0),0a)o = Extgy,  (k(0),04,0)

(here we are seeing k(0) as the residual field of the local ring O4 ). Now, as A is smooth,
Oa, is in particular Cohen-Macaulay and hence the Rees’ theorem ([BH93, Theorem
1.2.5]) tell us that &zt?(k(0),04) = 0 for p < g. On the other hand by [BH93, Lemma
1.2.4] we have that

Extg,, ,(k(0), 04,0) = Homo,, ,(k(0), £(0)) = k(0)

and hence &xt9(k(0), O4) = k(0).
b) This is the content of Lemma

4.5 Further questions

We conclude this chapter by stating a couple of pending questions arising from Theorem

and 1220

1. First at all, it would be interesting to have a better geometric understanding of the
sheaf @ from Theorem at least in the jacobian case. More precisely, we may ask

Question 4.23. What is the torsion filtration of Q¢

2. In the proof of Theorem we esentially studied the generation of the sheaf
I5(20) outside the origin and hence it is natural to ask the following:

Question 4.24. What can we say about the generation of I3(20) at the origin?

3. We saw that the non-generation of a length two subscheme implies that a divisor
D € Og(0) is not reduced. Now, to actually obtain an hyperelliptic jacobian we need to
ensure that all the components of D are not reduced. For instance, if we know a priori
that (A, 0) is a jacobian then we can show that if there exist such non-reduced D, then it
must have just one irreducible component with a multiplicity two scheme structure and
(A, 0) must be an hyperelliptic jacobian. In this context, it is natural to ask:

Question 4.25. Can it happen that a divisor D € |Og(0O)| has both reduced and non-
reduced components? Can we characterize the situations where this happens?

4. In [BDS6] it is proved that if there exists a non-integral divisor D € |Og(0)| then
dim Sing © > g — 4 unless there exists an elliptic curve E with (6 - E) = 2. We may then
ask:

Question 4.26. Assuming that there exists a non-reduced divisor D € |Og(0)|. Does it
follow that dim Sing © > g — 3 unless there exists an elliptic curve E with (- E) = 2¢

5. Finally, we may ask also a more precise question regarding the generation of the
twisted-ideals studied in this chapter. Concretely:
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Question 4.27. Suppose that I.(©) is generated for every length two subscheme T
supported on the origin. Does it follow that I§(20) is also generated (at least outside
of the origin)?

The above question is sensible since the tensor product of generated sheaves is generated
and quotients of generated sheaves are generated; in particular, the supposition in the
question implies that (I-1,,)(20) is generated for every couple 7, u of length two subschemes
and, on the other hand, we have that I$(20) = N, (I-1,)(20).

Here it is worth to point out that affirmative answers to questions and
combined with Theorem [£:20] would give the following implication:

If £(0) < 2 then either exist an elliptic curve F with (6 - F) = 2 or dim Sing® > g — 3

Where it is worth to highlight the fact that the hyperelliptic locus in A4, is a component
of the locus where the latter condition holds.
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