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Abstract

In the field of neurodegenerative diseases, biological in vivo research suffers from experimental limita-
tions and in silico models often provide useful complementary results. In this Thesis we consider Network
Transport Models (NTMs), mathematical models on graphs with transport phenomena on the edges, to
describe the role of the toxic Beta Amyloid (A3) and Tau proteins in Alzheimer’s disease (AD). The Thesis
is part of a much broader project to develop a flexible simulation platform to test therapies and model
hypotheses and to predict the evolution of the pathology in individual patients. Our goal is to formulate a
mathematical background for such a platform, a rigorous but flexible analytical framework for the devel-
opment and validation of advanced and computationally efficient models for neurodegenerative diseases.

At least two very different timescales occur in AD, a fast one for the microscopic dynamics of proteins
and a slow one for the global evolution of the pathology. Therefore it is natural to use quasi-static models,
approximations where the fast timescale becomes instantaneous with respect to the slow one. This leads
to a substantial reduction of mathematical and computational complexity, but, even formally, it also poses
a first and highly nontrivial mathematical challenge to identify, in quasi-static NTMs, the correct mass
balances between nodes and edges.

A second mathematical challenge is the design of models that give more insight in the fundamen-
tal question why different timescales occur in AD. In this context we will identify potential bottlenecks,
biological mechanisms which slow down the global evolution of the pathology.

The Thesis consists of four chapters. In Chapter|[1]we describe and analyse a first quasi-static NTM for
intracellular Tau. We use a basic and intuitive approximation of the correct mass balance of Tau between
nodes and edges. The presence of the Axonal Initial Segment and the synaptic cleft along the edges is
chosen as the main bottleneck, which strongly reduces the microscopic diffusive properties of Tau on the
edges. In Chapter |2| we introduce and analyse a quasi-static model for extracellular AS. This time, the
bottleneck is the presence of efficient clearance mechanisms that reduce the spread of Af in the brain. In
Chapter[3|we combine the two models, where the Tau dynamics is influenced by the presence of toxic Af3.
Here the intuitive approach of Chapter|l]cannot be applied and we are forced to give a formal derivation of
the correct mass balance of Tau between nodes and edges. Although mathematically the formal derivation
is satisfactory, the prize to pay is high: the resulting model is extremely complex, both from an analytical
and computational point of view. In Chapter [4| we adapt the model to avoid these drawbacks and specify
the physical mechanism of release and uptake which is at the base of the bottleneck for Tau along the cell
membrane. This requires the introduction of extracellular Tau in the nodes of the graph.

In addition to mathematical well-posedness results, we provide numerical simulations to highlight
relevant properties of solutions and compare the different models in terms of computational performance.
The discretisation of the brain domain, the quasi-static approach and ultimately the simplifications in the
Release-Uptake Tau model described in Chapter [4|certainly contribute to a reduction of the computational
costs. However, further efforts will be needed to improve computational efficiency, which is crucial for
large-scale simulations, parameter testing and, in particular, inference and comparison with clinical data.
For example, machine learning tools could speed up the time-consuming implementation of Tau transport
along edges. This topic is far beyond the scope of the Thesis, but some first attempts in this direction are
most promising.
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Introduction

Among several forms of dementia, Alzheimer’s disease (AD) is the most common. The estimate of the
number of affected people over the age of 65 years in 2015 is approximately 29, 8 million [29]. More
recent estimates report that the total number of people affected by Alzheimer’s disease is 416 million,
including cases of prodromal and preclinical AD [39]. The pathology is characterised by progressive neu-
rodegeneration; the early symptoms are related to a decline in mental abilities associated with memory
and reasoning along the Mild Cognitive Impairment (MCI) phase. This mild stage could progress to de-
mentia, where the cognitive abilities of the subject are severely affected.

Alzheimer’s disease is characterised by the formation of toxic aggregates of Beta Amyloid (A/) and
Tau proteins. Their action is associated with neuronal impairment and synapses loss. These proteins
inhabit different environments of aggregation: Beta Amyloid diffuses in the extracellular areas, while
Tau protein is mainly contained inside neuronal cells. The role of AS in the development of Alzheimer’s
disease has been highly debated. The “amyloid cascade hypothesis” has been first introduced in the early
90's [42], [43] and postulates the pivotal role of Beta Amyloid as a causing factor of AD. It refers to the
imbalance between the production and clearance of A — 42 and other peptides as an early trigger factor
for AD [81]]. The theory has widely influenced the development of potential therapies that focus on the
reduction of A3 aggregation and production. However, several clinical trials in this direction have failed
[52]. The therapeutic approach towards the remotion of Af3 is controversial due to the nature of this
protein. Despite the Af3 toxic role being proved and stated, A5 monomers are also involved in protective
mechanisms such as regulation of synaptic function, modulation of synaptic activity and antimicrobial
effect [80]. These features clearly need to be addressed in therapeutic interventions. Indeed some studies
suggest that inhibition of production can lead to neuronal cell death [71]].

The failure of clinical trials based on the “amyloid cascade hypothesis” has led to the exploration of
new theories on the pathogenesis of AD involving both A/ and Tau proteins. Increasing attention to-
wards Tau protein can be justified by observing that the spread of Tau is a crucial feature of a variety
of Tau-associated neurodegenerative diseases that manifest different symptoms and involve different re-
gions of the brain depending on the specific Tau isoform [40]]. Tau protein is physiologically synthesized
along the axonal site of neurons, where it promotes microtubule assembly and stability [100]. Along the
axon, Tau protein may be subjected to hyperphosphorylation [7], thus adopting a pathological conforma-
tion. Once misfolded, Tau protein aggregates along the axon leading to the formation of neurofibrillary
tangles (NFTs) by further sequestering functional Tau, thus impeding its physiological stability function
[7]. Soluble misfolded Tau aggregates also migrate to the somatodentritic compartment (7], [17], [102],
hence amplifying their toxic effect towards neighbouring cells.

Although the chemical mechanisms behind the formation and aggregation of toxic aggregates are
well known, the interaction between the two proteins remains unclear. The challenges concerning this
topic also relate to the difficulties in conducting in vivo experiments in patients and the cost of collecting
PET and MRI scans. Together with a lack of data and scarce understanding of the underlying interactive
dynamics between the two proteins, the presence of multiple time and length scales enhances the level



of complexity of the pathology [45]. Effectively, the occurring spatial scales are: protein level ~ 10™9m,
neuron level ~ 107%m, organ level ~ 10~'m. Meanwhile, the time scales are: transit of the cerebrospinal
fluid ~ 1s — 10%s, protein aggregation ~ 10*s — 10%s, neurodegeneration ~ 10%s [45]. Moreover, both
Beta Amyloid and Tau proteins diffuse along different time scales. For instance, the biomarker magnitude
for A increases faster than that associated to Tau-mediated neuronal injury, followed by alterations in
brain structure, memory loss and clinical dysfunctions [56]]. In this scenario, the complexity of the brain
topology also plays a role. As observed in [38]], the problem of establishing the number of total neurons in
the human brain is still open. For instance the estimates provided in [45] suggest an approximation of 86
billion neurons. As we shall see later, this level of intricacy naturally finds its reflection in the definition
of suitable theoretical models.

In this context, mathematical modelling can contribute to the understanding of the evolution of Alzheimer’s
disease. First, elaborating a reliable mathematical model requires the identification of the most relevant
processes involved in the phenomenon, which is a massive challenge given the high level of complexity
cited above. This approach necessarily implies the reduction of a complex problem to its essential core by
eliminating redundancies. Then, a prerequisite for the validity of the mathematical structure is its ability
to correctly describe such fundamental biological mechanisms. The advantages of mathematical mod-
elling are multiple, the most prominent being its predictive capability concerning future developments.
Regarding the specific application to Alzheimer’s disease and neurodegeneration, as cited earlier, the oc-
currence of the first symptoms and the consequent diagnosis usually occur in late life stages. For this
reason the identification of biomarkers that could lead to an earlier diagnosis and the adaptation of the
model parameters to the specific patient condition in the early stages could be crucial to make predictions
about the progression of the disease.

Theoretical models can also be employed to test new theories through numerical simulations, verify
them by analysing their outcomes and eventually adopt or reject them. This feature is potentially promis-
ing in the field of neuroscience, where measurements and experimentation in vivo are particularly difficult
to execute and in vitro experiments often portray a scenario that is much more elementary than the re-
ality of living tissues in the brain. In this context, the flexibility property of the model is essential; the
mathematical structure should be versatile enough to be easily adapted to new dynamics, especially when
dealing with such complex biological settings as in the case of AD.

Mathematical models are the natural tool to bridge the gap between microscopic biological knowledge
and macroscopic observed patterns. By capturing the microscopic features of a phenomenon, the theory
generalises biophysical processes by exploring how changes in the parameters of the model affect the
global system behaviour. From an applied perspective, the property of controlling macroscopic outcomes
through microscopic parameters can be exploited to test the efficacy of therapeutic interventions, which
often target microscopic mechanisms.

When dealing with the definition of a suitable mathematical model for Alzheimer’s disease, the first
issue to address is the selection of the spatial domain due to the extreme intricacy of the brain topology
and physiology.

Two main approaches can be distinguished for identifying a spatial domain that accurately captures the
topology of the human brain. The first one consists in the geometrical definition of a continuous medium,
meanwhile the second one adopts a discrete approximation of the brain network by means of graph theory.
Among the numerous contributions to the continuous analysis, we refer to [2], [10], [32], [33], [34], [97].
The classical approach relies on the construction of perforated domains and the selection of linear diffusion
at microscopical scales as spatial operator [2]], [10], or the introduction of anisotropic diffusion by means
of spatial dependent diffusion tensors [33]], [97]. Concerning the latter, the authors model protein spread
along the extracellular space by means of linear isotropic diffusion, whereas diffusion along neuronal



pathways takes place along the preferred axonal fiber direction, thus adopting anisotropic propagation.
Lastly, we observe that all the contributions mentioned above share the use of local spatial operators
for the description of misfolded proteins spread along the brain network. As we shall discuss later, the
occurrence of Release-Uptake processes, which describe the spreading of Tau to neighbouring neurons,
may indicate an inclination of Tau diffusion towards nonlocal propagation. It is worth mentioning that
some attention has been devoted to this topic, as we can see in [3], [51]], [64].

The continuous approach is naturally characterized by remarkable computing efforts when dealing
with the quantitative analysis of solutions to PDE systems on intricate 3D spatial domains. In addition,
the complexity increases when modeling the dynamics of the brain fluids (interstitial cerebrospinal fluid,
arterial and venous blood) together with toxic protein propagation. We refer to [5]], [6], [26], [36] as
possible numerical approaches to domain discretization by means of discontinuous Galerkin methods and
Machine Learning tools.

The graph approach relies on the construction of a discrete domain that encapsulates the geometry of
the brain network. Starting from structural and diffusion MRI scans, the graph is obtained by means of
whole brain tractography [74]. The nodes of the graph correspond to gray matter regions and the edges
of the network portray the fiber tracts connections between nodes. The weight of each edge corresponds
to the strength of the respective connection and is proportional to the number of fiber tracts [74]. As in
[13], [74] we refer to the resulting network as the connectivity graph. This modeling choice is particu-
larly suitable for the description of Microtubule-associated Tau spread since it physiologically propagates
along the axonal connections. As stated previously, A3 is mainly present in the extracellular space. This
fundamental difference requires the definition of a different spatial domain to include the diffusion of
A, since the action of the spatial operator on the network strictly depends on the underlying node-edge
structure. To this end, we refer to [62] as an example of construction of an appropriate network, namely
the proximity graph. The graph is obtained by selecting the same set of vertices of the connectivity graph
and a different set of edges. The weight of an edge between two nodes consists in the reciprocal of the
Cartesian distance between the centre of mass of each gray matter region. Therefore edges between the
same nodes may be equipped with different weights in the connectivity and proximity graph. Two regions
may also be adjacent in the connectivity graph and not connected in the proximity graph, for example if
the respective distance is greater than a fixed threshold as in [13].

After defining an accurate underlying structure, we can define the spatial operator acting on the nodes
of the graph, namely the Graph Laplacian.

The dynamics described by the Graph Laplacian operator resembles the standard Laplace operator
since its action formally corresponds to the second-order central finite difference formula for the approx-
imation of the second order derivative at each node. The Network-Diffusion Model was first introduced
in [[74]] and extensive work has been devoted to this class of models later on to expand it by including
diffusion and reactions between multiple species [12], [13], [32]], [73], [89], [98]. Despite the simplicity of
a discrete approach, Graph diffusion models predict fundamental patterns of evolution such as the Braak
staging of AD [97], [98]. These models possess important computational and analytical benefits. For ex-
ample, spatial discretization implies the passage from PDEs on the continuous domain to ODEs on the
nodes and the Graph Laplacian operator exhibits several properties related to the well-posedness for such
dynamical systems [19]. However, the effective dynamical property of the operator strongly reflects the
topological characteristics of the underlying graph.

For example, in [8] the authors discuss the case of an infinite directed graph with a Graph Laplacian
acting as a first order operator on the nodes. This counterexample is crucial to understand the relation
between the edge structure of the network and the action of the spatial operator: although the definition
of the Graph Laplacian formally corresponds to the discretisation of the second order derivative at each



node, the occurrence of edges incident to the node is necessary to yield non-zero terms in the computed
derivative. This implies a possible loss in the order of the resulting operator and suggests a criticality in
the interpretation of the Graph Laplacian as a diffusive operator. As observed in [69], the issue pertains
to the more general problem of model selection which, in turn, consists of the choice for mathematical
parameters and spatial operators, specifically the Graph Laplacian weights. Models adopting different
Graph Laplacian weights have been shown to produce distant outcomes in comparison with clinical data
[15]], [73]]. For example, in [[],[74] the weight of an edge in the connectivity graph is defined as the number
of fiber tracts between the respective gray matter regions. In [32], the edge-weight of the connectivity
network for Tau spread is the number of fibers divided by the mean fiber length. In [89], the weight is
selected as the number of fibers divided by the square mean fiber length. One of the goals of this Thesis
is to overcome, at least in the case of the connectivity graph, the arbitrariness related to the selection of
the Graph Laplacian operator by explicitly modelling the mass transport between nodes.

The models presented in this Thesis deal with processes of dynamical spread and interactions of toxic
proteins on graphs. Specifically we describe the evolution of Tau and Beta Amyloid aggregates. The im-
portance of selecting a suitable spatial operator on the graph is particularly relevant when modeling the
spread of Microtubule-associated Tau protein, due to its intracellular nature. The species of Tau that we
consider in the first model are misfolded soluble and insoluble clusters. To gain a more precise description
of the diffusion and advection dynamics between nodes, we model these processes along the edges of the
graph. The starting point consists in the description of the dynamics observed along the two-neurons
connection as suggested in [92], where the axonal connection is identified with a one-dimensional inter-
val. At network level, we interpret the single edge of the graph as a bundle of connected neurons with
independent tau dynamics. Under these modelling assumptions, by describing the mass transfer mech-
anism between edges and nodes, we then obtain a spatial operator acting on the nodes that collects the
incoming fluxes at each node and correctly depicts the diffusion and advection dynamics on the global
network.

One of the novelty of the resulting model, namely the Network-Transport Model (NTM), with respect
to previous work is the introduction of an advection process between nodes. In this direction, a recent
rigorous framework on the definition of advective operators on the nodes of distance-weighted directed
graphs has been proposed in [9]] in the fields of Network Science and Graph Theory.

Concerning the explicit definition of the advection operator, based on [92], we introduce a dependence
of the transport velocity on the concentration of soluble and insoluble toxic Tau. The justification for this
choice relies on some evidence regarding the reciprocal influence of toxic Tau on axonal transport [7],
[17], [102]. Axons host signal propagation, hence they are oriented along the direction of spread of the
potentials, which is referred to as the anterograde direction. In vitro experiments show that Microtubule-
associated Tau controls motor protein—driven transport along microtubules by obstructing kinesin-1, an
anterograde intracellular motor-protein, at physiological levels [22]], [30]. In the disease stage, aberrant
Tau has been shown to reduce the inhibition of kinesin-1 [27], [78]], [83], whereas neurofibrillary tangles
(NFT) are associated with a reduction of kinesin-1 [82]. The ultimate dominance of anterograde or retro-
grade (i.e. opposite to anterograde) directed motor proteins determines the direction of axonal transport
[22]], [78]], [94], therefore the advection velocity along the two-neurons connection is defined as a function
of soluble and insoluble toxic Tau. The immediate consequence of this type of selection is the require-
ment of a directed graph to model advection occurring along the opposite direction of the axonal signal
propagation, provided that the anterograde direction corresponds to the orientation of the respective edge.

The second relevant novelty of the NTM is the quasi-static approach. As mentioned before, Alzheimer’s
disease is characterized by the occurrence of extremely different time scales. We distinguish two differ-
ent approaches to handle them at the level of mathematical modelling. The first one is empirical: the



coefficients are selected of order one in the fast time scale, such as for example diffusion and aggregation
(coefficients which would become huge in the slow timescale), in such a way that the numerical outcome
fits biomedical data. One could say that the rescaled coefficients express effective diffusion, aggregation
etc. This approach has been shown to work quite well [10], [13]], [21], [75] but does not add additional
insight to the question

Why is the evolution of the disease extremely slow?

In this Thesis we opt for a second approach: we formulate possible microscopic modelling hypotheses
which lead to two very different macroscopic timescales. The key idea is the concept of bottlenecks. For
example, the diffusion and aggregation of AS in the extracellular space are fast, but the presence of an
efficient clearance mechanism may considerably slow down the fast spread of A3 over the brain. Similarly,
a possible bottleneck for fast Tau spreading is a trans-synaptic mechanism which describes a very slow
transmission of Tau from one neuron to neighbouring neurons. Such bottleneck naturally involves Tau
transport along edges of the connectivity graph and therefore the NTM is an appropriate mathematical
environment to describe it. This time the coefficients describing the bottlenecks will be chosen in such a
way that the numerical outcome fits biomedical data.

An important computational drawback of the NTM is the description of Tau transport along edges
through a partial differential equation (PDE), which poses a considerable numerical challenge in terms of
solvability and computational costs. To reduce this drawback at least partially, we follow an idea which
was introduced in [92] on a single edge, and generalized in [91] to full networks: the transport equation
on a single edge concerns the fast timescale, whence solutions will tend very fast to a stable (quasi-static
) equilibrium configuration. This leads to a limiting procedure which renders the fast timescale instanta-
neous in the slow timescale. Mathematically this means that the PDE on the edge is transformed in an
ordinary differential equation (ODE), which is easier to deal with computationally. Quasi-static modelling
is a standard tool in problems with different timescales, but it is usually quite hard to make the underlying
limiting procedure rigorous. In our specific case, it is immediate to guess the limiting ODEs on the edges
by keeping the formulation of the quasi-static limit merely formal. However in general it is much harder
to describe how, in the quasi-static limit, Tau transport on the edges influences the evolution of Tau in
the nodes. The reason is hidden behind the non-triviality of the quasi-static limit of the incoming Tau
fluxes along the edge-node interface. The key is a detailed study of local mass balances in the nodes in the
quasi-static limit, which in general leads to feedback phenomena in the equations for Tau in the nodes.
As we shall see below, the mathematical challenge of determining the correct mass balance at node level
consists in the correct formulation of the node equations, along which the concentrations correspond to
the Dirichlet boundary conditions for the edge profiles.

With regard to Beta Amyloid, the species we are interested in are monomers, soluble oligomers and
insoluble plaques at node level. The spatial spread of toxic Beta Amyloid is described by the Graph Lapla-
cian associated with the proximity graph acting on monomers and oligomers. It is worth noticing that by
definition the proximity graph is undirected. As in the NTM, we identify fast processes such as diffusion,
aggregation and fragmentation and assume a quasi-static regime by approximating the ODEs solutions
with a respective steady state. Previous models (e.g. [32], [89]) have dealt with similar systems by con-
sidering homogeneous dynamics between the nodes, i.e. by analysing graph-harmonic steady states. If
the graph is connected, then this steady state is spatially homogeneous and is determined as a zero of the
reaction term of the equation. To account for regional variability, we propose a proof of the existence of a
steady state for the Beta Amyloid system without assuming homogeneous dynamics. The time evolution
of such steady states is then defined by the production rate of the monomers, which is assumed to depend
on a measure of the health state of neurons at each node. The system is coupled with a continuity equation



for the above mentioned measure by assuming that the concentration of soluble oligomers at each node
impacts the overall level of neuronal impairment of the respective region.

The A model and the NTM are then coupled with the assumption that soluble A3 enhances Tau
aggregation and diffusion in a one-way fashion. As discussed in [104], Af3 interferes with Tau oligomeri-
sation and aggregation. Mediated by A[-activated CDK-5 and GSK-30 kinases, hyperphosphorylated Tau
is released by microtubules and its tendency to bind with Tau monomers induces Tau oligomers forma-
tion [104]. Oligomeric Tau is the most disruptive in terms of induced neuronal damage as it is transmitted
along neuronal cells and engages in a seeding activity by promoting Tau misfolding. Therefore the inter-
ference of Af on Tau aggregation is a crucial factor to explore. Mathematically this implies however that
the coefficients in the equations for Tau on the edges depend on Af3, and so on time. Since edge fluxes
depend on these coefficients, the feedback issue again shows up to formulate the correct mass exchange
of Tau between nodes and edges.

As we shall see later, this coupled model for Tau and AS exhibits several problems, both from the
analytical and computational point of view. The structure of the node equations is enriched with respect
to the model of Chapter [1| by a non-local feedback mechanism unravelling the dependence of the mass
flux at the node on Tau concentration at the neighbouring nodes. The drawback of a detailed feedback
formulation is also reflected in the numerical implementation of the model, which results in extremely
high computational costs. To avoid these drawbacks, we propose a different version of the NTM through
the introduction of soluble and insoluble extracellular Tau protein.

The interaction between intracellular and extracellular Tau is modelled by the mechanism of Release
and Uptake, which takes place along the two-neurons connection and enables soluble Tau to spread very
slowly (here we recognise the bottleneck for Tau spreading) along the extracellular domain. The resulting
model is coupled with the A/ system by introducing a bidirectional interaction. Since the direct influence
of misfolded Tau on Af toxicity remains unclear, we propose a passive interplay between soluble A5 and
misfolded Tau by postulating that both proteins contribute to neuronal impairment through the afore-
mentioned probability measure, as in [13]. Recent evidence also suggests a further shared contribution
to the enhancement of neuroinflammation [67]], [104]. The role of extracellular Tau as a critical mediator
of disease progression has been sustained by increasing transneuronal propagation of misfolded species
[96] and the interaction with glial cells, initiating neuroinflammatory responses that may contribute to
neuronal dysfunction [70]. Although the Release-Uptake NTM does not include glial-mediated effects and
inflammation, the introduction of the extracellular compartment defines a suitable theoretical background
for future studies in this direction.

Summarising, the main purpose of this Thesis is to provide a theoretical background for modelling Tau
and Beta Amyloid proteins in the human brain by introducing the novelty of the quasi-static approach in
the field of mathematical modelling for neurodegenerative diseases. By detailing the mathematical struc-
ture of the models, we build the foundations for the practical application of such systems. For example, we
refer to the process of statistical inference of the model parameters to fit the available medical data. In this
context, although we do not effectively employ such a statistical analysis, we mention the computational
properties and outline possible algorithmic strategies to simulate the models we develop.

The manuscript is organised as follows.

In Chapter |1, we introduce the PDE-Network-Transport Model for toxic Tau on the proximity graph.
We develop a first quasi-static approximation to the PDE-NTM under some hypothesis on the behaviour
of the feedback phenomenon. The purpose of this Chapter is to describe the global structure of the quasi-
static model and introduce the problem of balancing the local mass exchange at node level. To this end,
we provide a first possible approximation of the feedback term and propose a general method for proving
the well-posedness for the system.



In Chapter |2 we present a model for Beta Amyloid protein on the proximity graph. The main re-
sult of this Chapter is the proof of existence of the quasi-static solution under no hypothesis of spatial
homogeneity.

In Chapter |3, we propose a formal description of the multiscale PDE-NTM problem for Tau to gain a
precise definition of the mass exchange between edges and nodes of the connectivity graph. This approach
enables us to improve the results of Chapter|[I]and consider the case of time-varying coefficients in the edge
advection-diffusion equations. By recapitulating the correct, but highly complex, node mass balance in the
case of time-dependent parameters we couple the Tau and Beta Amyloid systems by assuming that Beta
Amyloid oligomers enhance soluble Tau aggregation and diffusion. Chapter 3| provides a well-posedness
argument for the resulting coupled system.

We conclude the Thesis with Chapter |4} where we present a new version of the NTM by introducing
the Release and Uptake (RU) process for soluble misfolded Tau. The novelty of this model is the inclusion
of extracellular Tau species along the nodes of the connectivity graph. This localisation enables us to
mathematically define Release and Uptake of soluble Tau through boundary conditions of Neumann-Robin
type along the edges. The formal tools developed in Chapter 3| are adopted to show that in the RU-NTM
case, under the hypothesis of slow Release-Uptake, the effective flux at each node is solely determined by
the incoming fluxes along the edges incident to the node, therefore the model significantly simplifies the
NTM in Chapter [3|as it does not exhibit any feedback phenomena. In addition, the setting is biologically
more feasible than the original NTM since it eventually allows the introduction of the complex theme of
neuroinflammation and microglia activation, which involves both extracellular Tau and Beta Amyloid.

In Chapter[4 we couple the RU-NTM with the Beta Amyloid model in Chapter 2]in a bidirectional way
and provide a well-posedness proof for the global system.

The material of Chapter 1| was recently published in [11]] and several other publications are in prepa-
ration. The modelling and simulations of the Release-Uptake NTM (without AJ) will be contained in a
preprint which is about to be finished. The mathematical contents of Chapters [2|and (3| will be combined
in a future publication, with particular emphasis on the formal derivation of the correct mass balance of
Tau between the edges and nodes of the connectivity graph. Also the mathematical well-posedness of the
Release-Uptake model (with AJ) will be treated in a future publication.

Beyond the material discussed in the Thesis, a publication is in preparation on the application of ma-
chine learning models to approximate the computationally expensive calculation of the edge fluxes for
the NTM discussed in Chapter 1} an issue which is important for effective parameter fitting with exper-
imental data. In addition a preprint ([69]) on network advection-reaction-diffusion models has recently
appeared, where the original NTM is formulated in a general framework to account for multiple species
and reaction-advection processes, together with some relevant case studies which require minimal com-
putational efforts for the calculation of the edge fluxes.



Chapter 1

A Network Transport Model of Tau
progression

In this chapter we analyse a quasi-static model on a directed graph to describe the spread and aggregation
of intracellular toxic Tau proteins in the Alzheimer’s brain. This Network Transport Model (NTM) was
recently proposed in [91] and extends an earlier model on single edges, introduced in [92]], to the entire
connectivity graph. We review the model, including the approximation of the correct mass balance of Tau
between nodes and edges, and show that the NTM is mathematically well-posed.

The results presented in this Chapter were recently discussed in [11]].

1.1 Introduction and biological setting

The network of neuron cells is modelled by a graph G. = (V, E), where the edges in E represent white
matter tracts and the nodes in V' gray matter regions. More precisely, GG, is a weighted, directed and
connected graph with a finite number h of nodes P, € V and edges e;,; € E. We denote by ¢;; € E the
edge directed from P; € V to P; € V. We often refer to the existence of an edge between nodes F; and
P; — either directed from P; to P; or vice versa — with the notation P; ~ P}, or alternatively i ~ j.

It follows from the biological interpretation of G that the graph has no loops, in other words ife;; €
then ¢ # j. The network is endowed with a weight function ¢ which satisfies

Cij > 0 ifeij <)

(P Py) = { (1)

0 otherwise.

The connectivity weights c;; express the strength of the connection between the ¢-th and j-th brain com-
partment. In a directed graph the weight function is not required to be symmetric, so the weights c;; and
c;; may be different. Both the gray matter regions and the connectivity weights can be chosen according
to available experimental data (so-called “connectivity atlasses”) in human or mouse brains.

In vitro and in vivo evidence suggests that Tau predominantly migrates trans-synaptically, while white
matter tracts between regions serve as the conduits for the transmission of Tau from affected to unaffected
regions [24], [53], [60], [95]. The main trend in the reference literature is to describe trans-synaptic Tau
spread through “graph diffusion models”: given an initial distribution of regional pathology in the brain,
the diffusion process is governed by the concentration gradients and connectivity weights between all
region pairs and it is modelled by means of the Graph Laplacian matrix. The so-called Network Diffusion
Model was introduced in [[74], and several examples of subsequent connectome-based spread models can
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be found in [13]], [32]], [50], [79], [97], [98]. Graph diffusion models have been shown to be robust in
predicting important patterns of disease propagation as the canonical Braak staging of AD [97], [98] and
the pathology progression in human subjects [[75]], [76]], [79], but they lack of adequate sophistication to
fully capture the more complex mechanisms of Tau spreading. Indeed, in addition to pure diffusion, Tau
propagation is also governed by active transport via molecular motors attached to microtubules in either
anterograde (i.e., with axon polarity) or retrograde (i.e., against axon polarity) directions [7], [27], [77],
[83]], [102], resulting in distinct directional patterns of Tau deposition. The first attempt to model axonal-
Tau transport within a two-neuron system was developed in [92]], where it was shown that the emergence
of net retrograde directionality in pathological Tau transmission can be explained via its interaction with
transport kinetics.

Here we present the Network Transport Model (NTM) as a natural extension of the single-edge model
in [92]] to a macroscopic model on the entire network. With respect to existing models for neurodegener-
ative disease, NTM aims at accommodating two main empirical evidences: directional tau transport [27],
[59], [77], [83] and the occurrence of tau pathology into brain-wide circuits at a much slower time scale
than its kinetic and transmission processes. Thus, the main innovations of the NTM consist in its quasi-
static character to handle different time scales and in modelling active transport processes on the brain
network in addition to passive diffusion, in contrast with the usual simplification in the reference litera-
ture to model tau spreading as a passive graph diffusion between nodes. This topic needs to be addressed
from two different perspectives. The first issue concerns diffusive spatial operators acting on the nodes of
a graph. The formal action of the aforementioned Graph Laplacian matrix L resembles the second order
central finite difference scheme for the approximation of the second order derivative at each node. For
example, consider the undirected finite path graph defined as

Ge=V,E), V={1,2,....N}, NeN, E={{nn+1}:ne{l,...,.N—-1}}

with constant weights ¢(m,n) = c for all {m,n} € E and a function u : V' — R. A straightforward
calculation yields

Lu(i) = Z%’(U(j) —u(i)) =c(u(@—1) —2u(i) +u(i+1), ie{2,...,N—-1}

g

which corresponds to (up to a constant) the central finite difference formula approximating the second
order derivative of v at node ¢ on a homogeneous spatial grid. This property suggests a diffusion-like
behaviour of L on G.. It is clear though that this kind of property is strictly related to the topology of the
underlying graph. For example, as discussed in [8]], if we consider the following infinite directed network

G.=((V,E), V=27Z, E={nn+1):neZ} (1.2)

with constant weights ¢(m, n) = cfor all (m,n) € FE, the corresponding out-degree Graph Laplacian acts
in the following advective manner

Lu(i) = c(u(i) —u(i — 1)). (1.3)

Although the directed infinite path graph is an extremely pathological setting, this observation suggests
the need to investigate the topology of the network and the actual diffusivity of the resulting dynamics.
The second controversy regarding the use of the Graph Laplacian is the issue of defining its weights. As
discussed in [73], given the length of the connections between nodes, the choice of the spatial operator
exhibits a degree of freedom in the definition of the diffusion weights. This kind of arbitrariness poses a
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crucial modelling problem because different selections have been shown to produce different outputs with
respect to clinical data [15]. In view of these limitations, we propose an alternative approach by modelling
the diffusion and advection mechanisms occurring along the edges of the graph. Then, by extracting the
fluxes of soluble Tau on the node-edge boundary, we obtain a precise and physical description of the mass
flow between nodes as a function of the edge parameters.

The novelty of the model presented in [92] is the introduction of an advection term with transport velocity
depending on the concentration of soluble and insoluble toxic Tau. The justification for this choice relies
on some evidence regarding the reciprocal influence of Tau on axonal transport. Once misfolded, axonal
Tau protein aggregates along the axon and migrates towards the somatodentritic compartment [7]], [17],
[102]. At this stage, recent foundings suggest that Microtubule-associated Tau protein might be involved
in the establishment and maintenance of neuronal polarity [100]. Specifically, this leads to the hypotheses
that axonal transport plays a role in the development of neurological diseases. Communication between
neural cells and presynaptic areas is established through the transport of essential molecules such as vesi-
cles, ion channels and signaling molecules [84]]. These structures are associated with vital functions such
as synaptic plasticity and neurotransmission. On the other hand, accumulating evidence suggests that
some of the molecules affecting axonal transport processes also participate in the progression of neuronal
diseases. This association may indicate a role of axonal transport failure in neurodegeneration. Effectively,
in vitro experiments show that Microtubule-associated Tau controls motor protein—driven transport along
microtubules by obstructing kinesin-1, an anterograde intracellular motor-protein, at physiological levels
[22], [30]]. In the disease stage, aberrant Tau has been shown to reduce the inhibition of kinesin-1 [27] [78]
[83], whereas neurofibrillary tangles (NFT) are associated with a reduction of kinesin-1 [82]]. The ultimate
dominance of either retrograde or anterograde directed motor proteins determines the direction of axonal
transport [22]], [78]], [94]], therefore the advection velocity along the two-neurons connection is defined as
a function of soluble and insoluble toxic Tau. In particular, the full NTM contains a transport-reaction PDE
on the edges which represents the dynamics of soluble and insoluble Tau within white matter tracts. The
Tau dynamics in the gray matter regions is modelled by a system of ordinary differential equations at the
nodes of the graph. The resulting spatio-temporal evolution relies both on the underlying graph topology
and the physical rates of diffusion and advection happening on the microscopical scale of the edges. As
previously stated, the NTM characterizes macroscopic tauopathy dynamics in terms of the microscopic
properties of soluble and insoluble Tau species and their active transport along axons.

We then introduce the quasi-static approximation of the full NTM, where the fast timescale is treated
as instantaneous in the slow timescale. This implies that the evolutionary PDE on the edges becomes a
steady state equation, i.e. a 1D elliptic equation. The presence of an elliptic equation on the edge is a
mathematical novelty, and the most delicate point in the quasi-static model is the correct description of
the mass balance of Tau between edges and vertices.

This chapter is devoted to provide a first approximation of the local mass balance at node levels.
The key Ansatz of this work is the assumption that a change in Tau concentration at node 7 induces
a perturbation of the edge mass that is localised near the node and does not affect the neighbouring
vertices. This local character is then implicitly inherited by the definition of the spatial operator acting on
the nodes. The purpose of this Chapter is to introduce the theoretical quasi-static framework to describe
the local mass balance problem and provide a systematic analytical well-posedness argument. In Chapter
we improve the approximation for the mass balance and adopt this analytical method to prove well-
posedness for the complete system.

Proofs are elementary, but address a few non-trivial issues. The Ansatz of quasi-stationarity simplifies
the full NTM (also computationally, which was important to obtain the results in [91]]) and essentially
eliminates the equations for insoluble Tau. However, as we shall see below, the elimination of insoluble
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Tau generically creates a singularity in the nonlinear equation for soluble Tau and this complicates the
analysis of the resulting (possibly singular) stationary transport-diffusion equation on the edges. Secondly,
quasi-stationarity on the edges implies that initial conditions should be only prescribed for soluble Tau at
the vertices. Unfortunately, initial sub-criticality of soluble Tau at the vertices does not guarantee global
well-posedness of the problem, so we must restrict the admissible initial conditions. We shall show that
the correct initial conditions can be completely explained in terms of finite total mass of Tau at time ¢ = 0.
The quasi-static NTM for Tau is only a first step towards a realistic quantitative model for AD which,
among other things, should provide a more precise mathematical description of the feedback mechanism
governing the local mass balance, i.e. recover an accurate network spatial operator, and should take into
account the role of toxic AS protein in AD.

1.2 The model

Let G. be the structural connectivity graph described in the Introduction, a weighted, directed, strongly
connected graph with a finite number & of nodes P;. The edges e;; (¢ # j) are directed from vertex F; to P},
and the connectivity weights c;; express the strength of the connection between the brain compartments
P, and Pj (see (1.1)). If ¢;; > 0, the edge ¢;; represents a bundle of connected neurons with independent
Tau dynamics and the weight c;; is proportional to the number of axons belonging to the bundle, which is
related to the diameter of its cross section [[74], [91]], [97]]. Therefore the mass flow of soluble Tau at each
vertex-edge boundary is determined by the single-axon flux multiplied by c;;.

Below we formulate both the full NTM on G.. and its quasi-static approximation. Let ¢ > 0 indicate the
slow timescale, typical for the progression of the disease, and let M;(t) and NV;(t) denote the densities (mass
per unit volume) of insoluble and soluble pathological Tau, respectively, at node F;. Finally, if ¢;; > 0 we
denote by m;;(x,t) and n;;(x,t) the densities per unit volume of insoluble and soluble pathological Tau,
respectively, at the edge e;;. Whenever there is no ambiguity in the formulas, we shall omit the condition
Cij > 0, meaning that €ij € F = Cij > 0.

1.2.1 The full Network Transport Model

We summarize the microscopic model for the axonal transport dynamics of pathological Tau on the edges,
developed by Torok et al. [92], where, in addition to passive diffusion, an active transport mechanism has
been introduced to describe directionally biased spreading of pathological Tau. To model the single-axon
dynamics on e;; we describe the position within a two-neuron system by a 1D variable = € [0, L], where
L is the length of the neuron bundle. For simplicity we assume that L. does not depend on ¢ and j:
mathematically this is justified by the fact that our results and proofs are independent of this assumption;
in addition, as was explained in [91]], biologically the simplification is reasonable if one considers mice
brains. Identifying the vertices P, and P; by + = 0 and x = L, respectively, we distinguish five segments,
which represent biological compartments with distinct Tau dynamics:

Presyn. SD: presynaptic somatodendritic compartment, (0, z1),

AIS: axon initial segment, (21, z5),

Axon: axonal component, (z9, 3),

SC: synaptic cleft, (x5, z4),

Postsyn. SD: postsynaptic somatodendritic compartment, (z4, L).

11
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The governing equations of the single axon dynamics of pathological Tau are: for all £ > 0

d(myj)e = —T'(myj, nij) in (0,L) \ (z3,24)
mg; = in (z3,x4) (1.4)

¢(nij)e = (a(z)(nig)e — Q(z,mij,ni5)), + L(mij,mig)  in (0, L),

where ¢ > 0 is a small constant which represents the proportion between the slow and fast timescale,

D ifzxe(0,z1)U (z4,L)
Ol m.n) = (1= flu(m,n)n ifze (Zl':'g, x3) o) = DX, %fxe (21, 22) (15)
0 otherwise, fD ifxe(xg,x3)
D)\Q if$€($3,$4)
and
L(m,n) = fm — yn? — ynm. (1.6)

Here, £1" are relatively simple reaction terms taking into account aggregation and fragmentation pro-
cesses. The terms a(z)(n;;), and v(m,n)n are diffusive and advective fluxes of n;;, with coefficients
expressed in the fast timescale. Since insoluble aggregates do not move, the diffusive and active transport
flux of m is defined to be 0. The parameter f € [0, 1] is the average fraction of soluble pathological Tau
that is undergoing diffusion as opposed to active transport at any given time [27], [57]], and A, A2 € (0, 1)
are the reductions of diffusivity in the AIS and the SC, respectively. We consider two model cases for the
velocity v(m, n),

v(m,n) = v,e" " — v, (1.7)

and
v(im,n) =v,(1+dn)(1 —em) — v, (1.8)

where the constants v,, v, > 0 are the baseline anterograde and retrograde velocities of Tau, respectively;
the parameters d, € > 0 modulate the interactions between pathological Tau and the molecular motors of
the axon.

The equations on the edges are completed by requiring continuity of the density of soluble Tau
at the edge-node boundaries:

ni(0,6) = N(t),  ny(L,t) = Nj(#). (1.9)

To take into account the mass balance of soluble Tau at a vertex P, we define the fluxes of soluble Tau
at the neuron-edge boundary P, for all neurons belonging to e;; and ej;:

T4, 6) = =D(niy)a(0,t),  J4(i,t) = —D(nyi). (L, t). (1.10)

We define the total mass of Tau on e;; at time ¢ as

L
Cij / (mij(x,t) + nij(, b)) dz. (1.11)
0
This leads to the following equations for M;(¢) and N;(t) at P;:

¢ M = —F(Mi,Ni)
ON = & 37 (esJii,0) + cjudi(i, 1)) +T(M;, ). (112

JF#i
A\
TV

incoming mass flow at compartment P;

J/

12
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Here N/ and M denote derivatives with respect to ¢, the reaction term I is defined by (1.6), and V; is the
volume of the brain compartment P;. For convenience of the reader, we summarize the parameters of the
NTM in table

Different choices of the reaction term would have been possible. Here, we distinguish between soluble
and insoluble Tau since they are very different Tau species and are involved in distinct biological processes.
It would have been possible to make a finer distinction of tau polimers by their size leading to more
complex reaction terms than I', such as Smoluchowski type terms. However, we have chosen the simplest
reaction term allowing us to model interconversion between soluble and insoluble Tau, since we prefer to
focus on the two major novelties of the model, i.e., the quasi-static approach introduced below to handle
the quite different timescales and the transport mechanism on the edges.

In conclusion, the full NTM is described by equations (1.4), and (1.12), completed by biologically
plausible initial conditions for M;(0), N;(0), m;;(z,0) and n;;(z, 0).

Symbol Description Remark

Dx Theoretical diffusivity of n Estimated to be 12 um?/s

fx Diffusing fraction of n Estimated to be 0.92

Vg * Native ant. transport velocity of n  Estimated to be 0.7 ym/s

Uk Native ret. transport velocity of n  Estimated to be 0.7 um/s

6] Fragmentation rate of m, M Unimolecular process by which m — n,
M — N

" Aggregation rate: n +n, N + N Bimolecular process by which n — m,
N — M

Y2 Aggregation rate: n +m, N + N  Bimolecular process by which n — m ,
N—-M

o Ant. vel. enhancement factor Effect modulated by n

€ Ret. vel. enhancement factor Effect modulated by m

A Diffusivity barrier, AIS Reduces the rate of diffusion within AIS

Ao Diftusivity barrier, SC Reduces the rate of diffusion
within the SC

Cij Connectivity weight Strength of the connections
between 7 and j brain’s parcels

Vi~ Volume Volume of the ith brain’s parcel

Table 1.1: Glossary of symbols for the NTM, adapted from [92]. The values marked with an asterisk
were estimated from previous experimentally derived values [57]. The parameters marked with double
asterisk describe the structure of the brain and can be retrieved from available experimental data (i.e, the
"connectivity atlasses" ). For simplicity, the parameters not marked with a double asterisk are modelled as
global, regionally invariant constants. Ant. = anterograde, ret. = retrograde, conc. = concentration, vel. =
velocity., AIS = axon initial segment, SC = synaptic cleft.

1.2.2 The quasi-static Network Transport Model

Since ¢ is a small number, it is natural to approximate the full NTM by considering processes in the fast
time scale as instantaneous in the slow time scale. So the approximating problem will be formulated in
the slow time scale. In particular, fluxes on edges will be expressed in the slow time case and, from now
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on, the diffusion coefficient D (in (1.5)) and the velocities v, and v,. (in (1.7)) e (1.8)) are always assumed to
be given in the slow time scale (in other words, the coefficients in the fast scale are divided by ¢).
In this approximation, problem (1.4)-(1.9) formally becomes

m;; = g(nij) in (O’ L) \ (:)337 174)
) mg;; = 0 in (1'3,334)
forallt =05 Y (a@)(mip)s + hlasny)), = 0 in (0, L) (119

ni;(0,8) = N;(t), ng(L,t) = N;(t).
Here Q(x, m,n) and a(z) are defined as in and
h(z,n) = -Q(z, g(n),n), (1.14)
where g(n) is determined by I'(g(n),n) = 0:

2

nn
n) = & I'(g(n),n) = 0. 1.15
Ry (119
In problem t > 0 plays the role of a parameter. In view of the elliptic equation for n;; in (1.13),
Jij(t) = = (a(2)(nij)z + Pz, ni5)) (1.16)

is constant along the edge and only depends on time.

More precisely, in the slow time scale ¢ of the network dynamics, m,; and n;; are quasi-static distribu-
tions on the edge, which are supposed to be reached instantaneously. Similarly, we approximate the equa-
tions (1.12) in the nodes. The first equation, for M;(t), is approximated by I'(M;, N;) = 0: M; = g(V;).
Therefore also in the second equation of (1.12), for N;(¢), the reaction I' disappears in the approximation.
To recover the approximated equation for /V; we need to examine the global mass balance of the system.
The full NTM does not allow mass loss or production, hence as we shall see in Section [1.4| the system is
closed and the total mass M () satisfies

ZV ) + N;(t —i—ZZ/ cij(nij(x,t) + myj(x,t)) de, (1.17)
L

Total Node Mass Total Edge Mass

J/

M'(t) = 0forall t > 0. (1.18)

This key relationship implies that to ensure an effective mass exchange between the set of nodes and edges,
i.e. that the total edge mass is not constant in time, the mass balances between the brain compartments F;
and P; and the edges e;; and e;; should contain two contributions: (i) the constant mass fluxes entering
P, and P; (see (1.16)) and (i) a feedback mechanism due the change of the Dirichlet conditions N;(t) and
N;(t) for n;; and nj; (see (1.9)), which causes a change of the total mass on the edges ei; and e;; that must
be compensated by a change of the total mass at F; and P;. The resulting mass balance at node P; takes
the following form:

Vi(N/(t) + M{(t)) = Y (cjid(t) = iz Ji(t) — Fo(N,N',n,On) (1.19)
Mass inc;gase at P; N J Feedback‘I\Zechanism

Incoming Mass Flow at P;

14



1. ANETWORK TRANSPORT MODEL OF TAU PROGRESSION

where
N Rt — R"

is the vector of Tau concentration on the nodes and
n:[0,L] x Rt s RIF

is the vector of Tau concentration on the edges. In this setting, the main modelling issue is to determine
the expression of the feedback mechanism F; at node P;. By (1.18)), the function F satisfies the following

condition
h d h L
i=1 i=1 j#i 0

which describes the global effect of the feedback mechanism on the entire set of edges. As we shall see
below (see and (1.29), the rates of change of the total Tau mass on both ¢;; and e;; are well-defined
and depend linearly on N/(t) e N/(t). Unfortunately this information is not enough to determine which
part of these rates of mass change must be compensated by the mass balances at P, and which part by the
mass balances at P;, which leaves an undetermined degree of freedom for the definition of F; in (1.19),
i.e. for the evolution of the total Tau mass at P; and P;. We shall come back to this fundamental question
in Chapter (3] where we consider the full multi-scale PDE problem. In the present Chapter we make, as a
first step, the Ansatz that the feedback mechanism in P; is local, in the sense that it depends only on the
variation IV;(t) and not on N}(t). This assumption translates into

.E(N, N/, n, aﬂ’b) = .E(Nz, Nj7 NZ/7 Nij, nﬂ) fOI'j ~ 1. (121)

Using the linearity in N/(¢), this leads to the following evolution equation for Tau at the compartment F;:

ViNI() + M[(8)) = Y (ciiilt) — ei Jis (1)) = D (Cli(t) + Chil)) N/ (1) (1.22)
Mass inc;gase at P; J N J _
Incoming M:gs Flow at P; Feedbackﬁechanism

Section is devoted to a formal justification of this Ansatz. In addition, we observe that in the
setting of the PDE NTM the total mass balance and the structure of equations (1.4) yield the node system
(1.12), hence the feedback mechanism is implicitly encapsulated in the incoming flux of soluble Tau on the
edges.

1.2.3 The Ansatz
Setting ¢;; = (n;):, the rate of change of the total mass on ¢;; (see also (1.11)) is given by

L
Cz’j/ (nij +mij)e(x, 1) dz (1.23)
0

L
’71”ij(25 - ’727”Lij)
= ¢i; Gii(x,t d:)s+/ gii(x, t)dx | . (1.24)
’ </0 ]( ) (0,z3)U(xq,L) (ﬁ - 727%']')2 ]( )

Recalling that n;;(¢) satisfies (1.13), we obtain that ¢;;(¢) satisfies the linear problem

{ (al) @ + 25205) =0 in (0,1)
Qij<07t>:Ni/(t>7 qij(Lat) :Nj/‘(t)'

(1.25)

15



1.2. THE MODEL

The linearity of the equation makes it possible to decompose g;; in the following form:
gij(,1) = Ni(t)ai;(x,t) + Nj(t)a; (. 1), (1.26)

where, for all fixed ¢, the functions ¢};(,t) and qu (x,t) satisfy, respectively,

{(“<x><quj>x +2524), =0 in(0,D) {( ofa) (g ) + 2502 ) mO.L)
qﬁj(OJ) =1, qu(L,t) =0, qw<0 t) =0, qz](L t) =
Hence becomes
L
Cz‘j/o (nij + mij)e(x, t) do (1.28)
L
=ci;Ni (1) (/0 q(x,t) dz +/(0 ot %?g(fﬁyg_nf;ij)q% (2.1) d:c)
L
Similarly, the rate of mass change on e;; is given by
L
cji/o (nji +mj;)e(z,t) d (1.29)

L
' Y115i(28 — yanji)
= ¢;ilNj(t) (/ gji(z,t) dz +/ ’ : qli(x,t) dx
" 0 ’ (0,23)U(x4,L) (5 - ’72nji)2 J

L
: Y15 (28 — yanji)

+ ¢;; N/ (t) (/ q;;(z,t) dz +/ I Lot (x,t) da )
’ 0o’ Ows)ar) (B—7emg)? Y

The linear structure of problem (1.25) leads to the Ansatz that the local mass balance at vertex P; only
concerns the contributions coming from the terms ¢j; and ¢};, and not those from ¢}; and ¢j;. Therefore
we interpret (1.26) as separated into two terms:

gi(et) = NiO)gy(z,t)  +  Ni(t)g(a.t) (1.30)
N———— N————

Mass variation contribute at node ¢ ~ Mass variation contribute at node j

which suggests to define, in (1.22),

L
i i 717%](25 ’anm)
Ci(t) =cij (/ q;:(z,t)dx +/ i;(r,t) dx (1.31)
! ’ 0 ! (0,z3)U(z4,L) (ﬁ 72”2])2
L
. . 7 2 1 )
Cii(t) = e ( | nacs [ 1520 = 09m5) 1 ) daz) (1.32)
0 Oms)0(@ar) (B — Y2myi)?
Summarizing, the quasi-static NTM consists of the edge equations (1.13), the node system
M; = g(N;)
) . fort > 0,
<V <1 + W) Z (Ch + C;‘i)) Ni = > (cjidji = cijJij)
j

16



1. ANETWORK TRANSPORT MODEL OF TAU PROGRESSION

and a given initial condition for N; at each node P;:

B .

N;(0) = Ny;, where {0 < Noi < 72 %f% >0

No; >0 if v = 0.
The initial condition needs some additional explanation. If 75 > 0, the constraint that Ny; < % follows
naturally from the singularity of the function ¢ in (L.15). Given N;(0) = Ny, we obtain that M;(0) =
g(Np;). In addition we would like to use at ¢ = 0 to define the pair of nonnegative initial functions
(mi;(z,0),n;(x,0)) on the edge e;;. If 2 = 0, the pair (m;;(x,0),n;;(z,0)) turns out to be uniquely
defined, but if 75 > 0, we need an additional smallness condition on Ny; to ensure that att = 0 has
a unique steady state which satisfies

0 < ny;(z,0) < %, 0 < myj(z,0) < oo.

More precisely, if v2 > 0 and Ny, and Ny; are “too close” to 5/, at two connected vertices P, and P}, then
such a subcritical steady state does not exist (see Remark [1.4.1). We shall see that the latter phenomenon
is physically equivalent to the occurrence of infinite total initial mass on the edge.

So we may formulate the additional condition on Ny, as follows: if 7, > 0 we require that the values Ny;
are such that initially, at ¢ = 0, each edge problem with ¢;; > 0 has a solution with finite initial mass.
Such condition is difficult to characterize analytically, on the other hand it is very natural and can be easily
checked computationally. The main result in Section [1.3| essentially states that the additional smallness
condition on NVy; implies well-posedness of the quasi-static problem: once the total mass at vertices and
edges is initially finite, there exist uniquely defined functions N;(t), M;(t), n;j(x,t) and m;;(z,t) (t > 0,
0 < z < L) which solve the quasi-static NTM and satisfy 0 < N;(t), n;;(z,t) < /7.

1.3 The main result

We recall the quasi-static NTM which we consider. For notations we refer to the previous sections. The
equations for the concentrations of insoluble and soluble Tau at the nodes of the graph, M; and NV, are

M; = g(N;)
(V; (1 + %ﬁ) + ; (C5; + CL)) Nj = ; (cjidji — cijlij) fort =0, (1:339)
with a given initial condition for N; at each node P;:
N;(0) = No;, where {?Vj ]ZV(Z; < % iizz i g (1.34)

The RHS of 2 expresses the incoming mass flow at node i, and J;;, a function of ¢ only, is de-
termined by a system for insoluble and soluble Tau, m;; and n;;, on the edge e;; (j # i): J;;(t) =
— (a(x)(n;)z + h(z,ny;)),, where

m;; = g(nij) in (O’ L) \ (137 [B4)
) mg; = 0 in (1’3,.%4)
forallt 205 Y (a@)(miy)s + hlasny)), = 0 in (0, L) (139



1.3. THE MAIN RESULT

The LHS of (1.33), expresses the rate of change of total Tau-mass at node i by assuming the local Ansatz
introduced in Sections and Here the terms with C}; and C/; describe a feedback mechanism
due to the rate of change of IV; at node ¢ (since /V; is a boundary condition for n;;, a change in NV; causes
an instantaneous modification of the total Tau-mass on the edges connected with node 7). The analytical
expression of C;(t) and C;(t) are integrals in terms of 2n;;, specified in and (1.32).

So the mathematical problem is to face the nontrivial coupling of the system of ODEs, (1.33), for the
concentrations at the nodes, to a quasi-static elliptic reaction-diffusion-transport problem, (1.35), for the
concentrations on the incoming edges.

Before stating the main result we define what we mean by a solution of the quasi-static NTM. Again
we refer to the previous sections for notations.

Definition 1.3.1. Let 1 <,7 < h. Let, for all 1,
Ny €[0,2), N, e C" ([o, o0); [0, %)), M; € C ([0, 00); [0, 00))
and, for alli # j such that c;; > 0,
n;; €C ([0, L] x[0,00);[0,00)), m;;€ L™ ([0, L] x[0,00);[0,00)), J;; €C([0,00); R)

and

ni;(t) < % ae. in(0,L) ifye > 0.

Then (M;, N;, m;j,n;;) is said to be a solution of the quasi-static NTM if equations (1.33) and (1.34) are
satisfied, and

m;;(t) = g(n;(t)) ae in(0,L)\ (r3,4)
mi;(t) =0 in (r3,24)
forallt > 0 : Jij inD'(0, L) (1.36)
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kTlij(L, t) = N](t)
If in addition the initial total mass of Tau is positive and bounded, i.e. if

L
i#i 70
we call (M;, N;, m;j,n;;) a finite mass solution of the quasi-static NTM.

As we shall see in Section [1.4.1] is always satisfied if 72 = 0. If 75 > 0, it follows from (1.36); »
that M, < oo if and only if g(n;;(0)) € L'((0,23) U (24, L)) for all i # j (c;; > 0). Below we shall see
that this is equivalent to requiring that n;;(0) < % in (0, L) (Lemma|1.4.6); in addition the total Tau mass
is conserved in time (Lemma|[1.4.3).

Theorem 1.3.1. Let Ny € [0, %) foralll <i < h.

i

(1) Let~y, = 0. Then the quasi-static NTM possesses a unique solution.

(17) Letye > 0. If, for alli # j such that c;; > 0, there exists n;;(0) € C ([0, Ll; [0, ﬁ]) which satisfies

72
niy(0) < 33 ae. in(0,L)
a(w)(ni;(@,0)), + hx, ny(x,0)) = constant  inD'(0, L)
n;;(0,t) = Ny, ny;(L,t) = Njo.

Ifg(n;;(0)) € L*(0, L) foralli # j such that c;; > 0, the quasi-static NTM possesses a unique solution.

18



1. ANETWORK TRANSPORT MODEL OF TAU PROGRESSION

1.4 Conservation of mass

Since the hypothesis of Theorem |1.3.1[(7) does not contain information about the total initial mass of Tau
if v9 = 0, we first address this question.

1.4.1 Finite initial mass if 75 = 0; mass conservation if v, > 0

Lemma 1.4.1. Let v, = 0 and Ny € [0,00) for1 < i < h. Ifc;; > 0, there exists a unique J € R such that

a(z)n'(z) = —h(z,n(z)) —J in(0,L) (138)
n(0) = N;, n(L) = Nj. '
has a solution n = n;;(0). In addition n;;(0) is nonnegative and continuous in [0, L|.
Proof. We consider J € R as a shooting parameter and consider the problem
a(x)n’(x) = —h(x,n(z)) —J in (0, L) (1.39)

Observe that n(z) is pointwise decreasing with respect to the parameter J, which implies that there
exists at most one value .J such that n(z) is well-defined in [0, L] and n(L) = N,. We recall that, by (1.15),

g(n) = %n’ if 3, = 0 and, by (L.14),

(1-— f)v(%nZ,n)n in (zy, 3)

0 otherwise.

—h(z,n) = Q(z,9(n),n) = {

If v(m, n) is given by (1.7), then
—h(x,n) =(1- f)(vae(sn_%"2 — v )n in (z9, x3),

so —h ~ —(1 — f)v,n in (x9,23) as n — Zoo. This linear growth implies that n is well-defined in
[0,L] for all J € R. Let A € R be the value of n at x5 if J = 0. By the monotonicity with respect
to J, n(z3) < Aif J > 0and n(zx3) > Aif J < 0. Since Dn' = —J in (x3, L) this implies that
n(L) < A—(J/D)(L —x3) < N;if J > 0is large enough and n(L) > A — (J/D)(L — z3) > N; if
—J > 0 is large enough. Hence there exists Jy € R such that n(L) = N; if J = J,.

If instead v(m, n) is given by (L.8), then

h(z,n) =—(1—f) <Ua(1 +dn)(1 — %nQ) - UT> n in (x9,x3),
so —h ~ —H#n“ — —o0 in (z9,x3) as n — +o0o. Hence, given J € R, the solution n can be
continued as long as it is bounded from below. We set
P ={J€R: nexistsin [0, L] and n(L) > N,},
P~ ={J € R: either n exists in [0, L] and n(L) < Nj;, or n does not exist in [0, L]}.
By the monotonicity of the solution with respect to .J, we have that

Jt<J foralJ" e Ptand J € P .

The sets P are clearly open. To prove that there exists Jy € R such that n(L) = N; if J = Jp, it is
enough to show that both P* and P~ are non-empty. Arguing as above, it follows that J € P~ if J is
large enough and J € P* if —J is large enough. [
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1.4. CONSERVATION OF MASS

It follows from Lemma [1.4.1] that the total initial mass of Tau is always finite if 7, = 0.

Corollary 1.4.2. Let v = 0 and let M be the total initial mass, defined by (1.37). Then M, < oo. In
particular every solution of the quasi-static NTM is a finite mass solution.

If 75 > 0, the total mass of Tau on the edges and at the vertices is conserved, as suggested by the
construction of the quasi-static model.

Lemma 1.4.3. Lety, > 0, let Ny; € [0, 5/72) forall1 < i < h and let (M;, N;, m;j,n;;) be a finite mass
solution of the quasi-static NTM in the sense of Definition Then

M(t) = Z (V(M( )+ N;(1) —i—Z/ cij(nij(z,t) + mgj(x,t))d > Mgy forallt > 0,

J#i

where 0 < M, < oo is the total initial mass defined by (1.37).
The proof is based on the equations for N;, M;, n;; and m;;, which imply that M'(t) =

1.4.2 Subcritical behavior if v, > 0

In the remainder of this section we study the steady state problem on the edge if 75 > 0. We fix
i # j such that ¢;; > 0. Since ¢t > 0 plays merely the role of a parameter, we also fix ¢. We suppress i, j, ¢
where possible. In addition it turns out to be convenient, in view of the proof of Theorem to relax
the nonnegativity of n;;, /V; and N;:

—e1 < ng; < ,% a.e. in (0, L)
—e9 < N;y Nj < B/

(a(x)(nij)e + Az, ny)), =0 inD'(0, L),
ni;(0) = Ny, ni;(L) = Ny,

(1.40)

where £; > g5 > 0 are small numbers.
Below we shall need the following technical result. We omit its straightforward proof.

Lemma 1.4.4. Let g(n) and h(x,n) be defined by and (1.14), and let ey > 0. Then ¢’ > 0 in (0, %),
g(n) - oo asn — % and

h7 227 gzh - LOO((O L) ( 817 %)) l:f'U(m, n) e Uaeisnfsm — .

If instead v(m,n) = v,(1 + on)(1 — em) — v,, then there exists C' > 0 such that

h, g_z Z _C l’n (O’ L) X (—517%)7 h, gz, gih & Lloooc([opL] X [_817 %))

The following result shows that the condition of finite total mass at time ¢ > 0 implies that, if 75 > 0,
the solution n;; of (1.40) is subcritical.

Lemma 1.4.5. Let vo > 0 and lett > 0 be fixed. Letey > c9 > 0,72 > 0, N; € [—¢e9,3/72) for all
1 <i<h,andletn;; € C ([0, L)) satisfy (L.40) for alli # j such that c;; > 0. If

M = Z( Vi(N; + g(V, ZC’J (/ nij da:+/( . )g(nij)da:)>, (1.41)
0,L)\(x3,24

JFi

20



1. ANETWORK TRANSPORT MODEL OF TAU PROGRESSION

then
M < oo & g(ni) € L'((0,23) U (x4, L)) Vi, j such that c;j > 0

8 .y (1.42)
& ny; < = in (0, L] Vi, j such that c;; > 0.
Y2

Setting ¢t = 0, we obtain the following characterization of initial data with finite mass:

Corollary 1.4.6. Lety, > 0 and Ny; € [0,5/72) forall1 < i < h. Letn;;(0) € C ([0, L)) satisfy, for all
i # j such that c;; > 0,

0 < n;(0) < % ae in(0,L)
(a(x)(ni;(0))z + h(x,n;(0))), =0 inD'(0,L) (1.43)
nij(O, 0) = NiO; ?”Ll'j<L, O) = NjO-

Let M be defined by att = 0. Then
My < o0 & g(ng(0) € L*((0,23) U (24, L)) & nyi(0) < % in [0, L].

Proof of Lemma By (1.13); o, the first equivalence in (1.42) is immediate, so it remains to prove the
second one. Since (<) is obvious, we only prove the implication (=).

Let g(n;;) € L'((0,23) U (24, L)). We fix i # j and set n = n;;. Since h(z,n) = 0if z ¢ |22, x3], n,
is constant in (0, z2). Since n(0) = N; < % and n(zy) < 752, this implies that n < % in [0, z3). We claim
that also n(z3) < %: if not, the linear growth of n and the behaviour of g(n) asn — % imply that g(n)
is not integrable in (0, z3). Son < % in [0, o).

Ifn() = % for some £ € (3, x3), it follows from Lemma [1.4.4| that

lim A((n(x))

r—E

{: oo ifv(m,n) =v,(l+dn)(1—em)—v,

eR ifv(m,n) =0, =™ —v,.

In the first case n,(r) — —oo as x — £, which is obviously impossible. In the second case we argue as
before and find that g(n) is not integrable in (x5, 23). So n < % in [0, z3).
B

5 we conclude that n < £ in (23, L]. So

Finally, since n, is constant in (z3, L) and n(z3), n(L) < -, =

n < % in [0, L]. This completes the proof of Lemma|1.4.5

The condition of finite total mass turns out to be “stable” in the following sense.

Lemma 1.4.7. Lett > 0 be fixed. Letey > €9 > 0,79 > 0, N; € [—e2,[/72) forall1 < i < h, let
ni; € C ([0, L]) satisfy (1.40) for alli # j such that c;; > 0, and let M, defined by (1.41), be finite. Then
there exists €3 > 0 which does not depend on i, j such that for all N; < /s satisfying

|N; = Ni| < e,
there exists a unique n;; € C([0, L]) which satisfies, for alli # j such that c;; > 0,

—2¢; <y < £ in (0, L)
(a(x)(Nij)e + Mz, 045)), =0 inD'(0, L), (1.44)
i;;(0) = Ny, iy;(L) = Nj.

21



1.5. A FIXED POINT ARGUMENT

Proof. We fix i, 5. Let J € R be a shooting parameter and consider the problem

(1.45)

n = —ﬁ (J+ h(z,n)) forz € [0, L]

Observe that, as long as n < /79, n is pointwise decreasing with respect to J. By (1.42), we know
that if N; = N; and .J = Ji;, we obtain the solution n = n;; which satisfies n(L) = N;. Using this
as a starting point and using the monotonicity of n with respect to .J, one easily obtains that, for some
J = jij, there exists a solution n = 7n;; > —2¢; of problem which satisfies 7;;(L) = Nj, provided
that |N; — Nj|, |[N; — N;| < ¢;; for some sufficiently small ¢;; > 0. Since the number of i, j is finite, we
define £ > 0 as the minimum of ¢;;.

The uniqueness of the pair (75, jzj) follows from (1.47), which will be proved below. [l

Remark 1.4.1. If v, > 0, the initial condition of finite mass is not only natural, but also necessary to have
subcritical behaviour. Indeed, it follows from an elementary shooting argument, similar to those used in the
proofs of Lemma’s[1.4.1 and[1.4.7 that if N; and N; are both less than but close enough to /72, then the
solution n;; on the edge is not necessarily subcritical. In other words, the condition that N; € [0, %) foralli
does not guarantee that m;; < oo.

Remark 1.4.2. We have formulated and proved Lemma[1.4.7 if y» > 0. Actually the case y, = 0 is easier to
handle, and Lemma continues to hold if o = 0 (with 3/, = 00).

1.5 A fixed point argument

In this section we provide a local solution of the quasi-static NTM. Its nonnegativity and continuation to
a global solution will be considered in Sections|[1.6|and [1.7] respectively.
We begin with collecting some technical results which will be needed in the proof.

1.5.1 Some preliminary results

The following result follows from a straightforward calculation.

Lemma 1.5.1. Lett > 0,4 # j and ¢;; > 0. Let N;(t), N;(t) € [—e2,8/72) and J;;(t) be given numbers.
Let x — n;j(x,t) be a Lipschitz continuous solution of

a(z)(nij)z(z,t) + h(x,ni) = —Jij(t) forae x €0, L]
—e1 < TL@(ZL‘,IS) < % Vx € [O,L] (1.46)
TLZ](O,t) = Nl(t), TLZ](L, t) = Nj(t),

and let gj; and qu be defined by (1.27). Then

L hn(s,nij(s,t))ds fﬂ? e[‘(:)u %ds d
, o hn(smgi(s,1) e’o a(s) —— s ay
i - fot —— " ds 0 a(y)
q’Lj(x? t) =e ) hn(s,n45(s,t)) = 0’

L ef&l a(s) ds
Jo e m—
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1. ANETWORK TRANSPORT MODEL OF TAU PROGRESSION

where h,, stands for %. Similarly, if cj; > 0, we have that

y hn(smji(s,t))
[y ——F5—ds
o (s,mi5(s,8)) el at) dy
n(sn.. (s, e w—
i I A R 0 a(y)
gji(w,t) =e 70 ) 1 - o PGy, = 0.
L Jo —atsy dsd
0 a(y) Y

The explicit expressions for qu and q;Z in Lemma considerably reduce the computational time for
numerical solutions of the quasi-static NTM.

The proof of local existence is based on the construction of a contraction, and in this sense the following
two results are natural.

Lemma 1.5.2. Lett > 0 and ¢;; > 0. Let n;;(t), n;;(t) € C([0, L]) be such that
—e1 < n”(t),ﬁw(t) < 6/’}/2 in [0, L]

Ifnj(w,t) andngj(x, t) satisfy (1.13)3 4 with given boundary conditions (N;(t), N;(t)), respectively (N;(t), N;
contained in [—¢s, %) Let J;(t), respectively J;;(t), satisfy (1.16). Then there exists a constant C' such that

Inij(2,t) — figg (2, )], | Jy(t) = Ji;(t)] < C <|Nz‘(t) — Ni(t)] + | N;(t) — Nj(t)|> : (1.47)

Proof. Let K = max{n;;(z,t),n;;(z,t);x € [0, L]}. We set w = n;; — 7;;. By the mean value theorem, w
satisfies

(a(x)w +b(z)w) =0 in(0,L)

w(0) = N;(t) — Ni(t)

w(L) = N;(t) — N;(t),

where b = 0in (0,22) U (23, L) and, if 75 < x < a3, b(z) = 2(z,v(x,t)) for some function v(z,t) €

[—e1, K] C [—¢1,8/72). By Lemma(1.4.4] b € L*°(0, L). Since

’ /
(ae v (Pow) ) = + b0 =0 in(0,1)

|ef b/ “w‘ attains its maximum at z = 0 or x = L. Since ¢= /% are bounded functions, this implies the
estimate for |n;; — n;;| in (1.47).

Finally, by (1.16),
_ L L L / L
(Jij — Jz‘j)/ LeJbla gy = —/ Ll (qw, + bw) dx = —/ (efb/“w> do = — efb/“w’
0 0 0 0
and the estimate for |.J;; — .J;;| in follows from that for |n;; — 7;;|. O

Lemma 1.5.3. Lett > 0 and ¢;; > 0 and let n;;(t), n;;(t) € C([0, L]) be as in Lemmal1.5.2 Let ¢;; = (n;;),
and Gi; = (M), and let j;(t) and q);(t), respectively §i;(t) and ¢;(t), be defined by (1.27). Then there exists
a constant C' such that

a5, 1) = Gy, D1 10 (0) = G0 < C (IN:(0) = N0)] + [N, () = N50)]) . (1.49)

Proof. A possible proof follows the lines of that of Lemma using Lemma’s and[1.5.2]to handle
the difference of the coefficients 9" (z, n;;) and 5 (z, ;) in (T.27).

An alternative and straightforward proof is based on the explicit formula’s provided by Lemma[1.5.1]

O
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1.5. A FIXED POINT ARGUMENT

1.5.2 Local existence

In this section we set up the fixed point argument.

In Definition[1.3.1 we have defined finite mass solutions of the quasi-static NTM as nonnegative func-
tions which satisfy certain equations for allt > 0. In the following result we prove the existence of not
necessarily nonnegative finite mass solutions in some interval [0, 7.

Theorem 1.5.4. Lety, > 0 and let the hypotheses of Theorem|1.3.1 be satisfied. Then there existsT" > 0 such
that the quasi-static NTM possesses a unique solution which is defined for t € [0,T] and is not necessarily
nonnegative.

Proof. Let Ny € [0, 3/2) fori = ,h,let 0 > 0and 7" > 0. We set
Xoq ={(N1,Na, ..., Np); N; € C([0,T7]), Nip — 0 < Nit) < Nyp + 0 < = 2 for all i, t}.
In particular we have that, for all ¢ € [0, 7] and 1,
Nl(t) < CU,T = 1rélkagthko+O' < % if (Nl,Nz,...,Nh) € XU,T' (149)
Observe that if £ > 0 then NV;(¢) may be negative if (Ny,..., N) € X, 1.
So let (Ny,...,N,) € Xorand i # j, ¢;j > 0. By Lemma[1.4.1) (if 72 = 0) and the hypothesis of
Theorem|1.3.1{(éi) and Corollary [1.4.6|(if 7, > 0), there exists n;;(0) € C([0, L]; [0, 5/72)) which satisfies

the edge problem att = 0. By Lemma and Remark we can choose 0 > 0 so small that
there exists n;; € C([0, L] x [0,T]) such that

8
max mn;; < =— 1.50
o,.L]x[o,r] 7 2 (1.50)

and, for all ¢t € [0, T,

(1.51)

{(a(x)(nij(x, t))e + h(z, ni;(z, 1)), =0 in (0, L)

Having in mind the equation for N; in (1.33), we define the following operator ® on X, 7
O(Ny,...,Ny) = (V1,..., Ny,
~ t oy C'Z'J'Z‘S —ci'Ji‘s
W00+ | 5 s (e T(5) = i)
0 Vi1 B ) 15 (Ch(s) + L)

ds (t€][0,7T]),

where Jj;(t), Cj;(t) and C%;(t) are defined by (1.16), (1.31) and (1.32). Observe that the factor

1 N(28 — 1N)
(8 —72N)?
for some ¢ > 0, whence r(N) > %c for N € [—o, %) if we choose o > ( small enough.
Similarly we obtain that C};(t) > 0 and C;(t) > 0 if Ny(t), N;(t) € [—0, Crr] (Where Cyp < % is
defined by (1.49)) if we choose ¢ > 0 small enough. For example, C;;(t) > 0 if and only if

’)/17%] (2ﬁ ’727%]) /L 7
q;;(z,t)dr > — q;i:(x,t)dz. (1.52)
\/(0 z3)U(z4,L) (6 72”1]) ( ) 0 j< )

r(N):=1+ >c>0 ifNG[O,%)
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1. ANETWORK TRANSPORT MODEL OF TAU PROGRESSION

By (1.47] with Nl, N;, 7iy; = 0, we have that ny; > —Co if N;, N; > —o, whence we can choose 0 > 0 so
small that is satisfied if Nj(t), N;(t) € [~0, Cor].

Having chosen o > 0, we choose T' > 0 so small that N; is continuous on [0, 7] and (Ny, ..., N,) €
X, 7. Hence O(Xy7r) C Xppforal0 < T < T.

A straightforward calculation based on Lemma’s and shows that we can choose T > 0so
small that ® is a contraction on XU,T- Hence we have obtained a local (for 0 < ¢ < T') smooth solution of

the quasi-static NTM, with values between —o and % ]

In the next section we shall prove that the solution is nonnegative for 0 < ¢ < T.

1.6 Positivity properties

In this section we prove some a priori estimates of independent interest, which ensure nonnegativity of
finite mass solutions of the quasi-static NTM.

We consider the problem for n;; on the edge ¢;; at a fixed time ¢ > 0, where i # j, ¢;; > 0; V;(t) and
Nj(t) are given real numbers belonging to [0, %)

Lemma 1.6.1. Lett > 0 be fixed, lety; > 0,1 # j and c;; > 0. Let N;(t), N;(t) € [0, 8/72) and J;; = J;;(t)
be given numbers and let n;; = n;;(t) € C([0, L]) satisfy (1.16): a(x)(n;;). + h(z, m]) —J;; inD'(0, L).
Let

nii(x,t) < B/y2 forall0 <z < L.

(i) If J;j = 0O, then either n;;j(z,t) = 0 for allz € [0, L] or n;j(x,t) > 0 forx € [0, L]; in particular,
either N;(t) = N;(t) = 0 or N;(t) > 0 and N,(t) > 0.
(1) If J;j > 0, then n;;(x,t) > 0 for 0 < x < L; in particular N;(t) > 0.
(i13) If J;; <0, thenn;;(z,t) > 0 for 0 < x < L; in particular N;(t) > 0.
In particular
nij(z,t) >0 forallz €[0,L], t > 0. (1.53)

Proof. (i) If J;; = 0 then n;; = 0 is a solution of (1.16) (since h(xz,0) = 0). Since N;(t) and N;(t)
are nonnegative, the uniqueness properties of solutions of (1.16) imply that either n;;(z,t) = 0 for all
z € [0, L] or n;j(x,t) > 0forall z € [0, L].

(1) Let J;; > 0. Arguing by contradiction we suppose that n;; = 0 at some yy € [0,L). Since
h(z,0) =0, a(n;;). = —J;; < 0atz = yo, whence n;; < 01in (yo, L]. Since n;; = N;(t) > 0atx = L, we
have found a contradiction.

The proof of (¢ii) is similar. O

Corollary 1.6.2. Lett > 0 be fixed, let o > 0 andi # j, ¢;j # 0. Let 0 < N;(t) < /72, Jij = Jij(t) € R,
in = le<t) € R and
N;(t) = 0.
Letn;;(t) € C([0, L]) satisfy a(x)(nij). + h(z,n;;) = —J;; inD'(0, L) and let n;; < in [0, L]. Then
(Z) Jﬂ(t> >0 liji > 0 and sz(t) <0 l.fCij > 0;

(ZZ) lfN]<t> > (), then Jﬂ(t) >0 l.iji > 0 and Jij <0 l.fCij > 0.
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1.7. PROOF OF THEOREM |1.3.1

In particular, if N;(t) = O the term ) (c;iJji(t) — cijJi;(t)) in the equation for N; in (1.33) is nonnegative
for all i; it is strictly positive if there exists j # i such that N;(t) > 0 and ¢;; > 0 or ¢;; > 0.

The previous results imply a “strong maximum principle” for N; in the network.

Lemma 1.6.3. Lety, > 0, Ny; € [0, 5/72) forall1 < i < h and let (M;, N;, m;;,n;;) be a solution of the
quasi-static NTM in the sense of Definition|1.3.1, Let n;;(x,t) < % forallz € [0,L],t > 0 andi # j such
that ¢;; > 0. Then either N;(t) = 0 forallt > 0 and1 < i < h, or N;(t) > 0 forallt > 0and1 <i < h.

Proof. We must prove that if Ny, > 0 for some 1 < k < h, then N;(t) > Oforallt > 0and 1 <i < h.
If Noi. > 0, there exists tg > 0 such that Ny (t) > 0 forall ¢ € (0, ¢o]. Hence, by Corollaryand the
equation for N; in (1.33), for all ¢ € (0, ¢

N;(t) >0 foralll <i < hsuch thatc; > 0or ¢ > 0.

Here we have used that, by Lemma the factors C]’Z and C’;l in the equation for N; are nonnegative.
Since the network is finite and connected, a finite number of iterations of this reasoning shows that
there exists t; € (0, to] such that N; > 0in (0,¢;] forall 1 < ¢ < h.
Finally, setting
T =sup{t: N; >0in (0,¢) forall 1 <i < h},

it remains to show that 7" = oco. Arguing by contradiction we assume that 7" < co. Then N,,(7") = 0 for
some 1 < m < h. Hence N},(T') = 0 and, by Corollary [1.6.2] N;(T') = 0 for all ¢ such that ¢;,, > 0 or
¢mi > 0. Since the network is finite and connected, a finite number of iterations imply that NV;(7") = 0 for

all 1 <7 < h. Hence the total mass of Tau at ¢ = 7' vanishes, which, by the mass conservation in Lemma
1.4.3] yields a contradiction since Ny, > 0. [

1.7 Proof of Theorem

We summarize the local existence result of finite mass solutions of the quasi-static NTM. Let 7, > 0 and
0 < Njgp < /v forl <i<h.By Theorem the quasi static NTM has a local solution, defined in an
interval [0, 7. If 75 = 0, its total mass is conserved and finite (by Corollary and Lemma [1.4.3) and
N;(t) > Oforallt € [0,7] and 1 < i < h (by Lemma[1.6.3). If 75 > 0, its total mass is finite at ¢ = 0 (by
hypothesis) and remains finite in (0, 7] (by Lemma [1.4.3); in addition, NN; and n;; are subcritical in [0, T
(by Lemma([1.4.5) and N;(¢t) > O for all ¢ € [0,7] and 1 < i < h (by Lemma|1.6.3).

Now we must extend the local solution to [0, c0). Observe that, as long as it exists, it continues to satisfy
all properties discussed above (conservation and finiteness of total mass, nonnegativity, subcriticality).
Therefore, if the solution exists in an interval [0, 7*) with T* < oo, it is well defined, nonnegative and
subcritical at ¢ = T, whence, by the local existence result proved above, can be continued in a right
neighbourhood of 7. Hence it can be extended to [0, o), and since it satisfies all required properties we
have proved Theorem|[1.3.1]

1.8 Numerical algorithms

In this section we introduce a discretisation of the NTM adopted in [91]. The MATLAB codes are available
at https://github.com/Raj-Lab-UCSF/Tau_Transport.git. The algorithm is as follows.
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1. ANETWORK TRANSPORT MODEL OF TAU PROGRESSION

Algorithm 1: An algorithm for the NTM
Input : (N;(0)),
Output: (N;(t))2,

1 fork=1,... koqdo

2 | for(i,j) € Edo

3 | (ng (%), Ji;(t%)) <= FluxCalculator(N;(t*));

4 end

5 for (i,j) € E do

6 (qu (th), qu(tk) < MassBalance(n;(t*), J;;(t%));
7 Calculate C}; (t*), G, (t%);

8 end

o | Update N;(t*+1);

10 end

To account for the distinct spatial spread along the edge (i, j), an inhomogeneous spatial grid is intro-
duced in the interval [0, L]. The five edge compartments are defined as the intervals

(Tg, xpy1) fork=0,...,4.
Each compartment is discretised through an inhomogeneous grid
T < Ty < Tpy < -+ < Ty = Thot1-
We observe that equation can be integrated to get
a(x)(n(z)).(z) + h(z,n) = —J (1.54)
(where we have dropped the edge subscripts and the time dependence) with boundary conditions
n(0) = N;, n(L)=N;.

The strategy adopted to solve the edge problem consists in a shooting argument. Equation (1.54) is
solved as a first order ODE by calculating n as a function of J, nn(.J, z), on the compartment (0, z;) with
boundary condition 7(.J,0) = N;. By requiring continuity of n(.J, -) at the compartment interfaces xy,
the solution 72(.J, -) is continued by solving the first order ODE until the last compartment. Ultimately, the
edge profile n and its flux are obtained by solving the problem

find J € Rst. #(J,L) — N, =0.

This procedure is encapsulated by the FluxCalculator function. The shooting argument on each edge and
time step is solved using MATLAB’s functions fsolve and ODE45. In principle problem should be
integrated as per the edge profile n,;;. However, its linear structure allows for less expensive numerical
computations. Indeed it is sufficient to compute the explicit expressions in Lemma|1.5.1]and then calculate
the quantities (1.31), (1.32). In [91]], the integration method adopted is the trapezoidal, which exhibits
a negligible computational cost compared to the other operations. The overall computational cost for
solving the quasi-static NTM for general advection terms adopting an Implicit Euler scheme to solve the
edge ODEs and an Explicit Euler scheme to solve the node ODEs system is of order

O(kNewton : kODENX|E|N7: +lv| |E|Nj;) (1.55)
Edge;;)blem Node;;)blem

where we have set
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1.9. LIMITATIONS AND FUTURE DEVELOPMENTS

- | F/|: number of edges of the graph,

- |V|: number of nodes of the graph,

- Nx: number of points of the spatial edge grid,

- Np: number of points of the temporal node grid,

- koppg: number of iteration of Newton’s method to solve the implicit system,

- KkNewton: number of iteration of Newton’s method to solve the shooting problem.

Notice that the order of the node problem cost corresponds to the cost required to solve the standard
Network-Diffusion model, where the incoming fluxes at each node are given by the Graph Laplacian, hence
the additional operations concern the computation of the Edge solutions. Observe that kopg increases
as the spatial derivative of the edge soluble Tau concentration becomes highly nonlinear. The overall
computational burden is naturally amplified in rich and complex networks such as the brain connectome,
as shown by the dependence on |F| and |V'|. A remarkable property of the computational NTM is that
the structure of the edge problem is compatible with parallelisation. Indeed at fixed time ¢ the profile is
a function of Tau concentration at the respective two nodes defining the edge, therefore distinct edges
lead to independent solutions. Notice that this also holds for edges of the form ¢;; and ej; since the edge
problem is not symmetric in P, P;.

1.9 Limitations and future developments

In the present Chapter we have proved existence and uniqueness of a quasi-static Network Transport
Model on a directed graph for intro-neural toxic Tau, one of the proteins which play an important role in
Alzheimer’s disease. The model was introduced and extensively discussed in [91] for Alzheimer’s brains
of mice; in particular several promising computational results were presented there.

Quasi-stationarity expresses the existence of two timescales, a long one which is typical for the evo-
lution of AD and a much shorter one which in the Ansatz of quasi-stationarity becomes instantaneous
in the long timescale. An active intro-neural transport mechanism leads to a stationary equation on the
single edges of the graph, a mathematical novelty which requires a careful analysis, since the model is
further complicated by the possible occurrence of a singularity in the equations (if 7, > 0).

A further consequence of the quasi-static approach is a profound change in the structure of the equa-
tions compared to the existing Network-Reaction-Diffusion models. Computing the total network mass
balance, we found that the correct mass exchange between nodes and edges consists of two contributes:
the incoming flux of the edge profiles and a feedback term due to the mass variation on the edge induced
by the mass variation at the node. The resulting global feedback term can be quantified in terms of the
variation of the total edge mass, but it cannot be explicitly computed by means of the sole quasi-static
approximation, meaning that in principle the quasi-static approximation does not provide the correct
separation of such a mass change between the two nodes. That is, the variation of Tau at a node induces
a mass change on the incident edges through a globally described effect. As we shall see in Chapter 3] the
issue of determining the correct mass balance at node level is not limited to the case of varying Dirichlet
boundary conditions, but it also pertains to the change in time of the coefficients of the edge equations.
In the present Chapter we have introduced a (seemingly reasonable) approximation of the correct mass
balance, but this issue will be extensively discussed in Chapter
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1. ANETWORK TRANSPORT MODEL OF TAU PROGRESSION

Regarding the limitations of the present model, several topics are worth mentioning. First, when
comparing the NTM to the standard Diffusion-Network models, we have seen that the implementation
typically requires higher computational costs. The numerical criticality associated with the PDE equation
on a single edge with Dirichlet boundary conditions is due to the nonlinearity in the advection term and
the presence of discontinuous coefficients. Moreover, the structure of the equation implies the existence
of a singularity in the long time limit. These features represent an inevitable critical point in numerical
applications. The inaccuracy along the single edge is eventually amplified at network level, where the al-
gorithm for solving the NTM requires integrating the PDE equation along all the edges of the graph with
Dirichlet boundary conditions that satisfy, in turn, a coupled system of ODEs on the nodes. This results
in extreme computational costs to reach accuracy and eventually accumulation of rounding-off errors,
which make the edge-PDE model on the network computationally unfeasible. The quasi-static approach
undoubtedly improves the computational costs of the original PDE NTM but still requires expensive com-
putations to reach accuracy along the whole network due to the integration of the nonlinear elliptic ODEs
on the edges. However, we stress that by inserting a nonlinearity along the edges the model produces
several different spatial patterns according to the directionality bias induced by the parameter sets [91], in
terms of net anterograde-retrograde coeflicients and aggregation-fragmentation terms. The exploration
of new and rich dynamics with respect to existing models is also a promising feature in terms of appli-
cability of the model to specific Tau species and tauopathies. In fact, different Tau isoforms and sites of
hyperphosphorylation [41] are associated with different spatio-temporal evolution patterns, as proved in
[63]], [93]. In this sense, the model could explain tauopathy as a function of the model parameters.

The issue of the extensive computational costs poses the necessity for future computational improve-
ments of the model algorithm for the adaptation to human brains and the comparison with experimental
data to optimize the choice of parameter values. Indeed, the NTM has quite a large number of parameters
and not all of them can be learned from experimental studies (see also table [1.1). Data concerning the
structure of the brain and its connectivity in humans and in mice are rich and reliable (see for example
(58], [66]). However, accurate experimental estimates of kinetic parameters and transport/diffusion pa-
rameters are usually challenging to obtain. Although we were able to retrieve some of these quantities
from in vitro studies in mice available in the literature (see table , these parameters are difficult to
estimate accurately in vivo, and likely do not match with measurements taken in vitro that have been pre-
viously reported. On the other hand, data concerning the spatio-temporal distribution of Tau pathology
in human and mice brains are abundant (see ADNI dataset: https://adni.loni.usc.edu and [[16]], [24], [47],
[54], [63]). In this context, model fitting with data of Tau pathology becomes crucial to determine model
parameters and to validate computational results with real data. Therefore, future developments shall
consist of reducing the Edge term in by means of further approximations to the edge solutions. This
problem can possibly be overcome by approximating the fluxes through linearisation of the nonlinearity
[69] or Machine Learning models.

Secondly, the role of Beta Amyloid, another protein which plays an important role in AD and is mainly
present in the extracellular space, needs to be included in the quasi-static model. From a biomedical point
of view it is important to get more insight into the interaction mechanisms between Tau and A/3. For these
types of models, both the modelling itself and the mathematical analysis become particularly challenging.
For example, some of the governing parameters in the Tau-model (aggregation rates etc.) will become
Af-dependent, a substantial complication of both the modelling of the feedback mechanism (see (1.22))
and the proof of well-posedness. In this more general context, the results obtained in the present Chapter
are a first but crucial step towards the analysis of more general systems.

A third limitation of the mathematical framework developed in Chapter 1]is the assumption of stability
of the steady states (1.13). A numerical study on this topic has been developed in [92] in the case of
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Neumann boundary conditions. However, the issue of recovering the correct limit as ¢ — 0 remains to
be addressed.

A fourth relevant applicative restriction of the NTM is the necessity of a directed graph to define the
advection velocity along the edges. The connectivity graph obtained by means of tractography techniques
is undirected, meaning that the edges are not oriented and no preferred direction is defined. In fact,
diffusion imaging methods are not capable of detecting the directions of the fiber tracts, thus posing
a limitation in this specific field of application. Axons host signal propagation through conduction of
the action potential from the cell body to the presynaptic terminals, hence they are equipped with well-
established directions that cannot be captured by undirected network models. In the specific case of the
NTM, directionality is necessary to define anterograde and retrograde directions of advection along the
edges, hence a directed spatial domain is a fundamental requirement for the definition of the model itself.
The adoption of mouse brain connectomes is natural in this sense [68] and serves as a starting point to
test the model. However the lack of a directed human connectome is a remarkable limitation. The first
attempts to bridge the gap between axonal directionality and connectivity network theory can be found
in [55]], [87].
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Chapter 2

A Network Diffusion Model of Beta Amyloid
progression

In the previous Chapter we have studied a quasi-static model for toxic intracellular tau protein in the
Alzheimer brain. In the present Chapter we introduce a mathematical model for the diffusion of Beta
Amyloid (A() protein. The foundation of the model relies on [14], where a probability measure is intro-
duced to describe the overall toxic state of neurons in the continuous brain medium. Here, we adapt the
model to the discrete spatial setting of the proximity graph and introduce a quasi-static approximation.
The well-posedness analysis of the mathematical model will require a sufficiently strong clearance mech-
anism of Af monomers, which is compatible with the introduction of the clearance mechanism as the
bottleneck to justify the use of the quasi-static approximation.

2.1 Introduction and biological setting

The network of neuron cells is represented by a graph G, = (V, E), where the nodes in V' represent gray
matter regions. More precisely, G, is a weighted, undirected and connected graph with a finite number h
of nodes P; € V and edges ¢;; € E. We denote by ¢;; € F the edge connecting ’; € V and P; € V and
eij = €j;,. We often refer to the existence of an edge between nodes F; and P; with the notation P; ~ P;,
or alternatively 7 ~ j.

The network is endowed with a weight function w which satisfies

Wij > 0 if@ij ek

w(P;, Py) = { (2.1)

0 otherwise.

The weight w;; of the edge e;; consists in the reciprocal of the Cartesian distance between the centre of
mass of the gray matter regions corresponding to F; and P;. This definition implies that w;; = w;; for all
i,j € V, therefore the graph is undirected and the corresponding adjacency matrix A € R"*" A;; = w;;
is symmetric.

The species we are interested in are monomers, soluble oligomers and plaques of Beta Amyloid, which
are mainly found in the extracellular space and propagate through proximity [86]]. The spatial operator
acting on monomers and oligomers is defined from the standard Graph Laplacian on the proximity graph,
that is the matrix

LeRM™ L=D-A (2.2)
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where A is the symmetric adjacency matrix of GG, and D is the degree matrix of G, i.e. the diagonal
matrix such that D;; = ) jmiWij- Among the numerous properties of the matrix L we highlight that,
since (), is undirected, L is symmetric and by the First Gershgorin theorem [46] its spectrum lies in the
set {\ € R: X\ > 0}. A direct calculation shows that, if G,, has no loops, 0 € A(L):

h
(Le); = Zwij — Zwij =0, wheree=(1,...,1)T e R". (2.3)
j=1 i

Moreover, the rank of L is strictly related to the topology of the graph [19]. Specifically, the number of
connected components of the graph dictates the multiplicity of A = 0 by the law rank(L) = h — r, where
7 is the number of connected components of G,,. In our case, r = 1 and the eigenspace related to A = 0
is entirely generated by the vector e. In the following, in analogy with the continuous notation, we will
select the matrix A := —L as the spatial operator acting on the node concentrations of Beta Amyloid, as
in [12], [13], [32], (73], [89], [98].

In this Chapter we adhere to the mathematical approach of [14] and show that the spatial-continuous
model can be adapted on the network of the proximity graph. The resulting model exhibits the same ex-
istence and time-regularity properties as the original one and it accounts for a quasi-static approximation
of the Beta Amyloid node system. As in Chapter[l] we identify a bottleneck mechanism which slows down
the overall spread of Beta Amyloid along the brain network. This process consists in the physiological
clearance mechanism of A which involves degradation along enzymatic pathways, remotion via perivas-
cular drainage along blood vessels, efflux through the cerebrospinal fluid into the glymphatic system and
microglia-mediated displacement through the cellular uptake process [48]], [99]. Remotion of Af is a fun-
damental process that obstructs the aggregation of soluble oligomers and the subsequent formation of
toxic plaques, thus a relapse or impairment may induce pathology. From the mathematical point of view,
the model presented in this Chapter captures the key role of clearance as a crucial factor in the existence
of the solution.

The model also deals with the processes of A production, aggregation and fragmentation. The pro-
duction of A3 is mediated by enzymes called 5— secretase and — secretase via cleavage of the amyloid
precursor protein (APP). Among the resulting peptides, A3 —40 and A3 —42 are released and can aggregate
to form A/3 toxic plaques, with A — 42 being highly prone to aggregation.

As previously stated in [14], we model the production of Aj as a function of the health state of neu-
rons located at the brain compartments of the proximity graph. We assume that the production of Af3
monomers increases when neurons are impaired below a certain threshold above which brain cells start
to reduce their protective activity of monomers release. A precise definition of such dependency requires
the introduction of a degree of malfunction a € [0, 1], where a = 0 means that neurons at the brain
compartment are healthy and @ = 1 stands for neuronal death. This relation implies a further link be-
tween monomers production and the proportion of neurons at each brain compartments with degree a.
To include this factor we introduce a probability measure f;; at each node such that df; ;(a) denotes the
fraction of neurons at node P;, time ¢ and degree between a and a + da [14]. We model the time evolution
of f;+ viaafirst order transport PDE, where the transport velocity depends on f; ; and the concentration of
soluble A3 oligomers at node P;. The model consists of a system of reaction-diffusion ODEs on the nodes
of the proximity graph coupled with a system of PDEs for f, 4, ..., f+and corresponds to a discretisation
in space of the model in [14]].

Starting from here, we observe that diffusion, aggregation, fragmentation, production and clearance
are fast processes relatively to the slow time scale of evolution of f;; (and AD), hence we assume a quasi-
static approximation of the ODE system on the nodes by treating the fast processes as instantaneous on
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the slow time scale. The resulting system is a set of nonlinear equations involving the concentrations of
A3 on the nodes which evolve in time by means of f;; through the production term. The quasi-static
model does not alter the structure of the velocity of f; ;. As a result, the nonlinear equations on the nodes
are coupled with the PDE for f;, foralli € V.

The assumption of equilibrium at each time ¢ on the slow time scale induces a technical difficulty in
solving the nonlinear system on the nodes. In fact, we do not assume spatially homogeneous production
terms, hence the constant vector u € span(e) is not an admissible solution. As stated in [21]], regional
variability is an important feature of AD dynamics. The disease spreads according to a selective spatial
progression, showing a certain vulnerability of some regions of the brain [65]. A deposition typically be-
gins in the neocortex and subsequently involves allocortical brain regions, subcortical nuclei, brain stem
and finally cerebellum [88]. Recent studies have adopted PET scanning techniques to identify the distri-
bution and extent of amyloid burden and quantify its global load [101]], leading to a more complex spatial
evolution than the linear sequence cited above [31]], [85]. Several different spatial subtypes have emerged
from the analysis of large PET datasets, highlighting differences in both seeding areas and order of in-
volvement of some regions according to factors such as age of onset, genetic background and comorbidity
[25], [61]. In our model, we recover this heterogeneity relying on linear algebra tools and exploiting the
structure of the Graph Laplacian matrix.

In this Chapter, we show that the coupled Af3- f; ; quasi-static problem admits a unique solution under
suitable conditions on the initial datum f; y and the parameters of the A3 system. Specifically, we require
that f; is a probability measure on [0, 1] for all ¢ € V' and that the clearance rate of monomers is suf-
ficiently large. We first deal with the case of a mass-conserving continuity equation for f;; to illustrate
the general well-posedness argument. This setting crucially simplifies the problem, since the solution f; ;
is uniquely determined as the push-forward of a fixed time-constant measure g; through the characteris-
tics. We then proceed to consider the non-conservative case by introducing a drift in the transport PDE
for the measure. The well-posedness argument previously introduced is extended to consider f;, as the
push-forward of a time-dependent measure g, ; through the characteristics by selecting the 1-Wasserstein
distance as the metric for g; ;.

We conclude the present Chapter by improving the properties of time-regularity proved in [14] and
present some numerical results.

2.2 The model

Consider the proximity graph G, = (V, E) introduced in Section Let h = |V|. We recall that the
weight function w;; is symmetric, hence we do not assume directionality of the edges of the network. Let
t > 0 indicate the slow timescale, typical for the progression of the disease, and let u; (t), us(t), us(t) denote
the density of A monomers, soluble oligomers and plaques, respectively. The functions t — wuy(t) are
vectors of densities on the set of nodes, meaning that u;(t) € R" and (uy(t)); coincides with the density
of species k at node P; and time . We will often refer to the i*" coordinate of the vector uy(t) as uy (i, t).

2.2.1 The full Network Diffusion Model

Following [14], we introduce the parameter a € [0, 1] which describes the level of neuronal impairment
at each node. Values of a close to zero denote a healthy state, while a close to one represents neuronal
death. Given this biological interpretation, fixing a node P; and a time ¢ > 0, we introduce a probability
measure f;; on the space [0, 1]. Setting a € (0, 1), df;+(a) denotes the fraction of neurons at node P; and
time ¢ with degree of malfunctioning between a and a + da. We assume that neuronal degradation evolves
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at the following rate:

olfidl(at) = Ce / (b— a)" dfss(b) + Cs(1 — a)(ua(i,t) — )" (2.4)

[0,1]

The first term in accounts for the prion-like diffusion of the disease, meaning that damaged neigh-
bouring neurons at node P; induce malfunctioning by increasing the malfunctioning rate, whereas healthy
neurons are harmless. The second term in (2.4) expresses the toxic action of soluble oligomers of A on
the overall health state: once a certain threshold Us () is reached, toxic soluble Aj3 acts by increasing the
speed v[f; ;| and its effect is amplified if the neurons are healthy. In this setting, we do not take into account
the neurotoxic action of A8 monomers; their harmful effect is related to the possibility of aggregation and
formation of oligomers and plaques. It is not clear whether to consider monomers as beneficial or threat-
ening actors in the development of the disease. Indeed, A monomers are also involved in protective
mechanisms such as regulation of synaptic function, modulation of synaptic activity and antimicrobial
effect [80]].
The measure f;; evolves in time according to the following transport PDE

O fin) + Wfidlfir)a = Jfin], 1€V (2.5)

The term J[f; ] represents the onset of the disease. As in [14], we assume that along the nodes belonging
to the subgraph which corresponds to the brain hippocampus ¢y, the health state b can jump to a worse
state a > b with probability P(¢,b, a). We model the signed measure J[f;,] as

Jfis]) =nt)xu(t) { (/ P(t,b,a) dfi,t(b)> da — dfw(a)} , 1€V (2.6)
[0,1]
where 7 is the jump frequency and xj is the characteristic function of the hippocampal area, i.e.

() = {1 o @7

0 otherwise.

We now introduce the global system on G, for u;, ug, us and f. Let A := —L the standard heat
operator on (&), and let ¢ denote the slow time scale. The general ODE-PDE system we are interested in is
given by

O (fie) + (0l fidl fir)a = Jfid], (a,2) € [0,1] x [0,T], i € V
uy = diAuy — oyug + F[f](t) + Ty, te[0,1] (2.8)
uh = daAug — ooug + Iy,

Uz = —03U3 + Fg.

The coefficients d; and d; are the diffusion rates of spread; in principle, d; # d,. We assume that the
insoluble plaques do not diffuse. The reaction terms I';, are given by

{Fl = —Uy <a11U1 + CL12U2) + klu.g (2 9)

I'y = auu% — agrugug + kousl's = —(Iy + I'y) = wqug(ais + as) — (k1 + k2)us.

according to the Smoluchowski model. Here, aggregation is modelled by the coefficients a;; as in [2]], [14],
[35]. We assume that plaques are formed by aggregation of monomers and oligomers at rates a;5 and as;.
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We also include fragmentation of plaques into smaller aggregates through the factors —kyu3 and —kyus.
The clearance process involving Af is defined by the linear terms —ojuy in (2.8).

The dynamics of Aj3 is governed by fast processes such as aggregation, fragmentation, diffusion, clear-
ance and production and therefore the respective coefficients in (2.8), being expressed on the slow time
scale, are large. Lastly, we couple the ODEs system for u with the PDE equations for f by introducing a
production term F'[f]. Here, F'[f;] is defined at each node i € V" as

1
Flfid = Cu/o (1o +a)(1 —a)dfis(a), i€V, t>0. (2.10)

This formulation expresses the idea of increasing monomers release when neurons are damaged under a
certain threshold as a protective mechanism. Observe that when neurons are healthy, they produce A3
monomers at rate 1. On the other hand, dead neurons do not release monomers.

2.2.2 The quasi-static Network Diffusion Model

Since the microscopic processes of diffusion, aggregation, fragmentation, clearance and production take
place on the fast time scale, the solution of the ODE system
Ull :dlAU1—01U1+F[f]<t)+F1, t e [O,T]
Ul2 = dQAUQ — O9lUg + FQ, (211)
Ug = —0o3us + Fg.
quickly converges to a steady state associated to (2.11), which satisfies
dlAul —o1uy + F[f](t) + Fl = O,
dgAUg — OoUg + FQ = O, 1€ V, (212)
—o3us + Fg = 0,
where the coefficients are expressed in the slow time scale. In other words, the evolution of the ODE
system in (2.11) is fast enough to be indistinguishable from the dynamics defined by the steady state
system (2.12). We stress that in (2.12), ¢ is a parameter that allows the solution to evolve on the slow time
scale. Once the steady state is reached, the monomers’ source F' is updated by means of the evolution
equation for f, as well as u. The implicit assumption we make is the local stability of the steady states of
(2.8). We will refer to this topic in the following sections.
The system (2.12) satisfies a mass balance at node level. Summing the equations (2.12) we get
diAun (i, 1) + doAus (i, t) + F[fi] = orui(i,t) + oaua(i, t) + ozus(i,t) (2.13)

and, summing (2.13) over all the nodes, we obtain

3

> | owur = [ Flfid] (2.14)
G G

k=1

where |, o= Z?:r Here, we have used that

h h h h h
Zd(Au)i = —d Z((D —Au); = —dz (Duul — ijiuj> dz (Z WyjU; — Zwﬂu3>
i=1 i=1 i=1 =1 i=1
h hooh hJ h
= —dz deg(i)u; — Z ijiuj = —dz deg(i)u; — dz deg(j)u; =0
=1 Jj=1 =1 =1 7=1
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by the symmetry of wij and the fact that the diffusion coeﬂ‘icient is constant on the nodes.

Observe that, by (2.14), since the equilibrium problem (2.12) is naturally expressed on the slow time
scale, the quantities Z w1 Ok and f o [ fi+] exhibit the same order of magnitude on the slow time scale, i.e.
they are of order O(1/¢), where ¢ is the proportion between the slow and fast time scales. This suggests
a relationship between the microscopic processes and the observed proportion of time scales.

The equilibrium system is then coupled with the PDE for f

Oufie) + (Wlfialfi)a = ILfid] i€V, (2.15)
where the deterioration rate v is given by
vlfidl(at) = CG/ (b—a)" dfis(b) + Cs(1 — a)(ua(i,t) — Un)", (2.16)
[0,1]

and the signed measure J satisfies

Tfir] = n(E)xn () { ( /[0 | Fba dfi,t(b)) da — dfi,t(a)} eV (2.17)

Equations (2.12) and (2.15) are coupled by the dependence of the monomers’ source F' on f in the
expression

1
[fz t] = /0 (110 —i—&)(l — CL) df”( ), 1€V, t>0 (2.18)

and the relation between the deterioration rate v and the concentration of soluble oligomers u; in (2.16).

2.3 The main result

To state the main result of this Chapter, we first introduce the definition of a solution for the quasi-static
A3 model introduced above.

We denote by X[ 1) the space of probability measures on [0, 1] endowed with the 1-Wasserstein dis-
tance and by M (0, 1) the space of signed Radon measures on [0, 1]. We write
ift — fip € C([0,T]; Xjo,1)) foralli € V and
0o [ @it (220)

is measurable as a function from [0, 7] to M (0, 1) for all p € C([0,1]) and i € V.
The model is given by

{atfi,t + (v[fid fir)a = J[fz‘,tia (2.21)

fio=fi(0) i€V,
diAuy (1,t) — oyug (4,8) + Ffid] + T1(u(i b)) =
doAus (i, t) — ogus(i, t) + Ia(u(i, t)) =0, eV, (2.22)
—03U3(i, t) + F3<U(Z, t)) = 0,
where f(0) € L(V;C([0,T7]; Xj0,1))-

Remark 2.3.1. Observe that the A3 system (2.22)) on the proximity graph does not require a prescription of
the initial data since it is defined as the solutlon to (2.22) where the monomers’ source is given by (2.18) with

fz,t - fz( )
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2.3.1 Hypotheses and Notations

The hypotheses on the model parameters that we adopt in the following are:

(¢) o1, 09, 03, a11, Qi2, G21 k1, ko, di, d2, C,, 10, Ce, Cs are positive constants. The monomers’ clear-
ance parameter o is sufficiently large, i.e. 01 > &, for some 01 > 0. The aggregation and fragmen-
tation rates are symmetric: a;; = a;;, k1 = ko;

(15) n € C([0,T]), n > 0. We require that P satisfies

PeC(0,T] x [0,1]%), P>0, (2.23)

/[ | P(t,bja)da=1 forbe [0,1], P(t,b,a) =0 ifb>a (2.24)
0,1
since impaired neurons do not recover, and that P is Lipschitz continuous:

AL > 0: |P(t, b, d") — P(t,0,a")| < LV = V| +|d" — d'|), (2.25)
forall o’,a”, b, 0" € ]0,1], t € [0,T].

We will denote distributional derivatives with 9, V and the standard Euclidean norm on R3" with
| - |, when no other vector norm is under consideration. We may refer to the solution of system as
u € R3" where 3 is the number of species and h the number of nodes, or with u; € R" fork =1,2,3 as
the vector of concentration of species £ on the nodes.

Definition 2.3.1. A 4—tuple (f,u1, us,us) is a solution to (2.21), (2.22) if

1. feL(V;C(0,T]; Xp)); w € C([0,T],R"), ug(i) > 0 forallk =1,2,3 andi =1,...,h;

2. f is a solution to (2.21) in a weak sense:

[ (Jetws s otasmiedn + [oasin@)as @
0
= [otndn~ [ o0 dr0)
forallp € C*([0,1] x [0,T]) andi = 1,..., h, wherev is defined in (2.16);
3. (uq,ug, ug) satisfies the following graph equations:

dlAul(t) — alul(t) + F[f(t)] + Fl(t) = O,
dgAUQ(t) — O'QUQ(t + Fz(t> - O,
—o3us(t) + T'3(t) =0,

(2.27)

where F[f]| and the reaction terms T’y are given by (2.18) and (2.9).
Remark 2.3.2. Definition (3) does not contain the boundary conditions given by the “flux”vf ata = 0

and a = 1. First we observe that v(1,t) = 0 hence the outflowing flux at a = 1 is zero. Then we recall that
fi+ is a probability measure on [0, 1], therefore by the weak formulation of we have that the inflowing
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and outflowing fluxes ata = 0 and a = 1 are equal in the distributional sense. For example, if f has a density
p, we have

//(Z)t—l—vz(ba atdadt—l—/ /gbath” ) dt

/qﬁ a,T)p(a,T)da — /¢ a,0)p(a,0) da+/ (o(1,t)v;(1,t)p(1,t) — (0, t)v;(0,¢)p(0,t)) dt

forall¢ € C([0,1] x [0,T]), i€V
If ¢(a,t) = n(t), the previous equality becomes

/ / pla,t dadt%—/oTn(t)/dJi,t(a) dt (2.28)

- / 0(T)p(a, T) da — / 0(0)p(a,0) da + / n(t) (0 (L, )p(L, £) — (0, )p(0, 1)) d

=n(T) —n(0) + /0 n(t)(vi(1,t)p(1,t) — vi(0,2)p(0,1)) dt.

By Tonelli’s theorem and (2.24), the LHS of (2.28) is equal to

o) = 0(0)+ o) | ( JEGX dfi,t<b>) da =ty [ diala) =0T =), (29

and therefore

/o n(t)vi(1,t)p(1,t) dt:/o n(t)vi(0,t)p(0,¢)dt, ne CY([0,T]), icV. (2.30)

The Chapter is devoted to the proof of the following result:

Theorem 2.3.1. Let G, be the proximity graph defined in Sections[2.] and[2.2 Let T > 0 and the hypotheses
(i) — (it) be satisfied. Then the quasi-static problem (2.21)-(2.22) admits a unique solution on [0, T in the

sense of Definition[2.3.1]

2.4 The equilibrium solution for fixed F[f]

In this Section, we consider the reaction-diffusion ODE system
UI1<Z, t) = dlAul(z, t) — alul(z', t) + F[ft} + Fl(u(z, t)),
Ué(l, t) = dgAUg(Z, t) — UQUQ(i, t) -+ FQ(U(’L, t)), 1€ ‘/, (231)
uy(i,t) = —osus(i, t) + Ts(u(i, t))

where F'[f] is a given function evolving in time. A necessary requirement to define the quasi-static ap-
proximation to system (2.8) is the existence of a steady state for (2.31) satisfying the nonlinear problem

dlAul — o1u1 + F[ft] + Fl(u) == O,
dgAUg — O9Uo + FQ(U) = 0, 1€ ‘/, (232)
—0o3U3 + Fg(U) = 07

where ¢ denotes a parameter. In the following Section we show that for sufficiently small ¢ and sufficiently
large o, system (2.32) admits a solution whose spatial disposition depends on the spatial distribution of
F[f;] on the nodes of the proximity graph.
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2.4.1 Local existence

We start by introducing the new variables:
vp = oy, s:=1/oy, fork=1,273. (2.33)

We require the clearance process to slow down the global temporal dynamics of the quasi-static system,
hence we are interested in large values of 0, i.e. small values of s. System (2.32) becomes

sdiAvy — vy + F[fy] + ksPvs — s*vy(ay1v1 + saavs) = 0,
dQAUQ — 09Uy + Clll?)% + Sk?)g — SA19V2V1 = O, (234)

—03vV3 + 2’011]2@12 — 2]{7’03 =0.

In this Section we prove existence of a local solution v(s, t) € R*" to (2.34) near (s,t) = (0,0).

Theorem 2.4.1. Let G, be the proximity graph. If 05,03 > 0,t — F|[f:] is continuous and F[f;] > 0,
then there exist 5 > 0 and t > 0 such that the system admits a non-negative solution v € C°([0, 5] x
[0, ]; R*").

Proof. The proof relies on the construction of a contractive operator for the system (2.34). First we observe
thatins =t =0
—v1 + F[f()] = O,

dQAUQ — 09Uy + allv% = 0, (2.35)
—03vV3 + 2’01?]2(112 — 2k'U3 =0.

System (2.35) exhibits a unique solution v which can be obtained by subsequently solving the equations

in (2.35). We start by solving
1_}1 - F[fo] > 0

Consider now the matrix

M2 = dgA — O'QIh

where I}, is the identity matrix in R"*". By the First Gershgorin Theorem [46]], M is invertible. Moreover,
M is Metzler, i.e. (M);; > 01if ¢ # j, and its spectrum satisfies

A(My) C {z € C:R(z) <0}

therefore its inverse is entry-wise non-positive [19], meaning that (Mg);jl <Oforalli,j=1,...,h.
We can now solve
Uy = —CLHMQ_I(’[_J%) > 0.

Finally, concerning the density of the plaques, we have

2&12 7_)1 1_)2

U os + 26)

The Jacobian matrix at t = s = 0, v = ¥ is given by
—1I;, 2ay; diag(vy) 2a,2 diag(vs)
J(0,0,0) = 0  doA —o0ol, 2ajpdiag(vy) | . (2.36)
O 0 —(0'3 + 2k>[h
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Since 03, 03 > 0, the matrix J(0,0,v) is invertible, hence the Implicit Function Theorem assures the
existence of a local surface ®(s,t) = v(s,t) with ®(0,0) = v and ¢(s,t, P(s,t)) = 0, where ¢ is the
vector field associated to system (2.34):

sdyAvy — vy + F[fy] + ksPvs — s?vy(an1vr + sayavs)
(b(S, t, U) = dgAUg — 09Uy + CLH’U% + Sk?’U3 — SQ192V2V1 € Rgh. (237)
—03V3 + 21)1’02&12 — 2]{71)3

Indeed the map
G(s,t,v) :=v—J(0,0,0) '¢(s,t,0) (2.38)

is a contraction on the closed ball Bg(0, 0, v) uniformly in s, t. Since G,,(0, 0, ) = 0y, by continuity of G
and G, there exist K € (0,1) and s, ¢ > 0 such that

sup [[Guls,t,9)l| < K. (2.39)
y€BR(0,0,0)
s€[0,3], t€[0,7]
It immediately follows that
G (s, t,01) = G(s,t,0)| < sup [[DuG(s,8,y)]] - [or — vaf < Klvy — v (2.40)
y€BR(0,0,0)

for all vy, vy € Bg(0,0,v). Hence v — G(v) is contractive on
X = {v e C%0,5] x [0,7; R*") : |u(s,t) — 0| < R, Vs,t €[0,¢] x [0,T]}.

To get the invariance on X, first we observe that by continuity of ¢ and F[f;], if v € X, then G(v) €

C°([0, 5] x [0,#]; R3"). Moreover, ifv € X,
|G(u(s, 1)) — v = !G(U(S,t)) G (v(0,

By continuity of v, ¢ and F[f;] and the uniform bound |v| < R + |v| we can choose § and ¢ small enough

such that G(v) € X. Since ¥ > 0, by continuity of ®, up to reducing 5 and ¢ we can conclude that
v(s,t) > 0forall (s,t) € [0,5] x [0,¢]. O

2.4.2 Positivity properties

In this Section we establish some positivity results regarding the equilibrium solutions to system (2.34).
In Theorem [2.4.1we have shown that v(0,0) > 0 and v(s, ) > 0 by restricting its domain. We now show
that the local solution satisfies a positivity constraint induced by the structure of the nonlinear equations
(2.34), which implies a “strong maximum principle” for v.

Lemma 2.4.2. Let F(t,i) := F|[f;;] > 0 foralli € V. Let v be a solution to on a closed rectangle
R C R x R such that (0,0) € R. Thenv(i,s,t) > 0 foralli € V, (s,t) € R.

Proof. By contradiction, suppose there exist i € V, k € {1,2,3}, (5,¢{) € R such that v(i,5,¢) = 0.
Assume that k& = 1. The equation for v; at node i and (s, t) = (5, 1) is

sdiAvy(1,5,1) + F[fis] + ks®v3(i, 5,7) = 0. (2.41)

40



2. ANETWORK DIFFUSION MODEL OF BETA AMYLOID PROGRESSION

Since F[f;;] > 0 and v3(i,5,t) > 0 we have
0 > sdiAvy(i,35,t) = sdy Zwijvl(j,E, t) (2.42)
i

hence there exists a node j ~ i such that v1(4,3,¢) < 0, which is impossible. Now assume k£ = 2 and
) =

evaluate the equation for vy at node i and (s,t) = (5,

~—

dQAUQ (l, §, l_f) + CLHU% (l, §, l_f) + Sk’l)g(i, §, E) = 0. (243)
Again we know that vy (4,35, ¢) > 0 and v3(i,3,t) > 0, therefore

0> d2AU2(i7§, %) = d2 Zwijvg(j,& Z) (244)

i~

which is impossible. Recall that the explicit expression for vs is

2&122111)2
== ¢ 2.45
U3 o5 + 2k ( )
and by the argument above v3(i, 5, t) > 0, therefore v(i, s,t) > O foralli € V, (s,t) € R. O

The positivity result can be extended to the weaker case of F' > 0 to obtain v > 0.

Lemma 2.4.3. Let F'(t,i) := F|[f;;] > 0 foralli € V. Let v be a solution to on a closed rectangle
R C R* x R such that (0,0) € R. Thenv(i,s,t) > 0 foralli € V, (s,t) € R.

Proof. Let 0 > 0 and consider the nonlinear system issued by the monomers’ source F[f; ] + 9. The
problem rephrases as
find vs € R* s.t. ¢5(vs) = 0 (2.46)

where

SdlA’Ul — v+ F[.ﬂ + ) + /{3153U3 - 521}1 (CL11U1 + SCL12U2)
¢5(’U) = dQAUQ — 09Uy + (111'0% + Sk?gvg — SA12V2V1 € Rgh, NS Rsh. (247)
—0303 + 20109a12 — (k1 + k2)vs

Theorem assures that there exists a local solution v; to (2.46) and Lemma implies that vs > 0
on its domain. We want to show that vs — vasd — 0 in

X = {2 € CO(R;R*), |2(s,t) — 0| < Rforall s,t € R},

where v is a solution to the nonlinear system with § = 0, i.e. ¢(v) := ¢o(v) = 0, and v := v(0,0).
Up to reducing 6, we may assume that v € X. We have
|vs(s, 1) — v(s, )] = |Gs(vs(s, 1)) — G(v(s, 1))| (2.48)
< Gilus(s, 1)) — Gs(vls, )] + [Gs(u(s, 1)) — Glo(s, 1)
< Klus(s,t) = v(s, t)] + |Gs(v(s, 1)) = G(u(s, 1))],

where, by (2.38),
Gs(v) :==v — J(0,0,v5(0,0)) t¢s(v), G :=Gy.
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Observe that
’G5(U<S7 t)) - G(U<S7 t))’ = |U - J(07 0, U6(07 0))_1¢5<U(37 t)) —v+t ‘](07 0, U(O7 0))_1¢<U(87 t>)|
= [J(0,0,v5(s,t)) " ps(v(s,1))] (2.49)
where we have used that ¢(v(s,t)) = 0 and J depends on 6 only through vs. Clearly by
ds(v) = (8,...,6,0,...,0)%. (2.50)
ERA € R2k

Recall that J(0,0,vs) is a non singular block-upper-triangular matrix, hence the inverse is still block-
upper-triangular and we can explicitly calculate the RHS of

J(0,0,v5(0,0))  ps(v(s, 1)) = (6J1.1(0,0,v5(0,0)) e, 0,...,0)"
€ R?h

where e’ = (1,1,...,1) € R" and J; 1(0,0,v5(0,0)) " is the inverse of the block of .J(0, 0, v5(0,0)) in
position (1, 1). By definition of .J(0, 0, v) in (2.36) and we can see that

J(0,0,v5(0,0)) *¢s(v(s,t)) = (—61de,0,...,00" =(6,...,6,0,...,0)T. (2.51)
N—— N e’ N’
€R2h €R" € R2h

Inserting this expression in (2.48) gives
h

lvs(s,t) —v(s,t)] < T K forall s,t € R, (2.52)

which ensures uniform convergence of vs — v, therefore v > 0. O

2.4.3 Global existence

So far we have treated s as a parameter for the local surface ®. Returning to the model, we have proved
the existence of an equilibrium for large values of ;. We now investigate the extension of the result for
smaller values of oy > 0, namely for larger values of s > 0. Let us suppose that the solution (s, ¢) — v(s, t)
exists on the maximal domain [0, s*) x [0,t*), where t* < T The regularity in time of v depends on the
regularity of F[f;|. Here, we assume that ¢ — F'[f;] is Lipschitz continuous on [0, T']. As we shall see later,
this condition is natural and follows from the construction of the solution to the evolution equation for
f. Moreover, s — ¢(s,t,v) is Lipschitz continuous on compact subsets of R* uniformly in ¢. It follows
that the map (s,t) — v(s, t) is Lipschitz continuous on rectangles of the form [0, .S] x [0, 7] for all S > 0.
Hence, fixing S > s*, it can be extended to [0, s*] x [0, ¢*] and it is positive by Lemma|[2.4.2] To apply the
argument in Theorem [2.4.1] we need to prove that the Jacobian matrix of the system is invertible at
v(s*,t*). The Jacobian is given by

J(v) = DA + P(v) (2.53)

where DA is the 3h x 3h block diagonal matrix

dy A
DA = ds A (2.54)
Oy,
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and P is the reaction matrix

Pll P12 P13
P = P21 P22 P23
P31 P32 P33

where P;; € R"" and

Py = —1I;, — 25%ay; diag(v,) — s*a1o diag(vy), Py = 2ay; diag(vi) — sarp diag(vs),
Pi3 = 2ay, diag(vy), Py = —s®aj diag(vy), Pay = 021}, — sayp diag(vy), (2.55)
Po3 = 2ay5 diag(vy), Pz = ks*I, Po3 = ks, Ps3 = (03 + 2k) 1.

In general, the precise characterisation of the spectral properties of the matrix .J is not a trivial problem.
Moreover, the argument in Theorem does not provide a constructive definition of the equilibrium
solution v. Hence we need to exploit the particular structure of the system (2.34). We start by taking
derivatives in the following order

(U1(1)7 U2<1)a U3(1)7 U1(2)7 U2(2)7 U3(2)7 s 7U1(h)7 U2(h’)7 'US(h)) (2-56)

This approach enables us to localise the nonlinear reaction terms in a block diagonal matrix and write the
Jacobian as: 3
J(Sa t U) = dlag(Pl)ZEV +B (257)

where B is the spatial operator and P; the Jacobian of the reaction terms at node ¢:
—(1 + 252&111}1 (Z) + s3a12'z}2(i)) 2@11@1 (’l) — 8&12U2(i> 2&12112(2')
R = —530,121)1 (Z) —(O'Q + Sa19V1 (Z)) 2(1,121]1 (Z) . (258)
s3k sk — (o3 + 2k)

Now solve the equation for v3 in (2.34) to get

2a15v10
_ S0 (2.59)
o3 + 2k
System (2.34) becomes
sdiAvy — vy + F[f] + &° C,E}JF%CHQUWQ — s%v1(a11vy + sasavs) = 0, (2.60)
s2dyAvy — %090y + a118%03 + s U3f2ka12v102 — s3apav9vy = 0. '

where we have multiplied the equation for v by s> > 0. The Jacobian of the reaction terms at node i
becomes

(2.61)

Pi _ _(1 + 282a11U1(i) + o3 +2k83a121)2(l)) 2526L111}1(i) - +2k33a12’02(2>
ag+2k33a12vl(l) s*(oq + - +2ksa12v1(z))

and it exhibits the following row Gershgorin disks:

g = { z+1+ 282a11v1(i) + 03(_7‘_32]{8 algvg(l) < 282a11v1(i) 036—7:’2]{:8 a121}2(l) } ;
Gl = { 2+ 52 (02 + 03(_7:’%3@121)1(2'))’ < de%s amn(z)}
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2.4. THE EQUILIBRIUM SOLUTION FOR FIXED F'[f]

Clearly the disks are located in the halfplane {{®(z) < 0}, so by the First Gershgorin Theorem [46], P is
invertible for all i € V. Now the global Jacobian of system is

j(S,t,U) = dlag(Pz)zEV + Ba

B being the matrix obtained by permuting in the order rows and columns of the block-Laplacian

di A 0
0 S2d2A '

Therefore the row disks of .J are shifted in the direction (—1,0) by d; > wijorsidy ., ws j, respec-
tively, with radius augmented by the same quantity:

G = { Z+d ;WLJ + 14 25%ay,01(4) + 0313%3 1202 (1) (2.62)
. 03
< |22 d
< |25%aq101 (%) — 03+2k‘8 a12v2(1)| + 1;011]}
Gl = { 2+ $2dy JZN;WQJ + 52 (0‘2 + po f)kaalgvl(i))‘ (2.63)

03
S o5 —|—2/{38 a12U71\? )+32d22w27j} .

g2

We can conclude that .J is invertible by the First Gershgorin Theorem [46]], hence the Implicit Function
Theorem can be applied to the nonlinear system at (s, t) = (s*,t*) to extend v on [s*, s*'] x [t*,t*']
with continuity. Observe that the set of equilibria for 4) coincides with the set of equilibria for (2.60),
hence the extension of v satisfies the equations in and by Lemma [2.4.2]it is positive.

Finally, we have proven that [0, s*] x [0, ¢*] is not the maximal domain of existence, thus giving rise to
a contradiction.

Remark 2.4.1. We have shown that the Jacobian matrix related to the system (2.60) is Hurwitz, hence the
steady state v is a locally stable solution to the 2h—dimensional dynamical system

o3 +2k

L ) (2.64)
vh = s2dyAvy — %0909 + a1y 5*0? + 83

2k
v = sdiAvy — vy + F[f] + s 2% a1zv102 — s%v1(ajv; + sajavs),
3
ok A12V1V2 — §7A12V207 .

o3 +2k

Clearly, this does not imply local stability for the dynamical system defined by (2.31)-(2.34).

2.4.4 Local Stability

The quasi-static approximation of the full ODE-PDE model requires the fast convergence of the solution
to the ODE system (2.31)-(2.34) towards the respective equilibrium. In the previous Section we observed
that the structure of the Jacobian (2.53)-(2.55) of the ODE system does not immediately yield information
about the localisation of its spectrum. In this Section, we consider the global system of ODEs on the
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nodes and prove that the associated equilibrium solution is locally stable under suitable conditions on the
parameters of the model. Specifically, we require the clearance rate parameters to be sufficiently large.
Consider the dynamical system

(UII = d1AU1 — o1y + F(t) + Fl,
wy = doAug — ooy + Iy,
,2 2QUg 2U2 2 (2.65)
L u(0) = up € R,
(1—‘1 = —uy(a1uy + ajpus) + kus,
[y = anuf — arpugug + kus, (2.66)
\F3 = —2&12'LL1U2 — 2]€U3,

on the slow time scale, where the coefficients of diffusion, aggregation, fragmentation, production and
clearance are of order O(1/¢) provided that ¢ is the proportion between the slow and fast timescale. In
Section 2.4 we have proved the existence of a non-negative steady state u* to under the assumption
o1 > 0 (or equivalently s* < .S). Let u be a solution to and set z := u — u*. Let P € R** be a
diagonal positive-definite matrix

pr 0 0
P=10 po 0|, pr>0fork=1,2,3 (2.67)
0 0 D3
and consider the energy
E(t) = Z 2] Pz;, (2.68)

=%
where
zZi = (Zl<i7t), Zg(i,t),Zg(i,t)) € Rg, 1€ V.
To obtain local stability of u* we show that the map F is a Lyapunov function for system (2.65).
Theorem 2.4.4. Let ug € R and u be a solution to [2.65) such that u(0) = ug. Let u* be an equilibrium

solution to (2.65). Then there exist C' = C(k, a;;,C,,) and § > 0 such that if 5 := ming_, 230 > C, then
|lu(t) — u*| — 0 provided that ug € Bs(u*).

Proof. By definition of &£ we have

E'(t)=2) 2/Pz;=2) 2] P(dAz; — Sz + T'(u;) — T'(uf)) (2.69)
i€V eV
where
di1Az (i, t) dy ) sy wij (2105, 8) — 21(4, 1)) ‘
dAZi = dgAZQ(i, t) = d2 ZjEV wzj (ZQ(j, t) — Zg(i, t)) € RJ, Z - V (270)
0 0
and the reaction terms are
oy 0 0 Fl(u(l7 t))
Y=|(0 oo 0| €R¥>? T(u)=[Taulit) | cR3 (2.71)
0 0 oy T (u(i, 1))
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2.4. THE EQUILIBRIUM SOLUTION FOR FIXED F'[f]

In (2.69), for all = € V' we linearise I" near u} to get

E'(t)=2) 2] P(dAz; — Sz; + Jr(u])2i + R(2:)) = Tuiss + Treaet + Tr. (2.72)
eV
To simplify the notations we will often write J; := Jr(u}). Now consider the diffusive contribution in

(2.72)):

2
Taigy =2 Z z] PdAz; =2 Z Z 2 (1, 1) predy Z wij [z (G, 1) — 2 (i, 1)) (2.73)

eV €V k=1 jev
2 2
=2 Zpkdk Z wijzk(é,t) [Zk(j, t) — Zk<2,t)] =2 Zpkdkngzk
k=1 1,jEV k=1

By a standard result on the quadratic form associated to the symmetric Graph Laplacian we conclude that
Tuirs < 0. Indeed we have

D wilzm(iot) = k(i) = > wyz(i )+ Y wyz(i ) =2 wyz(i (i t)  (2.74)

ijev ijev ijev ijev
= Zdeg 25, 1)% + Zdeg )2 (i, 1) — 2 Z wijz (i, t) 2 (J, 1)
JeVv eV i,jeV
= QZdeg(i)zk(i,t)2 -2 Z wijzi (i, )26 (4, 1) = —22] Az,
eV ijev

Inserting the expression (2.74) in (2.73) yields

2
Taips = — Zpkdk Z wij (24, 1) — 2(4, 1)) < 0. (2.75)

k=1 ijev
The reaction term 7.4+ 1S
Treat =2 2 P(Jizi —S2z;) =2) 2/ PJizi =2 z/PSz; = A-B. (2.76)
eV i€V eV

A straightforward calculation on B gives

QZZTPEz, = 2Zsz i, t ) prog > 2 IIllIl Ok Zsz i, t )opr = ZJZzTPz, (2.77)
eV i€V k=1 ZGV k=1 eV

Concerning A, since we do not control the sign of the entries of J;, we cluster the matrix PJ; in a
single matrix by means of 3
J; .= P2, p71/2, (2.78)

Defining the vector w; = P'/?z; we get

z;?FPzi = z;‘rPl/QPl/QJiP_l/QPl/in = wzrjiwi (2.79)

|lwi|[rs = || P"?2]|ps = \/ 2T Pz. (2.80)
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2. ANETWORK DIFFUSION MODEL OF BETA AMYLOID PROGRESSION

By and Young’s inequality, we get
T z o Lz o
2wy Jiws| < 2|willrs - || Jiwillpen < eflwillps + [ Jiwsl [z

1 =~
< elfwillgs + = [[5]]5, [lwillgs, Ve > 0. (2.81)
€ e~

— 2
_"{i,p

The RHS of (2.81) attains its minimum at € = K, ,, hence by (2.80) we get

2wl Jw;| < 26, ||wil[fs = 267 2] Pz; <2 r%e‘x/x{/-@ip} - 2] Pz;. (2.82)
7

Inserting the estimates (2.77) and (2.82) in (2.76) gives

2 ~ T
Treact <2 (rglee%/X{/fi,p} - 0) > 2Pz (2.83)

=%
i . 21 — ) 1/2 7. p—1/2(|2 ~
By selecting P such that max;cy {x;,} = max;cy [|PY2J;P7Y/2||2 < & we get

Trea < —20 Y 2] Pzi = =20 E(t), a>0. (2.84)
eV

For example let P = I;,. Since ||A||; = maxy 0,(A) and ||A||r = (D, 03(14))1/2 for all A € R"", where

01(A),...,o,(A) are the singular values of A (for details on matrix norms, see [46]), it follows that
PP, = 1, = 1 < 11 = S (28
Lm
Recalling that
—20/1171){(2.) — algug(i) 2@1171;(2.) — algug(i) 2&12%3(@)
Ji = —0,12u>{ (Z) _a12u>{(7z) 2&12UT ('L) (286)
k k —2k

we obtain the uniform (in 7 € V') estimate

. . C(F)
T2 < L1112 < Qa2 0/ ()2 2 % ()2 2 2 '
[ Jillz < il < 8ajyui(i)” + 12a75u5(i)° + 6k~ < 52 + 6k (2.87)
where
F<C,=C(F).
Clearly ch) + 6k? < &% if 7 is large enough.

We conclude by estimating the remainder term Ty, where R(z;) = O(||2;||?) as z; — 0. Hence there
exist §, C' > 0 such that ||u; — u}|| < ¢ implies

Trl <2) |2l PR(z)| <2 [lzilles - [|PR(zi)llrs <2 ||zillrs - [ Pllop - [ R(23)] s

eV iV v
<203 lalil - 1Pl
%
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2.5. EXISTENCE: THE CASE J[f] =0

Now observe that forall: € V

3

3
. P ) maxy p
2l Bl 1Pllop = [[2:l s [ Pl]> = (} :zk<z,t>2> e py = (;1: p—’;zm,t)?) maxp; < Sk T pa

— ming pg
= ~—
=:Cp
The remainder term rewrites as
Tr| <205 ||zillrs - 2] Pzi < 25 Cp Y 2] Pz = 26 CLE(t). (2.88)
eV ieV
Selecting ¢ such that 20C%, < « we finally obtain
E'(t) < —aE(t) = E(t) < E(0)exp(—at), a>0. (2.89)

Recalling the definition of £/ we get

3 3
B(t)=3 = Pzi=3_ > (it 2 Y > %(i,t)* minp, = minpyl|2(t)| Fan (2.90)
i€V k=1

eV 1€V k=1

hence, implies local stability. O

2.5 Existence: the case J[f] =0

The following sections are devoted to the proof of Theorem[2.3.1] We first deal with the conservative case
J[f] = 0, which notably simplifies the proof. In fact, under the assumption of vanishing drifts in the
transport equation for f, the measure f is solely determined by the characteristics associated with
and the initial datum f(0).

For clarity, we briefly recall the model. The unknowns are the measure f and the A3 concentrations
u1, us, ug satisfying the equations

Ofir + (U[fzt]fzt)a =0, (2.91)
fio=fi(0) i€V,
dlAul — o1uq + F[f] + Fl = 0,
dgAUg-UgU2+F2 =0, o >0 k= 1,2,3, 1€ V. (292)
—03us + Fg = O,
The monomers’ production term is
1
FUiid = G [ G+ @)1 = a) dfcfa) 99)
0
and the rate of degeneration is
v[fidl(a,t) = C(;/ (b—a)* dfis(b) + Cs(1 — a)(ua(i, t) — Uy)™. (2.94)
[0,1]

In this setting, Definition becomes
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Definition 2.5.1. A 4—tuple (f, uy,us,us3) is a solution to (2.91), if
1. felL(V;C(0,T]; Xp)); we € C([0,T],R"), u(i) >0 forallk =1,2,3andi=1,...,k;

2. f is a solution to (2.91) in a weak sense:

/Ot (/(¢s(a, s) + ¢a(a, s)vi(a, s))dfi7s(a)) ds = /¢(-,t) dfi, — /qb(-, 0) df;(0) (2.95)

forall¢ € C*([0,1] x [0,T]) andi = 1,..., h, wherev is defined in (2.94);

3. (uy,ug, ug) satisfies the following graph equations:
dlAul(t) — alul(t) F[f(t)] + Fl(t) = 0,
0,

_l’_
daAuy(t) — oaus(t) + Ia(t) =
—ozus(t) +I's(t) =0,

(2.96)

where F[f] and the reaction terms I'j, are given by and (2.9), respectively.

2.5.1 The Characteristics

Let fi; € C°([0,T]; Xpp,1)) and u € C°([0, T); R3"). Consider the characteristics problem associated with
(2.95)

{atAZ-(y, t) = vi(Ai(y, t),t), (2.97)

Az(y70):y6 [071]7 eV

Since (uy, ug, u3) belongs to a compact set B in R3" (where u; = (u1(i)), € R"), it is uniformly

bounded by a constant C' = C(B) and by we have that a — v;(a,t) is Lipschitz continuous uni-
formly in ¢ for all ¢ € V. By continuity of ¢t — f;; and ¢ — u(t), ¢ — wv;, is continuous on [0, 7], so
the Picard-Lindelof theorem ensures existence of a classical local solution to problem (2.97). Several reg-
ularity properties of A; follow from standard ODE theory, e.g. the continuity of A; in ¢ and y. We also
have

vi(a,t) >0 foralla € [0,1]andt >0 = t — A;(y,t) is increasing for all y € [0, 1].

The characteristics map [0, 1] in [0, 1] for all #: consider the problem

{&Ai(l,t) = vi(4(1,1), 1),

2.98
Ai(1,0)=1, ieV. (2:98)

Since v;(1,t) = 0 for all ¢ € [0, T7, it follows that A;(1,¢) = 1 is a steady-state solution of (2.98). The
uniqueness of the solution to implies A;(1,t) = 1 for all ¢ € [0,T]. Now set ¢;(y,t) = 0,4;(y,1).
The function ¢; satisfies the following problem

{at@(y, t) = 04vi(As(y, 1), ) i(y, 1),

by 0) =1, ieV (299)
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2.5. EXISTENCE: THE CASE J[f] =0

which yields
0,A;(y,t) = exp (/Ot 0avi(Ai(y, $), 5) ds) > 0. (2.100)
By we have
0 < Ai(y1,t) < Ay, t) < Ai(L,t) =1 if0<y; <yo <L (2.101)

Specifically y — A;(y, t) is injective for all ¢ € [0, T.
Following the lines of [14], before formulating problem (2.91) in terms of the characteristics, we prove
a result on the support of the measure f; ;.

Lemma 2.5.1. Let f € L(V;C([0,T1]; Xj0,1))) a solution to and A;(y,t) a solution to (2.97). Then
supp fir C [A4;(0,¢),1] foralli € V andt € (0,T]. (2.102)

Proof. We recall that by Section the characteristics A;(y, t) exist in the classical sense as a solution
to foralli € V.Leti € V andt € (0,7T]. Let h € C'(R) a non-decreasing function such that A = 0
on (—o0,0] and h = 1 on [1,400). Let § > 0 and set

hs(s) = h (g) . s(a, ) = hs(Ai(0,7) —a), a€[0,1], 7 €[0,T).
Then 5 € C'([0,1] x [0, )., supps(-,7) = [0, A;(0, 7)) forall 7 € (0,T], 6 > 0 and
Jim 4is(a,7) = Lpaomp(a) for € (0,71,
Testing equation on ;5 gives
/Ot (/(aﬂpg(aﬁ) + &ﬂﬂg(a,T)’Ui(CL,T))dfi,T(a)) dr (2.103)
= [usttdr— [ a0 dt0) = [ vste 0y (2.108

since ¥5(a,0) = h (—%) = 0ifa € [0, 1]. By it suffices to show that

/t (/(&1/4;(@, T) + 0.¢s(a, T)vi(a, T))dfw(a)) dr — 0asd — 0%, (2.105)
0

We have

(A0, 7) —a) 1 (A0, 7) —a\ vi(Ai(0,7),7)
8Tw5 = h (T) gaTAZ“),T) = h ( (5 ) (5 5

oo (M02) ().

and therefore

0,005 4 v:0at5| = |1 (Ai(o’g) — a) vilAi(0, T)’;) —vile,7) (2.106)
<LK A;(0,7) —a\ Ai(0,7) —a < Lisupal(2) < C,
0 0 z€R
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where we have used that v;(-, 7) is Lipschitz continuous uniformly in time. Moreover z +— zh/(z) is
continuous and compactly supported, hence sup, .y 2h/(2) < co and the bound does not depend on ¢. By

(2.106) we have

(2.107)

/Ot (/(&%(ct, )+ &z%(a,T)vi(a,T))dfi,r(a)) dr

SLi/t (/ ¥ (Ai(O,T)—a) Ai(0,7) —a

5 5 dfi,T L E&,iﬂ') dr

t
< Ci/ /dfi,T L Es;-dr
0

where f; ;L E; ; denotes the restriction of f; ; on the set Ej; , = (A4;(0,7)—9, A;(0,7))N[0, A;(0, 7)) =

supp b’/ <w) N [0, 1]. Since f; ; is a probability measure we have

<1 forTe[0,T],i€V,0>0

'/ dfi,T L Eé,i,’r

hence by the dominated convergence theorem

t
/ /dfw L Esirdr —0asd — 0" (2.108)
0

Now (2.103), (2.107) and (2.108)) give

/wac, t)dfis — 0asd — 0" (2.109)

and

/%(',t) dfis = /wg(-,t)dfi,tL[O,Ai(o,t)) — /dfi,tl_[(),Ai(O,t)) asd — 0F (2.110)

by the dominated convergence theorem. Indeed ¢s(a, 7) < 1foralla € [0,1],7 € [0, T] and lims_,o+ 1s(a, 7) =
110,4,(0,7)) (@). Finally (2.109) and (2.110) imply

/ dfis [0, A:(0,)) = 0 for all ¢ € (0,T]. (2.111)

]

We look for a probability measure g;; such that f;; is the push forward of g;; through the action of
Ai:

fir = Ai#tgir, 1€V (2.112)
Then g;,; satisfies the problem
8 it — 07
e . (2.113)
gio = fi(0), i€V

in a weak sense, whence ¢; ; = ¢, o is a solution.
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We reformulate the original problem in terms of the characteristics. f;; is the push forward of g;
through A; where g; and A; satisfy forall: € V

A1) = Co fig (A6, 1) = Asly )" dgia(€) + Ol — Ay, ) (ualis ) — D)
atgzt = 07

s A (8) — ovus(t) + G [ (o + A€ D) (1 = Ai(E,8)) dgsa (€) + T (£) = 0, (2.119)
dgAU (t) — UQUQ(t) + Fg(t) = 0,
—03U3(t) + Fg( ) = 0
with initial boundary conditions
g0 =10y (2.115)
Ai(y,0) =y,

Definition translates in the following formulation.

Definition 2.5.2. A 5—tuple (g, A, u1, ug, us) is a solution to (2.114), (2.115) if

~

.9 € L(V;C([0,T]; Xpo))s

N

A; € C([0,1] x [0,7);[0,1]), & 4; € C([0,1] x [0, T];R) for alli € V;

A; satisfies (2.114), and A;(y,0) =y foralli € V and y € [0, 1];
up € C([0,T],R"), ug(i) > 0 forallk =1,2,3 andi = 1,..., h;

w

=~

“

g is a solution to (2.114),([2.115), in a weak sense: for all ¢ € C'*([0,1] x [0,T7])

/ot </<¢S(y’8)dgi’s(y)) d3:/¢<'7t) dgi,t—/ﬁb(wo) dfi(0); (2.116)

(w1, ug,ug) satisfies the following graph equations:

S

dlAul (t) — 01Uy (t) +
dgAUg(t) — 02u2(t +
—0'3U3(t) + Fg(t) =0

Flg)] +T1(t) =0,
I'y(t) =0, (2.117)

where Fg| is defined in (2.114); and the reaction terms Iy, are given by (2.9).

We now need to prove the equivalence of problems (2.91)-(2.92) and (2.114)-(2.115). We begin by
proving that a solution to (2.114)-(2.115) provides a solution to (2.91)-(2.92) following the proof of Theorem
3.3 in [14].

Theorem 2.5.2. Let (4, g, uy, ua, u3) be a solution of (2.114)-(2.115) in [0, T']. Set
f'i,t = Ai#gi,ta fOY’ allt € [OvT]a e V.

Then (f, w1, us, u3) is a solution to (2.91)-(2.92).

52



2. ANETWORK DIFFUSION MODEL OF BETA AMYLOID PROGRESSION

Proof. Several properties of f; ; follow from the proof of [14]. Specifically, f;; is a Borel regular probability
measure on [0, 1]. Since y — A;(y, t) is continuous and injective for alli € V and t € [0,T, supp f;; =
A;(supp (gir t)) € Ai([0,1],¢) = [A;(0,¢),1]. Since g € C([0,T]; Xpo,1)) and y +— A;(y,t) is open,
fir € C([0,T7; Xpo,17). Moreover f € L(V;C([0,T]; Xp.11))-

In Section [2.5.1] we have seen that A;(1,¢) = 1, A;(0,¢) > 0 and y — A;(y,t) is injective, therefore the
map

i) 0,1] = [A,(0,4), 1]

is invertible for all i € V and t € [0,7]. Let B;(-,t) = A;(-,t)"*. Then y — B(y,t) is Lipschitz
continuous uniformly in ¢ by (2.100). By definition of B; we have A;(B;(a,t),t) = a for a € [A;(0, 1), 1].
Differentiating this identity in a and ¢ gives

8yAi<Bi<a7 t)v t)aaBi(a7 t) = 17
8yAi(Bi(aa t)7 t)atBi(a’ t) + 8tAi(Bi(a7 t)a t) = 07

which give the following ODE for B;
9 Bi(a,t) = —vi(a,t)0,Bi(a,t). (2.118)

Let v € C''([0,1] x [0,T]) and ¢(y, t) = 1 (A;(y,t),t). The boundary conditions terms of give

—/@mw@mw+/w%m%mw

:_/qb(B (Ai(y,1),1),t) dgi(y /(ﬁa 0) dfio(a

/qb (a,t))dfi+(a /qﬁa()dfzo
/watdf,t /d;aOdflo

Meanwhile the equation for g tested on ¢ gives

~ [ [ 2otwt)das ) ds = . (2119)

The LHS of (2.119) can be written as

/ / 0.6(y,1) dgi oy / / Du0(Bi(Ai(y,1), ),1) g (y) ds (2.120)
jA/&M&MWQ%AM%

Since ¥ (a,t) = ¥ (A;(Bi(a,t),t),t) = ¢(B;(a,t),t), we have

O (a,t) = 8,0(Bi(a,t),1)0,Bi(a,t) + 8,0(Bi(a,t), 1), (2.121)
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2.5. EXISTENCE: THE CASE J[f] =0

therefore

/t/(‘?sd)(a, s)dfis(a)ds = /t/aqu(Bi(a,s),s)@tBi(a,s) df; s(a)ds (2.122)
0 0

+ / t / 0.0(Bi(a, 5), 5) df+(a) ds
// 9,9(Bi(a, s),s) O ( s) dfis(a ds+// Os0(y, s) dg; s(y) ds (2.123)

——C, by @ID) ’
= —/ /aygb(Bi(a, s), s)vi(a,t)0aBi(a, s) dfi s(a) ds — Cy (2.124)
0

_ / t / 0w (a, t)vi(a, t) dfiy(a) ds — Cy. (2.125)
0

So f; . satisfies (2.95)). To obtain the equivalence for the u system it is sufficient to observe that

Flfid = /(Mo +a)(1 - a)dfi(a) = C, /(Mo + Ai(y, 1))(1 — Ai(y, 1)) dgii(y) = Flgis). (2.126)
0

Theorem 2.5.3. Let (f,uy,us, us) be a solution to (2.91)-(2.92) and A a solution to (2.97). Then there exists
a measure g, ; such that
fix = Aigtgis,  forallt €[0,T], i€V

and (g, A, uy, us, us) is a solution to (2.114)-(2.115).

Proof. The existence of g follows from Theorem 3.4 of [14] by setting = ¢ € V. The calculations in the
previous theorem imply that such ¢ satisfies (2.116). ]

2.5.2 Local Existence

The next step is to define the contractive operator whose fixed point gives a solution to (2.114)-(2.115).
Let 7' > 0 and define the metric space

X = C°[0,T] x [0,1];]0, 1)) x C°([0, T]; R3"). (2.127)

Let (A,u) € Xrand g;; = f;(0) for i € V. The first step is to consider the problem

DAy, t) = w(Aly.0),0),
{fli(y,O) =y €[0,1] ieV, (2.128)

3i(a,1) = Cg /[ A =) daly) + C0 = a) ol ) )" 20

where 0; is defined and non-negative also in the case of negative u. We show that (2.128) has a unique
solution A;(y, t) on (0, 7] with the same regularity properties as the characteristics of Section Then,
foralli € V, t € [0,T], we are able to define

Flgisl = C, /(uo + Ai(y, 1) (1 — Ai(y,t)) dgis(y) > 0, (2.129)
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which is Lipschitz continuous on [0, 7], thus Section [2.4 guarantees existence of a non-negative solution
u € C°([0, T]; R3") to
di Aty — oy + Flg] + T, =0,
doAtiy — oatiy + 'y = 0, ieV (2.130)
—osts +1'5 =0,

provided that o1 = 1/s is large enough. The operator is then defined as
H(A,u) = (A, u). (2.131)
We proceed by showing that H in is well defined.

Lemma 2.5.4. Let g;; = f;(0) forallt € [0,T],7 € V and (A,u) € Xr. Foralli € V set

77i(a7 t) = CG /[0 1}(141(2/7 t) - a)Jr dgz,t(@/) + Cs(l - CL) <u2(i7 t) - U2>+' (2-132)

Then the problem

! (2.133)

OiAi(y,t) = 1 (Ai(y, ), 1),
Ai(y,0) =y € [0,1]

has a unique solution on (0, T| denoted by A;(y,t) for alli € V. The function y + A;(y,t) is continuous
and strictly increasing on [0, 1] for allt € [0, T]. Moreover A;([0,1],t) = [4;(0,%),1] and A € C°([0, T] x
[0, 1] [0, 1]").

Proof. By uniform continuity of A on [0, 1] x [0, 7] and u on [0, T'] we have that the map (a, t) — 0;(a,t) is
continuous and Lipschitz continuous in a uniformly in £. This implies existence of a unique local solution
to problem which is continuous in ¢ and y. Since ¥;(a,t) > 0 for a € [0, 1], the map ¢ — A;(y, 1) is
increasing for all y € [0, 1], therefore A;(0,¢) > 0 for alli € V. Observe that 9;(1,t) = 0 for all ¢ € [0, T,
so A;j(1,t) = 1forallt € [0,7] and i € V as in Section [2.5.1]

Repeating the argument in Section [2.5.1] we also have

t
0,A;(y,t) = exp (/ 0,7 (Ai(y, 8), 5) ds) >0 forieV,yel0,1],tel0,T] (2.134)
0

hence 9,4;(y, t) is bounded uniformly in ¢. Specifically, y — A;(y, ) is Lipschitz continuous uniformly
intforalli e V. O

Set ;o = fi(0) for all i € V. The monomers’ source

Flgiol(t) ZCH/[OI](qurAi(E,t))(l — A&, 1)) dgio(§), i€V (2.135)

defines the elliptic equilibrium problem on the proximity graph

dlAul — o1u; + F[Q(O)Kt) + Fl = 0,
dgAUg — 09Uy + FQ = O, (2136)
—0o3U3 + F3 =0.
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Now ¥; is bounded uniformly in time by the mass balance

Z/Jkuk / [fid] (2.137)

and the bound | F'[g]| < C. It follows that ¢ — A;(y, t) is Lipschitz continuous uniformly in y. As a result,
the map ¢ — F[g(0)](t) is Lipschitz continuous on [0, T]. By Section and hypothesis (7), the system
has a non-negative solution % € C°([0, T]; R3"). In particular, we may define uo := u(0) € R3",

Subsequently, fix p, 7" > 0 and denote with X, C Xy the ball of radius p centred at (y, ug), which
corresponds to the initial data of problem (2.114)-(2.115). We then show that # is a contraction on X, 7 if
T' is small enough.

Theorem 2.5.5 (Local Existence). Let p > 0 and H defined by (2.131). If 7 > 0 is sufficiently small then
H(X,,) C X, andH is a contraction on X, .

Proof. We begin to show that H(A,u) € X, for all (4,u) € X, . if 7 is small enough. We do so by
proving

max |Ai(y,t) —y| = 0, ||u(t) — uo|lgsn — 0 ast— 0", (2.138)
S

By we have
[Ai(y. ) —yl = [Ai(y, t) — Ai(y,0)| (2.139)
—ca f / (0, 9)" dgi(€) ds
—l—Cg/O (1 — Ai(y, s))(ua(i, s) — Uy)* ds
<o [ [ies) - Al dae)ds + Oy
where we have used that uy (i, -) is bounded in X, - uniformly in 7. Applying Gronwall’s Lemma on

yields B
|Ai(y,t) —y| < Cpte“é" — 0ast — 0T  foralli €V, ye[0,1]. (2.140)

Now observe that by the mass balance

Z / Ol = / [fid] (2.141)

and the non-negativity of « we have the following estimate

3
(kmli,]él,g ‘7’“) () < D / oyt (i, 1) = /G Flgi] (2.142)
N—— k=1

=0
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forallm € {1,2,3}, j € V, t € [0, 7]. This implies

h
| (3,1) — (uo)k(d)] = |tn(i, ) — (i, 0)] < éz |Flg5:] — Flgjoll (2.143)

=1

h
<%§;ﬂWw&@ma—&@m (o + €)1 — €)] dgjo(€)

2) h
M0+ Z/’Aét ‘dgzo é/ Z Ca(j)t

(2.140)

forall k =1,2,3, 7 € V. As aresult, H is invariant on X, ; is 7 is small enough.
Let (A', u'), (A%, u?) € X, .. Concerning the characteristics, let ¢ € V" and consider the quantity

|A1(y> ) - A?(y7t)| = |Azl(yat) - Azl<y70) + A?(y70) - Az2<y7t)|

Cb//Al AWJV@M®%+%Ah—%%$MW@—%V%

~Co [ [(Ar(es) = A s — Cs [ (0= Ay, )l e) — O s
sch/MM@»wﬁm%ﬂﬁ—ow§> B2y, 5))*| dgi(€) ds

#05 [ 100= AL 0)ubta ) — 0a)* — (1= A0y, )03 05) — 0" ds
=%/{/h¥& Ay, ) — (A6 s) — A2(y, )"

HANES) = B (009)" — (A2(E,5) = R (pn9)) "] doa(©) s

+0 [{10- 2009 [(0469) — 0" = (0.5) — 02"

HUB(1.5) = ) (A (s) = Al )| s

< Cor [ 1A09) = )] ds-+ Cpat (A" ), (4, 0))

Gronwall’s Lemma implies

ALy, 1) — A2y, )] < Cpatd((A',u"), (A%, u2)e™ " VieV, yeo,1] (2.144)
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Consider now the functions u', #%. By (2.142) we have

|y, (i, 1) — ui(i,t)] (2.145)

< % Z/ | (1o + AF(& 1)) (1 = AF(€,1)) — (no + AF(E,1)) (1 — AF(E,1)) | dgie(€)
h
< Sl ED S 12260 - Ale.n)] daule)

h
< Cptd((A',u'), (A% u?)) 26"“’”1(’” < Cpatd((A', u'), (A%, u?)).
(2.144) =

It follows from (2.144) and (2.145) that H is a contraction on X, , if 7 is small enough. O

2.5.3 Global Existence

Let [0, t*) be the maximal interval of existence of (A, u) and suppose by contradiction that t* < T'. Observe
that

Flgis) = C, /(Mo + Ai(y, 1) (1 — Ai(y, 1)) dgis(y) < C foralli € V, t € [0,t%). (2.146)

By (2.142) and (2.146) it follows that

lug(i, )] < Cfort € [0,t%), i€V, k=1,2,3. (2.147)

Now by we have that v;(A;(y,t),t) is bounded uniformly in ¢, hence ¢t — A;(y,t) is Lipschitz
continuous and it can be extended to [0, ¢*]. By Lipschitz continuity of ¢ — A;(y,¢) and boundedness of
v;(A;(y,t),1) it follows that F'[g; ] is Lipschitz continuous. Proceeding as in we conclude that u is
Lipschitz continuous, hence it can be extended to [0, ¢*]. Iterating the contraction argument of Theorem
at (A(t*), u(t*)), the solution can be extended to [t*, t]], thereby violating the maximality of [0, t*).

2.6 Existence: the case J|f| # 0

In this section, we extend the proof of the existence for the Aj system to the non-conservative case. We
first recall the equations of the model. The probability measure f satisfies

{&ffi,t +(lfidfidde = Jlfidds eV (2.148)

fi,O = fz(o)

where J[f;;] is a signed measure that accounts for upward jumps in the degree of neuronal malfunction.

Il =ntonuto) { /[ Pltba) B0 do = dfla)}. (2,149

Here P(t, b, a) is the probability of jumping from degree b to degree a, where b < a (meaning a transition
towards a more toxic state) and 1 > 0 is the jump frequency. x is the “characteristic function” of the set
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i X I, where iy is the set of nodes corresponding to the hippocampus region of the brain and I C [0, 7]
is a measurable set. In other words

J[fi,t] _ {TI(t) |:<f[071} P<t7 b7 a) dfl,t(b)) da — dfz’,t(a) if7 € 1y and ¢t € IT7

0 otherwise.

The elliptic A3 system is

dlAul — o1uq + F[f] + Fl = 0,

dgAUg — 09U + FQ = 0, 1€ V, (2150)
—03U3 + Fg = O,
where the monomers’ source is
1
Flfis] = Cu/ (o + a)(1 — a) dfi,(a) (2.151)
0
and the rate of degeneration is
olfudl(at) = Ce / (b— a)" dfes(b) + Cs(1 — a)(ua(i,t) — )" (2.152)
[0,1]

We adopt the same strategy employed in Section|[2.5/to prove the existence. The introduction of a drift term
J[f] induces deep changes in the structure of the problem. In fact, the measure ¢ is no longer constant
in time. Accordingly, it enters the problem as an unknown in addition to the characteristics and the Af3
concentrations. Hence X is enlarged to include the space of time-continuous Borel probability measures
endowed with the 1—-Wasserstein distance.

For the sake of completeness, we recall the definition of the solution to (2.148)-(2.150).

Definition 2.6.1. A 4—tuple (f, w1, ua,u3) is a solution to (2.148), if
1. feL(V;C(0,T]; Xpy)) andug € C([0,T],R"), uy,(i) > 0 forallk =1,2,3 andi =1,..., h;

2. f is a solution to in a weak sense:

/t </(¢S<a S) +¢a((l S)Ul(a S dfzs /¢ CL S szs ) dS (2153)
0

_ / o1 ) dfss — / 6(-,0) df;(0)

forall¢ € C*([0,1] x [0,T]) andi = 1,..., h, wherev is defined in (2.152);

3. (uq,ug, ug) satisfies the following graph equations:
diAu (t) — orui (t) + F[f ()] + T1(¢) = 0,
0,

daAus(t) — oaus(t) + Ia(t) =
—03U3(t) + FS(t) = 07

(2.154)

where F[f] and the reaction terms I'y, are given by (2.151) and (2.9).
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2.6.1 The Characteristics

Remark 2.6.1. The characteristics problem

aA’L 7t = ZAZ 7tat7 .
Az<y7 0) =yE [07 1]7
exhibits the same properties as in Section[2.5.1]

We now show that a similar result on the support of f and J holds as in Lemma The proof is an
adaptation of the proof of Lemma

Lemma 2.6.1. Let f € L(V;C([0,T]; X[,1])) be a solution to and A;(y, t) a solution to (2.155). Then
foralli € V andt € (0,7

supp fir, supp J[fii] € [Ai(0,1), 1]. (2.156)

Proof. Let h € C*(R) a non-decreasing function such that 4 = 0 on (—o0,0] and h = 1 on [1, +00). Let
0 > 0 and set

hs(s) = h (g) . Ws(a, ) = hs(Ai(0,7) —a), a€l0,1], 7 e0,T].
Then 5 € C*([0, 1] x [0,T7]), supp ¢s(-,7) = [0, A;(0,7)) forall 7 € (0,77, > 0 and

615(% Vs(a, 7) = Lo a0,y (a) for7 € (0,77

Testing equation (2.153) on 15 gives

/t (/( 0:v5(a, 1) +&ﬂ/}(s(a,T)vi(a,f))dfi’T(a)> dr (2.157)

/% )dfiy — /1/)5 ) dfi(0 / /% )dJisds
2/1/)5(’775) dfz’,t—/o /1/)5('78) dJ;sds

since v5(a,0) = h (—%) = 01if a € [0, 1]. Repeating verbatim the calculations in Lemmaylelds

/w(s(.,t) dfir — /(:/%(» s)dJ;sds — Oasd — 0F. (2.158)

Moreover,

/wé(.,t) dfis — /wg(-,t)dfml_[O,Ai(o,t)) N /dfi,tI_[O,Ai(O,t)) as & — 0 (2.159)

by the dominated convergence theorem. Indeed, 15(a, 7) < 1foralla € [0, 1], 7 € [0, T] and lims_,o+ ¥5(a, 7) =

I]-[O,Ai(O,‘r))] (a) In addition,

%(a,s)/P(s,b, a) dfi7s(b)‘ <,
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< NXH +nxXu

‘ / VYsdJ; s / Vs(a, s) ( / P(s,b,a) dfi,s(b)> da

therefore by (2.159) and the dominated convergence theorem

s [sta,s) ([ Pebadr0)
= nXH/]l[O,Ai(O,s))}(a) (/ P(s,b,a) dfi,s(b)> da

A;i(0,s)
:UXH/ (/ P(s,b,a) dfi,s(b)) da,
0
Ai(O,s)
i [ vsd = | ( | Pesba) dfz-,8<b>) da
(5—>O+ 0

. / dfs [0, A4(0, 8)) = / Ao L [0, 40, 5)),

t t
lim / / Vs ds ds / / dJ;, L [0, 4:(0, 5)) ds.
5~>O+ 0 0

Now (2.158)), (2.159) and (2.160) imply

/ ba(a ) dfsa(0)
<Cn+n<C,

/dfi,tl_[o,Ai(o,t» - /Ot/dji,SL[O,Ai(O,s))ds.

It follows from Tonelli’s theorem and (2.23) that

Ai(0,s) A;(0,s)
\/dJl’,S L [07 Al(oa 8)) = 77XH/ (/ P(87 b7 CL) df2,8<b>> da — 77XH/V dfi,s
0

0

A;i(0,s) A;(0,s)

— 77XH/ (/b P(s,b,a) da) df; s(b) L [0, A;(0,1)) — nXH/O df; s
1 A;(0,s)

< 77XH/ (/0 P(s,b,a) da) df; s(b) L [0, A;(0,s)) — nXH/O dfi.s

77XH (/ df; s [0, A4;(0,s)) — /dfm L [0, A;(0, S))) —0.

By and the fact that [ df; ;L [0, A4;(0,s)) > 0 it follows that
/dfi75 L [0, A;(0,s)) =0 foralliec V.t e [0,T]
therefore supp f;; C [A;(0,1), 1]. Moreover, by definition of .J[f] and (2.162),

A,(0,t)
/dJi,tI_ 0, A;(0,8)) = 77XH/ (/b P(t,b,a) da) df;+(b) L [0, A;(0,¢)) >0
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2.6. EXISTENCE: THE CASE J[f] £ 0

hence we conclude that
/dJi,t L [0, Al(O,t)) =0= supp Ji,t Q [AZ(O,'[I), 1] forallz € V,t S [O,T]

]

We aim at searching for a probability measure g; ; such that f;; is the push forward of g; ; through the
action of A;:
fie = Ai#giy, 1€V (2.163)

where g and A satisfy

(9, A:(y,t) = Ca fo 1 (Aul&, 1) = Ai(y, ))F dgis(€) + Co(1 = Ai(y, 1)) (ualist) — Ua) ¥,

Orgir = n(t)xm [0y Ai(y,t) [ P(t, A&, 1), Aiy, 1)) dgin(E) dy — gie(€)], i€V

A (£) — o1 (8) + o [y (0 + A€ D) (1 — Ai(€, 1)) dgia(€) + T () =0, (2.164)
doAuy(t) — oqus(t) + I'y(t) =0,

oaus(t) + Ty(t) = 0,

\

with initial boundary conditions

{i;“(;o?(:o);, icV. (2.165)

Definition 2.6.2. A 5—tuple (g, A, uy, us, us) is a solution to (2.164), if
. gc L(V; O([O, T]; X[O,l]));

~

N

. A; € C([0,1] x [0,T7];[0,1)), 0:A; € C([0,1] x [0,T];R) foralli € V;

. A; satisfies (2.164), and A;(y,0) =y foralli € V andy € [0, 1];
uy, € C([0,T],R"), up(i) > 0 forallk =1,2,3 andi=1,...,h;

SN

o

$)]

. g is a solution to [2.164), in a weak sense: for all p € C*([0, 1] x [0,T7])

[ etndni = [0~ [ t ( e s)dgi,sw)) ds (2.166)

- [ e [ o904 ([ Pls. A9 030 dia(©))
- [ote) dgivs@)} ds;

6. (uy,us,us) satisfies the following graph equations:

dlAU1<t) — Ulul(t) + F[g(t)] + Fl(t) = 0,
d2Au2<t> - 02u2(t + FQ(t) == 0, (2167)
—o3us(t) + T'3(t) =0,

where Fg] is defined in (2.164); and the reaction terms Iy, are given by (2.9).
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We now need to prove that the problems (2.148)-(2.150) and (2.164)-(2.165) are equivalent. Again, we
follow the proof of Theorem [2.5.2]

Theorem 2.6.2. Let (A, g, uy, us, us) be a solution of (2.164)-(2.165) in [0, T']. Set
fix = Ai#giy, forallt €[0,T],ie€V.
Then (f, w1, us, us) is a solution to (2.148)-(2.150).

Proof. As in Theorem fi+ is a Borel regular probability measure on [0,1]. Since y — A;(y,?) is
continuous and injective for alli € V and t € [0, T,

supp fi,t = Al( supp (gi,tat)) g Al([()? 1]7 t) = [Ai(oﬂt)? 1]'

By ([2.24), if a < A;(0,t), then [ P(t,b,a)df;(b) = O, therefore supp.J;; C [A4;(0,¢),1]. Since g €
C(]o, T] X 1) and y — A;(y, t) is open, f;; € C([0,T]; X[,1). Moreover f € L(V;C([0,T]; Xjp,17)). In
Sectlonwe have seen that A;(1,t) = 1, A;(0,¢) > 0 and y — A,(y, t) is injective, therefore the map

Ai('at) : [07 1] = [Ai(0>t)v 1]

is invertible for all ¢ € V and t € [0,7]. Let B;(-,t) = A;(-,t)"". Theny — B(y,t) is Lipschitz
continuous uniformly in ¢ by (2.100). By definition of B; we have A;(B;(a,t),t) = a for a € [A;(0,t),1].
Differentiating this identity in a and ¢ gives

8yAZ'(BZ'<CL, t), t)@aBi(a, t) = 1,
ayAi(Bi(aa t)7 t)atBi<a7 t) + 8tAi(Bi(a7 t)a t) = 07

which defines the following ODE for B;
0 Bi(a,t) = —vi(a t)a Bi(a,t). (2.168)
Let ¢ € C'([0,1] x [0,T]) and ¢(y,t) = ¥(A;(y, t),t). The boundary conditions terms of (2.166) give

- [ o) dgiatw /cb ,0) dfso(y /cb 0 dgiaty) + [ 6(6.0) oo
/qb (a,t))dfii(a /(b&()dflo /watdflt /waOdflo

Meanwhile the equation for g tested on ¢ gives
t
- [ [ootndgatds  @e
0

-/ o [ [ ot 90,400.9) ( [ Pl e ). Al s) dgi,s(ﬁ)) dy

- / 6y, 5) dgia(y) | ds + Co

-/ o [ o009 ([ Plsb Aty ) ) dy - 100)] s,

= /0 o [ /Am,s) 6(Bi(a, ), 5) ( / P(s,b,a) dfi7s(b)> da—[(s)_ ds + C,

a=Ai(y,1) Ail0)

_ /Ot - UAZ(O’S) 6(Bi(a, ), 5) (/ P(s, b, a) dfi,s(b)) da—](s)} ds + C,,
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where we have wntten I(s)= [¢(B Y,5),5),S)dgis(y).
The LHS of (2.169) can be wrltten as

/ /&aﬁ Y1) dg;s(y / /&aﬁ );t) dgis(y) ds (2.170)
—/0 /asgb (Bi(a,t),t) df:5(a) ds

Since ¥ (a,t) = ¥(A;(Bi(a,t),t),t) = ¢(B;(a,t),t), we have
O (a,t) = 8,0(Bi(a,t),1)0,Bi(a,t) + 8,0(Bi(a,t), 1), (2.171)

/Ot/asw(a,s)dfi,s(a)ds
:/t/ﬁyqb Bi(a, 5), )8, B;(a, s) df; s(a) ds+/t/85¢ Bi(a, s),s)dfis(a)ds
//ay¢ (0:5).5) Q{0 5) o ds+/ /asaﬁ y.s) dgi.s(y

//ay(bB s)vi(a,t)0.Bi(a, s) dfis(a) ds — Cy

—/Otan UA;OJ’(B"(“’S)”)( P(s,b,a) dfs (b )da—/cb 15) dgialy >] ds

_/ /aa@b(a,t)vi(a,t) dfis(a)ds — Cy

—/Otan UA() 8(Bi(a.5). ) (/P(s b,a) dfi. (0 ) da~ [ o(Bi(a ) dgisly >] ds
- / / Duti(a, t)via, 1) dfys(a) ds — C,

—/Otan {//:(078)1/}(61,3) (/P(s b,a) df;a(b ) da—/¢ (a.5) )dfzs(a)]
— [ Jowtanmtana@is—co- [au[[ s ([renoin.n)
—/wasdf”a}ds

//awatvlatdfzs ds—C¢—//1/J )dJ; s ds
Z29), supp f;, C[A (0,5),1]

which ensures that f;; is a weak solution of (2.148). To obtain the equivalence for the u system it is
sufficient to observe that

Flfid] = /(Mo +a)(1 —a)dfii(a) = C, /(Mo + Ai(y, 1)) (1 — Ai(y, 1)) dgii(y) = Flgi-

therefore
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The converse follows as in Theorem [2.5.3

Theorem 2.6.3. Let (f,uy,us, ug) be a solution to (2.148)-(2.150) and A a solution to (2.155). Then there

exists a measure g; ; such that
fix = Ai#tgiy, forallt €[0,T],i€V
and (g, A, uy, us, ug) is a solution to (2.164)-(2.165).

Proof. The existence of g follows from Theorem 3.4 of [14] by setting = ¢ € V. The calculations in the
previous theorem imply that such ¢ satisfies (2.166). [

2.6.2 Local Existence

The construction of the contractive operator is the same as in Section[2.5] but we need to include the space
for g. Let T' > 0 and consider

Xp = C°([0,T] x [0,1];[0,1]") x L(V;C([0,T]; Xpo,17)) x CO([0, T]; R*). (2.172)
where L(V;C([0,T]; Xp0,1))) = {f € C([0, T};X{(‘)’H) . f; is weakly* measurable} is endowed with the

1—Wasserstein distance.
Let (A, g,u) € Xr. First, consider the problem given by

{@My,w = 5:(Ai(y, 1), 1),
0,

! X

i€V, (2.173)

ﬁi(a’v t) = CG /[0 ] (Az(y7t) - a)+ dgz,t(y) + Cs(l - a)(u2<i7 t) - U2)+ >0

and prove that it admits a solution A. Then we define

d(F(g))is = nxn {(—%Ai(y?t) / P(t, Ai(&, 1), Ai(y, 1)) dgis(§) dy — dgis(y) (2.174)
and show that the problem

(2.175)

Ogir = d(F[g))i,
gi0 = 1i(0)
has a solution g in the weak sense. Once we have defined (4, §), we can introduce the monomers’ source

Flgia] = Cy, /(NO + Ai(y, 1) (1 = Ai(y, 1) dgis(y) > 0 (2.176)
and, by Section [2.4] the elliptic problem

dlAﬁl —01ﬁ1+F[§]+F1 :0, 3
dyAdiy — Toiiy + 'y = 0, 0r>0 k=123 Y Tii)=0 i€V, (2.177)
—0'3123 + F3 = 0, k=1

has a unique non-negative solution @. The operator is defined as
H(A, g,u) = (A, g,a). (2.178)
We start with (2.173), which satisfies the same properties as in Lemma[2.5.4]
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Lemma 2.6.4. Let (A, g,u) € Xr. Foralli € V set

vi(a,t) = Cg /[0 1}(Ai(yat) —a)"dgi(y) + Cs(1 — a)(uz(i, 1) — U2) ™. (2.179)

Then the problem

~ (2.180)
has a unique solution on (0, T| denoted by A;(y,t) for alli € V. The function y — A;(y,t) is continuous
0

and strictly increasing on [0, 1] for all t € [0, T].
Moreover A;([0,1],t) = [A;(0,t),1] and A € C°([0,T] x [0, 1]; [0, 1]7).

{@fli(y) i(Ai(y, 1), 1),
elo,1

Proof. We need to prove that the map (a,t) — ;(a,t) is continuous and Lipschitz continuous in a uni-
formly in ¢. This implies existence of a unique local solution to problem (2.180) which is continuous in ¢
and y. Then since ;(a,t) > 0 for a € [0,1], ¢ — A;(y,t) is increasing for all y € [0, 1], which implies
A;(0,¢) > 0forall i € V. Observe that ©;(1,¢) = 0 for all ¢ € [0,77], so A;(1,t) = 1 forall ¢t € [0,7] and
i € V as in Section [2.5.1]

Repeating the argument in Section [2.5.1] we also have

t
9,A;(y,t) = exp (/ 0,0 (Ai(y, 8), 5) ds) >0 forieV,yel0,1],tel0,T] (2.181)
0

hence 9,A;(y, t) is bounded uniformly in ¢. Specifically A, (y, t) is Lipschitz continuous in y uniformly in
tforalli e V.

We now prove Lipschitz continuity of © in @ uniformly in ¢ and continuity in £. We immediately observe
that the second term in satisfies these conditions since u is bounded by a constant depending solely
on 7. For the first term in (2.179), let ay, as € [0, 1] and 1, t2 € [0, T]. We have

‘/ (Aily, ta) — ag)" dgi,(y) — / (Ai(y, t1) —ar)* dgi,h(y)‘ (2.182)
[0,1] [0,1]
< ‘/ (Ai(y,t2) — az)™ dgiy, (y) — / (Ai(y, t1) —a1) " dgi,m(y)‘
[0,1] [0,1]
+ ‘/ (Ai(y,t1) — a1) " dgig, (y) — / (Ai(y,t1) —a1)* dgi,tl(y)’ =1 + L.
[0,1] [0,1]
Regarding /; we have
I < / |(Ai(y,t2) — a2)* — (Ai(y. t1) — ar)t| dgis, () (2.183)
[0,1]

where (y,a,t) — (Ai(y,t) — a)™ is continuous on [0, 1]? X [0, 7], hence it is uniformly continuous and
I, — 0 as (t2,a2) — (t1,a1). As for Ir, y — A;(y,t) is continuous on [0, 1] and ¢ — g;; is continuous
as a function from [0, 7] to X[}, therefore Wi (g;+,,9ir,) — 0 asty — ;. Since [0, 1] is a compact
space, it follows that g, ; is narrowly continuous in time [4], therefore I, — 0 as ¢t — ¢;. By the uniform
boundedness of 9,(A;(y,t) — a)™ it follows that v is Lipschitz continuous in @ uniformly in ¢. O
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Lemma 2.6.5. Let (A, g,u) € Xr and A the solution to (2.173). Let (F'[g]);: the signed measure on [0, 1]
defined as

d(F[g])zt - 77(75) ( ) |:a A (yv )/P@?Az(gat)a Az(yat)) dgut(f) dy - dgi7t(y) ) (2'184)

fori eV, t€[0,T]. Then foralli € V
1. The equation t
o= £O)+ [ (Plad)ds 2189
has a unique solution in C([0,T]; X)) for all i € V, where the measure fo s)ds is defined as

(fot w(s) ds) (A) = fot (u(s)(A)) ds for any Borel set A C [0, 1] and jn € C([0,T1], Xj0,1);

2. The measure g;; is a weak solution to

0ugie = nxa [0y Ai(y.t) [ P(t, Ai(€,1), Ai(y. 1)) dgi(§) dy — gie(y)] (2.186)
Gio = £i(0)
in the sense of (2.166).
Proof. Leti € V and s € [0, T]. We first want to show that
|l =o. (2187)
(0,1]

If 7 does not correspond to the brain region of the hippocampus, then xy = 0, therefore (2.187) is
obvious by (2.184). Suppose now ¢ = 7. By Tonelli’s theorem we have

[aFigh.=nts) [0,A0.) [ Pl Aie9). Ay o) dgea(e)ay — [
= 1(5) [ ([ P60, A )0, Ai5) i ) i@ [ ot
( /Aij:):1P<s,Ai<a,s>,> )dgzs -/

/
—Mﬁ/QKP@&®$@@>@M@—/@M@g;o

(2.24)

dgi s(y

dgi s(y

where we have used that fA i(0:2) P(s, Ai(&,5),a)da = 0 since 4;(0,5) < A;(£,s) by Lemma [2.6.4) and

P(s, Ai(€,5),a) = 0if a < (€, 5).

From now on, we fix a node i and often drop the node subscript. In view of (2.184), consider the
“integrating factor” measure

o= exp ( [ ot ds) g tE0.T] (2.188)
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Let Y be the space of measures such that ¢ € Y if ¢ — e~ Jon(&xxu(9)ds g is continuous from [0, 7] to
X[0,1]- The metric we consider on Y is

dy(q1,¢2) = W1 (ef o mxa () ds g = Ji n(s)xn(s) ds q2) . (2.189)
Formally, we have

Auan(t) = exp ( | st ds) Ouges + (0 (D)gi]

= €Xp (A 77(3>XH(8) ds) n(t)XH(t)ayAz(ya t) / P(t7 Az(fv t)v Az(ya t)) dgz,t(g) dy

= a(Oxa (00, Aiy:1) [ Pl AL ). Al ) daia(€) dy
therefore ¢, satisfies the following problem

Ahar(y) = Lar(y) (2.190)
:(0) = fi(0),

LQt(y) = n(t)XH(t)ayAz(y’ t) /P(ta Az(éu t)7 Az(y7 t)) d%(&) dy

We claim that the map

Qq)(t) = fi(0) + /O Lqs ds (2.191)
is a contraction on Y. We first show that
/dLQt = n(t)xu(t) exp (/ n(s)xw(s) ds) . t€]0,7). (2.192)
0

Indeed, by Tonelli’s theorem we have
[ dta = nterntt) [ 0,40 [ P A0, Al 0) da) dy (2,19
=) [ [ PO AE). A0 000, Al 0) dy da)
=attyntt) [ | o PALE 0.0 dada €
= n(tyxu) [ [P0 A 0,00 dadate
= (00t [ da6) = nonutorenn | nls)hn(s) i)

It will follow from the following calculations that () is a contraction on Y. First we need to prove that
Q(q) € Y for ¢ € Y, namely

(2.194)
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We now prove that exp(— [ 7xm)Q(q) is a probability measure on [0, 1]:

oo (- t'rz(S)xH(S)dS) i(s0)+ | Ly ) (2.195)
- [en (- tn<s>xH<s>ds) 4 0)()

Yy
~en (- | tn(S)XH(S)dS) reo (- | tn<s>xH<s>ds) [ [ ara.as

e (= [ atspatons)

vesp (= [ aerutoias) [ aomantsres ([ urutrar) as
~ e (- | tn(S)XH(S)dS> r1-eo (- t oshea(s)is) = 1.

Since [0, 1] is compact, it is sufficient to show that exp(— f(f nxm)®@(q) is narrowly continuous in time
to get continuity on [0, 7] [4]. For this purpose, let ¢ € C(][0, 1]) and consider the function

/qﬁ(y)e‘fot’”“’d (fi(O) + /Ot dLqs ds) (y)=5L+1:= /qﬁ(y)e_fot"XH df;(0)(y) (2.196)
/d) ~h "XH/ |:77XHayAi(y>t)/P<S>Ai(§73)>Ai(y>s>)dq$(§):| ds dy.

©
—
©
&

Concerning [, since ‘gb(y)e* Jo ”XH‘ < Cand ¢(y)e” Jomxa _ o(y)e Jsm for ¢ — 1, the dominated

convergence theorem guarantees I; — [ ¢(y)e~ Jo man df;(0)(y). Using a similar argument, we can show,
by means of (2.23), and the facts that ¢, € C([0,7]) and ¢ € Y, that

G(y)e oo /O t {anayAi(y,t) / P(s, Ai(€, ), Ai(y, s))dqs} ds

(2.197)

<c / / Ps, A&, 5), Ai(y, s)) das(€) ds

t T -
S C/ /d%(f) ds S C/ /dqs ds S OTG‘[O U(S)XH(S)ds‘
0 0

We conclude that, by the dominated convergence theorem, exp(— f(f nxm)RQ(q) is continuous.
We now have to show that dy (Q(q1), Q(¢2)) < Kdy(q1,q2) for K < 1 on [0, ¢] if ¢ is sufficiently small.
The metric on Y is

dy (q1,q2) = SUP} {6_ Jo s <) ds sup {/ ¢d(q1 — g2) : ¢ € Lip, ([0, 1],R)}} (2.198)

te[0,T

hence the distance between )(¢;) and Q(¢2) in Y is

s [ [oa [zt - Latnds -6 e up 01,8} }.

te[0,T
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Let ¢ € Lip, ([0, 1];R). By Fubini’s theorem and it follows that

[ [ s~ L) ds =0

for all t € [0,T] if ¢ is constant on [0, 1], hence we can assume that ¢(0) = 0. Otherwise, it suffices to
shift the function by ¢(0) and the contribution given by ¢(0) vanishes in [ ¢ d fot (Lq1(s) — Lga(s)) ds.
Since now ¢(0) = 0 and ¢ € Lip, ([0, 1];R), |¢| < 1. By Fubini’s theorem

/ éd /0 (L) — Laa(s) ds  (2199)
:/wwAKWg/mmMawm@ﬂmwwﬁam—@@)w@

= /tnxﬂ (//Cb(y)P(S,Ai(ﬁ,S),Ai(y, $))0,A;(y, s) dy d(q _q2)<§>) s
/”“(//0@ JP(s, Ai(€, meﬂ%—M@Qda

Now by (2.25) the function
£ Al(o )ng(Bz-(a, s))P(s, Ai(€, 8),a) da (2.200)
is Lipschitz continuous: |
/;(078) ¢(Bi(a,s)) (P(s, Ai(&, 5),a) — P(s, Ai(&1,5),a)) da (2.201)

1
< / ‘P(s,/_li(fg,s),a) — P(S,Ai(&,s),a)‘ da
A;(0,s)
1
< / ‘P(s,/_li(fg,s),a) — P(s,fli(&,s),a)‘ da < C|& — & | foralls € [0,T],
0

whence £ — %fi(o 9 ®(Bi(a, s))P(s, Ai(&,5),a)da € Lip,([0,1],R) for all s € [0,7]. Returning to

we have
/nm(//oS @A@»,mMmrwma)w (2.202)

< L/ ansup{/wd @1 — g2) ¢ € Lip, ([0, 1]; R)} ds.

It follows from that

sup { [ od /0 (Lar(s) — Laa(s)) ds} <c /0 sup { [vda—a) v et 1];R>} ds. (2.203)

Multiplying by e~ Jo n(s)xai(s)ds g taking the sup in time it follows that
dy (Q(q1), Q(g2)) < CTdy(q1,q2) (2.204)
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therefore () has a unique fixed point ¢ € Y on [0, ¢] if ¢ is small enough. The measure ¢ satisfies
t
q::jx0)+l/‘qus (2.205)
0
sog=e" Jo men q is a solution to (2.185). We now proceed to prove part 2 of the Lemma. Consider the map

L(ﬂya t) = n(t)XH(t)ay/_lz(ya t) / P(t7 Az(gv t)? Az(y7 t)) d(j Z 0. (2'206)

By construction we have g € C([0, T; X[o,;j), therefore it is narrowly continuous (and so is ¢). More-
over by continuity of P and A; we have that Lg € L*>°((0,1) x (0,7)). Now define

q=q— fi(0). (2.207)

By (2.205) t
d@zd@—ﬁ@zAL@®+ﬁ@M& (2.208)

Observe that ¢t — ¢(t) is absolutely continuous on [0, 7] for a.e. y € (0, 1) since L(G(s) + f;(0)) is
bounded. Therefore we can write for all 7 € (0, T

/0 (Y, 7)3-(y) dy = /0 /OT Os (V(y, 8)ds(y)) dsdy (2.209)
— [ [ 00900 + 000 5)LGat0) + 0D ds dy (2210

where ¢ € L>([0,1] x [0,7]) and 0,¢ € L*([0,1] x [0,77]). Observe that, since g is AC with respect to
the Lebesgue measure, ¢ is AC and the following calculations are justified. The notation ¢, stands for the
measure ¢(s). Let ¢ as in the proof of part 1. We define ¢(y,t) = e~ Jo n(s)x (s) 4 (y,t) and test
with this function. The LHS of gives

1 1 . 1 -
/w@ﬂmwwzf¢mﬂfMM“%@—/¢wﬂfwM*%mn (2.211)
0 0 0

= [ otwnda - [ v dhat)
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By Fubini’s theorem, and the RHS in yields
1 T
| 10009)0) + 00,9 L@ (0) + Fralw)] dsdy (2212)
o Jo

- /0 1 /0 "0 )@ ) — fooly) dsdy + / 1 / "oy, $)Lau(y) ds dy
:/OlfoTasab(y, —JomxEg (y) ds dy — //¢y, Syme R g () ds dy
—/1 /Taszb(y,s)fmdsdw/ / oy, s)e R L. () ds dy
//Mys = Jgmxn g, dyds—/ / oy, $)mxame g () dy ds
- /0 /O Osth(y, s) fio dy ds + /O /0 Sy, s)e~ o ™ La,(y) dy ds

_ /0 ' /0 ' 0u6(y, ) dga(y) ds — /0 ' /0 ' (. ) dga(y) ds

_ /0 ’ /0 0.y, 5) dfoly) ds + /0 ' /0 s e L () dy ds
:/07/01 0.6y, 5) dga(y) ds—/T /1 o0, ) g () ds

1
_/ W(yﬂ')—lb( dsz / / (/5?/ 5 fOnXHLq ( )dyds
0
It follows from and that
/ Py, 7) dgs(y / Y(y,0) dfio(y

:/OT/Olﬁsgb(y,s)dgs(y)dS—/o /0 o(y, s)nxm dgs(y) ds

+ /0 /0 &y, s)n(t)xu ()9, Ai(y, 1) / P(t, A,(€,1), Ai(y, t))e™Jo ™t dg(e) dy ds.

Recalling definition and the fact that ¢)(y,0) = ¢(y, 0) it follows that

/ 6(y. 7) dg.(y / #(y.0) dfioly (2213)
//ascby, g,y ds+//¢>y, 3.)(y) ds
hence g satisfies (2 in the weak sense of (2.166). ]

So far we have proved that, given (A, g,u) € Xr, we can uniquely define the characteristics A of
Lemma Then, A uniquely defines the measure g in Lemma Accordingly, we consider the
monomers’ source

FM$:@AJM+&®WO—&®WWMQZO (2214)
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Remark 2.6.2. The continuity of uy on [0, T| implies uniform boundedness of ¥, hence t + A;(y,t) is
Lipschitz continuous uniformly iny and it follows that t — F[g; ] is Lipschitz continuous on [0, T|. In fact,
letty,ty € [0,7%]. Then

|F[gi,t2] - F[Qi,m“ = Cu

[+ Al - Ay ) dgal) @219
= [+ Ay )1 = A1) doias (v
<Gy [ [0+ Ay )1 = Ay 8))] dlgis, ~ 910.)0)
+C [ N0+ Ay )1 = A9 89) = (o + Ay )1~ Ay, )] dgi ()
< C Wil i) + Co [ (b0 + Ay ) il 1) = A 12)] g, (0)

e / (1= Ay, ) Ay 1) — Ay, 1)) dgin ()
S C//‘t2 _ tl’ + C///<,Uz() + 1)‘t2 . t1| + C//”’t2 . t1| S C~'|t2 . tl‘

where we have also used the Lipschitz continuity of y — A;(y,t) uniformly in t and the Kantorovich-
Rubinstein duality for W, [4].

By Remark and Section [2.4] the elliptic graph system

dlAul — o1uy + F[g] + Fl = 0,
dgAUg — 09Uy + FQ = 0, 1€ V, (2216)
—0o3Us + F3 = 07

exhibits a non negative solution @ € C([0, 7]; R3") which satisfies the mass balance

3
;/Gokuk(i,t) :/GF[gi,t]- (2.217)

We can now define the operator H on X as
H(A g,u) = (4,9, 0). (2.218)

In the following, we will prove that # is invariant on X, ; if 7 is small enough. By the Kantorovich-
Rubinstein duality for W, H is a contraction only on its image (X, ;) C X, ,, which in principle is not
a complete space, hence we need to adapt the fixed-point argument by proving the continuity of H as a
map from X, ; with the standard metric topology to the same space endowed with a weaker topology.
In particular, we refer to 7; as the metric topology of X, and with 7 as the weaker topology on X, -
obtained by endowing the characteristics space C'([0, 1] x [0, 7]; R") with the L' topology on [0, 1] x [0, 7].

Theorem 2.6.6. Let p > 0 fixed and H defined by (2.218). If 7 > 0 is sufficiently small then H(X, ;) C
Xor if (An, gy un) = (A, g,u) in Ty then H( Ay, gn,uy) — H(A, g,u) inT and H is a contraction on
H(X, ).
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Proof. We first prove that 7(X, ) C X, ; by adapting the argument in Section 2.5 By (2.139) and (2.140)
with g; = g, it follows that

max |A;(y,t) —y| — 0. (2.219)
y€[0,1]

The argument (2.143)) for the © component needs some attention since now g; ; is not constant in time.
By (2.217) and the non-negativity of  we have the following estimate

k=1,2,3

3
(min o—k) a;(0,1) Z/akuk (i) /F[gi,t} Je{L,23), eV, te[0,T],  (2220)
—_——

=G

which gives

h
0106,0) = (o)) = 05, 0) — 5,001 < 2 3 Flal = Flogoll - @220)
h B B "
“ | Gt Aen - e o)~ [ 0+ 0 - )
J g ) )
<Y [ 10 D)1~ A(e0) ~ (0~ (1 )] d)
h
2 [+ O = dlse = )0
i~ [ 1
<= A&, t) — €| dgjs(§) 0+ &)1 =8| dgjr — fio
_U;;AM (6,8) — €] dgjule };/ (10 + €)1 = )] dlgss — [;0)(€)
= h
<% mwmgwa+§zﬁﬁw+mkma%—mmy

o €1[0,1]
Jj=

By (2.219) and the narrow continuity of ¢ — g, ;, we have that |t (i,t) — (uo)r(i)| — 0 ast — 07 for
all? € V and k = 1,2, 3. It remains to show that

19t — £i(0)]|x,, — 0 forallieV. (2.222)

By Lemma 2.6.5} for all ¢ € V' g, ; is the unique solution to the integral equation

gm=M®+AU%MM&t€WjL (2.223)

and g;; € C([0,T], X[p,1)), whence g;; — f;(0). This implies #(X, ) C X, ; if 7 is small enough.

We proceed by proving the (74, 7) continuity of #. Let ((A4,, gn,u,)), be a sequence in X, ; such
that (A, gn,un) — (A, g,u) in (X,.,T;) asn — oo. We have to show that (A, G,, @) — (A,g,u)
in (X,,,7). From now on, A? denotes the characteristics at node i in the sequence (A,, gy, ii,). It
follows from Lemma that A” and A; are bounded uniformly in i € V,t € [0,T] and n € N,
therefore by the dominated convergence theorem, if A? — A; — O a.e. in [0,1] x [0, 7] for all i € V, then

(Anygnyan> — (A7g7ﬂ’) in (Xpy‘”T)'
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2. ANETWORK DIFFUSION MODEL OF BETA AMYLOID PROGRESSION

It follows from that
|A? (y, 1) — Ai(y. 1)) = | A7 (y, ) — A7 (y,0) — Ai(y. 1) + Ai(y,0)]  (2.224)

~Jea [ [ - Aty din@as+ 0 [ 0= A ) - O as
~Co [ [(Ale9) ~ A s ©0ds = Cs [ 1= Al s))(usti9) - 0 ds
< Co [ [ 104765 = A1 9)" — (Ae.5) = Ay )] d(€) s

+0o [ [ 1469 = A )| dist i) ds @229

+Cs 0= 220090 [(0300.5) = 0)" = (uali) = 0] ds
+Cy /Ot }A?(y, s) — Ai(yas)‘ (ug(i,s) — Ux)tds = I} + I + I3 + I4.

Since (An, gn,Un), (A, g,u) € X, -, we have that max ) [[u,(7) — u(7)||gs» < diam(X,,) = 2p,
therefore we can easily bound /3 and /4:

[I3] < Cptd((An, Gns un), (A, g, u)) (2.226)

¢
14 < C, / |A(y,s) — Ai(y, s)| ds. (2.227)
0
Concerning /; we have

|11|§CG/0/I(A?(é,s>—A?(y,s))*—m?(& s) — Ai(y,s))"| dgl',(§)ds  (2.228)

+Co / / (A7(E.5) ~ A 9)" — (A€ 5) ~ Aily. )" daf, (€)ds

< Cq //|A" v,5) — Ay, 5)| dg?(€) ds+oG//|A” 5) = A€, )] dgP(€) ds

< e / A2y, 5) — Ay, )| ds + Cot d((An, gus ), (A, g, 1)),
0

Finally we obtain

A1) = Ay < Oy [ 141(05) = Ao )] s (2229
+Ctd((An, Gn,un), (A, g,u)) + I
whence by Gronwall’s inequality
A7 (y,6) = Ai(y, )] < (Ctd((An, gy ), (A, g,0)) + L) €7, (2.230)

where d((A,, gn, un), (A, g,u)) — 0 as n — oco. Here, [ — 0 by the dominated convergence theorem
since g;'; — gi s weakly” and

/‘ A y’ ‘ d gzs gl,s)(é) S 4.
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2.6. EXISTENCE: THE CASE J[f] £ 0

o). Let (Al g' ut), (A% ¢* u?) € H(X,,). The

It remains to show that # is a contraction on H(
(2.231)

characteristics satisfy
|45 (y. 1) — Al(y,1)| < (Crd((A' 9" u'), (A%, g%, u?))

+Cq / / (A7, s) — A (y, s)T| d(g), — g&)ds)e(’”

By Lemma [2.6.4] since (A2, g% u?) € H(X,,,), the functions £ — A2(¢,s), & — A?(&, s) are Lipschitz

continuous unlformly in s, therefore

Ay, >—A?<y,t>|s(md((Al,gl,ul),<A2,g%u2>>+0G / w1<gz,s,gis>ds) G (232)
0
< Crd((AY, g%, ub), (A2, g%, u?)),

foralli € V, t € [0, 7]. Concerning the g component, from the calculations in Lemma it follows that
(2.233)

Wi (G; 4, 7;,) < C'T max Wl(gi{t,git) < O7d((AY, g* ut), (A%, g% u?)) foralli € V, t € [0, 7]

’ te[0,7
Lastly, we repeat the calculations in (2.143) by inserting the time dependence of ¢; ;. Let 7 € V and

k € {1,2,3}. We have
C, o _
Pl = Fld| < 33 [+ .01 - AE 1) dgl (6
. (2.234)

Q2|H
HM:

|y, (i, 1) — (i, 1)]

/(Mo + A1) (1 — AT 1)) dg?,t(f)‘ < % Z/ (o + AL(E, ) (1 = AXE, )] d(gl, — 82)(€)
C - Al Al 12 2
£ 3 [+ A€ 0)0 - A€.0) (o + A€ - A€, de

Again by the Lipschitz continuity of £ — [1; (¢,t) uniformly in ¢ we have
C
<k Z Wi(9;.: 95+) (2.235)

Qe

h
£ [ o+ AE N D) - T 0)] de2f6)

h

C\ & . . _ .
j=1 J=1
C h
+= ;(uo +1) max |A2(y, t) — Aj(y,t )+ & Z max [(Al(y,t) — A3(y, )]
2 (2.236)

By (2.232) and (2.233) it follows that
@ (i,t) — (6, 6)| < Crd((A%, g",u'), (A%, g%, u?))

foralli e V, k =1,2,3, t € [0, 7]. Combining (2.232), and we find that # is a contraction
[l

on H(X, ) if 7 is sufficiently small.
The local existence on [0, 7*) follows from Proposition 4.8 in [14]
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2. ANETWORK DIFFUSION MODEL OF BETA AMYLOID PROGRESSION

2.6.3 Global Existence

To extend the solution to the whole interval [0, 7], suppose that [0, 7*) is the maximal interval. We observe
that, as in Section the monomers’ source is uniformly bounded

F[gi,t] = OH /(/’LO + Al(ya t))<1 - Az(y7 t)) dgz,t(y) <C forallie€ Vite [07t*>7 (2237)
hence by it follows that

lup(i,t)]| < C fort e [0,7),i€V, k=1,2,3. (2.238)

By (2.238), v;(A;(y,t),t) is bounded uniformly in ¢, therefore ¢ — A;(y,t) is Lipschitz continuous.
By Lemma y +— A;(y,t) is Lipschitz continuous uniformly in ¢. Moreover, by Lemma [2.6.5, ¢
i € XJo,1 is Lipschitz continuous, therefore both can be extended with continuity to [0, 7*] and the limit
limy .+ A;(y,t) = Ai(y, 7%) is Lipschitz continuous in y.

By Remark t — F[gi+] is Lispchitz continuous. Now repeating the argument leading to
we obtain that t — u € R3" is Lipschitz continuous, hence it can be extended to [0, 7*]. We conclude that
[0, 7%) is not maximal, contradicting the definition of 7*.

2.7 Time regularity

In this section, we improve the regularity properties developed in [[14] by proving that u € C''([0, 7). Let
¢ € C'([0,T)). For the convenience of the reader, we recall that

atgi,t =NXH |:8yAz(y7 t) /P(ta Az (57 t)v Az (yv t)) dgz,t(g) dy - gi,t(y) . (2'239)

Lemma 2.7.1. Let (A, g,u) € X, r be a solution to (2.164), (2.165). The functiont — F'[g; .| satisfies
O F[gi4](t) = Gi(t) (2.240)

in the weak sense (Z.166), where
(1) = G [ (1= o = 24,5, ) A 1).1) dgia(v)
+CnOn(t) [0+ A 0001 = A 000,400 ([ A0, A1) dae)) | o
~Cun(®)xa(®) [ (o + Ay )1 = A1) doia(v)

Proof. Define h;(y,t) := (uo + Ai(y,t))(1 — Ai(y,t)). Since t — v;(y,t) is continuous for all y € [0, 1]
and t — A;(y,t) is continuous, the map ¢t — 0, A;(y,t) = v;(A;(y,t),1) is continuous for all y € [0, 1].
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2.7. TIME REGULARITY

This implies that ¢ — h;(y,t) € C'([0,T]) for all y € [0, 1]. Now let ¢ € C''([0, T]). We have

T T
/ &t Flgsd] dt = C, / & (Ohily, t) dgso(y) dt
0 0 [0,1]

T T
—c, / /[ | ORGD), gt €, / OO )il

=Cu | o(Dhily, T)dgir(y) = Cu | 6(0)hi(y,0) dgio(y)

[0.1] 0,1]

—C, /0 n(t)xu(t) o(t)hi(y, )0, Ai(y, t) / P(t, Ai(&,y), Ai(y, 1)) dg; (&) dy dt

(0,1]

c, / nOxa®) [ )iy, 1) dgis(y) dt - C, / O(1)0uha(y. ) dgia(y) dt
0 [0,1]

[0,1]

where the last equality follows from Definition (2.6.2))5. By definition of h; we have
/ ¢' () Flgid] dt = &(T)F[gir] — (0)F[gi] (2.241)
T
_Cu/ n(t>XH<t)¢(t)/ {(Ho + Ai(y, 1)) (1 — Ay, 1)) 0, Ai(y. 1)
0 [0,1]
([ Pt Aten At doe@)) au a
T
<0 [ n0xn(00) [ o+ A 1)1 = Ay, 0) )
0 [0,1]
T
—C“/ ¢(t)/ (1 = po — 24;(y, t))vi(Ai(y, £), ) dgis(y) di
0 [0,1]

— 6(T)Flgix] — 6(0)Flgi] - / o(1)Gi(1) dt

Remark 2.7.1. Observe that 0,F[g; | depends on uy through v;(A;(y,t),t) and 0,A;(y,1t).
Remark 2.7.2. It follows from Lemmal2.7.1 that for a.e. t € [0,T]

O0Flgs] < Cp sup (A, ),0) [ dgia + G g @00+ 1) [ 10,400 [ doia(€)

y€[0,1]
(2.242)

c 1) | dgiz < CuC, +C ¢ 1 9y Ai(y, 1) + C, t 1
+ tggx}n()(MoJr )/ gir < CuCp + utg%g%n()(uwr )ySel[lOI’)H| L, Ai(y, )] + “Jéfﬁ%‘]”( Vo + 1)

where we have used that |A;| < 1 andy — A;(y,t) is bounded uniformly in t. Now recall that, by (2.181),
the map y — 0,A;(y,t) is bounded uniformly in t, hence we can conclude that 0,F[g; ] € L*([0,T]).

Lemma 2.7.2. Let (A, g,u) € X, 1 be a solution to (2.164), (2.165). Ift — P(t, a,b) is Lipschitz continuous
uniformly in (a,b), thent — 0,F[g;,] is continuous as a function from [0, T] to R.
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2. ANETWORK DIFFUSION MODEL OF BETA AMYLOID PROGRESSION

Proof. The explicit expression for 0;F'[g; ;] is given by

8,Flgi] = C, / (1 10— 244y, ) us( Ay, 1), 1) dgia(y)
FCm(t)xa(t) / [h<y,t>ayAz-<y,t> / P(t, Ai<§,t>,Ai<y,t>>dgi,t@)] dy (2.243)

~Cun(®)en(t) [ bt) doiely).
Performing the change of variable a = A;(y, t) as in (2.199), the integral in becomes

Cyinlt) (1) / {hw,wayAi(y,w / P(t,Axf,t),Ai(y,t))dgi,t@] dy (2.244)
= Cunltatt) [ [h(B,(a,t),t) [Pt a0 dgi,xs)} da
= Cunloatt) [ {m +a)1-a) [ Pl AE 0.0) dgi,t@} da.

We write

0Flgii] = Cy /(1 — o — 2A;(y, t))vi(As(y, 1), t) dgi i (y)
+Cunttu) [ [wo La1-a) [ PlAED.0 dgi,t@} da

—Cun(tyya(®) / By, 1) dgialy) = L) + Bt) + L (2).

We consider a sequence t,, — t in [0,7]. Concerning the first integral I;, we have the following
uniform estimate:

(1= po — 2A4(y, tn) Jvi(Ai(y, t0))| < (po + 3) [CG /(Ai(€7 tn) — Ai(y,tn))" dgiy, (€)

+CS(1 - Ai(y,tn))<u2(tn) - UQ)JF} S (MO + 3) (2/dgi,tn (é) + Cscp) = (Mo + 3) (2 + CSCp) .

We write [4(t,) as

I(tn) = C,, / [(1 = po — 2A:(y, t))vi(Ai(y, tn). 10) (2.245)
_(1 — Mo — 2141(% t))”z‘(Ai@a t), t)] dgi,tn(y>
4G [[(1= o = 240, )0s( Ay, ),8) doi, ().

Concerning the first integral in (2.245), we recall that ¢t — A;(y, t) is Lipschitz continuous uniformly
in y. Moreover, by Lipschitz continuity of ¢ — F'[g; ], it follows that us is Lipschitz continuous in time (for
example by (2.217)). This implies Lipschitz continuity of ¢t — v;(A;(y, t),t) uniformly in y and therefore

Cu/ (1= o — 24i(y, tn))vi(Ai(y, ), tn) —(1 — po — 2Ai(y, 1))Jvi(Ai(y, 1), 1)] dgi, (y)]

< Cppltn — | /dgi,tn (y) = Cupltn —t| = 0ast, —t.
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As for the second integral in (2.245)), by narrow continuity of g; ;, we have

n—o0

= Gy (1= o = 24,0 Al0:0).0) g, 0)

lim C, /(1 — po — 24, (y, ) vi(Ai(y, 1), t) dgis, (v) (2.246)

Hence [;(t,) — [1(t). If i ¢ iy, then Iy = I3 = 0, so we assume that i € iy. I is given by

Iy(ta) = Cun(t) / [(Mo +a)(1—a) / Pty Ai(€. 1), a) dgr, (€) | da. (2.247)
We first show that
/ Pltn, Ai(6, 1), @) dgag, (€) — / P(t, A&, 1), a) dgi(€) (2.248)

ast, — tforall a € |0, 1]. We have
/ P(tna Az(gv tn)? CL) dgi,tn (5) = / (P(tna Az(€7 tn)? CL) - P<t7 Az(fv t)v CL)) dgi,tn (5) (2'249)
+ [ P00 o, (O

Arguing as above, the Lipschitz continuity of t — P(t, A;(£,t), a) and narrow continuity of ¢t — g, ;

give (2.248). Moreover
o401 =) [ Pltn A€t 0) i ()] < G+ 1) (2.250)

whence by the dominated convergence theorem and the continuity of ¢ — n(t), I5(t,) — I(t) ast,, — t.
We conclude with the term I5(¢,,):

I3(tn) = —=Cun(ty) / h(y,tn) dgis, (y) (2.251)

= - un(tn) /(HJO + Az(y> tn))(l - Al(yv tn)) dgi,tn (y)

Again, arguing as in (2.245), the Lipschitz continuity of t — A;(y, t), the continuity of ¢ +— 7(¢) and the
narrow continuity of ¢ — g, ;, imply that I3(¢,) — I3(t) as t,, — t. O

Remark 2.7.3. As in Lemmal[2.7.2, it can be proved that t — O,F|g;,] is Lipschitz continuous.

Lemma 2.7.3. Let (A, g,u) € X, 1 be a solution to (2.164), (2.165). Ift — P(t, a,b) is Lipschitz continuous
uniformly in (a,b), then t — Oyu(t) is continuous as a function from [0, T to R3".

Proof. We recall that v;, = u;,/s" is a fixed point of the map
G(s,t,v) :=v—J(0,0,0) ' ¢(s,t,0) (2.252)

where ¢ is the vector field of the system which depends on ¢ through F'[g;] and v(t). In this setting,
o1 is fixed, so we drop the dependency on s in (2.252). Since v(t) = G(t,v(t)), we formally have that

o = 0,G(t,v(t)) + 0,G(t,v(t))Oww(t). (2.253)
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2. ANETWORK DIFFUSION MODEL OF BETA AMYLOID PROGRESSION

This yields
(1d — 9,G(t,v(t))) Bp(t) = 0,G(t,v(t)) = —J(0) "' 9,(t, v(t) (2.254)
= —J(0) Y0 Flg14], OF[gos], ..., 0:F[gn4],0,...,0)T
( ) ( t [gu] t [92,15} t [gh,t] )
eRQh
f’/(atF[gl,t]u atF[thL e 7atF[gh,t]7 07 e 7O)T
12.36) cR2h

where we have used that the unique time-dependent parameter in the vector field is F'[¢;]. Observe that
Id — 9,G(t,v(t)) = J(0) "0y (t,v) = J(0) ' J(2) (2.255)

is invertible in [0, T']. Therefore the problem
(Id — 0,G(t,v(t))) 2(t) = (0:F[g14], 0:F[g24), - - -, O:F[gnsl), 0, ...,0)" € R (2.256)

has a unique solution

2(t) = (1d = 8,G(t,0(1))) " (0Flg14), OF (g2l - -, i Flgnel, 0, .., 0)" (2.257)

which is continuous in time. In fact, the map ¢ — 0,F[g; ] is continuous for all ¢ € V. In addition, since
v — G(t,v) is a contraction, we can write the inverse of Id — 9,G(t, v(t)) as the limit of the series

(1d — 9,G(t, v(t = (2,G(t,v(t (2.258)
k=0

where t — G,(t,v(t)) is continuous on [0, 7] and the series converges uniformly in ¢, hence the limit is
continuous and we can conclude that v'(t) = z(¢). O

2.8 Numerical algorithms and experiments

Following the approach of [[13], we numerically solve the full PDE problem (2.5)-(2.8) in the case of J[f;] =
0, its quasi-static approximation and the ODEs system in the context of Section [2.2.2]

Concerning the PDE problem, we implement a first-order discretisation along the a direction to obtain
a system of ODEs in the time variable. The ODE problem is then solved using the MATLAB function
ode23. We first introduce a uniform grid a® = 0 < a! < --- < a™ = 1 and approximate the rate v
according to using the rectangle formula. Then we introduce a uniform time grid 0=1t"<t <
...t" = T and define the time derivative of f; according to as O, fi(ag, tm) = —0.(fivil fi]) (ag, tm)
where the RHS is calculated by a first-order explicit Euler scheme. The resulting ODE system is coupled
with the A system through the production term (2.10), which is discretised by the rectangle formula.

The quasi-static model (2.12)-(2.15) is implemented by Algorithm [2]

Both the production term and the velocity are approximated by the rectangle formula. The nonlinear
system for u(i,t) is solved with the MATLAB nonlinear solver fsolve. The PDE equation for f; is
discretised using an explicit Euler scheme in both the a and ¢ directions.

The numerical implementation of the ODEs system with constant monomers’ source is based
on the MATLAB ODE solver ode23.
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Algorithm 2: An algorithm for the A system

Input :(fi(0,0))i,

Output: (f;(a’, t*), uy (i, %), ua (i, t*), us(i,t*)) fori =1,... ,h, k=0,...,N;, £ =0,..., N,
1 fork=0,...,N,do

2 for: € V do
3 | Calculate F/[t"]
4 end
5 Solve ¢(u(tk)) = 0;
6 for: € V do
7 for/=0,...,N,do
8 ‘ Calculate v[f;(a’, t*), u(i, t*)];
9 end
10 end
11 for: €V do
12 for/=0,...,N, do
13 | Update f;(a’, t*);
14 end
15 end
16 end

2.8.1 The A ODE system

We solve the system on a small network equipped with 5 nodes and 9 edges. The seeding node is
selected as the node with the largest out-degree centrality measure. In Figure [2.1]and [2.2] we observe that
the system evolves toward a locally stable equilibrium.

Based on the structure of the Jacobian matrix (2.53), we expect the speed of convergence to increase
with the clearance rates 0. Figures [2.1|and |2.2| confirm this behaviour.

2.8.2 The quasi-static model

The full PDE problem and its quasi-static approximation are solved on the 83 —nodes Budapest Reference
Connectome v3.0 [28]. We first show that the quasi-static model reproduces the spatial disposition of the
production term F'[f;]. Figure 2.3|indicates that a non-uniform monomers’ source defines a non-constant
equilibrium solution on the nodes (rows 1 and 2). On the other hand, constant sources define constant
solutions on the network (row 3).

To recover a suitable timescale of evolution of the quasi-static model, we identified a bottleneck mech-
anism in the clearance processes. As shown in Figure the effective time evolution depends on o1, 09
and o3 and the global dynamics is faster in the case of smaller clearance rates.

2.9 Conclusions and future developments

In the present Chapter, we have developed a quasi-static diffusion-reaction model for A3 on the proximity
graph. Identifying the node dynamics as fast processes on the long timescale, the short timescale becomes
instantaneous. This results in a reduction of the ODEs on the nodes in a system of nonlinear equations
depending on f; through F[f;]. We have proved the existence and uniqueness of a solution. To do so, we
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Evolution of monomers Evolution of soluble oligomers
a3 =1lap=05k=1d =2dy=050,=09=03=1 ap=1lap=05k=1d =2dy=0501=02=03=1
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Time
Figure 2.1: Example simulation of the ODEs system on a five-node network. (a) Temporal evolution
of the monomers concentration u; at each node of the graph. (b) Temporal evolution of the oligomers
concentration uy at each node of the graph. (c) Temporal evolution of the plaques concentration ug at
each node of the graph.

have adapted some of the techniques developed for the PDE system on a continuum in [14] to our quasi-
static model on a graph. In particular we must overcome the technical difficulty in proving the existence
of a steady state. In this Chapter we are able to do so by requiring the symmetry of the aggregation a;;
and fragmentation £; terms and a sufficiently large monomers’ clearance rate ;. The discreteness of the
graph reduces the complexity of the proof in [14].

70

The argument in [[14] is also extended to improve the regularity in time of F'[f;] and obtain C'' —continuity

of u with respect to time. This regularity property is not necessary to the proof of the main result of the
Chapter, but will prove useful in the following Chapters when taking into account uy—dependent param-
eters in the NTM for Tau. In that case, the formulation of the mass balance at node level is based on the
definition of the variation of the mass of soluble and insoluble Tau on the edges, which strictly depends
on the variation in time of wu,.

Further developments on the model shall consist in extending the range of parameters adopted in the
existence argument of Section for example by admitting non-symmetric aggregation and fragmenta-
tion rates. Another possible generalisation concerns the number of species of A3: one could consider a
larger number of classes of oligomers of different sizes, as in [10], [13]], [14]], [34], to gain more insight into
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Figure 2.2: Example simulation of the ODEs system on a five-node network. (a) Temporal evolution
of the monomers concentration u; at each node of the graph. (b) Temporal evolution of the oligomers
concentration uy at each node of the graph. (c) Temporal evolution of the plaques concentration ug at
each node of the graph.

the dynamics and spread of A3. As in Chapter 1} we stress that the analysis developed in this Chapter is
a first step towards the validation of the model. Indeed, a detailed comparison with clinical data is needed
to make an empirically meaningful selection of the model parameters.
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Figure 2.3: Spatial distribution of the concentrations of u;, us and ugz on the nodes at time ¢t = 0 (first
column) and ¢ = 100 (second column). The simulation of rows 1, 2 and 3 differ for the production term.
To improve visualisation of the plots, we order the nodes so that the entries of the vector F'[f;,] form a
monotonically increasing sequence.
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Figure 2.4: Time evolution of the total mass of the full PDE-ODE solution (yellow line) and its quasi-static
approximation (red line) in the case of (a) 01 = 09 = 03 = 10 and (b) 07 = 09 = 03 = 1.
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Chapter 3

A combined model for Tau and Beta Amyloid

In this chapter, we address the synergistic interplay between Tau and Beta Amyloid proteins by coupling
the mathematical models of Chapters [1|and [2| The interaction between the two species is modelled as-
suming that A enhances Tau spread by promoting Tau aggregation and diffusion along the nodes and
edges of the connectivity graph. Introducing time-dependent parameters into the edge equations of the
NTM poses a mathematical challenge in determining the correct mass exchange between nodes and edges.
In the following,we recover the correct local mass balance and subsequently define the quasi-static NTM,
thus allowing us to consider the interaction between Tau and Af3. In the special case of time-independent
parameters, we compare the newly obtained mass balance with its approximation used in Chapter|]

3.1 Introduction and biological setting

The pathological relationship between Beta Amyloid and Tau proteins represents a central topic in AD.
Although each protein can aggregate and diffuse independently, converging evidence suggests that Beta
Amyloid modulates Tau’s molecular behaviour, spatial propagation and structural evolution.

A primarily influences Tau progression by altering its cellular environment in ways that promote Tau
misfolding and aggregation. Soluble AS oligomers can activate signalling pathways such as GSK3/4 and
CDKS35, increasing Tau phosphorylation and destabilising its microtubule-binding activity [90] at axonal
level. The disruption of axonal transport and cytoskeletal stability leads to a detachment of Tau from
microtubules and a mislocalisation from the physiological axonal site to the somatodendritic regions [49],
[103]]. In the meantime, A induced synaptic stress and calcium dysregulation may promote formation of
seeding tau species, accelerating the nucleation phase of aggregation [20], [72].

Ap also shapes the spatial dynamics of tau pathology by modulating its diffusion and intercellular
propagation. Misfolded tau exhibits prion-like properties, propagating via trans-synaptic processes and
misfolding of native tau. The efficiency and spatial evolution of this spread strongly depend on the pres-
ence of AS. In fact, regions enriched with AJ show increased susceptibility to tau seeding and tau dis-
semination follows pathways defined in part by the distribution of A/3 pathology [44].

At the network level, Beta Amyloid acts as an enhancer and promoter of Tau pathology by accelerating
the aggregation kinetics and amplifying the spatial domain over which it can propagate. These factors
contribute to the shape of a complex framework in which Aj actively modulates Tau pathology. In this
Chapter, we model this interaction in both the macroscopic network context and the edge microscopic
environment detailed by the NTM by considering A/3-dependent node and edge parameters. We first
consider the general case in which the aggregation, diffusion and production parameters evolve in time
and show that the quasi-static setting does not provide an exact description of the mass exchange between
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3.2. THE NTM WITH TIME VARYING COEFFICIENTS

nodes and edges. Hence, we consider the PDE-NTM and, by decomposing the edge solution n;; as the sum
of its equilibrium profile 7;; and the “remainder” function u;;, we are able to recover the correct feedback
mechanism at each node. The resulting quasi-static model improves the approximation of the feedback
mechanism introduced in Chapter[1]and establishes a new dependence of the feedback term at node P; on
its neighbouring nodes.

In the present Chapter, we first calculate the correction terms under some assumptions on the PDE-
edge model and then consider the coupled system obtained by selecting A/3-dependent parameters in the
NTM. In order to define the interaction between Tau and A3 correctly, we shall overcome the problem that
Tau and Af are defined on different graphs, the directed connectivity graph and the undirected proximity
graph. We show that the resulting quasi-static A3-NTM system admits a solution on [0, 7] and present
some numerical experiments.

3.2 The NTM with time varying coefficients
Let G. = (V, E,) be the structural connectivity graph described in Chapter 1] In the following, L;; stands
for the length of the edge ¢;; € E..

3.3 The Model

Forall? € V andt > 0, soluble and insoluble Tau concentrations, N, M respectively, satisfy the following
equations on the slow time scale at node level:

NZ/ = #(i) Z (_Cisz’j(O; t) + Cjiin(Lji7 t)) +Fz + F(Mu Nia t),
j#i

Vv
incoming mass flow at compartment P;

M! = —T'(M;, N;, t), (3.1)

where soluble and insoluble Tau n;;, m;; satisfy

Jw = —a(x,t)(ny), — h(z,nij, mij) for x € [0, Lj;],
(i) + (Jij)e = Fr + T(miz, nij, 1) for z € [0, L]
(mij)e = —T(myj, nis, t) forx € [0, L;;] (3.2)

ni;(0,1) = Ni(t)
724 (Lij, t) = N;(£).

Here, Vol(i) denotes the volume of the brain compartment P;. The diffusion coefficient for soluble tau is

(

D in (0, 21)
DX (t) in (x1,x9)
a(x,t) =< fD in (zq, x3) (3.3)
DXy (t) in (z3,24)
| D in (x4, Li;),
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

where 0 < f < 1 is a constant and the coefficients A1, Ay < 1 are possibly A-dependent. The transport
term is

W, n,m) = (1= f)va(14+6n)(1 —em) —v)n ifz € (fvg, L;;) (3.4)
0 otherwise
where the coefficients v,, v,, d, € are positive. The reaction term is
D(M, N, ) = BM — N(n(H)N +7(t)M). (35)

The coefficients are expressed on the slow time scale. In (3.1), and (3.2),, F; and F; represent a source of
pathological soluble Tau. Specifically, F. describes the misfolding and hyperphosphorylation of microtubule-
associated-Tau at the axon site [[7]. In the following, we assume that the production terms on nodes and
edges evolve in time. Since the production terms on the nodes and the edges are the sole mass exchange
processes of the system, setting F;, F; = 0 restores the mass conserving property of Chapter

Observe that the model presented in (3.1)-(3.2) also differs from the full NTM introduced in Chapter|]]
by means of the time-dependent parameters

Y15 V25 A1y g (3.6)

In this section, we assume a general time dependence of the parameters (3.6). In Section we shall
explicitly model their temporal evolution as a function of the concentration of soluble Af.

We allow for a spatial dependence of the edge parameters 1, 72, A1, Aa. Setyi(i,t), \p(i,t) € C1(0,T)
for k = 1,2 at each node i € V and define v4(x,t;1,5), Me(z,t;4,5) € C([0, Li;] x [0,T]) so that

Me(0,t54,7) = Me(2,t),  Me(Lij, t54,7) = Me(J, ).

This choice allows us to take into account the possible spatial variability of the aggregation and diffusion
phenomena along the edges. In the following, we may write, for k = 1, 2,

(Ve)ij(z,t) = w(z, t54,7),  (Mk)ii(@,t) == Me(z, 854, 5)

or

3.3.1 The quasi-static model

To establish the quasi-static equations for N; we must state the correct mass exchange of soluble tau
between node i and edges e;; and e;; (j # 7). In general, this exchange is not only described by the
boundary conditions for the fluxes at all incoming and outgoing edges at a given node, since in the quasi-
static description the variation of the total mass also depends on the feedback mechanism, as shown in
Section of Chapter (1} That is, the variation of the mass on the nodes induces a variation of the mass
along the edge that must be compensated for in the node equations. Moreover, as we will see, inserting
time-dependent coefficients in the equation introduces time-dependent quantities in the variation of the
edge mass. The problem reduces to establish how this “corrective” mass is distributed between the external
points of the edge. We refer to both of these phenomena as the feedback mechanism. The following
calculation shows that the quasi-static regime is not a suitable framework for defining the mass correction
needed to correctly reproduce the feedback mechanism.
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3.3. THE MODEL

The idea of the quasi-static approximation is to consider the dynamics on the fast time scale as instan-
taneous on the slow time scales. In this setting, fast processes occur on the edges, hence we assume that
the soluble and insoluble tau edge concentrations satisfy the equilibrium problem associated to (3.2)

(a(z,t)(ni)e + Az, ni5)), + Fr =0
m;j(x) = g(x,n;j(x),t) forx € [0, L], (3.7)
nl](o t) = ( )a
nij(Lij, t) = N;(t), ey € E.
The function g satisfies I'(g(x, nij, t), nij, t) = 0. By (3.5), on the edge e;;,

_ (il t)n
A R ML

and we write g(n,t) := g(x, n,t).
We begin with the variation of the mass of insoluble tau at node 7. Since

_ u )N
B —2(i, t)Ni(t)’
we obtain that the rate of change of the mass of insoluble tau at node i is given by
;_ n@Ni(28 = () Ni) ;. Vol(i) (i) N? ( 1(i)3t72(i)Ni)
Vol(i) M, = Vol(i)N; + ———+—=1 0, — .
" R R R A N B O
The growth rate of the total mass of tau at node 7 is
. ‘ . . 2 . . .

(6 Ya(i) N, )2 B %() /3_72(i>N
(3.8)

On the other hand, the growth rate of the total mass of tau on the edge ¢;; is given by

Lij
Cij/ (nij + mij)t(x, t) d!L‘ = (3.9)
0

o /L” 0 d +/ Y1(4, 5)ni; (28 — 72(i7j)nij)Q"de
’ 0 ’ (0,23)U(wa,Lij) (6 - 72(%].)”1']')2 ’

+Cij/ +(at71<i7j)+71( ,7) t7‘2(’7]) J)dlq’
(0,23)U(z4,Li;) B - 72(27])7%]‘ p— ’72(@,])7%]'

where c;; is the connectivity coefficient of ¢;; in G, and
3nij
dij *= —(; -
ot
Differentiating the equation for n;; in (3.7) with respect to ¢t we obtain the equation for g;;:

Oh(x,n;; , oF. ,
(a(if)(%‘j)x + %sz + G(z, ny, Uz)) o 0 in (0, Ly), (3.10)

T
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

where

G(x,t,ni5) = bi(2)0e A1 (i, J)(nij)w + ba (7)Ao (4, 5) (145)

+c(x

with

by = DX(z1,:v2)7 by = DX(acg,ac4)7 C =

Since ¢;;(0,t) = N/(t), ¢;j(Li;, t) =

Gij(,t)

n?j(l

V(i e
(@’Yl(%ﬁ + 710, J) W?(Z?J)RJ) )

B— 72(iaj)nij

_(]- - f)va€X(x2,w3)-

Nj(t) and (3.10) is a linear equation, we see that

= N/(t)qi;(z, 1) + Nj(t)q;(z, 1) + ¢}y (2, 1),

where ¢};(z, 1), qi] (z,t) and ¢j;(z, t) satisfy, as functions of , respectively

qi;(0,

i Oh(z,mij) 4
{ (a@)aip)e + 252213 )
ng (07

{( a(a)(qh). + 252 g )

t) =1, qu(L,t) =

t) =0, q”(L t) =

= O in (O,Ll]),
0

in (0, L;),

{(a(w)(qgj)w 4 Oz, n”)q% + G(x,t n”))x + 25 =0 in (0, Ly).

q%;(0,t) =0,

qZ‘j(L'ija t) =0,

Integrating the equation for n;; in (3.7) over (0, L;;), we have that

| e = eDl(0.0) = () (L3 )

According to the notation of Chapter 1} for now, we set

Li; . _ g

i i YN (28 — van; i

Ci(t) = e, / qij(x,t)dx—l—/ 15 (20 = 9m) i gy e )
0 (023)U(4.Lij)

(5 - V2nz‘j)2

. Lji nii (28 — yoni)
Cj?i(t) = Cji / qﬁi(x,t) dm—l—/ Yini (208 7223 )q;i(:zc,t) dr
0 (0,23)U(xa,Lji)

(B — y2mji)

In addition, we need to define two quantities, Bj;(t) and Bf] (t), which satisfy

n2

’ /(\O,Zg)U(I4,Lij) /B - Pyz (27 j)nZ]

+ Cij /
(0,%3)U($4,Lij)

Y1145 (28 — Yany;)
(B — y2nij)?
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Bi(t) + BL(t) = B(t)

B — (i, j)nij

q?j(x, t)dx + ¢ /0 q?j(a:, t)dx.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



3.4. THE MULTISCALE PDE PROBLEM

A careful but straightforward calculation based on (3.9), (3.12), (3.16), (3.17), (3.18) and (3.19) leads to the
following mass balance at node 7, provided that Bj;(t) and B, (t) satisfy (3.19):

7 production at P; J# incoming m;,ss flow at P;
~ (L0 + CLONI — (B + Bi(1)
feedback by N:rvariation at P; 7 feedback by producti;nrand edge par. variation

(3.20)
Combined with (3.8), we obtain the following equation for N;(t):

. 71 Ni(28 — 72 N;) i i /

(Vol(z) (1 RN aE ) + ; (Ci. + Cﬁ)> N (3.21)

=D (cij(nij)a(0, 1) = ci(nji)a(Lji, 1) + Vol(i) Fr(i,t) = > (Bj; + B)

J#i JF
N AT2 . .
_ VOI(Z)Ni (at% (i) + N (Z)at72§l)Nz) .
B — 72 (i)N; B — (i) N;

It remains to define the quantities B}; and BZ] such that holds. In contrast with Chapter where the

setting allowed for a straightforward separation of the rate of change of the edge mass, here no natural split

of B;; between the two contributions seems possible. In fact, the action of the time-dependent parameters

is global on the edge and the quasi-static approach does not suggest a decomposition of B;; without further
hypotheses on the edge parameters.

We have shown that the quasi-static framework is not sufficient to uniquely define the evolutive equa-
tions for V; on the nodes in the case of generic time-dependent edge parameters. Observe that the feedback
mechanism solely arises from the dynamics of mass exchange between edges and nodes, hence the quasi-
static setting allows for time-dependent parameters on the nodes and their effect is confined to the terms
depending on 7, (4,t), 72(i,t) and F;(i,t) in (3.21). However, the interaction between A and Tau also
takes place along the edges [49], [90], [103]], and the structure of the NTM is detailed enough to possibly
incorporate these local edge phenomena. Secondly, the influence of A3 on the diffusion and spread of
Tau at network level cannot be depicted by the node parameters since the mass flow (i.e. the fluxes) of
soluble Tau is defined edge-wise. This motivates further investigation of the mass balance problem by
considering the full PDE-NTM and the resulting multiscale setting.

(3.22)

3.4 The multiscale PDE problem

To recover the correct separation of the term B;; in the respective nodal contributions ij and BZJ we
consider the effective evolution of N; in the PDE setting (3.1). For completeness, we recall the model
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

equations:

7

N = vOlz(z) iz (—€ijij(0,) + ¢jidji(Ljis ) + Fy + T(M;, Niyt), i€V
—I'(M;, N;,t), i€V

J = —a(z,t)(ny)s — bz, nij,mgj) for x € [0, L;;], e;; € E,
(nm) (Jl ) = F + F(mij,nij,t) forx € [0, Lij]y €ij € EC (323)
(mij)e = —T'(mij, nij, t) for z € [0, L;j], i € E.

ni;(0,t) = Ni(t), ni(Lij, t) = Ni(t),
N;(0) = No;, M;(0) = My, i€V.

\

Here, Vol() stands for the volume of the brain compartment P;. On the single edge e;; € E., we introduce
the variables 77;; and T;; as the solution to the current equilibrium problem

Jij = —a(x,t)(nij)e — h(x, nig, mi;) forx € [0, Li;], e;; € E.
(Jij)e = F- for x € [0, L;;]

I'(m;j,mij,t) =0

ni;(0,t) = Ni(t), ni(Lij, t) = Ny(1),

(3.24)

where (N;(t)), is defined as the solution of system (3.23).

Here, to simplify the calculations, we fix 72 = 0. However, the analysis can be readily extended to
the case v2 # 0, yielding a similar structure. Let ¢y << 1 be the proportion between the physical slow
timescale and the fast one. We set:

M;(t) = g(Ni(t),t) + o Vi(t) i€V,
nii(z,t) = ni(t) + powsj(x,t) e € Ee, (3.25)
mij(@,t) = g(ni (@, 1), 1) + govij(w,t)  ei; € E.

To simplify the notation, we erase the edge subscripts when dealing with edge variables. Since

71 n?

N o oM,
/B )

gn:2_n7 gt = 5 n-,

g(nvt) = 3

and
[(m,n,t) = Bm — y(t)n?
we have that
L(m,n,t) =T (g(n(t),t) + gov(s), () + gou(s), t) = ¢o (Bv — 2 ()A(t)u — n(t)gou®) . (3.26)
Consider now the operator
a(z,t)ng + h(x,n,m)
= doa(z, t)ug + a(z, 1)ty — (1 = f)X(@pa) [Va(1 + 0(70 + gou)) (1 — e(m + ov)) — v,] (7 + dou)
+ (1 = f)X(w,09)P0[VagV(1 + 60) (R + Pou)
— (1 = ) X(wa,25) D0 [Vadu(1l — e — o)) (7 + Pou)
= goa(z, t)u, + a(x O — (1 = )X (@2,29)[Va(1 + 07)(1 — ) — v, |70

J/

-~

=:—J(z,t)

(_ f)X(:m x3) (¢0R71J7v + (bngZM} + (bgRgm)
— J(x,t) — J;}U(a:,t),
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3.4. THE MULTISCALE PDE PROBLEM

where
R = — (v,(1 +20m)(1 — em) — v )u + v (1 + dn)enw,

Ry’ =, (e(1 + 20m)uv — §(1 — em)u?),
Ry’ ==v,0euv,
T (@, 1) = —goalw, hus — (1 = [)X(@aaa) (G B1" + 03Ry" + G3R5") .

Finally we obtain

(a’(xvt)nw + h(&?, n, m))x = _jz - (jzlgw)z

U,V u,v U,V (327)
= —Fr + do(alw, )uz)e + 001 = f) [Xws.ms) (RY" + G0 R5" + 03R5")],
where we have used that 7 satisfies the current equilibrium problem (3.24).
According to the decomposition and equations - (3.26), we have
Gour = =y +ny = =y + (ang — h(z,n,m)), + Fr + LM + ¢ov, 0+ dou)
= T + do(atia)s + d0(1 = f) [X(wnan) (B1" + 0 B5" + G0 157)]
+ ¢o(Bv — 217w — M dou’),
Oy nmn,
Govy = —T + 1y = — tgl - 271& L — o (Bu — 27w — Y1 ¢pu?) . (3.28)

Observe that the boundary conditions at = 0 and # = L;; for n and 72 coincide by definition of the
current equilibrium problem. It follows that (u, v) = (u,;, v;;) satisfies the equation

(G0t =~ + do(aus)o + G0(1 = f) [Xaaae) (R + 00Ry" + O R5™)]
+¢o(Bv — 2mniu — poyiu?),

Povy = —BWTIH — 2% — ¢o (Bv — 297w — poniu?) (3.29)
U(O, t) = U(Llj,t) = 0,
k’U(O,t) = M(t), ’U(Lij,t) = ‘/J(t), €ij S EC.

The function ¢ — V;(t) satisfies

ooV; = —0,9(N;) — T'(9(N;) + ¢ Vi, N;)

where B (1 o NN
Org(N;) = o )Ni TRl e o)
B B
’YlNi2 2
L'(g(N;:) + ¢oVi, N;) = B E + @0V | — NS = BooVi.
Hence we obtain the ODE
Oy (t 27 N; N! .
%W:—l%lM—lﬁ—wawzeV (3.30)
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

Lastly, we reformulate the node equation for /NV;. Recall that

y 1
N = VT(@)Z (—€ijJi(0,0) + ¢jiJji(Lyji 1) + D(M;, Ny t)

1
:Vd@gx_%%mﬁ+%MM%M»+F@WD+%%NM)
i#i

J#i

1
~ Vol(i) ; (=i i3(0,) + ¢jiTji(Lji 1) + BoVi

Concerning the net incoming flux at node F;, on the single edge ¢;; we have

Dn,(0,t) = Dn(0,t) + ¢oDu,(0,t) = —J(0,t) + ¢oDu,(0,1),
an<Li]‘, t) = Dﬁ(Lij, t) + ¢0Dux(LZ'j, t) = —j(Lij, t) + ¢0DU$(Lij, t)

The resulting system is

(N! = Vot 2ogi (—€igJig(0,) + ejidji( Lyis t)) + F

e g (—€i (=G0 D(Uig)2 (0, 8)) + ¢ji=doD(@ji)o(Lyis 8)) + ¢oBVi, i €V

M] = —pV;, i€V

Gour = =T + Go(atie)r + Go(1 = ) [X(azzs) (BT + G0 Ry + @5 Ry ")]
+¢o(Bv — 2yAu — pomru?),

PV = —%f — 2% — 925,0 (Bv = 21w — poniu?)

GoV; = —HHUN; — DR — gBV; i€V,

u(0,t) = u(Ly;,t) =0,

0(0,8) = Vi(t), v(Lis, t) = Vi(t), ey € Bo.

x

\

(3.31)

(3.32)

(3.33)

Consider the order of magnitude of the single terms in (3.33): ¢ is a small parameter which represents
the proportion of the physical timescales. The parameters D, 3, 71, v, and v, are large constants of order

O(1/¢o) on the slow time scale. The function F; is of order O(1/¢y) too, therefore the quantities

D = ¢0D7 B = ¢067 6/1 = ¢071; Vg = ¢Ova7 Up = ¢0U7‘7 Z’(:1‘1' = (bOFT

are all of order O(1). We recall that

/

D in (0, x1)
DX (t) in (zq,x2)
a(x,t) =< fD in (g, x3)
DXy (t) in (x3,14)
D in (z4, Lyj),

\

hence, it is also natural to introduce the function

a= Qb()a,.

(3.34)
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The problem can be rephrased as

(Ni/ = #@Z#i (—cijij(0,8) + ¢jidji(Lji, 1) +
i Sy (=D (@) (0,0) + (= D{az)o(Lyit) ) + BVi, i€V
=-pV;, i€V
our = =T + (auz)e + (1~ f) [xm,xg) (R?’” + goRYY + qsgfzg’v)]z
+(Bv — 2yiu — gomu?),
Povy = at];” 2mERE — Bu — 2y — ¢0%U2> ;
G0V = BN, - ZHER —jV, i€V,
u(0,t) = u(L;;,t) =0,
[0(0,1) = Vi(t), v(Lij, t) = V;(t) ey € E,

where _
RY" = — (0,(1 4+ 26m)(1 — em) — 0, )u + U, (1 4 07)env,

Ry’ =10, (e(1 + 20m)uv — 6(1 — em)u?),
Ry’ = 0,0eu’v.

Since ¢y is extremely small, we formally set ¢y = 0 in (3.35):

—nt + (a(z, t)ug)e + (1 — f) (X(zg,zg,)}??’v)m + Bu — 2yiiiu = 0,
(BU - 271ﬁu> = —B“’Tlﬁ — 2@,

BV = —2lN, - 2B e,

u(0,t) = u(Ly;,t) =0,

(0(0,2) = Vi(t), v(Lij, t) = V;(t) ey € Ee.

This formal simplification immediately leads to a quasi-static equation for /V;:

Mi J#t

~
Net incoming flux at node P;

-3 ( ¢i;D(1i;)2(0,1) + Cji(Dﬂji)x(Ljivt)> :

J#i

J/

TV
Feedback mechanism

(3.35)

(3.36)

(3.37)

In the following Section we elaborate these basic ideas to quantify the feedback effect in the quasi-static
model. The Ansatz that we may set ¢y = 0 in to obtain a good (quasi-static) approximation of the
solution of the PDE system can be intuitively justified by the facts that all other terms in are O(1) and
that the equations for u, v and V; in suggest that these quantities converge almost instantaneously
to the “quasi-steady states” (i.e. for fixed t) defined by the (3.36). To make this reasoning at least formally

consistent, one should analyse the stability of these quasi-steady states.

Remark 3.4.1. We are interested in the effective flux on the slow time scale at the endpoints of the edge e;;,
so we consider the quantities in (3.32). Observe that the flux of u at x = 0 and x = L;; on the slow time scale
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

satisfies
—J(0,t) — Dn,(0, t) _
bo
—J(Lij,t) = Dng(Ly.
o) = Do) — o1/a3)

since D is of order O(1/¢q) on the slow time scale. This suggests a relevant contribution of the feedback
mechanism due to the change in time of the parameters (3.6).

—Du,(0,t) =

O(1/¢y)

—Dug;(LZ-j, t) =

Remark 3.4.2. The corrective feedback terms depend on ¢, through the parameters (3.34). This dependency
motivates the different notation for the scaling parameter ¢ in Chapter[l, which disappears in the quasi-static
formulation of the NTM.

3.4.1 Calculation of the correction terms

In this Section we calculate the feedback terms indicated in the equation for N; (3.37).
We rewrite system (3.36) as

(7, + (a(z, )ug)e — (1= f) (X(@aws) (Ta(1 + 20m) (1 — €M) — Op)u + T4(1 + 6)ev)
+Bv — 21w = 0,
oy = _ _ O0mn yinn
(51} 2’ymu> 5 — 215, (3.38)
6‘/; _ 3t’Yl( )N . 2’7127]\7 = V,
u(0,t) = (LZJ, t) =0,
\U(O,t) = Vi(t), v(Lij,t) = Vj(t) eij € F.

Solving v from the second equation and substituting it in the equation for u we obtain

(a(x,t)ug)y = Ny + 221 nng + % 1 4+ (1 = f)X(aows) [(Ta(1 +207) (1 — em) — 0, )u (3.39)

0
—vaﬁ(l + 67) 7 (2%7@ - 2%7‘% - %ffﬂ K

Now integrate equation (3.39) in [0, x]:

ol e~ Duf0) = | ' ( () + 22 (y) + %n%y)) dy

B B
~ _ _ ~ 71 O _o
+ (1 = f)X(@o,9) {(Ua(l +26n)(1 —em) — 0,)u — Uaﬁ(l + on)n (Q'ymu —2— 5 nng; — 5 L) )} 7
and rewrite it as (2. 7(z) )
n D
ug(x) + il 1) u(z) = a(x,t) uz(0) + l(x, (), ne(2)), (3.40)

where

T (2, 72(2)) 1= = (1 = )X (ar00) (@) (@a<1+25n><1—sm>—@r 522041 + 6m)m )
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3.4. THE MULTISCALE PDE PROBLEM

fantonto) ) =~ [ (m@) +22An) + %ww} By (G4

+ (dl(;’ 7{)_) X(a:z,:c3)< ) { 62 (1 —+ (572) (271717% —+ at’)/ln )} .

a(z,t)

/ o (/ % dz) (a(%)“ﬂo) .t ﬁ<y>,m<y>>) dy = 0.

This gives the following mass flux correction at x = 0 on the edge ¢;;

_foL exp ( . hn(;# dZ) Uy, t,145(y), (Rig)e(y)) dy

Ju e g
fo ( : a(g.) >dy

Multiplying (3.40) by the factor w(z,t) = exp ( v hn(z(2)) dz) and integrating, we get

D(ui)2(0,t) =

(3.42)

To obtain an explicit expression for D(u,;),(Li;, t) we integrate equation (3.39) in [z, L;;] to get

DuelLy) — (e Ousls) = | ( (o) + 2 Zaty)(y) + iy >) dy

— (1 = )X (a,m) () {(6(1(1 +20n)(1 —em) — 0.)u — 5(1 +on)n <2'ylnu — 2%} ny — % 2)} )
We arrange equation in the following form:
D
i) 4 ) = 2 (L) + Sl (), i), 649

where

fatoala) m(o) =~ | ( m(w) + 22 (), <y>+%ﬁ2<y>) By (344)

t
+( >X(m2 x3) ( ) l (1 - 571) <2fylnnt + atrﬂn ):| .

a(x,t) ° B2

Integrating equation (3.43) yields

/ op (/ % dz) <a<it>“x“> + fly.t.7(y). m<y>>> dy =0

and finally
i Sy exp (f2 228D 42 fy, b, y), (ig)e(w)) dy
D(uij)a(Lij, t) = — T : (3.45)
Li; eXp(fgc2 T E) dz) p
fO a(y,t) Yy

Combining equation (3.37) and the explicit expressions (3.42)-(3.45) we recover the correct feedback
mechanism and obtain the quasi-static NTM in the case of time-dependent parameters (3.6).
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

Remark 3.4.3. Observe that the ﬂux terms (3.42)-(3.45) depend explicitly on Oyy1, A1 and Ay through (3.41),
4) and a. Furthermore, the flux (3.42) encapsulates the contribution of the Dirichlet data on the feedback
mechamsm by means of 0;11;;.

Remark 3.4.4. Since in we consider the contributions of the fluxes of w;; and uj; over the nodes P;
connected to node P;, the equation for N; depends on N for all j ~ i. The coupling between the equations
of the resulting system is therefore strengthened with respect to the NTM in Chapter |1, where the feedback
mechanism along node P; depends on N; solely through n;;.

We now reformulate the fluxes (3.42)-(3.45) with the purpose of highlighting the dependencies of the
feedback mechanism at node P; on N; and N; for all j ~ i.
Recall that on the edge e;; we can decompose the function d;n;; =: ¢;; in the following form

aij(w,t) = Ni(t)ai;(w,t) + Nj(O)ql;(w, 1) + q(x, 1) (3.46)

where qu, qf] and q?j satisty, respectively, (3.13), (3.14) and (3.15). Substitute the decomposition (3.46) in
(3.41) on the edge ¢;; and (3.44) on the edge ej; to get

o e 5 i |
Uz, t, 05, Opyy) = X, )/ (1+261nw( )) (N{qij—I—Nj'-qgquq?j) dy

+ (d(x;tf))xuz,xg)(w) ; L+ dnig) vy (Nidiy + Njai; + diy)
v o | i+ Ty 00850+ o,
f(x,t, 0y, 0myi) a(:cl, ) /xL (1 + QEnjl(y)> (N/q}; + Nigl; + %) dy (3.47)
e {fx(m @) 5 (U s (N + N +1)
-5 | Bt D @n S0+ oo,
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3.4. THE MULTISCALE PDE PROBLEM

The correction term on edge e;; at node F; is

hn(z,m5)
fo a(z t)]

exp : 2 )
fOL” ( D ) I (1 + 2ﬂni]—> qi;(z) dzdy
I hna((zz?]) dz
fO ( 2a(y,) ) dy

hn(z,nij)
L;; &P ff FEE) dz
fo ’ < 2(z(y,t) ) (1 - f)X(w2,w3)(y)U

hn(z,m;4)
Li; eXP(ffz &(z,t)J dz
Jo a(y:t) dy
ff hna((zz,j;j) dz ;
fo ( : aw,h) ) foy (1 + 2%”1’3’) qgj(z) dz dy

hn(z,m5)
L;j; xp <f52 ﬁ(zyt;] dz> d
Jo ay0) y

fgg hna(z.272§]) dz ~
fo ( Qa(y 1) ) (1 - f)X(l’Q,l’g)(y)Uaﬁ2( + 6”1])71nzg%j (y) dy

y hn(z,n”)
Lij eXp(fzz aen dy

fO ' a(y,t)

Li; OPUey 0 % .
fo ’ ( 2&(y,t) ) [ oy 8_?_” dz+ (1 - f)X(:va,ws)Uaﬁ(l + 5”2‘]‘)”%&&% dy

y h(z,nij)
fLij eXp( zy  a(z,t) dz d
0 a(yst)

D(ui;)2(0,t) = — (3.48)

2 (14 ongg)mng;a;(y) dy

+ NI(t)

)

\_/Q,

Ni(t)

J

Y
hn(z,nij) dz

f:cy a(z,t
fOL” ( 2oL(y,(t) ) ) ny (1 + 2%”1}) Q?](Z) dz dy

hn(emi)
L, e\ TaEa &
1] dy

fO a(y,t)
Lij; hn(z,m45 ~
Sy exp (2 2etzmi 4z ) Soldy ) ()0 25 (1 + nig)nndialy (v) dy

Yy hn(zvnzj) d !
L xp fzz a(z,t) ? d
Jo ay.0) Y
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

while the contribution on edge e;; at node F, is

hn(%’”ji)

_expl [o —ana ? g .
foL” P( 2 3G ) fyLJz <1 + 2%7@) q;i(2) dz dy

a(y:t)
hn(z,m45)

fL]'L exp (fzyQ a(z, t; dz
0 a(y.t)

D(uji)o(Ljis t) =

(3.49)

)4,

Lj; hn(z,m4; 1 ~
f(] eXp < ' a((z t; ) dZ) ((y{)) X(Z‘Q,Z‘3)(y)va 62 (]‘ + 6n]l>’yln]7,q]z(y) dy

B NIt
B exp( u hngz :)JZ dz) ( )
i 2 alz d
fO a(y,t) Yy
ff hna((i,tfi) da . '
N fo ! ( : FoD) ) 1,7 (1 +2%”ji> q;;(2) dz dy
ol e )
Iy a(y) y
Lj; hn(z,nj; 1— ~
Iy eXp( Y D) d2> S Xz ()85 (14 6n5) 71037 () dy o
B hn(z, n; i) J
Ly eXp(fmy2 A, t) dz) dy

0 a(y,t)
hn(z,n4; Lj; 8, _
f exp (fy a( ji) dz) [d(;,t) [ o n? dz — —&l(y’{)x(ww?))va%(l + 0mnji )0

+

hn(z,m5;)
Lj; P (fzyQ @(z,tg dz) d
o aw.h) Y

fzy hna(zza"ji) da )
fo ji ( 2 y;) 3 ) fyLJz (1 + Q%Hﬁ> q¢;(2) dz dy
hn(z, nj i)
L, &P /Y e t) dz
fO J ( 2 D ) dy

hn(z,m4; (1— ~
Jo " exp ( v buleny d2> o Xz (1) 55 (14 5)71m3,48 () dy

y hn(znj;
Lj; exp( zy  a(zt) dz d
Jo a(y.0) Y

Reassuming, we can write and in the form
D(ui),(0,) = Hi; ()N] (1) + HE (8N () + H), (3.50)

D(uji)o(Ljis t) = K} () Nj(t) + K3, () N{ (t) + K, (3.51)

Jjio

where we can identify the feedback effect due to the change of the Dirichlet data and the parameters 7,
A1, A2 and F. Here, the terms H derive from the flux of u;; at x = 0 on the edge ¢;;, while the terms K
arise from the flux of uj; at x = Lj; on the opposite edge. The explicit expressions for the coefficients H
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3.4. THE MULTISCALE PDE PROBLEM

and K are
hn(z,m45)

exp| [y, TaEag & ;
fOLZJ p( 2 (z,t) ) ny (1 + 27_1712]) q;](z) dZ dy
(3.52)

. a(y,t)
H;j (t) = — 3
I ”f@?’])dz
fo ( 2a(y t) )

dy

hn(zm45)

” exp ff a(z,t) dz
fL J ( 2 t ) (1 _ f)X(:ﬂz,ﬂU[;)(y)
+ o ( I hn(zngg)

a(z,t)

Li; &P
f 0 ’ a(y,t) dy

=(1+ dngg)mndq;(y) dy

N— \(bxll\')

e (1, MR d |
j OL'L] ( 2a(y (t),t> ) foy <1 + Q%nm) qgj(z) dz dy
W) = — ; (3.53)
ij hn(z,m;4)
L exp(f;"; &(z,t)J dz) d
fo a(y,t) y

hn(z,m5)
Lii exXp ff a(z,t) dz ~ j
+ fU ’ ( 2&(y,t) ) (1- f)X(x27x3)(y>Ua[2§_§(1 + 5nij)’yln12quj(y) dy
hn(szli')
fLij exp(fgcy2 HEDE dz) d
0 i) 4

[k ( - i)’) ) [ o 202 dz + (1= f)X(@rs)Vas (1 +5”ij)”?jat71] dy
HO (1) = — . & (3.54)
ij h(z,m;5)
o 27 5 )
0 a(yst)

fOLu ( 2&(y,(t)’t) ) IS (1 + 2%7%]) qy;(2) dz dy
- hn(z,m55)
L exp(ff2 aGD) dz) d
fo a(y.t) y

L;; hn(z,m; 1— 5
fO exp ( . a((z t)j) dz) El(y,jtr)) X(mvm)(y)ulﬂ? (1 + 57%])’)/17%](]” (y) dy
- hn(z,n4)

fLij exp (f;;g a(z,t)J dz) d

0 a(yst)

dy

Y

Y

(fy hnf(%:;i) z) I
f i z9 a(z, f ji <1+2ﬂn> q']<Z) dzdy
ji 7
0 ay.t) v 5 ’ (3.55)

]Cjz (t) = exp (fag,2 hnh(zv”ji) dz)

L a(z,t)
Iy’ () dy
Li; hn(2,m55 > ~ .
fo " exp ( 9512 a((z t] dz) Ei(y t))X(U»fCB)(y)U“%(l * 5nﬂ)%n?iq§i(y) dy

- y hn(z,njl)
fo a(y,t) y
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

hn(z,n;;)
Li; exp( [¥ a(z,t; dz Li; ;
fo i ( 2&@7” ) fy j (1 + Q%nﬂ) ¢ (2) dz dy

ICjz(t) = o fy ) N (356)
Lji P zg  a(z,t) d
Jo a(y,t) y
Lj; hn(z,ni; -
j‘o J exp < ;/2 a((z t)] dz) %( ))X($2,23) (y)vabﬂ (1 + 5”]1)71n31q]1(y> dy
hn(z,m44) ?
Lj; exp (fzyQ &(Z»ti dz) d
fo aw,h) Yy
fL” exp < v hnlzng) g ) [ L iji Imnp2 gy — =Ly Va5 (1 4 0nji)n3,0py ] dy
KO 0 T2 a(zt) alyt) Jz B ''ji a(y,t) X(z2,73) Va 32 gi) Pt L (3.57)
ji T y hn(z,nji) :
Lji eXp(fzz a(z,t) dz) d
Jo awt) Yy
Iy )
fO ( 2a(y t) ) fy " <1 + 2ﬂn]2) qu(z) dz dy
+ exp(fy hn(zn54) dz)
iji xo  a(z,t) d
0 D) Y
hn(z,mj;
f eXp (fy a((z tj dZ) al(y t)) X(1‘2 1'3)(y) CL (1 + 6”]2)71n]2qj7,(y) dy
- hn(z,njl :
Li; exp( Iy2 a(z,t) dz)
fo ’ a(y.d) dy
The equation at node 7 becomes
Vol(i) & ((1 v %) M) = 3 (=i (0.0) + L) 559)
i
=D (k1) = e M (DN] () + (ciki(t) — ey M ()N (1) + k() + e Hy (1)) -
Jri
The LHS of is
)N (t )N (t
Vol(i) (HQMZ’T)()) NI(8) + Vol(s) 11 5) ®)

and we finally obtain the equation

<Vol(@') (1 4 o ON(Y) > 3 (enkis(t) — e MLt ) )+ 3 (K1) — e ML (8N (1)

- a (3.59)
= 3 (e 0u0) + el L) = 3 (e3kCh0) + ey (1) — Vot LEIT,
In matrix form:
A(N'(t) = b(t), A(t) € R™"  N(t),b(t) € R"forallt > 0 (3.60)
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3.4. THE MULTISCALE PDE PROBLEM

where
N@zww»wmo> (3.61)
Ayi(t) = Vol(i) (1 o) > + Z c;ilk — cifHy (1))
A4(t) = ek (1) - %W<> (362

bi(t) = (=i Jif(0.) + ciiii(Lyi ) = Y (cjik%(t) + iy My () — Vol (i) R0

j~i i~

and J;;(z,t) = —a(z,t)(nij).(z,t) + h(x,t,n;;) for all e;; € E..

3.4.2 Mass balance

In this Section, we show that the global node system (3.60) obtained in Section satisfies the mass
balance (3.20). The evolution at node ¢ € V' is described by the local mass law

Vi(N] + M) = ViFr(i,t) + ) | Deig(nig)a(0,1) = Dejilngi)o(Lyi,t)

y ~
T production at P; J# incoming mass flow at P;

(3.63)

— (G0 RN~ (B0 + Bi(0)
feedback by N:rvariation at P; feedback by productiogrand edge par. variation

In view of (3.63), the decomposition and (3:32), it is natural to define the terms B, and B, in
so that
foralle;; € E,, t > 0.

We must therefore show that B’ and B] satisfy

CiLN{(t) + CLN/(t) + Bl + Bl, = cij/o (7ii; 4+ mij)e(x,t) dz forall e € E,, t >0 (3.65)

where

Ly Lij 291 (%, j) 1y
Cij/ (ﬁi]’ + mi]’)t(l‘, t) d.I = Cij / C]Z’j d.il? + / Mqij CZJZ
0 0 (0,23)U(x4,Lij) B
a 2
+Cij/ —t%( n Y dx,
(0,13)U($4,L1‘j) /B
and

Lij 2 ) ﬁl ;
/ q;j(x,t)dwr/ MqZ-j(awt)dx :
0 (0,I3)U(I4,Lij) /8

/ (x,t) dz + / Mqij(ﬂs, t)da | .
0 (0,x3)U(24,Li5) s
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3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

Recall that
i Jipo exp< y %C&) (Y, b, Mg, (Mg ) dy
D(uij).(0,t) = — - (1@ ﬁﬁiiﬁyiﬁldz> : (3.66)
Lij TP\ Jze TG0 dy

fO a(y,t)

and
- fOLij exp < ;/2 hn( ;(:th) ) dz) f(y,t, 1y, (Rif)e) dy
hn (2,7 (2)) (3.67)

D(uij)x(Lwat) = - (fy d )
Lij “P\Jze a9
dy

fo Y aw.d)

with
iy / / 0

1 x
(1 2¢ .
(1 + 6nl])71n (N qZ] + qulj + qU)

+ Ez(x {))X(mz,xs)( )
1 5{71(2,]) (1-f) . € 3 o
e [ ) G K e @ (1 )00 5),

1 Lij M1 '
/ 142~ I6] nm(y>> (N/qm N;qu - qgj) dy

_ 2e _ 3 .
)@%EOﬂMMWHM% Niq; +q);)

Lis 8,571(@',3') (1-1) _— _ -
t)/x 6 ()d + a(:v) X(Izws)(x)vaﬁ(l+5nij)n?jat71(l7])'

Hence we have
— ¢i5D(uiz)2 (0, )

cijD(uig)o(Lij )
i hn i
Cij fo ’ exp( . (j(:g) 2 d2
Ly exp(ff2 %dz) J
fo a0 Y

cig Jy exp ([2, S0 4z ) | o [ (14 2%7(0) ) (Nialy + Njal, +a) dv] dy

) [y, t, nig, (Rij)e) — f(y, t, 7z, (Rag)e)] dy

hn (2,745 (2))

’ —h”(m”(z)dz) [a(;t) % 8‘?‘” (v )dv] @

ij
Cij fO €xp ( a(z,t)
) FnGag ()
Lij eXp(f% eyl a

fO Y a(y,t)
Li: . Li: .
i 1,7)_ ) ; 9 Ohvi(i,7) _
= ¢y / (1 + 2%% ]>nij(v)) (N/q; + Niql; + @) dv + ¢ / —t%g ‘7>n?j (v) dv
0 0

Lij
= Cz’j/ (ﬁij + mij>t(1), t) dU.
0
We can conclude that the correction terms (3.66) and (3.67) recover the correct mass balance
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3.4. THE MULTISCALE PDE PROBLEM

3.4.3 Comparison with the feedback of Chapter

The decomposition (3.64) suggests that in the case of constant parameters 7;, A\;, A2 and F., ie. the
scenario of Chapter [1] the effective correction terms (3.66) and (3.67) provide a more detailed description
of the nodal feedback mechanism. In fact, we can write the contribution at node F; arising from the edge
€i; as

Lij =p( [z, hnézzn( ) dz Li; = i
I ( : (y,<)t) >fy ! (1+2%”(z)> q;;(2) dz dy

bl 0= GG e Ly (12, e 0 i
feedback from Chapter|T] f[) Y - &(y,t), dy
new correcti(;lrfrom node P;
(3.68)
L;j; n(2,7(2) _ _9 4
Jo2 exp ([ hntent dz) B X s () Ta 25 (1 + 0R) a2, (y) dy
+ Cij exp ([, PalznD g2 Ni(t)
9 a(z,t) dy
N a(yt) .
new correctio;lrfrom node P;
Li; exp( [ h”(.iz;ﬁ(z)) dz 3 .
+ fo J ( 2 &(y’(t),t) > foy <1 + 2ﬂn(z)> qij(z) dZ dy
Cij hn (z,7(2))
Li; exp(f;“’ T CFN dz)
fO ’ - a(y,t) t dy

TV
new correction from node P;

Lij; 2,n(z) ~ 92 _ _9 4
Sy exp (2 2222 42) SoB ) ()5 5 (14 67) 1102 (y) dy

o e (fi, P d ’
IOLJ exp( 2 (y(t)t) Z) dy

—
new correction from node P;

+

106



3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

hn(z(2) 4,

fOLﬂ exp(fzyQ a(o.0) ) ny (1 + Q%ﬁ(z)) q;Z(z) dz dy

a(y.t)

D(ui) (Lo t) =  CUN'(t — NI(t
cjiD(uji)e(Lji, t) ji i(t) Cji iji exp(fgg2 h"éfft(f)) dz) i(t)
feedback from Chapter |i] 0 a(y,t) Yy

Vv
new correction from node P;

Lj; hn(z,7(z 1— ~ _ _9
fo ! €xXp < myz é(z7t() ) dZ) (gl(yi))X(xz,xg)(y)va%(l + 5”)71n2qj’i<y) dy

hn(z,n(z 1
iji exl’(ffz FS,(z,t() . dz) d
0 a(y.) Y

-
new correction from node P;

hn(2,n(2))

iji exp(fIZ a(,0) dZ> fiji (1 + 276_177(2)> qu(z) dz dy

0 a(y,t)

+ ¢ :
’ (i o )

0 a(y,t)

vV
new correction from node P;

Lj; hn(z,0(2 1— ~ = =2 ]
fo ’fexp ( 52 é(z,t() ) dZ) (a(y,{)) X(mz,mzs)(y)va%(l + 5")717126131'@) dy

Nj(t),

J

Jo i Ol

0 a(y,t)

vV
new correction from node P;

and observe both a reinforced relation between the feedback mechanism at node P; and the rate of change
of N; and a newly introduced dependence on the rate of change of NV, for all j ~ <.

A numerical comparison between the two formulations is presented in Section where we show
that the novel feedback mechanism influences the behaviour of the system by inducing different dynamical
features with respect to the NTM of Chapter 1]

3.5 Application to the case of A3 dependent parameters

In the current Section we couple the Beta Amyloid system of Chapter[2 with the time-dependent NTM de-
veloped in Section [3.4] The concentrations of monomers, soluble oligomers and plaques of Beta Amyloid
are defined on the proximity graph G, = (V, E,)), while the connectivity graph, G. = (V, E,.), accommo-
dates intracellular soluble and insoluble Tau. Both networks share the same set of nodes V' by exhibiting
a different set of edges. This distinction reflects the different metric of spread of the proteins on the brain
network. The weights of the connectivity graph, respectively the proximity graph, are denoted with c¢;;
and wj;.

3.5.1 The Model

Consider the following model for Aj: let G, be the proximity graph and f; a probability measure on [0, 1]
which satisfies

{atfi,t + (U[fi,t]fi,t)a = ‘][fi»tL ieV (3.70)

fio = fi(0)
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where

Jfitl =nt)xu(t) { (/ P(t,b,a) dfivt(b)) da — dfi7t(a)} ) (3.71)
[0,1]
The elliptic A3 system is

dlAul — o1uq + FAg[f] + Fl = 0,
dgAUg — 09Uy + FQ = 07 1€V (372)
—0o3Us + F3 = 07

where the monomers’ source is

1
Faolfidl =y [ (o +0)(1 = @) o). (373)
the rate of degeneration is
ol (@) = Ce /[ (=) dlt) + O = )i, - 0y)* (3.74)
0,1

and the reaction terms are given by

Fl = —ul(a11u1 + CLQUQ) + kI1U3
FQ = anuf — Q21U U + kg'u,g (375)
s = —(I't + T'y) = wus(arz + as1) — (k1 + k2)us.

As in Chapter |2} we require that the model parameters satisty

(i) o1, 09, 03, a11, Q12, Q21 k1, k2, d1, da, C,, po, Cq, Csare positive constants. The monomers’ clear-
ance parameter o, is sufficiently large, i.e. oy > 71. The aggregation and fragmentation rates are
symmetric: Q5 = Qji,s kl = k’g;

(17) n € C([0,T]), n > 0. P satisfies

PeC(0,T] x [0,1]*), P>0, (3.76)

/[ | P(t,b,a)da =1forb e [0,1], P(t,b,a) =0 ifb>a (3.77)
0,1
since impaired neurons do not recover, and it is Lipschitz continuous:

AL >0: |P(",b",a") = P(t',V,a")| < L(V" = V| + |a" — a'| + [t" = 1)), (3.78)
forall a’,a”, b, 0" € [0,1], t', t" € [0, T].

Under the assumptions (i) — (i7), by Theorem there exists a unique solution (f, uy, us, u3) on
[0, T in the sense of Definition [2.3.1]such that u € C}([0, T]) (by Section [2.7).

Consider now the connectivity graph G, and let M;, N; be the concentration of insoluble and soluble
Tau on the node P; € V. Let m;;, n;; be the concentration of insoluble and soluble Tau on the edge ¢;;. In
view of the previous sections, we require the following hypotheses on the NTM parameters:
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(ZZZ) ’71,)\1,)\2 € Cl(RJr), " > 0, )\1,)\2 € (0,1), F; € Ol(RJr) forall: € V, F, € Cl([O,LU] X R+),
F,, F; > 0and 3C,, Cy, C,Cp > 0 such that

Il [0umi] < C,onRT, C4 < A, dp < Oy on RY,
Fi(u), Fr(z,u) < Cpforallz € [0, L], e;j € E., i € V, u € RT;

(iv) The parameters D, f, 3, ¢, d, v,, v, are positive constants such that A(t) € GL,(R) for all ¢ € [0, T
and 3C'4 > 0 such that
det A(t) > Cy forallt € [0,T].

In this Chapter, we suppose that soluble oligomers of A3 (us) act by enhancing aggregation and dif-
fusion of soluble Tau on the nodes and edges of the connectivity graph. In Section we have shown
that inserting time-dependent parameters in the equations on the edges of the connectivity graph requires
a correction of the feedback mechanism introduced in Chapter (1| which substantially increases the com-
plexity of the resulting equations on the nodes, as suggested by the calculation of Section [3.4.1]

Since us is defined on the nodes of the proximity graph and since we assumed that the connectivity
graph shares the same set of nodes, on ¢;; we extend the definition of u; as a linear combination of the
respective node concentrations

(uo)ij(z,t) = (1 — L) ua(i, t) + Lus(j,t) forz € (0, Ly), t >0

and define
(@, 84, ) = n((u2)ij(, 1), (w1, 5) = Ae((u2)y(, 1)),
where 71, Ay satisfy (¢ii) for k = 1, 2.
The resulting equation for /V; at node P; € V' is

(Vol(i) (1 + ZM) + Z (cjiK§i(t) — c,ﬂ-[’ ) )+ Z (c;i K ]Z CUHJ (1)) ]'(t)

i i
(3.79)
v (u s (2) N;(t
= Z (—¢ijdij(0,t) + ¢jidji(Lji, t)) — Z (CjiICO (t) + CUHO (t)) — Vol(i) 1(ua(0 ))52( )N ),
G~ Jj~i
where ”Hﬁj, Hfj, H?J, IC;Z, IC;Z, and IC% are defined, respectively, by (3.52), (3.53), (3.54), (3.55), (3.56), and

(3.57), the flux .J;; is determined by the edge problem

Jij(, ) —a(x,ua(i, ) (nig)e — M@, ua(i, 7), ni5),
(Jij)e =
ni; (0, ) ( )y mij(Lij,t) = Nj(1),

and insoluble Tau at the nodes satisfies
M;(t) = ———>— ieV. (3.80)

Before stating the main result of this Section, we define the notion of solution of the A/-dependent
NTM. Observe that the construction of the solution to the Af elliptic system (3.72) induces a restriction
on the domain of definition of N; and M, forall: € V.
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Definition 3.5.1. Let 1 <4,7 < h. Let, for all 1,
Nio 2 0, N; € C* ([0, 71); [0, 00)), M; € C* ([0, T7); [0, 00))
and, for alli # j such that c;; > 0,
ni; € C ([0, L;j] x[0,T7;[0,00)) , my;€ L ([0, L;;] x[0,T7];]0,00)), Ji;€C ([0, L;;] x [0, T]; R).

Then (M;, N;, m;j, n;;) is said to be a solution of the quasi-static A-dependent NTM if equations (3.79) and
(3.80) are satisfied, and

(mij(t> = g(t,ni;(t)) ae.in (0, L;;) \ (w3, 24)
mg;(t) =0 in (3, 74)
forallt >0 Jij(t) = —a(z,ua(t))(nij(t))s — h(x,us(t), ni;(t)) inD'(0, L)
B (Jij)e = Fr,
nij(0,t) = Ni(t)
nij (L, t) = N;(t)

\

(3.81)
If in addition the initial total mass of Tau is positive and bounded, i.e. if

L
0<Mp= E <V;(MZ(O) + Noi) + E / cij(mij(x,0) + nyji(x, 0))dm) < 00, (3.82)
i i#i 0

we call (M;, N;, m;;,n;;) a finite mass solution of the quasi-static A(3-dependent NTM.

In the following, we will prove the existence of a solution to the A/3-dependent NTM combining the

results of Chapter[1]and[2]
Theorem 3.5.1. Let N;g > 0 for all1 < i < h. Under the hypotheses (i) — (iv), the quasi-static AS-
dependent NTM possesses a unique solution in the sense of Definition[3.5.1]

3.5.2 Mass balance

Inserting the production terms F; and F. on the nodes and edges, respectively, violates the mass conser-
vation property of Chapter

Lemma 3.5.2. Let Ny € [0,00) for1 <i < h.Ifc;; > 0, there exists a unique J € R such that

{a(x,ug)n'(x) = —h(x,us,n(x)) = [ Fr(y,u)dy — J in (0, Lij), (3.83)

n(0) = N;, n(L) = N,
has a solution n = n;;(0). In addition n;;(0) is nonnegative and continuous in [0, L;;].

Proof. The proof is based on Lemma with the exception that the flux J;; is not constant anymore on
the edge. The equation on the edge is given by

(Jij)e = > (3.84)
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which gives
J(,t) =J(0,t)+/ Fr(y,ug) dy =: J+/ Fr(y, ug) dy. (3.85)
0 0

Consider J € R as a shooting parameter and consider the problem

{a(m, ug)n'(z) = —h(z,uz, () = [) Fr(y,u2) dy — J  in (0, Lyj), (3.86)

Observe that n(x) is pointwise decreasing with respect to the parameter .J, hence arguing as in the proof
of Lemma yields the result. [

It follows from Lemma that the total initial mass of Tau is always finite.

Corollary 3.5.3. Let M, be the total initial mass, defined by (3.82). Then My < oo and every solution of
the quasi-static AB-NTM is a finite mass solution.

Proof. The equations (3.79), suggest the following global mass balance

=Y Vol(i) (M; + N;) +ZZ%/ (ma; (2, t) + nij(, 1)) dz (3.87)

eV i€V gt
—ZVOZ / i (uo(s dS—i—ZZcm/ / (1, ug(s)) dx ds.
eV i€V g

By it follows that u,(i,t) € [0,C, 5] forallt € [0,7] and ¢ € V, hence by continuity of F; and F;
fori € V and ¢;; € E, it follows that M(t) < oo for all ¢ € (0, 7). O

Starting from a solution at given Dirichlet data we can perturb /V; and N; to obtain a sufficiently close
edge solution 7;.

Lemma 3.5.4. Lett > 0 be fixed. Letey > 9 > 0,7 > 0, N; € [—£9,00) forall1l < i < h, let
ni; € C ([0, L]) satisfy (3.81) for alli # j such that c;; > 0, and let M, defined by (3.82), be finite. Then
there exists €3 > 0 which does not depend on i, j such that for all N; satisfying

|N; = Ni| < e,
there exists a unique n;; € C([0, L]) which satisfies, for alli # j such that c;; > 0,

—281 S ﬁij in (O, L)
(a(x)(Nij)e + Mz, 15)), = —Fr(2,u2) inD'(0,L), (3.88)
745(0) = N;, 7 (L) = Nj.

Proof. We fix the edge ¢;; and let J € R be a shooting parameter. Consider the problem

{n/: Gy (I hlwn) + [y Fr(y, uz) dy) - forw € [0, 1] (3.89)

n(0) = N;.

Since n is pointwise decreasing with respect to .J, we can repeat the argument in Lemma to obtain
the existence for 7;;. The uniqueness will be proved in the following Section. [
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3.5.3 A fixed point argument

In this Section, we prove the existence of a local solution to the AS-dependent NTM, following the lines of
Chapter[1] The multiscale analysis of Section [3.4.1]yields a more precise description of the feedback mech-
anism with respect to the approximation provided in Chapter (1l However, the structure of the resulting
problem is mathematically more complex. For example, the argument for the positivity result obtained in
Section|[1.6] cannot be repeated in this setting due to the intricate structure of the matrix A.

We introduce some continuity estimates for the edge variables n,;, qu, qu, q?j. Recall that g;; satisfies

qij(z,t) = N{(t)qu(x, t) + Nj{(t)qf;(x, t)+ q?j(x, t), (3.90)

where ¢};(z, 1), qf] (z,t) and ¢j;(z, t), as functions of z satisfy, respectively,
7 oh T,Mij i _ .

{ (al)(ai))e + 2520g1) =0 in(0,Ly)

<a(:c)(qu)m + %qu)m =0 in(0,L;)
@;(0,t) =0, ¢ (Lt)=1

(3.91)

(3.92)

Oh(z,n;; T ]
{(a(x)(qgj)m + PEnl g + Gl(at, mﬂ)m + % =0 in (0, Ly) (3.93)

with

G(x,t,ni5) = bi(2)Opua (i, 5) N1 (4, ) (nig) e + ba(2)Opua (i, 5) N5 (4, ) (Nig) (359

A straightforward calculation yields the following explicit expressions for the feedback variables qu,
sz'j’ q'LOj'
Lemma 3.5.5. Lett > 0,7 # j and ¢;; > 0. Let N;(t), N;(t) € [—e2,00) and J;;(t) be given numbers. Let
x — n;j(x,t) be a Lipschitz continuous solution of

a(z)(nij)z(z,t) + h(z,n;) = —Jij(t) forae x €0, L]
—&1 < ny;(z,t) Vo el0,L] (3.95)
nij(()?t) - Ni(t>’ nij(L’t) = Nj(t)v

and let ¢;, ql; and qY; be defined by (3:12). Then

hn(s,mij(s0)

L hn(sa”ij(sat))ds x ejg a(s)

o 0 a(s) c -
() = e o 7“‘(5;’}?)(9’”%3 € Jo a(y) dy >0
ql]<:[;7 ) =€ y hn(siny;(s,t)) — )
fL o T a dsd
o aly W
Oh s - .
where h,, stands for 3*. Similarly, if c;; > 0, we have that
y hn(s,nji(s,t)
B (5,754 (5,0)) =0 dsdy
. _ rx n AN 0 - 7N
q;i(x,t) — ¢ o a1 = - (‘:(3_)_(3 ) >0
n(5,m5;(s,
L efé/ a(s) dsd
o awy W
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and
0 z hn(z,m) ds fy h:((zth)l) dz
qj(w,t) = 0 al=i) / — (C+G(y,u2(t),ni]) / O F:(z, U2(t))dz> dy
0 CL(y? t)
where

0y h;l(zztn) ?
fOLu % (G(y,ug(t) ni;) + fo O Fr (2, us(t)) dz) dy

I hg((zz tn> dz

Lij ¢
fO ’ a(y,t) dy

Observe that we do not control the sign of C' and q?j without further hypotheses on the derivatives of

the parameters (3.6).
Lemma 3.5.6. Lett > 0 and ¢;; > 0. Let n;;(t), n;;(t) € C([0, L]) be such that

—&1 < n,»j(t), ﬁij (t) in [0, L]

If nij(x,t) and (v, t) satisfy (3.81)3 4 with given boundary conditions (N;(t), N;(t)), respectively (N;(t), N;
contained in [—£5,00) and J;;(t), respectively J;;(t), satisfy (3.81)4, then there exists a constant C' such that

i, ) = s, ), s (8) = T ()] < C (IN)) = N®)] + NG () = Ni(0)]) . (396)

Proof. Following the argument in Lemma 1.5.2]it suffices to observe that the transport term h(z, us(t), n)
is Lipschitz continuous in n uniformly in ¢ by the boundedness of us (which follows from (2.217)) and v,
by hypothesis (7iz). O

The regularity properties of us developed in Section [2.7 play a key role in the following Lemma, as
they allow us to obtain uniform estimates.

Lemma 3.5.7. Lett > 0 and ¢;; > 0 and letn;;(t), n;;(t) € C([0, L]) be as in Lemma(3.5.4 Let q;; = (n;;),

and Gij = (7;;):, and let ¢;(t), ¢l; (t) and q2(t) respectively G, (t), G, (t) and §%(t) be deﬁned by (3.90). Then
there exists a constant C' such that

(1) = Gy, D, 1i0) = G, lay(e, 1) — @, )] < € (INt) = Naf)] + [N;(0) — N0}
(3.97)

Proof. The result follows from the proof of Lemma where we observe that n +— h,(x,us(t),n) is
Lipschitz continuous uniformly in time by the boundedness of uy ((2.217)) and 7, (¢ii). Concerning the
estimate for q?j, by Lemma it follows that q% is Lipschitz continuous in n uniformly in time since

both d;us and 7] are bounded (see Section [2.7)and (4i7)). O

We now proceed by defining the integral operator associated to the equations (3.79). Let 0 < 7 < T'
and consider the space X, := {N € C°([0, 7]; R")}. As in Chapter[1} we first show that the system admits
a solution on a closed ball.

Theorem 3.5.8. Let the hypotheses of Theorem|[3.5.1| be satisfied. Then there exists T > 0 such that the quasi-
static A[3-dependent NTM possesses a unique solution which is defined fort € [0, 7] and is not necessarily
nonnegative.
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Proof. Let Ny; > Oforallt € V. Let p > 0 and
X,, = {N € C[0,7];R"); —p < Ny(t) — No; < p foralli € V,t € [0,7]}.

Let (Ny,...,N,) € X, ;. By definition of X, ;, NV; is uniformly bounded for all i € V. By Lemma[3.5.2}
there exists n;;(0) at initial time which satisfies and the mass defined by is finite. By Lemma
if p is small enough then there exists n;; € C([0, L;;] x [0, 7]) which is uniformly bounded. By
Lemma and (iii) the terms };(t), Hf] (), K% (1), /Cgi(t), KC9;(t) and H;(t) are uniformly bounded,
which implies uniform boundedness of the coefficients of the matrix A(t). Now by (iv) for all ¢ € [0, 7]
there exists A(t)™1 € R"" and its coefficients are uniformly bounded. Indeed by the Cramer’s rule we

have
1

Ayt = dj(A(t 3.98
07" = A (3.9%)
where adj(A(t)) is the adjugate matrix of A(t) whose entries are polynomials of degree i — 1 in the
coefficients of A(t).
Based on the structure of system (3.60), we define the operator
B(N(t)) = (Ny(t),... Nu(2)), (3.99)
t
Ni(t) = N+ [ (Aw(s)b(s V() ds,
0
where
Ay € CU([0, 7]; R™™) - Ay 1t — A(t, N(t)) 71, (3.100)
and we recall that
bl(t, Nl(t), e Nh(t)) = Z (—Ci]’Ji]’(O, t) + Cjit]ji(Ljia t)) (3101)
jri
/ /
N,
S A0+ g0 — o SO
j~i
Concerning the invariance property of ®, we observe that
~ t t|
|N;(t) — Noil S/ | An(s)b(s, N(s))s| ds :/ ZA;jl(s,N(s))bj(s,N(s)) ds (3.102)
0 (U
& C
<t sup At (s, N(s))b;(s, N(s))| <t=L
sem];\ ; (5, N ()b;(s, N(s))] .

where the last inequality follows from (3.98), Lemma and Lemma with N; = N; = 0 and
(73i) — (iv). By finiteness of the initial mass and boundedness of the production terms F., F;, we can
also choose 7 small enough such that ¢ — ®(N)(t) is continuous on [0, 7|. Therefore by we have
®(X,,) C X, if 7 is small enough.

Let N', N? € X, .. We have

9V (0) = 2Ol < [ s (9005 N (5)) = Axs ()b, N(5)) g
(3.103)

g/o [ Ant(s) (b(s, N'(5)) = b(s, N*(5))) || ds+/0 | (An1(s) = An2(s)) b(s, N?(3)) || ds =: 1 + L.

114



3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

The integral /; rewrites as
/t HA(S, N*'(s))7" (b(s, N'(s)) — b(s, N*(s HRh (3.104)

ds

RR

/HAS N(s) 7, 1605, N (s)) — b(s, N*(s))]

< [ IAGN 6 o N 51) = . 75D s

A s€[0,7]

< C’p/o J Z(A ) (s, N1(s HN N2(s)HRh s < tg— max HN NQ(S)HR,”

ij=1

where the last inequality follows from (3.98), Lemma [3.5.6, Lemma and (ii7) — (iv). Concerning Iy,
we have:

/0 (Awi(s) = Ana () b(s, N*(s) || ds < / [A7 (s, N (5) = A7 (5, N2 ()], [[b(5 N2(9)) | ds
(3.105)
:/0 |47 (s, N (s)) [A(s, N3(s) — A(s, N ())] A~ (s, N2())||, [[bCs, N*(9))] . s
< [ 1A N, 1A 0 = s 3 471, D [, (0D

CP ! 2 1 Cp )
< C_A/o ”A(SvN (s)) — A(s, N (3))”2 ds < O_A/o HA(S,N (s)) — A(s, N HF

G [t < ) . C, 1 .
— . _ .. < — .
_CA/O J;jl (Aij(s, N2(s)) — Aij(s, N'(s)))* ds te max [N (s) = N?(5) ||

Combining (3.102), (3.104) and (3.105) we conclude that ® is a contraction on X, ; is 7 is sufficiently
small. Hence we obtain a local solution N € C°([0, 7]; R") for the A3-dependent NTM. O

The local edge solution n we obtain through Theorem exhibits the same positivity properties
of Lemma’s and However, the structure of the matrix A does not suggest a straightforward
positivity result for V on the nodes as in Lemma[1.6.3]

Lemma 3.5.9. Lett > 0 be fixed, let v; > 0,7 # j and ¢;; > 0. Let N;(t), N;(t) > 0 and J;; := J;;(0,1)
be given numbers and let n;; = n;;(t ) € C([O L;j)) satisfy 3.81): a(x, u)(nij)e + h(x,uz,ny) = —J;j —
Jy Fr(y,uz) dy inD'(0, L;;) where fo >y, uz) dy > 0.

(i) If Ji; = 0, then n;j(x,t) > 0 forx € [0, L;;]; in particular, N;(t) > 0 and N;(t) > 0;
(i1) If J;j > 0, then n;;(x,t) > 0 for 0 < x < L;j; in particular N;(t) > 0;
(i13) If J;; <0, thenn;;(z,t) > 0 for0 < x < L;;; in particular N;(t) > 0.

In particular
ni;(z,t) >0 forallz € [0, L], t > 0. (3.106)
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Proof. (i) Let J;; = 0. Then a(z, u2)(ni;)e = — [y Fr(y,u2) dy < 0. Arguing by contradiction we suppose
that n;; = 0 at some yy € (0, L;;). Since h(x, us,0) = 0, a(z, us)(n;;), < 0atx = yp, whence n;; < 0in
(vo, Li;] and n;; < 01in (yy, L;;] for some yo < y; < L;;. Since N; > 0 we have found a contradiction. If
N; = 0 then n;; < 0 at some y, € (0, 1), which is impossible.

The proof of (i) is similar to the proof of (ii) in Lemmal1.6.1]

(¢4i) We consider the case (a): J;;(x) < 0forall x € [0, L;j], (b): there exists Z such that J;;(z) < 0
at [0,7) and J;;(z) > 0 at (Z, L;;]. The proof for (a) is similar to (i7).

(b): Arguing by contradiction, we suppose that n;; = 0 at some yy € (0, L;;]. Then a(yo, u2)(nij). >
atx = yo if yo € (0,7) and a(yo, u2)(nij)s < 0atx = yo if yo € (7, Lyj]. Since a(x, us)(ngj), < 0 in
max{z,z3}, Lij|, yo € (0,Z). Since a(yo, usz)(n;), > 0atz = yo, n;; < 0forall z € [0,y,), which
contradicts the hypothesis N; > 0. O]

Recalling that the flux on the edge ¢;; satisfies

Jij(@,t) = Ji;(0,1) +/ Fr(y,u2)dy, F; >0,
0

we obtain the following:

Corollary 3.5.10. Lett > 0 be fixed and i # j, ¢;; # 0. Let N;(t) > 0 and
N;(t) = 0.

Let n;;(t) € C([0, L]) satisfy a(z,u2)(nij)z + h(z, ug, nij) = — I3 Fr(y,u2) dy in D'(0, L;;) where
foLij F.(y,us)dy > 0. Then

(Z) in(Lji,t) >0 iiji > 0 and Jij(O,t) <0 lfCZ‘j > 0;
(ZZ) lfN]<t> > 0, then Jﬂ(Lﬂ,t) >0 l.ijZ' > 0 and sz(o,t) <0 l.fCij > 0.

In particular, if N;(t) = 0 the term Y (cjiJji(Lji, t) — ¢ijJi(0,1)) in the i'" coordinate of the vector b in
(3.60) is nonnegative for all i; it is strictly positive if there exists j # i such that N;(t) > 0 and ¢;; > 0 or
Cji > 0.

Remark 3.5.1. In Chapter|1, Corollary|1.6.3 is sufficient to prove Lemma and obtain positivity of the
local solution. In this setting, let No; > 0 and N be a local solution to such that N(0) = Ny. Suppose
there exists ty € (0,7) such that N;(to) = 0. The equation for N at node i yields

N/(to) = A(to, Ni(to)) *b(ty) = Z(A*l)ij(to, Ni(to))b;(to) (3.107)

= (A7 "iilto, Ni(to))bi(to) + Z )ij (to, Ni(to))b;(to)

J#i

where

bilto) = ) (=cis iy (0. to) + ciidji( Lyisto)) = Y (k5;(to) + ey 1 (b))
jei Jri

TV
>0 by Corollary[35.10
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and

1 (to) N (to)

bilto) =Y (—inin(0,t0) + i Jij(Ligito)) — Y (cxiKp; (ta) + cin My (ta)) — Vol (j) 5

k~j k~j

The behaviour of N; depends on the net flux at all nodes j € V', the concentrations N;, the edge feedback
terms KC);, HY, and the inverse of A(to, Ni(to)), therefore it is not straightforward to establish the expected
positive sign of N in the current setting.

3.5.4 Global existence

By Theorem 3.5.8] the A3-dependent NTM has a local solution defined on the interval [0, 7]. Its total mass
is finite and bounded on [0, 7]. We now extend the local solution to the entire interval [0, 7], where we
recall that T is defined in Chapter[2] Let [0, 77 ) be the maximal interval of definition of N, where 77 < 7.
By hypotheses (iii) — (iv), the map ¢t — N/(t) is bounded for all i € V, and therefore N can be extended
to [0, T1]. Applying the local existence argument of Theorem [3.5.8]at ¢ = T, we can extend N on [T}, T5)
for some T3, € (11, T), thus contradicting the maximality of [0, 77).

3.6 Numerical algorithms and experiments

The structure of the algorithm we implement to solve the time-dependent NTM is the same as in Chapter
The function MassBalance is expanded to include the integration of the equation (3.93); and the
calculation of the correction terms H and K.

Algorithm 3: An algorithm for the NTM
input : (N(0))"_,
Output: (N;(£))/,
1 fork=1,..., kg do
2 | for (i,j) € Edo
3 | (ng(t%), Ji;(t%)) < FluxCalculator(N;(t*));
4 end
5
6

for (i,j) € E do

(qu (t5), qf] (tF), q% (t*)) < MassBalance(n;(t*), J;;(t*));

7 Calculate H; (t%), HL (t%), KT, (t%), K3, (%), 1Y (%), K, (t);
8 end

o | Update N;(tF+1);
10 end

The nodal system for N can be discretised through different approaches. We update N;(t*) via
the following procedure

{N(tk) = N + AED T (=), (3.108)
=1,...,kt. .

N(t%) = Ny,
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It follows that the computational cost is augmented by the cost of solving the linear system A(t*)z =
b(t*) at each time step:

O(kNewton : kODENX’E‘NT + ’V’?)NT ) (3109)
\ ~ v ——
Edge problem Node problem

The cost for the resolution of the linear system is theoretically assumed to be O(|V|?) since the matrix
A(t) does not exhibit an evident structure. However we adopt the standard MATLAB backslash operator
function which takes advantage of symmetries in the problem and selects the numerical method accord-
ing to the structure of the matrix. Observe that the corrective terms H and K are calculated using the
explicit expressions obtained in Section The integration of the equation for q?j is also straightfor-
ward thanks to its linear structure. The computational burden of the model is therefore carried by the
FluxCalculator function, which executes a shooting procedure to solve the nonlinear equation for n;;,
and the linear system Ax = b.

3.6.1 Comparison of the different feedback models

We solve the NTM of Chapter[l|and the time-dependent NTM with constant parameters to analyse the
mathematical similarities and differences between the feedback mechanisms. All numerical simulations
of the current Section were performed on the Department of Mathematics of the University of Rome Tor
Vergata’s high performance computing server, equipped with two 18-cores Intel Xeon 5220 CPUs (2.2 GHz,
36 cores total), 384 GB DDR4 RAM and Debian GNU/Linux as operating system.

We select a weighted directed 5-node network endowed with 15 edges generated with the MATLAB
function sprand, which creates random matrices with uniformly distributed non-zero entries. The initial
seeding node is selected by calculating the centrality outdegree measure of the nodes, that is, for each
node i € V we calculate deg,,, (i) := > ;i Cij and choose as seeding node one of the nodes exhibiting the
highest deg,,,,. Following the approach of [91]], we simulate the models in the relevant cases of varying
the strength of the diffusion barrier \; and A\, and the aggregation rate ;. The remaining parameters are
set as in Table Specifically, to remove the singularity and avoid numerical instabilities, we set 7, = 0.
The models are solved on the time scale of 6 months.

1. Varying A; and A,

Figure [3.1| shows the temporal evolution of the concentrations of total Tau (Vol(i) (M; + N;)) on
each node of the graph. The time-dependent NTM generally exhibits a faster evolution than the
standard NTM, as shown in Figure This behaviour reflects the increased dynamical interac-
tion between the node variables introduced by the new feedback corrections of Section The
simulation also suggests a modification of the final equilibrium: as illustrated in the first row of
Figure the nodal concentrations of the new model exhibit greater spatial variability at the final
simulation time. In the same simulation, the qualitative behaviour also appears to be affected by
the new feedback formulation, with curves losing their monotonic tendency and resulting in richer
dynamics.

As shown in [91]], a reduction in the diffusion barrier parameters A\; and A results in a slower
overall rate of Tau spreading on the network in both the original NTM and the new model, while
reproducing the same spatial behaviour, thus showing that the feedback correction of Chapter
preserves the qualitative dependence of the original model on the diffusion barrier parameters.

2. Varying ~; Figures[3.2/and [3.3| show the effect of v; on the models’ evolution. As in the previous
case, the overall rate of spreading of the new model is slightly faster than the original one, with a
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Figure 3.1: Comparison between the NTM with the feedback mechanism of Chapter |1| (15 column) and

Chapter [3| (2" column) with one seeding node. Time

A= X = 0.1, 2" row: A\; = Ay = 0.005.

= 1 corresponds to ¢ = 6 months. 1% row:

more pronounced effect in the case of 7, = 0.001. Moreover, the spatial spread of the associated
equilibrium appears to be wider in the new feedback formulation.

Similarly to the effect observed when increasing \; and Ao, the rate of spread of Tau increases when
reducing ~y; from 0.008 to 0.001. The simulations show that the improved feedback mechanism
preserves the effects of the aggregation rate y; on the global dynamics of the model observed in
[o1].

3.6.2 Implementation details

In this Section, we discuss some numerical technicalities that validate the simulations showed in Section

3.6l

One of the main assumptions we needed to prove the existence of a solution to (3.79)-(3.80) is the
invertibility of the matrix A. For each of the simulations of Section we calculate the spectrum of A,
here denoted by A(A), at each time step and compute

2(A)@) = {IAD], M) € A(A(1))}-
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Figure 3.2: Comparison between the NTM with the feedback mechanism of Chapter |1| (15 column) and
Chapter [3| (2" column) with one seeding node. T%ime = 1 corresponds to ¢t = 6 months. 1% row:
1 = 0.008, 2" row: v, = 0.001.

Figure [3.4| shows the temporal evolution of ¥(A) in agreement with the hypothesis of det(A(t)) > 0
forallt € [0,T].

We have previously observed that the main computational burden is related to solving the linear sys-
tem Az = b and performing the shooting procedure on each edge of the network. We evaluate the error
on the integration of system by calculating the total network flux and showing that it satisfies

Z Z Cjiin(Ljia tk) — cijJZ-j(O, tk) =0 k= 1, R ,/{IT (3110)
i€V jri

where the RHS is zero because in the simulations of Section we set /. = F; = 0 and by calculating
the residual associated to the nonlinear equation for n;;:

T(tk) = max |TALZ](LZJ,tk,j”(O,tk)) - Nj(tk>’7 k= 1,...,/{}T, (3111)
€ij c
where 7;;(Ly;, t*; J;;(0, t*)) is the computed solution on the edge ¢;; at time-step ¢ = t* with flux at z = 0
equal to J;;(0,"). Here, the quantity .J;;(0, t*) is the shooting parameter obtained by solving the nonlinear
equation 7;;(Ly;, t*; J;;(0, %)) — N;(t*) = 0, hence the definition of the residual 7(¢*) is consistent. After
then, we calculate maxz— . r(t*). The error calculations are reported in Tables 3.1/and

)
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Figure 3.3: Comparison between the NTM with the feedback mechanism of Chapter |1| (15 column) and
Chapter 3| (2"¢ column) with two seeding nodes. Time = 1 corresponds to ¢ = 6 months. 1% row:
1 = 0.008, 2" row: v; = 0.001.

3.7 Limitations and future developments

In the present Chapter we considered the interaction between Beta Amyloid and Tau proteins by insert-
ing time-dependent parameters in both the node and edge equations of the NTM developed in Chapter
While the presence of temporal evolving parameters at node level does not yield difficulties in estab-
lishing the model equations, the occurrence of dynamical processes along the edges induces a technical
limitation in the formulation of the mass balance between each node and its incident edges. Admitting
time-dependent parameters on the edge defines an additional term in the variation of the edge mass which
cannot be split between the corresponding external nodes in a natural way, thus leaving an undefined
nodal mass distribution in the quasi-static formulation of the model. In view of this limitation, since the

Residual
Sim 4
9.9747 x 1018

Sim 1
9.9747 x 1018

Sim 2
1.1926 x 10~ 17

Sim 3
4.7054 x 10~17

Sim 5
9.9747 x 1018

Sim 6
3.8508 x 1018

Table 3.1: Computed residual as in Definition (3.111).
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Figure 3.4: Evolution in time of the norm of the eigenvalues of A in each simulation.

equations of the full PDE-NTM are defined in the case of time-dependent parameters, we considered the
effective time evolution of its solution by decomposing the edge profile n;; as the sum of its evolving
equilibrium and the “remainder” function w;;. Formulating the PDE-NTM in this framework allowed us
to correctly recover the time evolution of the flux of u;;, which defines the feedback mechanism of the
quasi-static model.

We developed a first approximation of the fluxes of u;; at z = 0 and x = L;;. The calculations
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Total Network Flux
Sim 1 Sim 2 Sim 3 Sim 4 Sim 5 Sim 6
2.0817x 10717 | 8.3267x 10717 | 1.1102x 1070 | 5.5511x 1077 | 4.1633 x 1017 | 8.3267 x 10~17

Table 3.2: Computed net flux as in Definition (3.110).

we provided are formal and are based on the assumptions of fast convergence of u;; to an equilibrium
and vanishing terms of order O(¢y) in the nonlinear equilibrium system associated to u;;. Although the
issue of recovering the exact limit remains to be addressed, these assumptions allowed us to obtain an
explicit calculation of the feedback mechanism and investigate its dependence on the neighbouring nodal
concentration of Tau.

The resulting system is a set of ODEs for the node concentrations /V; which are coupled by means of
the net incoming flux ) - ¢;iJ;i(Lji, t) —ci;.Ji5(0, ), asin Chapter and the newly introduced dependence
of the feedback mechanism at node P; on the variation of NV; for all P; ~ P;. This behaviour portrays the
action of neighbouring nodes on P, and their effect is described by the matrix A.

We provided an application to the case of A3-dependent parameters by considering the model devel-
oped in Chapter 2| We assumed that soluble A3 oligomers enhance Tau aggregation, hyperphosphory-
lation and spread by considering us-dependent parameters (3.6). In this setting, we proved the existence
of a solution to the A5-NTM on the interval [0, 7']. The existence argument is based on some ad hoc as-
sumptions on the model parameters and variables. For example, by hypothesis (iv) we require uniform
invertibility of the matrix A. Hence a further analysis should deal, for instance, with the estimate of the
spectrum of A as a function of the parameters.

The purpose of this Chapter is to analyse the feedback mechanism problem in the case of time-dependent
parameters and to provide a general theoretical framework to approximate the exact corrective terms
yielded by the PDE-NTM. In terms of applicability of the model, we showed some numerical experiments
highlighting a wide range of variability with respect to the model parameters. A comparison with the
original NTM developed in Chapter |1| shows some differences in both the spatial and temporal evolution
of the models, while preserving some of the dependencies analysed in [91]]. Unlike the original NTM, the
new model also does not exhibit evident positivity properties. A further drawback of the new NTM is the
increased computational cost associated with solving the linear system in (3.60), suggesting the need for
a refinement of the model algorithm and implementation.

From a mathematical point of view, the formal derivation of the “correct” feedback mechanism is
important, but, in view of the serious drawbacks mentioned before, it is not clear if it is worthwhile to
face the many questions which are left open, in particular the identification of numerous parameter values
by comparison with real data and the possible extensions of the model which are of biological interest,
such as the modelling of a reciprocal interaction between A3 and Tau proteins and their involvement in
inflammatory processes affecting the Alzheimer’s brain. Instead it seems to be more promising to change
the model in an appropriate manner to avoid the feedback mechanisms. In the following Chapter we
present a first proposal in this direction.

123



Chapter 4

A Release-Uptake Network-Transport Model

In this Chapter, we present a variation of the Network-Transport model (NTM) introduced in Chapter
by extending it to account for the processes of Tau Release and Uptake on the connectivity graph. These
mechanisms establish a novel mass exchange dynamics between the edges and nodes of the network which
is structurally different from the framework developed in Chapter 1l By applying the multiscale formal-
ism introduced in Chapter |3} we show that the resulting quasi-static model does not exhibit a feedback
phenomenon, which considerably simplifies both its mathematical analysis and its numerical simulations.
These positive effects become even stronger when we describe the reciprocal interaction between Tau and
Beta Amyloid by coupling the Release-Uptake NTM with the A3 model developed in Chapter 2]

4.1 Introduction and biological setting

The spread of pathological Tau is a defining feature of tauopathies such as Alzheimer’s disease and fron-
totemporal dementia. The propagation occurs in a prion-like fashion, which consists of an amplified action
of an assembled toxic protein to induce the same a-physiological conformation in a protein assembly of
the same type [37]. Prion-like propagation does not exert itself solely as passive diffusion along neuronal
tracts but instead arises as a combination of intracellular transport and transcellular exchange between
neurons. In particular, misfolded Tau can be released from affected neurons in the extracellular space
and can be subsequently recruited by neighbouring cells [18],[37],[105], thus undergoing the processes of
release and uptake.

Although the Network Transport Model introduced in Chapter [1| captures the large-scale diffusion of
Tau pathology along the brain’s structural connectivity, it represents Tau as a single species confined to
neuronal connections. This formulation does not account for the extracellular phase of the Tau dynamics
nor for the regulatory role of the neuronal plasma membrane, which mediates the exchange of Tau be-
tween the intracellular and extracellular compartments. However, the extracellular pool of Tau is progres-
sively recognised as a critical mediator of disease progression. It facilitates the transneuronal propagation
of misfolded species [96] and interacts with glial cells, initiating neuroinflammatory responses that may
contribute to neuronal dysfunction [70].

In this Chapter, we introduce a new formulation of the NTM - the Release-Uptake Network Transport
Model - which explicitly distinguishes between intracellular and extracellular Tau species and couples
them through fluxes at the cell boundary. The model captures intracellular active transport, diffusion
and aggregation-fragmentation dynamics along the edges of the connectivity graph, while extracellular
spread and accumulation occur at the node level. The mass exchange between these compartments is
mathematically described through Neumann-Robin-type boundary conditions involving intracellular and
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extracellular soluble Tau at the endpoint of each edge. This formulation identifies the release-uptake
mechanism as a potential bottleneck of global Tau propagation and provides a general framework for
analysing how molecular transport, aggregation and boundary exchange influence the evolution of Tau
pathology on the brain.

The mathematical formulation of the model is developed in Section 4.2 together with a formal de-
scription of the mass transfer between nodes and edges in the quasi-static approximation. In addition
to a variation of the boundary conditions for the edge problem, the model exhibits a further mathemat-
ical novelty consisting of the vanishing feedback mechanism. Assuming that the release-uptake process
is a phenomenon occurring on the slow timescale, we show that in the quasi-static limit the mass ex-
change between nodes and edges is solely determined by the fluxes of intracellular Tau at the interface.
The resulting model therefore simplifies the formulation of the NTM and reduces its mathematical and
computational complexity.

In Section |4.3| we extend the model by coupling the Tau system with a model for Beta Amyloid on
the proximity graph. We assume, as in Chapter (3| that soluble Beta Amyloid enhances Tau aggregation,
diffusion and misfolding (for details, see Section. However, in this Chapter we deal with the synergistic
interplay between the two proteins, thus assuming a bidirectional interaction. Specifically, we assume
that the rate of neuronal degeneration depends on the concentration of extracellular soluble Tau [23]].
Moreover, the release-uptake parameters governing Tau exchange across the cell membrane are modulated
by soluble A levels [104]. This coupling increases the mathematical complexity of the resulting model
which requires a detailed analysis to prove the existence of a solution.

4.2 The Release-Uptake model for Tau

Let G. = (V, E.) be the connectivity graph described in Chapter |1} In this Section, we introduce a new
model for the spread of Tau protein on G, as a variation of the standard NTM introduced in Chapter
The species we are concerned with are both intracellular and extracellular Tau. We first adopt a slightly
different interpretation of the underlying network structure. The edges of the graph (i.e., white matter
tracts of the brain) represent bundles of connected neurons with independent Tau dynamics, as in Chapter
and thus intracellular soluble and insoluble Tau are located on those connections. Conversely, nodes
are considered to host extracellular soluble and insoluble Tau species and are identified with extracellular
compartments. In view of this biological interpretation, we introduce a compartmentalisation of the edges
characterised by distinct Tau dynamics. We distinguish three different segments:

(1) Presyn. SD: presynaptic somatodendritic compartment, (0, x7),
(74) AIS: axon initial segment, (1, x2),
(#77) Axon: axonal component, (xo, L;;),

where the interval [0, L;;| is identified with the edge e;; for all ¢;; € E.. This construction differs from the
one introduced in [92] and adopted in Chapters|1|and |3| by the collapse of the synaptic and postsynaptic
somatodendritic compartments at the endpoint node of each directed edge. This choice is consistent with
the novel interpretation of the nodes of the network.

Here, we model the spread of intracellular Tau by means of active transport and passive diffusion and
the aggregation and fragmentation at the edge level as in [91]], [92]. The two species (extra and intra
cellular) interact through the release of soluble intracellular Tau in the extracellular space and the uptake
of soluble extracellular Tau at the cellular level. This mass exchange takes place along the node-edge
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boundary and mathematically it is modelled by means of Neumann-Robin-type boundary conditions on
each edge. The processes of release and uptake of Tau are interpreted here as the bottleneck of the model
dynamics. This assumption will prove to be essential to obtain the vanishing feedback mechanism in
Section Finally, we model intraregional accumulation, that is seeding of pathological Tau, through
a suitable source term F;;.

Let m;;(z,t) and n;;(x,t) denote the densities at time ¢ per unit volume of insoluble and soluble
intracellular pathological Tau, respectively, at the edge e;;, where ¢ refers to the slow time scale. N;(?)
and N;(t) denote the density of extracellular soluble Tau at the vertices I, and P;. The equations for the
edge variables (m;;, n;;) are

(my;)e = —L'(myz, nij, t) in (0, Li;),
T(maj, nig) = Bmij — y(t)ng; — va(t)mijnij, (4.1)
(ni3)e = (a(x, ) (ni)a + h(z, mij, nij))e + Fij + Lmij, ng, t),
where
Wz, mi;, nij) = {0 (1= f) [va(1 + 6nij) (1 — emiz) — vr] z;érxviﬁiim)
and

D ifze(0,n)
a(z,t) = § DA(t) ifz € (z1,29) (4.2)
fD ife e (ZEQ,L,‘]‘).

Consistently with the notation adopted in Chapter (3} the coefficients of the equations are expressed on
the slow time scale. We define the flux of n;; on the edge ¢;; by

Jij(x,t) = —a(z,t)(nij)e — M2, n45, myj). (4.3)

The exchange of soluble Tau between intracellular and extracellular space is modelled introducing the
following boundary condition at the vertex-edge boundary = 0 and z = L;;:

{#AQUZ—MAUMQ®+mAﬂM@%

>0, (4.4)
Jij(Lij, t) = pjn(O)n(Lij, 1) — pj2(t) N5 (2)

where the parameters fi; 1, ;t;1 > 0 govern the release of intracellular soluble Tau at the vertices P; and

P;, respectively; similarly, the parameters ji; 2, 11,2 > 0 model the uptake of soluble extracellular Tau at

the vertices F; and P;, respectively. In this Chapter, we assume a slow release-uptake dynamics, hence

the coefficients y;  are of order O(1) on the slow time scale.
The edge equations are coupled with the following ODE system on the nodes of G/:

’M/ = —F(M,,N,, t)
l Vol ) Z]NZ ( CU Zj<0 t) + Cﬂjﬂ(Lij,t)) + F(MZ, Nz,t) =+ FZ fOI'Z- c V,

Jij = —a(x, 1) (nij)z + h(x, nij, mij) for x € [0, L;;], (4.5)
750.0) = 00(0,0) 1201
Jij(Lij,t) = pja(t)nij(Lij, 1) — pj2(t)N;.

The reaction term is

D(M, N,t) = BM = N(u(t)N + () M). (46)
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Here we model the aggregation and diffusion parameters as time-dependent, as in Chapter |3} and
introduce a new dynamical factor p;; for i € V and k = 1,2, by keeping a general formulation. In
Section [4.2.1] we explicitly model the temporal evolution of these parameters as functions of soluble Beta
Amyloid.

4.2.1 The quasi-static model

To correctly define a quasi-static approximation to (4.1)-(4.5), we must state the correct mass exchange of
soluble tau between node i and edges e;; and ej; (j # 7). In general, we have observed in Chapters|1]and 3]
that this exchange is described by the flux contribution at all incoming and outgoing edges at a given node
and the feedback mechanism arising from the variation of the Dirichlet boundary conditions on the edges.
It is therefore natural to question whether this property continues to hold when considering a different
type of boundary condition, that is (4.4). For this purpose, we adopt the decomposition introduced in
and show that in the case of slow release-uptake parameters i, ,, the model does not exhibit any feedback
phenomena.

In this Section, for simplicity we set 7, = 0. Let ¢y << 1 be the proportion between the physical slow
timescale and the fast one. We set:

M;(t) = g(Ni(t), 1) + doVi(t) i€V,
TLU(ZL’, t) = ﬁl](t) + QS()UZ']' (1’, t) eij € E, (47)
mij(x,t) = g(Mij(x, t),t) + govij(x,t) e € E.
To simplify the notation, we erase the edge subscripts when dealing with edge variables. On the single
edge ¢;; € I, we introduce the variables 7;; and 7;; as the solution to the current equilibrium problem

(

Jij = —&(.Z', t)(nlj)x — h(x,nl-j, mij) fOI‘ T € [O, Lij]a eij € FE
(J”)x = Ej forx € [0, LZJ]
F(mij, nij, t) = 0 (48)

Jij(0,t) = —pus 1 (t)745(0, ) + pas2(t) Ny,
(Jij(Lijs t) = i1 (0045 (Lag, t) — 2 (t) N,

where (N;(t))_, is defined as the solution of system (4.5).

Since ) 3
g(nat) = fhﬁn 5 gn = 22”7 g¢ = t_%n27

and
F(ma n, t) = pm — 71<t)n27

we have that

F(m7 n, t) = F(g<ﬁ<t>7 t) + (bOfU(S)?ﬁ(t) + ¢0u(5>7 t) = (bO (ﬁ’U - 2'71 (t)ﬁ(t)u - Vl(t)(ﬁOuQ) : (4-9)
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4.2. THE RELEASE-UPTAKE MODEL FOR TAU

Consider now the operator

a(z,t)ngy + h(z,n,m)

= goa(z, 1)t + a@, )z — (1 = f)X(w2,09) [Va(l + 0(7 + dou)) (1 — e(M + dov)) — v,] (W + dou)
+ (1 = f)X(@a,z3)Po[Vacv(1 + 60) | (R + ¢ou)
— (1 = )X (2a,25)P0[Vabu(1l — e — £gv) ] (R + Pou)
= goa(z, t)u, + a(x O — (1 = f)X(@2,25) [Va(1 + 07)(1 — em) — Ur]ﬁ,
T (t)

+ (1= f)X(ras) (Q0RY" + G5 Ry" + ¢y R5")
= J(x,t) = T (1),
where
R’ = — (v,(1 4+ 20m)(1 — em) — v, )u + v, (1 + 07)env,
Ry" =, (e(1 + 26m)uv — §(1 — em)u?),
Ry i=v,0eu’v,
Ji" (2, t) = —doa(x, )ug — (1= f)X(apas) (PR + GoRY" + o R3™) .

Finally we obtain

(a(z,)ng + h(z,n,m)), = —Jp, — (J2")s

v

- _FT + Qbo(a(l’, t)“;v).t + ¢0(]— - f) [X(xz,xg) (RT’U + gbOR;’v + ¢(2)Rg’v)h )
where we have used that 7 satisfies the current equilibrium problem (4.8). According to the decomposition
and equations - , we have

dour = —my +ny = =1y + (an, — h(x,n,m)), + Fr + T + ¢ov, 0 + dou)

= =T + do(atie)s + do(1 = f) [X(zan) (B + d0R3" + 63R5")],

+ do(Bv — 2mnu — ngou®),
dnn _ 2’71ﬁﬁt

B B
It follows that (u,v) = (u;j, v;;) satisfies the equations
(¢0Ut = —ny + ¢0(au:t>x + ¢0(1 - f) [X(wz,mg) (R?v + ¢0ngv + ¢%R§’v)]m
+¢0(Bv = 2mAu — g u?),
Povr = 8t'[y31n 215 — o (Bv — 2mmu — gonu’)
T (@,) == doa(@, )us — (1 = f)X(raae) (SR + S5RS" + i 15")
Juv( t) = —gopia(t)ui;(0,t),
kJ;;U(L t) = gopj1 (t)uij(Lij, t).
)

The function ¢ — V;(t

(4.10)

Govr = —My +my = — — oo (ﬁv — 2yinu — 71¢0u2) : (4.11)

(4.12)

satisfies
ooV} = —=0ig(N;) = T(g(N;) + ¢ Vi, V)

where 5 o NN
t'71()Ni_'_ Y14V LV,

B B
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[(g(N;) + ¢oVi, Ni) = B (712\7 + %V) | N? = BooVi.

Hence we obtain the ODE

t 291 N; N
ooV = =200y, 20N gy e (4.13)
p s
Lastly, we reformulate the node equation for /NV;. Recall that
’ Vol(i)#i AN ji ji\ Ljis , N;,
1
~ Vol(i) > (=eidis(0,8) + ejidji(Lyi, £) + T (9(N:) + doVi, Ni t)
J#i
1
- Vol(z‘)z (=¢ij Ji5(0,8) + ¢jidji(Lji, 1) + BoVi.

JFi

Concerning the net incoming flux at node F;, on the single edge ¢;; we have

Jij(0,t) = —pi 1 ()75 (0, 1) 4 pio(t) N; + J32°(0, 1), (4.15)
Jji(0,t) = pia ()i (Lyji, 1) — prao(t) N + 50 (Lji, t).
The resulting system is
(N = o1 2 i [ (= i (D)7 (0, 8) + 132 () N) + e ()i Ljiy t) — pi2(O)Ni)] + Fi
+V01( 5 Dt (=i I (0,8) + cjiJ 0 (Lyi, t)) + oV, i €V,
i = _¢05%7 1€ v7
Gouy = —Ty + ¢0(aux)x + ¢0(1 - f) [X(:cz,xa) (Riw + QZSORS’U + ¢3R§w)h
+¢o(Bv — 271U — goyru?),
Povy = 8%1” 2717”“ do (Bv — 2w — Poyru?),
qbo‘/i/ _ —ale(t)Ni 271NN Qboﬁv i c V,
Jiuj’v(oa t) = _¢0Nz‘,1(t)uw (07 t)v
LS5 (Lijs t) = dopga ()uii(Lij, 1), eij € Ee.
(4.16)

As in Chapter [3] ¢ is a small parameter which represents the proportion of the physical timescales.
The parameters D, (3, 71, v, and v, are large constants of order O(1/¢,) on the slow time scale. The
function F; is of order O(1/¢y) too, therefore the quantities

D=¢oD, B=¢B, =N, Ua=dVa, U =dovy, Fy=dF,

are all of order O(1). We recall that

D in (0,%1)
a(z,t) = ¢ DA(t) in (21, 22)
fD in (172, Lij)a
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4.2. THE RELEASE-UPTAKE MODEL FOR TAU

hence, it is also natural to introduce the function
a= §Z§06L.

On the other hand, the release and uptake coefficients f; ;, should not be rescaled as they are already of
order O(1) on the slow timescale. The equations (4.16) become

(N = ol 2 [~ i (=i ()755(0,1) + Mi,?(t)fvz‘) + i ()75 (Ljiy t) — pi2(O)N)] + Fi
+V#(i) Z~j¢i (—eii Ty (0,1) + ¢ (Lyis t)) + BVi, i€V
M =—-pV;, i€V
dute = T+ (@r)o + (1= f) [X(anwoy (B + G0R5" + G305 ) |
+(Bv = 23mu — goTru?),
ovy = —23T — QUBR _ By — 25y 7u — gzmlu?) ,
%WZ_WNZ‘_%TW—BVQ icV,
Jii (0,1) = —opia (t)ui (0, 1),
(S5 (Lijs t) = dopja (H)uig(Lij, 1),  eij € Ee,

(4.17)
where ~
RY" = — (0,(1 4+ 26m)(1 — em) — U, )u + U, (1 + 07)env,
Ry" =10, (e(1 + 20m)uv — 6(1 — em)u?),
Ry’ = 0,0euv.
Since ¢y is extremely small, we formally set ¢g = 0 in (4.17):
(7t () (1= 1) [Xoam (RE” + G0R5" + RE")|
+(Bv — 2917w — doiu?) = 0,
{BU - 271%") = - — 25, (4.18)
BV, = 20N, - TR eV,
Ji;'(0,t) =0,
\J,;Ljﬂ}([/ij, t)=0, e € k.

This formal assumption implies that the flux contribution of the remainder term u;; is null at the boundary,
i.e. along the node-edge interface, meaning that the Release-Uptake variation to the NTM does not exhibit
a feedback mechanism if the release-uptake coefficients are of order O(1) on the slow time scale. This
result substantially simplifies the framework of Chapter |1| since the resulting equation for /V; at node P,
is

M, 7 g y

Net incoming flux at node P;

This simplification remarkably reduces the computational costs associated to (4.19) since the calcula-
tions of the terms (n;;); needed in Chapters|i]and[3|to determine the feedback contributions are redundant
in this setting and the computational burden is solely determined by the second-order elliptic equation
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4. A RELEASE-UPTAKE NETWORK-TRANSPORT MODEL

for n;;. The resulting model is therefore more practical and suitable from an application standpoint since
computational efficacy is essential to perform large-scale simulations, parameter exploration and direct
comparison with clinical data.

Observe that resembles the standard network reaction-diffusion model, where the incoming
fluxes J;;(0,t) and J;;(L;;, t) are defined by the entries of the Graph Laplacian matrix.

In the previous formal analysis we restricted our attention to the case 7, = 0. However, repeating the
calculations leading to allowing v, # 0 shows that the structure of the resulting equations remains
unchanged. In fact, the elimination of the feedback mechanism depends on the order of magnitude of 1,
rather than on the specific values of v5. Accordingly, in the following Sections we shall also include the
case o Z 0.

4.2.2 Mass Balance

In this Section, we state some a priori results on the mass of the system. We recall that (M;, N;, m;;, n;;)
satisfies, for alli € V and ¢;; € E,

(Vol(i) (M; + N,)' () = 32, (=i Ji(0,8) + ¢jiJyi( Ly, 1)) + Vol(i) F,

Jij = —a(x,t)(nij)z — h(x, nig, mi;) forx € [0, Lij], e;; € E,

(Jij)e = Fij for x € [0, L;;], (4.20)
Jij(0,1) = —pi 1 ()75 (0,£) + i 2(t) Ni,

Jij(Lij, t) = pj i (075 (Lij, t) — w2 (t) Nj.

e

Let

M ode(t ZVOI )+ Ni(t), Meage(t Z CU/ (mij(z,t) + nij(z, t)) de.

eV ejj€b:

The total mass satisfies

(Maode + Meage) () = c”/ (@, t)dz + ) Vol(i)F. (4.21)

eij €L eV
By (4.20)5 it follows that
Z Cij(Jij<Lij;t> — ,Lj 0 t Z CU/ (422)
(ij)€Ee ci, €
hence by (4.20); we have
L ode(t Z Cm/ ii(z,t) do + ZVOI (4.23)
e €L eV

and we conclude that the total edge mass M., is conserved.
In addition, in the case F}, Fj; = 0, the total mass on the nodes M, is constant in time.
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4.3. A COMBINED MODEL FOR TAU AND BETA AMYLOID

4.3 A combined model for Tau and Beta Amyloid

In this Section, we couple the RU-Network-Transport model developed in Section [4.2.1 with the Beta Amy-
loid model of Chapter [2] The equations for the A5 model on the proximity graph are

{atfi,t + (Wfid fit)a = I i, eV (4.24)

fio = 1i(0) ’
dlAul(i, t) — Ulul(i,t) + FAg[th] + Fl(u(z,t)) = 0,
dgAUg(i, t) - O‘QU/Q(?:, t) + FQ(U(%, t)) == 0,
—O'gUg(i,t) + Fg(u(l,t)) = 0,

where the reaction terms are

i€V, (4.25)

Fl = —U1 (a11u1 + (Ing) + k1u3
[y = anu? — agrugug + kous (4.26)
I3 = —(I'1 +T'2) = wqus(arz + as) — (k1 + k2)us,

the signed measure J[f;] is

It = nionato){ /[ L Pltba) 0a0) da~ dfu(o) | (427)

and the A5 monomers’ production is

1
Fulfil =G, [ (n+ a1 =@ disla), i€V,t>0 (4.28)

The degeneration rate for f;; is defined as

v[fid(a,t) = Cg/ (b—a)t dfis(b) + Cs(1 — a)(ua(i, t) — Ux)* 4+ Cn(1 — a)(N;(t) — N;)T  (4.29)

[0,1]

where N; denotes the concentration of extracellular Tau at node i € V and N; > 0 is a threshold value
above which released Tau oligomers induce neuronal dysfunction and death [23]).

Since the connectivity and proximity graphs share the same set of nodes but are endowed with different
sets of edges, as in Chapter[3|we extend uy on every edge of the connectivity graph as a linear combination
of the respective node concentrations

(uo)ij(z,t) = (1 — L) ua(i, t) + Luy(j,t) forz € (0, L), t > 0.
The equation for the concentration of extracellular soluble Tau at node 7 € V' is
(1 i Yi(d, ) Ni(28 — (i, 1) N:)
(5 - '72(2.7 t)Nl)2

- . ‘ Vol (i) N? .o Y (2, )5 (i, 1) N;
= Vol Fi 0,7) = B — (i, t)N; (%(Zﬂf) - B — 21, t) N )

+3 cjidji(Lyi,t) = ¢ Ji(0,t)

i~

) Vol(i) N/ (4.30)
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4. A RELEASE-UPTAKE NETWORK-TRANSPORT MODEL

where the flux term satisfies for all ¢;; € £,

;

Jij(x’ t) = (a(xa UQ)TLZ']'(ZL", t))ﬂc + h(I, nij(xv t)? u2)7 T € (07 Lij)
(Jij)a(@,t) = Fijr(2,1),

Jij(0,1) = —pi 1 (ua(i, 1))ni;(0, 1) + pio(ua(i, 1)) Ni(t), (4.31)
Jij(Lij, t) = pja(ua(g, t))nig(Lij,t) — Mﬂ(m((jé ?)))Nj(t%
Y1 (uz(t))n?

(M (2,1) = gm(t,nii(2,1)),  gm(t,n) = 22 w5
The extracellular insoluble Tau concentration is defined as
) O

B — ya(ua(i, t)) Ni(t)

The action of AJ on extracellular Tau involves the u,-dependence of both 71, v and A as in Chapter [3|and
the nodal Release-Uptake coeflicients 1, 1, fori € V and k = 1,2 [104].
As in Chapter [2] we require that the model parameters satisfy

i€V, t>0. (4.32)

(i) o1, 02, 03, a11, Qi2, G21 k1, ko, di, d2, C,, p10, Ce, Cs are positive constants. The monomers’ clear-
ance parameter o, is sufficiently large, i.e. o3 > 71. The aggregation and fragmentation rates are
symmetric: a;; = aj;, k1 = ka;

(i) n € C([0,T]), n > 0. P satisfies
PeC(o,T] x [0,1]*), P>0, (4.33)
/[ | P(t,b,a)da =1forb € [0,1], P(t,b,a) =0 ifb>a (4.34)
0,1
since impaired neurons do not recover, and it is Lipschitz continuous:
AL > 0: |P(",b",d") — PV, a)| < L(B" =V |+ |a" —d'|+ |t" =), (4.35)
forall o', a” b, 0" € ]0,1], t', t" € [0, T].
(i) 71,72, A € CHRT), v,72 > 0, A € (0,1), Fi, € CYRT) forall: € V, F;;, € C([0, L;;] x

R*) for all e;; € E., Fi;, Fijr > 0, iy € CRY) foralli € V, k = 1,2, g > 0 and
ic,, Cy, CY, Cp, Cy, > 0 such that

Vels [0uyils |02, 7] < Cyon RT fork =1,2, CY <\ < O} onRY, (4.36)
Fi,(u), Fij-(x,u) < Cpforallz € [0, L;j], e;; € E, i €V, u € RY, (4.37)
pig (), |Oupi(u)] < Cry foralli € V, k=1,2, u € RY. (4.38)

4.3.1 The main result

To state the main result of this chapter, we first introduce the definition of a solution for the quasi-static
Af3-Tau model introduced above. We denote by X 1) the space of probability measures on [0, 1] endowed
with the 1-Wasserstein distance and by M (0, 1) the space of signed Radon measures on [0, 1]. We write

f € LV C(0,T): Xoy) (439)
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if t — fi,t S C([O, T]aX[O,l]) forall7 € V and

0o [ s@dfinto) (4.40)

is measurable as a function from [0, 7] to M (0, 1) for all p € C([0,1]) and i € V.
We will denote distributional derivatives with 9, V and the standard Euclidean norm on R3" with

| @23) as

u € R3" where 3 is the number of species and h the number of nodes, or with u; € R" for k = 1,2,3 as
the vector of concentration of species £k on the nodes.

Remark 4.3.1. Observe that, as in Chapter|(3, the Aj3 system on the proximity graph does not require
a prescription of the initial data since it is defined as the equilibrium solution to with monomers’ source
with f;, = fi(0); conversely, the RU-NTM is equipped with a given initial condition N;(0) = N;p > 0
where Nyy < [3/72(u2(7,0)) if v2(ua(i,0)) > 0.

Definition 4.3.1. A 5—tuple (f, u1,us, us3) is a solution to (4.24), (4.25),(4.30),(4.32) if

1L fe L(V;C0,T); Xp01))); w € C(0,T],R"), uy(i) > 0 forallk = 1,2,3 andi = 1,...,h,
N; e C! <[0,oo); [0, %)), M; € C*([0,00);[0,00)) foralli = 1,... h and, foralli # j such that
ci; > 0,mn;;€C(]0,L]x[0,00);[0,00)), my; €L>® ([0, L] x[0,00);[0,00)), Ji; €C([0,00);R) and
ni;(t) < % a.e. in (0, L;;);

2. f is a solution to in a weak sense:

/Ut </(¢s(a s) + ¢ala, s)vi(a, s))dfi s(a /gb a, s)dJ; s(a ) ds (4.41)

= [otadra— [ot.0)a0)

forallg € C*([0,1] x [0,T]) andi = 1,..., h, wherev is defined in (4.29);

3. (uq,uq, ug) satisfies the following graph equations:

dlAul (t) — alul(t) +
dgAUg(t) — O'QUQ(t +
—O'g’LLg(t) + F3(t) =0

Ff)] + () =0,
Ty(t) =0, (4.42)

where F'[f] and the reaction terms ', are given by and (4.26));

4. (M;, N;) satisfies the equations (4.30), and for allt € [0,T] (m;j,n;;) satisfies

/

Jij () = (az, uz)nij(t))s + h(z, ny(t), uz),

(Jij)a(t) = Fij(t), inD'(0, Lij)

Jii(0,8) = — g1 (ua(i, t))n;(0,1) + pi2(ua(i, 1)) N;(1) (4.43)
Jij(Lij, t) = i (ua(d, 1)) nij(Lij, t) — pya(ua(g, £)) N; (1),

\mzj(x,t) = gm(t,nij(x,t)), in (0, L;;).
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If in addition the initial total mass of Tau is positive and bounded, i.e. if

0< M= Z (Vol(i)(M (0) + Noi) + Z/ cij(mi;(z,0) + ny;(x, 0))dx) < oo, (4.44)

JFi

we call (M;, N;, m;j,n;;) a finite mass solution of the RU-NTM.

As we shall see in Section is always satisfied if 75 = 0. If 75(ug(0)) > 0, it follows from
(4.43)5 that M, < oo if and only if ¢,,(0,7,;(0)) € L1(0 L;;) for all i # j (¢;; > 0). Below we shall see
that this is equivalent to requiring that n;;(0) < A O)) (0)) in (0, L;;) (Lemma [4.6.9); in addition by
the total Tau mass is uniformly bounded in time (Lemma [4.6.7).

The Chapter is devoted to the proof of the following result:

Theorem 4.3.1. Let 0 < Ny < m foralli = 1,... h. Under the hypotheses (i) — (iii), if for all
i # j such that c;; > 0 there exists n;;(0) € C ([0, L;;1; 10, %]) which satisfies

ni;(0) < 725(0) a.e. in (0, L;;),
[a(z, u2(0))(ni;)2 (0) + h(ni;(0), u2(0))], + F(0) = 0 inD'(0, Ly;),
—a(z, u2(0))(ni;)2(0) = —p1i1m35(0) + pi2N; (0) atr =0,
—a(Lij, u2(0))(n4;)a(Lij; 0) = h(ni;(0), u2(0)) = pj1ni;(0) 4 pj2N;(0) - atx = Ly,

then the quasi-static AB-RU-NTM possesses a unique solution in the sense of Definition[4.3.1]

In the current Section, we develop the proof of Theorem[4.3.1|following the approach of the existence
argument in Chapter [2| and extending it to include the coupled Release-Uptake Tau system. Hence we
start analysing the characteristics problem issued by the Tau-dependent rate of degeneration v[f] (4.29),
followed by the study of the quasi-static Tau model (4.49)-(4.31)-(4.32). The approach we adopt for the
latter problem resembles the proof of the main Theorem of Chapter|[1] with the selection of new boundary
conditions for the edge problem (i.e. the Release-Uptake conditions), uy-dependent coefficients in both the
edges and nodes of the connectivity graph and the subsequent time-varying singularity n = 3/~ (ua(t)).

For this purpose, we briefly recall the model equations: the measure f; ; satisfies the transport problem

{atf,-,t +lfidfida=Jlfidds oy (4.45)

fi,O = fl(o)

with
J[fi,t] _ {Z(t) |:<f[071} P<t7 b7 a) dfz,t(b)> da — df@t(a) ifi €igandt € IT7

otherwise,

1 being the set of nodes of the network belonging to the brain hippocampal region. The Beta Amyloid
concentrations satisfy

diAuy (i,t) — oyun(i,t) + Fag[fis] + Ti(u(i,t)) =0,
doAus(i, 1) — oaun(i, £) + Ta(u(i, 1)) = 0, eV, (4.46)

—o3ug(i, t) + T'3(u(i, t)) =0,
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where .
Faglfii = CM/ (po +a)(1 —a)df;(a), i€V, t>0, (4.47)
0

and

v[fid(a,t) = Cq /[0 1](b —a)tdfi1(b) + Cs(1 — a)(ua(i, t) — Ux)™ + Cn(1 — a)(N;(t) — N;) T, (4.48)

The extracellular Tau model is

Y1 (ua(i, 1)) Ni (28 — v2(ua(i, 1)) N;) ATt
R (R e RGO (449
— Vol(i\F: (i i VOI(Z)NZQ oG "o ’71(u2(i’t))ué(i7t)7£(u2(i’t))Ni
= Vol(i)F} . (i, 1) 5_%@2(%0)]\@( 2(4, 1) (ua(i, ) + 5=l DN, )

+ chiin(Ljiyt) — cijJij(O,t), 1€ V,

i
where for all e;; € E.

(T3, t,uz) = (a2, us)nij (2, t))e + h(z, ny(2,t),us), € (0, Ly)
(Jij)e(z, t,ug) = Fij(x, 1),

Jij(O, t) = _ILLLI(/U/Q (Z, t))nw((), t) -+ Hi2 (Uz(i, t))Nz(t), (450)
Jij(Lij, t,ug) = pja(ug (g, t))na (Lij, t) — pj2(ua(g, )N (t),
Y1 (uz(t))n?

\mij(l‘,t) = gm(l;nij(2,1)),  gm(t,n) = B2 (u2(t))n?"

To simplify the notation, we will often write the equation for N; in the form

VOI(Z) (Mz + Nl)/ = VOI(Z)F’M—(Z, t) + Z Cjiin(Lji, t, Ug) — CijJij(O, t, Ug), 1eV. (4.51)

ji

4.4 The Characteristics

Let f € L(V;C([0,T]; Xp11)), uw € C°([0, T); R*") and N € C°([0, T]; R"). Consider the characteristics
problem associated with

Ai<y7 0) =yc [07 1]
Since (N, ..., Ny) belongs to a compact set B C R”, it is uniformly bounded by a constant C' = C(B).
Arguing as in Section or Remark [2.6.1} by it follows that a — v;(a, t) is Lipschitz continuous
uniformly int foralli € V,t — v;(a, t) is continuous for all @ € [0, 1], and therefore the problem has

a classical unique local solution which is continuous in y € [0, 1] and such that ¢ — A;(y, t) is increasing
forall y € [0, 1]. Moreover, 0 < A;(y,t) < A;(1,t) = 1 and

t
Oy Ai(y, t) = exp (/ 0avi(Ai(y, s), s) dS) > 0. (4.53)
0
The statement of Lemma [2.6.1] continues to hold:
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Lemma 4.4.1. Let f € L(V;C([0,T]; X[o1)) be a solution to (4.45) and A;(y,t) a solution to (4.52). Then
foralli € V andt € (0,7

supp fi,t7 supp J[fl,t] C [Al<07 t)? 1] (454)
Proof. The proof follows from Lemma by observing that a — wv;(a,t) is Lipschitz continuous uni-
formly in ¢. [

The problem (4.45) translates in the construction of a probability measure g; ; such that f;; is the push
forward of ¢, , through the action of A;:

fir = Ai#tgis, 1€V (4.55)
where g and A satisfy

(0:Ai(y. t) = Cg [io y(Ai(&t) = Ai(y, 1)) " dgie(€) + Cs(1 = Ai(y, 1)) (ua (i, t) — Ua)*
+On(1 = Ay, 1)) (Ni(t) — Ni)™,

Orgie = n(t)Xu [8A (y, 1) [ P(t, Ai(&, 1), Ai(y, 1)) dgis(€) dy — gia(E)], i€V

di Auy () = orun (t) + Gy Jig (o + Ai(€, 1)) (1 = Ai(&, 1)) dgia(§) + T1(t) =

doAus(t) — ogua(t) + Ia(t) = 0,

—ozus(t) + 3(t) =0,

Vol(i) (M; + N;)' (t) = Vol (i) Fy - (i, 1) + 3 i ¢ [ (wa(i, 8))15i(Lyi 1) — paa(ua(i, £)) Ni(t)]
= D i Cig [ im0, 1) + pio(ua (i, 1)) Ni ()], i€V,

(4.56)
with initial boundary conditions
gi0 = fi(0),
Ai(y,0) =y, ieV (4.57)

Ni(0) = Nio € [0, 8/72(uz(i, 0))[
Definition 4.4.1. A 6—tuple (g, A, uy, us,uz, N) is a solution to (4.56), if
-9 € LV;C(0,T]; Xpy))s

2. A; € C([0,1] x [0,T];[0,1]), 0, 4; € C(]0,1] x [0,T];R) foralli € V;
3. A; satisfies (4.56), and A;(y,0) =y foralli € V andy € [0,1];
4. up € C([0,T],R"), up(i) > 0 forallk =1,2,3 andi = 1,..., h;

~

5 N; e C! <[0,oo); [0, %)), M; € C*([0,00);[0,00)) foralli = 1,... h and, foralli # j such that
ci; > 0,mn;;€C(]0,L]x[0,00);[0,00)), my;€L>® ([0, L] x[0,00);[0,00)), Ji; €C([0,00);R) and
n”(t) < m a.e. in (0, Lij>;

. g is a solution to (4.56), in a weak sense: for all p € C''([0,1] x [0,T])

ot~ [ot.0d0 /( / <¢s(y,s>dgi,s<y>) ds  (458)
- / v | [ 60090,400.9) ([ P52 ) A5 09
- [ote) dgi,s@} ds:

N
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7. (u1,us, us) satisfies the following graph equations:

dlAul (t) — alul(t) +
dgAUg(t) — 0-2u2(t +
—O'gUg(t) + Fg(t) =0

Flg(t)] +T1(t) = 0,
Iy(t) =0, (4.59)

where F[g] is defined in (4.56), and the reaction terms Iy, are given by (4.26));
8. (M;, N;) satisfies

Vol(d) (M; + N;)' () = Vol(i) F (i, 1) + > cji [pi (ua (i, )i Ljis t) — puio(ua(i, £)) Ni(#)]

ji

= > cig [paani(0,) + pia(us(i, O)Ni(t)] i€V,

ji
where n;; is a solution to (4.50).

The equivalence between the original problem and the characteristics reformulation in Chapter [2|fol-
lows from the regularity properties of A;, which continue to hold in the current setting, therefore by

Theorem [2.6.2land Theorem [2.6.3| we have
Theorem 4.4.2. Let (A, g, uy, us, ug, N) be a solution of ([4.56)-(4.57) in [0, T]. Set

f’i,t = Ai#gi,t; fOl" allt € [O,TL 1€ V.

Then (f,uy,us, us, N) is a solution to (4.45)-(4.46)-(4.49).

Theorem 4.4.3. Let (f,uy,us,us, N) be a solution to (4.45)-(4.46)-(4.49) and A a solution to (4.52). Then
there exists a measure g; ; such that

fix = Ai#tgis, forallt €[0,T], i€V
and (g, A, uy, uz, us, N) is a solution to (4.56)-(4.57).

We proceed by defining the contractive operator. Let 7" > 0 and
X7 :=C°([0,T] x [0,1];[0,1]") x L(V;C([0,T); Xjo.47)) x C°([0, T];R*) x C°([0, T]; R").  (4.60)

where L(V;C([0,T7; Xp11)) = {f € C([0, T};X{au) . fi is weakly* measurable} is endowed with the
1-Wasserstein distance. Let (A, g, u, N) € Xr. We start with the characteristics problem

{@/L'( t) = bi(Ai(y. 1), 1),
Y € 1

A, 0) =y € 0.1 e (61

Bi(a,t) = Ca /[ (A=) i)+ €1 =) (i )= 0) +C (1= ) Nl)=No) 2 0 (462

and prove that it admits a solution A. Then we define

d(F[g])z,t = NXH |:ay;11 (yv t) /P(t7 Az(ga t)a /_12 (ya t)) dgz,t(g) dy - dgi,t(y) (4-63)

138



4. A RELEASE-UPTAKE NETWORK-TRANSPORT MODEL

and show that the problem

(4.64)

atgi,t = d(F[g])i,tv
gio = fi(0)

has a solution g in the weak sense. Once we have defined (A, §), we can introduce the monomers’ source
Flgis) = C, /(Mo + Ai(y, 1) (1 = Ai(y, 1)) dgiu(y) > 0 (4.65)

and, by Section [2.4 of Chapter [2] the elliptic problem

dlAﬁ,l — 01711 + F[g] + Fl e O,
dyAiiy — 0afiy + 'y = 0, or>0 k=123 Y Tii)=0 i€V, (4.66)
—0'3?7,3 + Fg = O,

has a unique non-negative solution . By proving that u € C*([0, T]; R®"), we are then able to define
the Tau aggregation functions y; (s ), 71 (@2), the diffusion barrier function (5 ) and the Release-Uptake
terms y; ,(12) and consider the RU-NTM given by

(1 L (@20 1)) Ni(2B — 75(ua(3, £)) Vi)

) Vol(i) N (4.67)

Vi (ta(d, 1)) uy (i, t) s (ua (i, t))Ni)
B — v2(ta(i, 1)) N;

(B = y2(ua(i, t))N;)?
Vol (i) N? o o
B — 7o, 1)) N; (“2@, £)7; (2 (i, 1)) +

+chijji([/ji7t) — Cl'sz‘j(O,t), 7 € V:

i~

= Vol(i) P (i, 1) —

7 (s (4, £)) N7 (1)
B = a2 (i, 1)) Ni(t)”

Jij(z,t, u9) = (a(z, 2)nij(x,t))s + h(x,ny(z,t), u2) = € (0, L),
(Jij)a(x, T, U2) = Fijr(2,1),

Jij(0,1) = — g1 (U2(t, £))ni; (0, 1) + pip(ta(i, 1)) Ni(0),
Jij(Lij, t, ) = pya(U2(d, t))nij(Lig, 1) — pja(ta(g, ) N; (1),

\mz’j<x,t) = gm(tv nij(xvt))7 gm(t n) %

(

(4.68)

Given a solution N, we can finally define the operator on X,
H(A,g,u,N) = (A, g,u, N).
We start with problem (4.61)-(4.62).

Lemma 4.4.4. Let (A,g,u, N) € Xp. Foralli € V set
i0t) = Co [ (Alyet) = )" doia(y) + Ol = a) s 6) = Ta) -+ Cor(1 = a) (Nift) — A0) . (469
[0,1]

Then the problem
i(y,1) = Bi(Aily, 1), 1),
{Ai( el (4.70)
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has a unique solution on (0, T| denoted by A;(y,t) for alli € V. The function y + A;(y,t) is continuous
and strictly increasing on [0, 1] for allt € [0, T. Moreover A;([0,1],t) = [4;(0,%),1] and A € C°([0, T] x
[0, 1]; [0, 1]").

Proof. We need to prove that the map (a,t) — ;(a,t) is continuous and Lipschitz continuous in a uni-
formly in ¢. This implies existence of a unique local solution to problem which is continuous in ¢
and y. Then since ¥;(a,t) > 0 for a € [0,1], t = A;(y,t) is increasing for all y € [0, 1], which implies
A;(0,¢) > 0forall i € V. Observe that ¢;(1,¢) = 0 for all ¢ € [0,77], so A;(1,t) = 1 forallt € [0,7] and
i € V as in Lemma[2.6.4

Repeating the argument in Lemma [2.6.4) we also have

t
0,A;(y,t) = exp (/ 0a0i(A;(y, 8), 8) ds) >0 forieV,yel0,1],te0,T] (4.71)
0

hence 9,A;(y, t) is bounded uniformly in ¢. Specifically A;(y, t) is Lipschitz continuous in y uniformly in
tforalli e V.

To obtain Lipschitz continuity of @ — 7;(a, t) uniformly in ¢ and continuity in ¢ it suffices to observe
that the term involving NV, satisfies these conditions. The remaining terms in v; are both continuous in ¢
and Lipschitz continuous in @ uniformly in ¢ by the calculations of Lemma[2.6.4] [

We now consider the problem (4.64). The following result implies the existence of a unique solution
to (4.64) and its proof can be obtained by repeating the argument in Lemma [2.6.5]

Lemma 4.4.5. Let (A, g,u, N) € X1 and A the solution to (&.61). Let (F'[g]): . the signed measure on [0, 1]
defined as

d(F[g])lt - 77( ) ( ) |:a A <y7 )/P(tv /_12(6, t)v Az(y7t)) dgz,t(g) dy - dgi,t(y) ) (4-72)

forieV,t€[0,T]. Then foralli € V
1. The equation

Gie = £(0) + /0 (Flgi.]) ds (473)

has a unique solution in C([0,T]; Xjo 1)) for all i € V, where the measure fo s)ds is defined as
(fg w(s) ds) (A) = fot (u(s)(A)) ds for any Borel set A C [0, 1] and jp € C([0,T1, Xj0,1);

2. The measure g; ; is a weak solution to

Go0 = £:(0) (74)

in the sense of (4.58).

By Lemmas |4.4.4 and [4.4.5| we have obtained the solutions A and §g. We proceed by defining the
monomers’ source

{atgzt—nxﬂ 0,4,(y, 1) [ P(t, Ai(&, 1), Ai(y, 1)) dgie(€) dy — Gie(y)]

Flg = C, /[ o+ A6 0)(1 = Ae,0)dsi(©) 20 (4.75)
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Remark 4.4.1. By uniform boundedness of t — uy(i,t) andt — Ny(t) it follows that v; is bounded, therefore
t — A;(y,t) is Lipschitz continuous uniformly in y and by the calculation in Remark it follows that
t — F[gi+] is Lipschitz continuous.

By Remark and Section [2.4] the elliptic graph system

dlAul — o1Uy + F[g] -+ Fl = O,
dQAUQ — O2Uo + FQ = 07 1€ V, (476)
—0o3Us + Fg = 0,

exhibits a non negative solution @ € C([0, T]; R3") which satisfies the mass balance

3
Z/Gakuk(i,t) Z/GF[%]- (4.77)
k=1

4.5 Time regularity

To properly consider the problem (4.67)-(4.68) it is useful to show that u € C*([0, 7], R*"). To this end,
we shall adapt the arguments developed in Section [2.7|for u, where (A, g, u) is the global solution of the
main problem of Section|2.6] to the solution of (4.76). The main idea is to first improve the time-regularity
of F[g;,] obtained in Remark [4.4.1]and then show that @ inherits the desired regularity property directly
from its dependence on F[g; ¢].

Lemma 4.5.1. Let (A, g,u, N) € Xr. Let A and g be the solutions to (4.70) and (4.74), respectively. The
functiont — F|[g;,] satisfies
O F[gid(t) = Gi(t) (4.78)

in the weak sense (&58), where
(1) = G [ (1 o = 2. A 1).1) dgia(v)
+CnOn(e) [ |+ A0 = A 000,40 ) ([ Pl A0, Ay ) d)) |
~Cun(®)xa(®) [ (o + Ay )1 = Ay 1) dgia(v)

Proof. Asin Lemmal2.7.1] define h;(y,t) == (o + As(y, 1)) (1 — Ai(y,t)). Since t — ;(y, t) is continuous
forall y € [0,1] and t — A;(y,t) is continuous by Lemma [4.4.4] the map ¢ — 0,4;(y,t) = 5:(A;(y, ), t)
is continuous for all y € [0, 1]. This implies that ¢ — h;(y,t) € C'([0,T]) for all y € [0,1]. Now let

¢ € C'([0,T)). Repeating the same calculations as in Lemma and applying Lemma yields, for
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all ¢ € C'([0, 7)),
/oT ¢'(t)F[gi4] dt = &(T) F(gir] — 6(0) F[fio] (4.79)
-G, /OT n(t)xu(t)o(t) /[0’1] [(Mo + Ay, 1)) (1 = Ay, )0, Ai(y, 1)
(/ P(ta/_li(é“,y%fli(y,t))dgi,t(@) dy} dt
+C, /OT n(t)xu(t)o(t) /[O ; (1o + Ai(y, 1)) (1 — Ay(y, 1)) dgis(y) dt

¢, / o(1) /[ 0 o= 20 ), 8), ) d)
]

Remark 4.5.1. By Lemmas[4.4.4[4.4.5 and[4.5.1, 0,F[g:,] € L>=(0,T).

The following result resembles the statement of Lemma However the proof needs a slight mod-
ification since, by (4.69), t — ¥;(a, t) is not Lipschitz continuous.

Lemma 4.5.2. Let (A, g,u, N) € Xp. Let A, g be the solutions to (&.70) and (4.74), respectively. If t +
P(t,a,b) is Lipschitz continuous uniformly in (a,b), then t — 0,F[g;.| is continuous as a function from
0,7] toR.

Proof. We recall that

O F[gis) = Cy /(1 — po — 24;(y, )0 (Ai(y, ), 1) dgis 1 (y)
o) | [hxy,t)ayﬁi(y,t) / P<t,Ai<s,t>,Ai<y,t>>czgi,t@)] dy (480)

—Cn(t)x(t) / (0 + Auly, 1) (1 — Ay, 1)) dgis(y),

where, as before, h; = (1o + Ai(y, t))(1 — Ai(y, t)).

Performing the change of variable a = A;(y, ) as in Lemmal2.7.2] the integral in becomes
Cuntpeu) [ [i.00,4,0.) [ PO A (6.0, Ay ) d(©)] (481
= Cunountt) [ [1uBi(o,0).0) [ Pt AE 1) 0) d)] do
= Cuntopuu®) [ [+ 1= 0) [ Pl AG0,0)d(6)] o

We write

atF[th] =0, /(1 — Mo — 21‘_11'(,% t))f)i(f_li(% t),t) d§i7t(y)
+Cunttu) [ [wo La1-a) [ PeAED.0 dgi,t@)} da

—Con(t)xu(t) / Bilyst) dgsy) = To(t) + Io(t) + L (t).
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Let(t,)nen be a sequence such that t, — ¢ in [0,7]. Arguing as in the proof of Lemma by
the Lipschitz continuity of P and ¢t — A;(y,?) uniformly in y and the continuity of g;, it follows that
IQ(tn) — [2<t) and [3(tn> — [3(t) ast, —t.

We now write [;(t,) as

—(1 = po — 24,(y, 1)) 0i(Ai(y, 1), )] dGi, (y)
40, [ (1= = 22,0 ) (A1), 0) d, 0),

The first integral in (4.82) gives

c/ (1= 1o — 28,y £))5 (Al ), 1) (4.83)
(1= o — 2y, )5 Ay, 1), 1)] e, (v)
<, / A, ) — Aslys ) (A, ), ) g, ()

< Gl — ]+ Cu(3+ o) / 5 ( Ay, ta)s ) — 5(Auly £),0)| e, (9),

where we have used that t — A;(y, t) is Lipschitz continuous uniformly in y and the uniform bounded-
ness of o;. Now observe that, being continuous in [0, 1] x [0, 77, the map (y,t) — ¥;(y,) is uniformly
continuous, hence for all ¢ > 0 there exists 6 > 0 such that ’vl (Y, 1), 1) — 0 (A ), ¢ )| < ¢ for all
|(y,t) — (v/,t')| < 6. In particular for y = ¢’ it follows that

Clu(3 + o) / |0 (Ai(y, 1), tn) — 0(Ai(y, ), t)| dgis, (y) < Ce / dgi, (y) = Ce

provided that n is sufficiently large. Hence the integral term (4.83) satisfies

CM/ [(1 — Mo — QAz(yv tn)){}z(*’zlz(ya tn)? tn) _(1 — Mo — 2/_12(?/’ t))@z(Az(y7 t)v t)] dgi,tn (y) - 07 as tn — t.

Concerning the remaining term in [, (¢,,), by narrow continuity of ¢ — g; ; we have

lim C, [ (1 —po— 24;(y, £)0:(Ai(y, 1), 1) dgi s, (y)

e / (1= 1o — 2,0y, )5 As(y, 1), £) dgi (1):
]

We conclude this Section with the main regularity result, whose proof is obtained mutatis mutandis
from that of Lemma 2.7.3]

Lemma 4.5.3. Let (A, g,u, N) € X1 and A, g be the solutions to (4.70), (&.74), respectively. Ift + P(t, a,b)
is Lipschitz continuous uniformly in (a,b), then t — Oyu(t) is continuous as a function from [0, T] to R3".
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4.6 Existence for the Release-Uptake-NTM

Let (A, g,u, N) € Xp and A, g, 4 be solutions to (£.70), (4.74) and (£.76), respectively. To conclude the
construction of the operator H on X7, we need to show that the system

Y1 (U2(i, 1)) Ni (28 — v2(ta(i, 1)) N;) ,
(1 T B @i )Ny ) volts

N! (4.84)

7

vt (o VOUDNE () (6 )9 (sl D)
= VOl()r1,0) — 5O (a0 a1+ 22 (L D))
+ 3 cjidji(Lyist) — ¢ Ji;(0,1), i €V,

o N

MO = s L @aone

(Jl'j<.’f6',t,712) = (a(z,u2)ni;(z,t)), + h(z,nij(x, t),u2) x € (0, L;;),

(Jij)a(2, 1, U2) = Fijr(2,1),

Jij (0,8, t2) = —pi 1 (Ua(i, 8))nii (0, 1) + pi2(Ua(i, t) ) Ni(t), (4.85)
Jij(Lij, t, ) = pja(2(d, t))nij(Lij, t) — pj2(u2(f, 1)) N; (2),

U n2
| iy (1) = gt iy (,8)), gty ) = 202002

associated to (A, g, @) admits a solution on [0, 77 in the sense of Definition [4.4.1k.

As in Chapter (1} both the edge and node equations exhibit a singularity at 3/72, which in principle
is a dynamical quantity through its dependence on @,. Hence it is natural to require a condition of sub-
criticality of V; and n,; for i € V and ¢;; € E,, which we will prove in the following to be equivalent
to the requirement of finite total mass. Since we assume the source terms on the nodes and edges of the
network to be bounded, the latter property of the system turns out to be strictly related to the behaviour
of the total mass at initial time.

We start by analysing the edge problem at fixed time ¢ > 0. We often suppress the time depen-
dence and the edge subscripts to simplify the notation. Consider the shooting problem

— F. —— f L
{Jx ij, 7 J any + h($, n, gm(n)) orz € [O’ ]’ (486)

J(0) = —pi,11(0) — 52 N3,

where n(0) > 0 is the shooting parameter and g,,(n) = g (n, us(t)). We look for a value of n(0) for
which the solution of satisfies

n>0 in[0,L] and J(L)= p;1n(L) — p;2Nj. (4.87)

Lemma 4.6.1. Let x; € (0, L] and let ny and ny be two non-negative solutions of in [0, z1], with
initial values n1(0) and ny(0). If0 < ny(0) < ng(0), thenny < ng in [0, z4].

Proof. Let J; and J, be the corresponding fluxes. Then .J;(0) > J5(0) and, since J(z) = J(0) + [, Fi; -,
Ji(z) > Jo(x) forall z € [0, z1]. If there exists Z € (0, z1] such that ny (Z) = no(Z), since h(z, 0, g,,(0)) =
0, by the first order equation for n; and ny we have a(Z)(n; — n2).(Z) < 0, which is impossible. Hence
we conclude that ny < ngy in [0, z4]. O

Corollary 4.6.2. Given N;, N; > 0, there exists at most one non-negative solution of (4.86)-(4.87).
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Proof. Let ny and ns be two non-negative solutions. Then, for £ = 1, 2,

R0 =20+ By = 04+ C

whence
pjane(L) — pjaNj = —piang(0) + pigNi + C,
Le.
i (L) + piini(0) = pjoNj + pioN; + C. (4.88)
Arguing by contradiction we may assume without loss of generality that n,(0) < n,(0). By Lemma[4.6.1]
then also ny(L) < ny(L), but this is in contradiction with (4.88). O

In order to prove the existence of a solution of (4.86)-(4.87) we first consider the case that
Y2(i) = 0and 2(i,j) =0 foralli € V, ¢;; € E.. (4.89)
In the following, we denote the condition by v, = 0. We set
N :={ng > 0: the solution of with n(0) = ny exists and is non-negative in [0, L]}.
Observe that 0 € N if and only if
N;=N;=0 and F;;,=01in]0, L], (4.90)

and in that case n = 0 in [0, L]. Otherwise 0 ¢ A and, if n(0) > 0 is small enough, the solution of
crosses n = 0 at some point in (0, L) and the solution of is not globally defined in [0, L]. For
example, if V; > 0 is sufficiently large then a(0)n,(0) = p;11(0) — p; 2 N; << —p;2N; < 0.

Lemma 4.6.3. There exists n* > 0 such that n(0) € N for alln(0) > n*.

Proof. Observe that J(0) = —p;1n(0) + p; 2 N; = —o0 as n(0) — oo. Since J, = Fj; ; which is bounded,
S(ng) :== J(L;ng) — pjan(L;ng) + p;2N; — —oo as ng — 0o, whence has a solution n > 0 in
[0, L] if n(0) is large enough. O

Corollary 4.6.4. There exists n, > 0 such that
N = [207 OO>7

and ny = 0 if and only if is satisfied.

Proof. By Lemma [4.6.3|the set V' is non-empty and, by Lemma [4.6.1] it is an interval of the type [n,, o0).
As we have observed above, 0 € N (& ng = 0) if and only if (4.90) is satisfied. ]

Lemma 4.6.5. Let n > 0 be a solution of in [0, L). Then eithern > 0 in [0, L) or is satisfied
andn = 0in [0, L].

Proof. We must prove that n > 0 in [0, L) if is not satisfied. In that case n, > 0. Arguing by
contradiction we suppose that n(zy) = 0 for some z( € (0, L).

Since h(z,0, g,,(0)) = 0 and n,(xy ) < 0, we have that J(z, ) > 0. Similarly, J(zd) < 0. Since J is a
continuous function, this implies that J(z() = 0. Since J, = F, > 0,

J >0in (x9,L), J <0in(0,z),
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i.e., by the boundedness of A,

Dn, < Cn in aright neighbourhood of z Dn, > —Cn in a left neighbourhood of z
n(xg) =0, n(xg) = 0.

Since n > 0in (0, L), it follows from Gronwall’s Lemma that n = 0 in a neigbourhood of x(, and therefore
n=0in [0, L]. Indeed, if Z(n) := {z € (0, L) : n(z) = 0} then Z(n) is a non-empty open set in (0, L) by
the argument above. Moreover, Z(n) is closed by the continuity of n in (0, L), hence Z(n) = (0,L). O

Lemma 4.6.6. Let 2 = 0. Then problem (4.86)-(4.87) possesses at least one non-negative solution.

Proof. Without loss of generality we may assume that n, > 0. By Lemma [4.6.5 for all n(0) > n, the
solution of the shooting problem (4.86) satisfies

n>0 inl0,L).

By the definition of n, there exists 2y € (0, L] such that solution 7 of vanishes at = and necessarily
xg = Lt
i n(0) =n, = n(L) =0.
Therefore
J(L) = —an.(L) =20, pjan(L) — pjaN; = —p;aN; <0,
whence J(L) > p;jin(L) — pj2N; if n(0) = ny,.
On the other hand, it easily follows from the proof of Lemma [4.6.3|that if n(0) > n, is large enough,

the solution of satisfies J(L) < pjin(L) — pj2N;. Hence there exists n(0) > n, such that the
solution of satisfies J(L) = pj1n(L) — pjaN;. O

The uniqueness follows from the estimate (4.100) which will be proved in Lemma
By hypothesis (4.37), if the initial mass is bounded, then the total mass of the system is bounded at all
times and the structure of the equations yields the following mass balance.

Lemma 4.6.7. Let v, > 0, let No; € [0, 5/72(u2(7,0))) for all 1 < i < h and let (M;, N;,m;;,n;;) be a
finite mass solution of the quasi-static NTM in the sense of Definition[4.3.1. Then for allt > 0

Mt —i—Z/Vol Fi-(tydt+ Y c,]// Fyj(x,t) dxdt > 0, (4.91)

(4,5)€E.

where 0 < M, < oo is the total initial mass defined by (4.93).

4.6.1 Sub-critical behaviour
We now consider the case of 7, # 0.

Remark 4.6.1. The condition N; < B/ (i), N; < [/7(j) is not sufficient to guarantee a subcritical
behaviour for n;; on the edge e;;. For example, let Fzy + = 0 and suppose p1;1 << [1i2, fj1 << [i;2. We have

J(O) = J(Lw> = /LZJTL(O) + Nj,ln(Lij) = MLQNi + ,ujgNj.

Selecting N; W—z and N; 7—2 implies that at least one of n(0) and n(L;;) must be supercritical, i.e.

B B
n(0) 2 55 orn(Ly) > =)
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As in Chapter [1} we relax the nonnegativity of n and consider the problem

(e, < ni; < % a.e.in (0, L;;)
—e2 < Niy Ny, Ny < B/72(i), Nj < B/7(7),
9 (Jl])ax(x7 tu a?) - Fij,’r(xa t>’ in D/(O, L2j>, (492)

Jij(0,t) = —puia (Ua(i, 1)1 (0, 1) 4 pua o (2 (i, 1)) Ny(t),
(Jij(Lijs t) = i1 (025, )0 (Lig, t) — 2(U2(5, 1)) N (¢).

We state some natural properties of the advective term h and the function g,,, which defines the edge
insoluble Tau concentration.

Lemma 4.6.8. Let g,,,(n,t) and h(x,n, us(t)) be defined by (4.85)5 and and letey > 0. Then 0,,g,, > 0
in (0, 2 =) g(n,uz(t)) — oo asn — % for allt > 0, and there exists C' > 0 such that

h, B> —Cin (0, Lij) x (—e1, £ 2) x RY, h, 2h Zh e ([0, L] x [~ e, 2 2y x RY).

The following result ensures that, in the case of 7, # 0, the condition of finite total mass is equivalent
to the subcritical behaviour of n.

Lemma 4.6.9. Lett > 0 be fixed and v2 # 0. Lete; > 9 > 0, N; € [ €2 20 [®) ) foralll <1i < h,and
let n;; € C ([0, Ly;]) satisfy (4.92) for alli # j such that ¢;; > 0. If

M:=)" <Vol(z’)(NZ- + gn(Niy 12)) + ) i </OL Nij + G (N5, ) dx)) , (4.93)

eV j#i
then
M <00 <= gm(nzj>a2(27])) € L1(07Lij) Veij S EC

) (4.94)
< Nny; < in [0, L] Veij e F..

B
Y2 (t2(4,5))
Setting ¢ = 0, we obtain the following characterization of initial data with finite mass:

Corollary 4.6.10. Let vy, # 0 and Ny, € [0, 8/72(u2(i,0)) forall1 < i < h. Let n;;(0) € C ([0, L;;])
satisfy, for alli # j such that c;; > 0,

0 <n;(0) < m a.e. in (0, L;;)
(a(z, u2(4, 5,0))(ni;(0))s + h(z,1:5(0), U2(4, 5,0))), + Fij-(0) =0 inD'(0, Lij)
Jij(0,0) = —pi 1 (ta(4,0))n;(0,0) + i 2(t2(i, 0)) Nio,

Jij(Lij, 0) = pja(u2(d, 0))nij(Liz, 0) — p2(ta(5, 0)) Njo.

Let M be defined by att = 0. Then

(4.95)

My <00 & gn(ni;(0),1s(i, §,0)) € L'(0, Lij) & ni;(0) < in [0, Ly].

B
~2(12(1,5,0))

Proof of Lemma By (4.85)5, the first equivalence in (4.94) is immediate, so it remains to prove the
second one. Since (<) is obvious, we only prove the implication (=).
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For simplicity, we drop the dependencies of @iy on 4, j and t. Let g(n;;, u2) € L'((0, L;;)). We fix i ~ j
and set n = n;;. Since h(z,n,u2) = 0if © ¢ [x9, L;j|, from the first order equation for n on (0, z5) it
follows that

—a(x, Ug)ng = —pi1(U2)n(0) + pi2(u2) N; + / Fij-dy.
0

Hence by hypothesis (4.36), (4.37) and (4.38) and by definition of a it follows that n is Lipschitz continuous
in [0, z2]. Suppose there exists & € [0, L;;] such that n(¢) = (u2(£ . Then the behaviour of g,, as

n — [/v2(u2(€)) implies that £ ¢ [0, x].
Ifn(f) = m for some & € (22, L;j], it follows from Lemma |4.6.8 and the hypothesis that

lim h(n(z),us(z)) = oo,

T
hence by the equation for n we have
a(x,ug)n, = —h(z,n,u2) — J(x) = —o0, asx — &~
which is impossible.

The proof of the local existence of a solution to is based on the construction of a contraction. To
properly define a contractive operator we fix a suitable space X and, since we assume a finite total initial
mass, Corollary yields an edge solution n;; at time ¢ = 0 for all edges and (Ny,...,N,,) € X,
which is subcritical. That solution is then locally extended to [0, 7] by Lemmal4.6.11] where 7 is sufficiently
small to guarantee a subcritical behaviour.

Lemma 4.6.11. Lett > 0 be fixed. Letey > €3 > 0,7 # 0, N; € [ €2, )foralll < 4 < h, let
ni; € C ([0, L]) satisfy (4.92) for alli ~ j and let M, defined by (4.93), beﬁnlte Then there exists €3 > 0
which does not depend on i, j such that for all 3, > 0, = (0,1), Fijr >0, fi, > 0 and for all N; < B/A2(7)
satisfying 5 ) )

W = Vel [N = Al [Fijr = Fijrls g — pigl, [Ni — Ni| <es,
there exists a unique n;; € C([0, L;;]) which satisfies, for all i # j such that ¢;; > 0,

—251 < ’Fl” (

) in (O, Lm‘),
—(a(z, \)(7iij)a + h

(I nz]771772)) ~JT(x t) in D/(OvLij)a (4.96)
Jij(0,8) = — 13,1 (4, 1)755(0, ¢) + fii2(4, )NZ( )
Jij(Ligy t) = fi2(J, )75 (Lij, t) — fij.2(5, ) N5 (1)
Proof. Consider the shooting problem
{ (a(z, \)ng + h(z,n, 31, %))s = Fijr(x,t), 2 in (0, Ly) (4.97)
J(0) = =i (6, 6)n(0) + fuio (i, 1) N ( )-

By Corollary we can apply the argument in Lemma to obtain a sub-critical solution n as-
sociated to the parameter set (V;, Nj, 71,72, A, ik, Fij-). By the continuous dependence of n on the
parameters and the monotonicity of J in n(0), we obtain that for some perturbation of the parameters
(N N, 1, A, A s fli ks Fz]‘r) there exists a solution 7 > —2¢; to which satisfies j(L) = fij1n(L) —
[ 2 N j prov1ded that the perturbation is sufficiently small, i.e.

e =l (A= AL N Fyjr = Fijirls ik — gl [Ni = Nil, [N; = Nj| < &35

Since the number of edges is finite, we define €3 = min;.; £;; > 0. [l
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4.6.2 A fixed point argument

In this Section, we provide a local solution to the RU-NTM. We will then prove its nonnegativity and
extend it to the interval [0, 7). The main tool we need to construct the contractive operator is a uniform
estimate for the edge solution n;;.

Lemma 4.6.12. Lett > 0 and ¢;; > 0. Let n;;(t), n;;(t) € C([0, L;;]) be such that
—e1 < nij(t), i (t) < B/72(U2(i, 5, 1)) in [0, Lij].

Ifn;(z,t) and ng;(z,t) satisfy (4.92)3 4 5 with boundary conditions

pria (2 (i, )04 (0, 1) + ps2(ua (i, 1)) Ni(t),
pga (e (g, t))nij(Lij, t) — pj2(ua(f, 1)) N;(t),

it
{ i ): Hia (Uz (Z, t))ﬁlj<07 t) + i 2 (u2(i7 t)) l(t> (499)
)

tj

(4.98)

&
b

z&n

pga (ua (g, 1) 7ij (Lij, 1) — pya(ua(d, 1)) Ny(2),

where J;;(t) and JZ] (t) are the fluxes of n;; and 7;;, respectively. Then there exists a constant C' such that
iy (2,8) — g2, 0)] < C (ING(8) = Ra()] + IN;(8) = N;(0)]) (4100)

Proof. The fluxes J;; and jz-j satisfy

(Jij = Jij)e =0 = Ji(x) — Jyj(x) = constant =: J,,. (4.101)
We set w = n;; — n;;. By the mean value theorem, w satisfies the equation

— (a(z, tg)w, + b(x, Ug) w) = J,. (4.102)

where b = 0in (0,3) and, if 22 < @ < Ly, b(z, ts) = 9%(x,v(x, 1), Uz) for some function v(z,t) €

[—e1, max, ¢ 8/72(x,t)). The quantity .J, satisfies
Jo = —t3n0(0) + 32 (Ni = Ni) = pa0(Li) — pa(Nj — N). (4.103)
Integrating equation on [0, L;;] gives

Ly

w(Li;) = w(())e_fo

Qo

i Lij ef(;“’ 2 dz
dy _ je o fidy/ —_dy. (4.104)
0

By (4.103) and (4.104) it follows that

(4.105)

therefore

. - . L;; . L Lij f o 4% . -
w(0) = B2 (N, — Ny) = Ly (0ye o b v B g o= Jo fidy/  ay+ (N~ ;). (4.106)
i i1 i1 0 a(y, U2) i1

149



4.6. EXISTENCE FOR THE RELEASE-UPTAKE-NTM

Now by (4.103) we rearrange (4.106) to get

it —f —d _fLij by L;j efoygdz
14 —=e"Jo Yt pjre o y/ — dy | w(0) (4.107)
i 0 a(y,uz)
s tea, R el ke i
,u (N N) M2(Nj—Nj>+Me_f0]2dy/ “r — dy(NZ—NZ)
i1 i1 i1 o aly,ug)

Integrating the equation for w yields

- z iJ fO o dz
w(x :wOe’fogdy—Je Jo bd/ c dy forx € (0, L;;],
@) ©) o aly, ) (0, L)
hence by (4.103), and the uniform bound on % and h,, given by Lemma [4.6.8| we obtain the desired
estimate. [

We now set up the fixed point argument to prove existence of a finite mass local solution which in
principle is not necessarily non-negative.

Theorem 4.6.13. Let v, > 0 and let the hypotheses of Theorem be satisfied. Then there exists 7 > 0
such that the Release-Uptake NTM possesses a unique solution which is defined for t € [0,7] and is not
necessarily non-negative.

Proof. Let N;g € [O, w(af(l. 0))) fori € Vandletd > 0,7 € (0,7]. We set

X(;’T = {(Nl,NQ, .. .,Nh); ]\/vZ € C([O,T]), NiO - 5 S Nz( ) < NzO + 5 < # for all ¢ t}
In particular we have that, by Theorem the uniform bound on @ given by and (4.36),

Ni(t) < Csr = max Nip+0 < _ max — L if (N}, Ny, ..., N}) € X5, (4.108)

1<k<h, 0<t<r V2(@2(kt))

forallt € [0,7] andi € V. So let (Ny,...,N;) € X5, and i ~ j. By Lemma[4.6.6 (if 7. = 0) and
the hypothesis of Theorem and Corollary m 4.6.10| (if 2 # 0), for all e;; € E, there exists n;;(0) €

C([0, Ly;l; [0, m> which satisfies the edge problem att = 0. By Lemma [4.6.11| and the

continuity of both @, (Theorem [2.4.1) and the parameters ((4.36), (4.37), (4.38)), if § and 7 are sufficiently
small, then for all e;; € E, there exists n;; € C([0, L;;] x [0, 7]) such that for all z € [0, L;;] and ¢ € [0, 7],

ng(z,t) < —W@‘im) (4.109)

and, for all ¢ € [0, 7],

(a(z)(nij(z,t))e + Wz, n45(2, 1), Ua(2, 1)), = Fij(t) in (0, Ly;),
—la(z, aa(x, t))nij(x, )] = —pian(0,t) + p; 2Ny (t) atz =0, (4.110)
—la(z, o, t))ng(z,t) + Wz, nij(z, 1), u2(2, )]s = piain(Li,t) — paNi(t) atz = Ly;.
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We define the following operator ® on X ,

(I)(Nb"'th) = (Nh""Nh)’
t

- > i (idji( Ly, ) — ¢35:035(0, 5))

Ni(t) = Ni(0) + ds

0 , Ny (5) (28— (2 (1,5)) No(5))
\kﬂ@)(l‘* (B2 (2 (65)) N:(3))2 )

t
o +s) .
0 1+’YINi(5)(2ﬁ*’72(ﬂ2(i75))Ni(3))
(B—2(u2(i,8))Ni(s))?

N2(s —, . _ . o (1,8))uh (4,8)v5 (2 (4,8) ) N; (s
) (“/2(“5)%(“2(“3» + )) )

/t /87’72(112(2'75)
0 71 Ni(s)(28—2(u2(4,5)) Ni(s))
(1 + (B—72(u2(7,5)) Ni(s))2 )

s (te]0,7]),

where J;; = —(a(z,u2)(nij)s + h(x,nyj, U2)). To simplify the notations, we write

rils) = (1 n 71 Ni(5)(26 — 12 (u(1, 3))Ni(3)))7

(B = ya(u2(i, s))Ni(s))?

S L (4.111)
— A a (i O (i Y1 (o (i, 1))y (7, t)vs (a2 (i, t) ) N;
Pie) = (407 Caa(, 1) + 2B LI ),
which yields
N C (e i(Lin ) — ey dy(0,) [ ES) = e Pils)
Ni(t) = N - d d
(t) (0) + /0 ; GO s+ /0 e 5
=N, ! Ni,l(%(i, S)) [Cz’jnij(O, 8) + Cjinji(Lji, 3)] p
W +/0 ; Vol(i)ri(s) 5
I ma2(@a(i, 8)) (e + i) Ni(s) t Fy(s) — %E(S)
/0 g Vol(i)r(s) ds+ /0 () ds.

First we observe that we can choose ¢ such that 7;(s) > ¢ > 0. Indeed, considering ; as a function of
N, on the admissible domain (—o0, 3/72((@2(i, s))) we have

ri(Ni(s)) =0 <= a(u2(i,s)) < v1(u2(i,s)) and
B <72(7~72(i7 s)) = 71(2(i, 8)) + /71 (U2(i, 5)) (11 (2(i, 5)) — 72 (U(, 8)))

M= 12(2(0,5)) [2((0,5)) — 1 (5207 9))] SNl <0

and r;(V;) > 0if V; > 0. It can be easily checked that IN;(s) € (—oo, —m} whenever v, (u2(i, $)) <
v1(2(i, s)) and that r;(s) > 0 if y2(ua(i, s)) > v1(2(7, s)). By the uniform bound on s and (4.36),
N;(s) < —% and we can choose § > 0 small enough that 7;(N;(s)) > 0 for N;(s) € [—5, m) for

example by taking § < %
Observe that by and Lemma [4.5.3|the maps ¢ — 7;(t), t — P;(t) are bounded for all i € V. By
the continuous dependence of n;; on N; and N, (Lemma , t — n;;(x,t) is bounded uniformly in
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z. By (4.37), (4.38) and Lemma |4.6.11| we can choose 7 > 0 so small that N; is continuous for all i € V
and (Ny,...N,) € X5, and therefore ®(X5,) C X;,. A straightforward calculation based on Lemma
4.6.12{ shows that @ is a contraction on X ;, hence we obtain a local solution of the Release-Uptake NTM

on [0, 7| whose coordinate V; takes values on [—5, mine(o,7] m) [l

In the next section we shall prove that the solution is non-negative for 0 <¢ < 7.

4.6.3 Positivity Properties

In this section we prove some a priori estimates which ensure non negativity of finite mass solutions of
the Release-Uptake NTM.
We consider the problem for n;; on the edge e;; at a fixed time ¢ > 0, where i ~ j, N;(t) and N;(t)

are given real numbers belonging to [0, - (ﬁf G t))>, [O, = (ﬁf G t))> respectively.

Lemma 4.6.14. If N; = 0 for some i € V, then the incoming flux at node ¢ satisfies

> cidii(Lgi) = i Jis(0) = D cjisiangi(Lyi) + cijpiiani; (0) > 0 (4.112)
i~ jei
and
Z cjiJji(Lj;) — ¢i;J;5(0) > O if there exists j ~ i s.t. N; > 0. (4.113)
j~t

Proof. follows from the non negativity of the edge solution. Let j ~ ¢ such that N; > 0 and
consider the edge (7, j). We have

Jij(0) = —pi1ni;(0),  Jij(Lij) = pgamnig(Lij) — pj2Nj.

If J;;(0) = 0 then n;;(0) = 0 and Lemma[4.6.5implies n;; = 0in [0, L;;], N; = N; = 0 and F}; = 0, which
is impossible. Therefore n;; > 0in [0, L;;) and J;;(0) < 0. O

Lemma 4.6.15. Let (N;(t));cv be a solution of (4.84). If the total initial mass satisfies M(0) > 0 then
N;(t) > 0 foralli € V andt > 0.

Proof. By contradiction, assume there exist ¢ > 0 and 7 € V such that N;(¢) = 0. By (4.84) and Lemma
4.6.14

Vol(i) N} (t) = Vol(i)F; + > _ ¢jidji(Lji, t) — i Ji(0, 1) (4.114)
Grvi
= Vol(7) F; + Z cjithiinyi(Lji) + cijpiang; (0) > 0. (4.115)
Vo)

By definition of (¢, t) and the continuity in time of F}, n;; and n;; for j ~ i, we have
Therefore, Lemma [4.6.5/implies that

N;(t) =0 forallj~ i, (4.117)

152



4. A RELEASE-UPTAKE NETWORK-TRANSPORT MODEL

hence repeating the argument above for j ~ 7 yields

Ni(t)=0= F;(t) =0, ngj(Ly;) =n;r(0) =0and Ng(t) =0 forall k ~ j. (4.118)

J

Now iterating the argument on the connected component of 7, i.e. the entire set V', we get
Nl(t) = O, E(t) =0 forall7 € V, TLZ](O) = nz](LU) =0 for all (Z,j) € E, (4119)

which, together with the definition of (M;);cy, implies that the total mass of tau in the nodes at time ¢ is
zero. Moreover, by Lemma and the definition of (my;)(; j e, the total edge mass is zero, hence we
have

M(t) =0, (4.120)

which clearly leads to a contradiction because the total mass satisfies

M(t +Z/ Vol(i)Fy(t)dt + Y cm/ / ! Fyj(x,t) ddt > 0. (4.121)

eV (i,5)EE

O

4.6.4 Global Existence

By Theorem[4.6.13] the Release-Uptake NTM has a local solution, defined in an interval [0, 7], where 7 < T..
If v, = 0, its total mass is and finite by Corollary[4.6.6/and Lemmal4.6.7/and N;(t) > 0 for all¢ € [0, 7] and
1 <i < h (by Lemmal4.6.15). If 7, % 0, its total mass is finite at ¢ = 0 (by hypothesis) and remains finite
in (0, 7] (by Lemma [4.6.7); in addition, IV; and n;; are subcritical in [0, 7] (by Lemma[4.6.9) and N;(t) > 0
forallt € [0,7],e;; € Ecand 1 <i < h (by Lemma.

We now show that 7 = T'. Suppose that [0, 7%) is the maximal interval of definition of N; for alli € V/,
where 7% < T. By hypothesis (4.36), (4.37), (4.38), the uniform bound on @, and Lemmal[4.6.12] there
exists a constant Cs > 0 such that |N/(t)| < Cs for all t € [0, 7), and therefore V; can be extended on
[0, 7*] and it continues to be subcritical for all i € V. Moreover, N;(7*) > 0 for all i € V and the total
mass of the system at time ¢ = 7" is finite, hence by the local existence result above it can be continued
on an interval [7*, 7**) with 7% < 7** < T, thus contradicting the maximality of [0, 7).

4.7 Local Existence for the A3-Release-Uptake-NTM

In Sections and [4.6 we have defined the operator H on Xr as
H(A, g,u,N) = (A, g,u,N), (4.122)
where
Xp = C°([0,7T] x [0,1];[0,1]") x L(V;C([0,T]; Xj0.17)) x C°([0, T]; R¥") x C°([0, T]; R™).  (4.123)

The current Section is devoted to prove existence of a fixed point of H on X7, following the approach of
[14] and Chapter )
We recall that, given (A, g,u, N) € Xr, A is a solution to the problem

0 Ai(y,t) = Ti(Ai(y, 1), 1), icv
Az<y70) E [0 1] ’
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vi(a,t) = Cc:/M(z‘li(y,lt)—@)+ dgis(y)+Cs(1=a)(ua(i, 1) =Uz) " +Cn (1—-a) (Ni(t)=Ni)* > 0. (4.125)

g is then defined as a solution to

a it — d F ity
s = AEg])u (4.126)
gi0 = fi(0)
where
d(F(g))iz = nxm {(%&(y,t) / P(t, Ai(&, 1), Ai(y. 1)) dgis(§) dy — dgia(y) | - (4.127)
u is the vector of concentrations of Beta Amyloid satisfying the elliptic equations
dlA’INJq — 0'11]1 + F[g] + Fl = 0,
dQA{LQ - 0'2712 + PQ == 0, (4128)
—0'317,3 + F3 = 0,
issued by the monomers’ source
Flgis) = C, /(Mo + Ai(y, 1) (1 = Ai(y, 1)) dgis(y) > 0. (4.129)
Finally, N is the concentration of soluble extracellular Tau and it satisfies
Ya(2(i, 1)) Ni(28 — y2(ua (i, t))Nz)) N AT
1+ — Vol(7)N; (4.130)
( (B — (i 1) NP "

A 20(115?(]@'\2)) N, (“'2(23 t)y; (i, 1)) +

+ Z cjiin(Lji> t) — CijJij(O, t), Z GV,

j~i

= VOI(Z)F;J(Z: t) -

o @GN
M) = 5w ome €

(Jij(2,t, 1) = (a(w, Go)ni (2, 1)e + hz, ni(z,t),32) @ € (0, L),
(Jz])x(x7 tu aQ) == Fij,T(a:; t)?

for all €ij S Ec . Jij(O, t) = _/,Li71(/l,_1/2(7;, t))nij(O, t) + Mig(ﬂg(i, t))Ni(t), (4.131)
Jij(Lij, 1, u2) = pya(ua(g, £))nig(Lij, 1) — #ﬂ(%(j’ £))N; (1),
n@n

\miJ'(x;t) = gm(tanij(xat))? gm(t’n) - B—2(t)n?"

In the following, we will prove that H is invariant on X, ; if 7 is small enough. As in [14] and Chapter
by the Kantorovich-Rubinstein duality [4] for W, H is a contraction only on its image H(X, ;) C X, .,
which in principle is not a complete space, hence we need to adapt the fixed-point argument by proving
the continuity of H as a map from X, ; with the standard metric topology to the same space endowed
with a weaker topology. In particular, we refer to 7; as the metric topology of X, and to 7 as the
weaker topology on X, obtained by endowing the characteristics space C([0, 1] x [0, 7]; R") with the
L topology on [0, 1] x [0, 7].

For the reader’s convenience, we recall the hypotheses on the model parameters.
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(i) o1, 02, 03, a11, Qi2, G21 k1, ko, di, d2, C,, 10, Ce, Cs are positive constants. The monomers’ clear-
ance parameter oy is sufficiently large, i.e. oy > 71. The aggregation and fragmentation rates are
symmetric: Q5 = Ajis k'l = ]{ZQ;

(1) n € C([0,T]), n > 0. P satisfies

PeCO(0,T] x[0,1]%), P >0, (4.132)

/[ | P(t,b,a)da =1forb € [0,1], P(t,b,a) =0 ifb>a (4.133)
0,1
since impaired neurons do not recover, and it is Lipschitz continuous:
L >0: [P(", b, a") — PV, a)| < L([B" = b| + |a" —a'| + [t = 1)), (4.134)
forall o', a”, b, 0" € [0,1], t', t" € [0, T].
(¢ii) 71,72, A € CHRT), 71,72 > 0, A € (0,1), ;. € C*R") foralli € V, F;;, € CY([0, L;;] x

R*) for all e;; € E., F,;,Fij > 0, i, € C(RY) foralli € V, k = 1,2, g;, > 0 and
ac,, Cy, CY, Cp, Cy, > 0 such that

Vels [0k, |02, 7] < Cyon RT fork =1,2, Cy <\ < O} onRY, (4.135)
Fi,(u), Fij(x,u) < Cpforallz € [0, L;j|, e;; € E,i €V, u € RY, (4.136)
pi g (W), [Oupti g (u)| < Cpy foralli € V, k=1,2, u € RT, (4.137)

Theorem 4.7.1. Let p > 0 fixed and H defined by (4.122). Let Ny € R" such that the total mass of system
at initial time is finite. If 7 > 0 is sufficiently small then H(X,,) C X, -,

%(Ana gn7 unv Nn) _> H(A7 g? u’ N) in T as (ATL7 gn7 un? Nn) % (A7 g7 u? N) in 7:1’
and H is a contraction on H(X, ;).

Proof. We start by showing the invariance of H on X if 7 is small enough. By (4.124)

[Ai(y, ) — yl = |Ai(y, t) — As(y, 0)] (4.138)

—CG/ / (y,8))" dgis(§) ds

+C’5/0( — Ay, 8))(ua(i, s) — Uy)™ ds
—I—C'S/ (1 — Ai(y, s))(Ni(s) — Nyt ds
<Co / / _ Ay, 5)) T dgis(€) ds + Oyt

where we have used that u; and N; are uniformly bounded in time. By Gronwall’s Lemma we obtain

|Ai(y, 1) —y| < Cpte“s" = 0ast — 0" foralli € V, y € [0, 1]. (4.139)
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The calculation in (2.221)) implies | (i,t) — (uo)r(i)] — Oast — 0" foralli € V and k = 1,2,3. By
Lemma [4.4.5} g; ¢ € C ([0, 7]; Xj0,17) and therefore g;; — f;(0). It remains to show that, for all i € V,
|| Vi(t) — Nyj|| — 0 ast — 07. Since the initial mass of system is finite and the production terms
F, ;, F; - are bounded by (4.136), there exists C'y¢ > 0 such that 0 < N,»(t) < Cy and by Lemmathe
respective edge solution satisfies 0 < n;; < Cy4 for all e;; € E.. Moreover, adopting the notation (4.111),
ri(s) > 1 and it is bounded by and the estimate on NN;. Observe that by the proof of Theoremm
there exists § > 0 such that N;(t) < Ny +6 < min,ep 7 W forallt € [0, 7). This estimate, coupled
with the uniform bound on %5 and (4.135), implies that |P;| < C;s for some Cs > 0. By (4.112) it follows
that

M) = Nool < /0 D T (4.140)
JFi
/ pi2(ta(i, s))(ciy +Cji)Ni(3) ds + /t Fi(s) = #&))MP’(S)’ ds
Vol(i)ri(s) 0 ri(s)
<iCMt Cry CMZC +¢ji)t + CpCst — 0ast — 0" foralli € V.
~ Vol(i) Vol(7) g

Jrvi

As in Section we proceed by proving the (73, 7) continuity of H. Let ((A,, gn, un, Ny)),, be a
sequence in X, ; such that (A, gn, tn, Nn) — (A, g,u, N) in (X, ,7a) as n — co. We have to show
that (A,,, g, tin, N) = (A, g, 4, N) in (X, ,, T). It follows from Lemmathat A" and A; are bounded
uniformlyini € V,¢ € [0, T] and n € N, therefore by the dominated convergence theorem, if A?—A; — 0
ae. in [0,1] x [0,T] for all i € V, then (A, Gn, Un, N,) — (A, g,4, N) in (X,,, 7). Repeating the
calculations in (2.224), we obtain

Ay 1) — Ay, )] < Co / J 16426 5) = A" = (Al ) — Aty o))" dat ) ds
Ll / / (A€, 5) — Ay, )| d(g?, — i) (€) ds
e / (1= A2y, 5)) [(u3 (0, 5) — To)* — (ualiy 5) — Ua)*]| ds

#Cs [ 1A0009) = A(pe9)| uatics) — 0] s
#Ow [[10= A1) [(NF6) = N = (Ni(s) — A0 ds
+Cs /Ot A2 (y, s) — Ai(y, s)| (Ni(s) = Ni)Tds = Iy + L + Iy + Iy + Is + Ig.
Since (Ay, gn, Un, Nn), (A, g,u, N) € X, ;, we have that max ;) ||, (7) — u(7)||gsn, maxp . [|[N"(T) —
N(7)||gr < diam(X, ;) = 2p, therefore we can easily bound I, I,, I5 and I as in the proof of Theorem

2.6.6)
|13|7 |[5| S Cptd((Anygna Un, Nn)> (Aaga u, N)) (4141)

t
| Lul, [ 15| < C, / | A7 (y, 5) = Aily, s)| ds. (4.142)
0
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4. A RELEASE-UPTAKE NETWORK-TRANSPORT MODEL

By (2.228) we get

t
ANy, 1) — Ay, )] < G, / A0y, s) — Aily, s)] ds (4.143)
0
‘I’Ctd((An)gna U, Nn)7 (A7g’ u, N)) + ]2

whence by Gronwall’s inequality
A% (y,t) — Ai(y, 1) < (Ctd((An, Gy tiny Na), (A, 9,1, N)) + I) 5o, (4.144)

where I — 0 by the dominated convergence theorem (the details are stated in the proof of Theorem
2.6.6).

It remains to show that H is a contraction on H(X, ;. Let (A, ¢, ut, N1), (A% g%, u? N?) € H(X,,).
The characteristics satisfy

[Ai (y,t) = Ay, 0)] < (CTd((Al,gl,ul,Nl),(AQ,gQ,uQ,NQ)) (4.145)

+Cg/ /} (A2(€,5) — A2 (y, s { d( gzs gis)ds) o™

By Lemmal4.4.4] since (A% ¢?,u?, N?) € H(X,.), the functions £ — A?(¢, s), £ — A2(€, s) are Lipschitz

continuous uniformly in s, therefore

AL00) = 2000 < (CTdl(A g 0 N, (A2, P2 VD) i [ Walalvat) ds ) e
0
(4.146)
< Crd((A' g'u', NY), (4% g% u?, N?)),
foralli € V, ¢ € [0, 7]. By Lemma [2.6.5]it follows that

Wl(gil,h git) S OT tgl[(z)tx] Wl(gil,ta git) S CTd((Ala gla ula Nl)u (AQ’ 927 u2a N2))7 (4147)

forallie V, t € [0, 7].
Concerning the u component, we observe that the calculations in (2.234) are based on the mass balance

ZZO’kﬂk(i,t) :ZFAﬁ(i,t), tZO,

k=1 €V eV

where F43 does not explicitly depend on NN, hence the arguments (2.234) and (2.235) may be repeated
verbatim to obtain

@ (i, ) — (6, 8)| < Crd((A', g u', NY), (A% ¢, u?, N?)) (4.148)

foralli e V, k=1,2,3,t € [0,7].

Lastly, we need to show that the N component of H is contractive. The following calculations are
slightly technical due to the structure of the ODE system for N. The most complicated terms are those
depending on @). In fact, we have proved the existence of @, in Section|2.2.2]applying the implicit function
theorem, which does not produce an explicit expression for the solution. As observed in Section the
expression for u), depends on both 0,F[g;] and the Jacobian of the nonlinear elliptic system, where the
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latter is not straightforward to handle analytically. For this purpose we shall adopt some linear algebra
tools to control the quantities involving that matrix, similarly to the proof of Theorem 3.5.8|in Chapter 3]
We denote by 72;; the edge solution of (4.131) associated to the soluble Tau concentrations N}, NF on
the edge e;; for k = 1 2. We refer to the maps r; and P; evaluated at (NF, @5(i)) with r¥ and Pk for all
i€Vandk=1,2.Leti € Vandt € (0,7]. By Theorem[4.6.13|and Section[4.6.4] we have

‘ds

- 2 pi(03) (cini; (0, 8) + cjindi(Lyi, s)) - paa(a3) (cind; (0, 8) + ¢ind;(Lji, s))
A N'</§; Vol (5 il VoI35
(4.149)
mQ%cwuwN<>;mwm%+gmvm
/; Vol(i)r1(s) Vo) |
m@_F@>S U)o s |
*A ST LRl Wl P oy T I R e o A CIE,

=Ji+Jo+ I3+ Jy.

We start by estimating the integral ;. By Theorem it follows that N* is non-negative and r* > 1
for £ = 1, 2. We obtain

1 t ~ _ _ _
J1 < W/ Z | i (3) — i (3)| 77 (5) (ciyni; (0, 8) + cjinji(Lyi, 5)) ds (4.150)
V (CZ] zg O S) + Cﬂnjlz(Ljiv S)) - Tz'l(s) (Cijﬁ?j (07 S) + Cjin?z iy S )‘ ds
C 2

S max |y(i, 8) — Us(i, 8)| T+

1/ _9/. i
Vol(z) [0,7] ’ B ’ Vol / Z ‘T (CU (0 S) + C]ln]z(Ljiv S)) ds

CT u ! — — — —
—meégﬁ@mwwm—@om+w@@mnﬁ Lo, )| ds

C

< P Al 1 1N1 A2 2 2 N2 P’YTU/
PyY,TU 1 \T2
Vdu/z N2(s)] + N} (s) = N(9)]) ds
Cp777,"u

= Yol(i)

C t
1 1,1 1 2 2 2 2 pyY,TU 1 2
TWA%%NHAymWD+W@AKNNU N3 ds

where we have used that 71,7, and p; ; are Lipschitz continuous by (4.135), (4.137), the estimate from
Lemmaand (4.148). Observe that, by (4.100), the terms 72,;(0, s) =723, (0, s) and 7i5;( Lji, s) —13;( Ly, 5)
depend simultaneously on the quantities N} — N}? and N} — Nj ] . Consequently, the evolution at each node
is coupled to that of its neighbours and one can not apply Gronwall’s inequality independently for each
node ¢ as in the previous estimates.

A straightforward calculation similar to yields

¢
Jy < Cp’—WTd((Al,gl,ul,Nl),(AQ,gQ,u2,N2))+M maX|N1( ) —Nf(s)|ds. (4.151)

VOI(Z) 0 JjeV
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By hypothesis (4.136), F; is Lipschitz continuous, and therefore

t

J3 < Cp, pryruTd((AY, g' ut, NY), (A% g% 0, N?)) + CF, iy max ]Nl( ) — Nf(s)| ds. (4.152)
0 e

The term .J; requires some attention since it depends on (i, t), which has been proved in Section[4.5)to
be continuous. We recall that

() = i ) (i Y1 (o (i, £)) 5 (i, )73 (Wa (i, 1)) N;
P%( ) 2( 7t>’71( 2( 7t)) + 5_72(ﬂ2(i7t)) ’

The integral J, rewrites as

t N})? 2 N2)2

s [ O i pio) ans [ et | ;=0 ()|
o B—(u)N;(s B — v2(u3)Ni () 5 Y2(u3) N7 (s)

(4.153)
t(Nl)() P2 11,1 asl 2 2 2 Ar2
1 ‘P i(S)‘dS_‘_C/J,’YTd((AagauaN)7<AagauaN))
o B—2(u')N;
+Op7/ [N (s) ?(s)] ds,
where the last inequality follows from (4.135), (4.148) and Lemma [4.5.3] Specifically, by Remark [4.5.1 we

have 9,F}; € L*>*(0,7) and by Lemma he time derlvatlve of u5(i,t) is bounded on [0, 7] for k = 1,2
and: € V.

The quantity |P}(t) — P2(t)]| satisfies
[P (t) = PO] < (@) (0, 0)] [ (@6, £)) — (@306, 1))| + [ (@36, )| (@) (0, ¢) — (@) (i, 1)

(4.154)

L |G ) (@) (6, )y (@5 (0, )N (@ (4, ) (@) (s )5 (w5 (i, 1)) N,
B —a(u3(i, 1)) N7 B = (u3(i, 1)) N}
< Cpqlua(ist) — w3 (i )| + O [(a)' (i, t) — (@3)' (i, 1)
(@i, ) () (i )y (w5 (4, ))NE v (i, 1) ()" (i, £)v5 (1 1( t)N;

* B — (i, £)) N2 B — (i, )N,

From Lemma [4.5.3] we have

(@) (t) = Co, (J*(£)) " T*(0) (0 F 5101 1) O F 5502, - - -, O F 35[0, 0, ..., 0)",  t€[0,7], k=1,2
(4.155)
where J*(t) is the Jacobian of the nonlinear system associated with %*. The global existence argument of
Section [2.4]implies that the matrix is invertible uniformly in [0, 7]. Specifically, we solved the equation for
u3 and then localised the eigenvalues of the Jacobian in the set {z € C:R(z) <0}. By 2.62) and (2.63),

we can easily obtain a unlform lower bound for miny¢ I (). We
also recall that, by Lemma |4.5.2] the time derivative of F% 5 [gZ t] is given by
OFhl9id = C, / (1= po — 245 (y, 1)) 0(Af (y. ), 1) dgi (y) (4.156)

+Cunltyants) | [mo a1 —a) [ P ANEN.0) gt (©)] da
—Cun(t)xa(t) / (o + A5y, 1)) (1 — AE(y, 1) dgt ()
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fork =1,2.
We now proceed to estimate the term |(@l)/(z,¢) — (a3)'(4,t)].
O FAglG1.4]
OcF 45(92.4]
@Y @) — @Ol < Con (A0~ () 110) | 21 (4157)
0
O R3A
O Flisl71.4) D F 35914
atF,}m [2.4] &fFle 2.4
+ Coy || (2(0) 7|, || 1(0) [ 0cFAglane | — J2(0) | 9:F5[Gn.]
0 0
0 0 R3h

< Co, || M) () = Ji@®)] L) ], [|0F 4618 || s + Con || 28|, 10251871 — 0cF 35187 || -

The last inequality follows from the structure of J;(0). Indeed, J;(0) is block upper triangular with
block in position (1, 1) given by —I,. We can easily estimate the term || Je(®)™! H2 by observing that its
coefficients are uniformly bounded. Indeed by the Cramer’s rule we have

Tt = adi( (1))

RO (4.158)

where adj(J(t)) is the adjugate matrix of J;(¢) whose entries are polynomials of degree 31 — 1 in the
coefficients of Ji(t). The bound given by on @* and the uniform invertibility imply || Je(t) H2 <

||Jk(t)_1HF < C,fork=1,2andt € [0, 7]. By Remark the estimate gives

@Y (1) = (@) ()l < Cop s 12(8) = KBl + Con |0F25157] — OF 510 | (4159)
= A+ B.
The first term yields
3h
A2 C2 B0 = RO = 2y, S () (0) — ()0 (4.160
ij=1
< C? max (a4 (i, t) — ﬂi(i,t))Q < Cd((AY, g' ut, NY), (A% g% u?, N?))?

1,Fap ieV,k=1,2,3

since the coefficients of J; and J, are polynomials in the A3 concentrations u; (i, t) and (i, t), respec-
tively, of degree at most 1 (the matrix entries are detailed in (2.55)). To quantify the term B, let7 € V and
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€ [0, 7]. By (4.156), it follows that

|0, F35l07,) — 0iFAslal]| < C / (1= po — 2A3(y, £))0: (A7 (y, 1), ) dgi,(y) (4.161)

— [0 o= 20300 dgz,xy)\
- Cun(t)xa(t) / (o + a)(1 — )

/ P(t, A2(¢.1), a) dg2,(€) — / P(t. AL 1), a) dg;t@' da
+ Cnlt)xn(®) \ / (o + A2(y, 1)) (1 — A2(y, 1)) dg?, () — / (o + AL, 1) (1 — A (3, 1)) dg;xy)\ |

By Lemma4.69, a — ©;(a, t) is Lipschitz continuous uniformly in t. Moreover, (A", ¢*, u¥, N¥) € H(X,,)
and therefore the map y — (1 — o — 2A%(y, t))0;(A¥(y, t), t) is Lipschitz continuous uniformly in ¢. This
yields

CIL

/(1 — pio — 2A3(y, )0 (A7 (y, 1), 1) dg; (y) — /(1 — po — 24} (y,£))0:(A} (y, 1), 1) déit(y)‘
(4.162)

<c / A2y, 1) — ALy, 0)] dga(y) + / 11— o — 221y, )5 (A (w, 1), 1) (g2, — 51) W)

< Ord((A', g',u' Nl) (A%, g% u®, N?)) + OWl(git,git).

Arguing as in (¢.162), by the Lipschitz continuity of P and y — A¥(y, t) uniformly in ¢ we can conclude
that foralli € V and ¢ € [0, 7]

|0iF351000) — OiFaglaiyl] < Ca((AY ", ul, NT), (A%, g%, u?, N7)). (4.163)
Reassuming, we have proved that
(@) () — (@) ()] [gr < Cd((A',g",u', NY), (A%, g% w®, N7)) (4.164)
and therefore

|PL(t) — P ()] < Cd((A', g",ul, NY), (A%, g%, u?, N?)) (4.165)
n m(a3(i, 1)) (@3) (5, )va (a3 (5, )N ya(ag(i, 1)) (@) (4, ) v3 (w54, ) ) N}

B — 72(a3(i, 1)) N7 B — 2 (uj(i, 1)) N}

A straightforward calculation on the remaining term of (4.165) shows that, by (4.164), (4.135) and the

uniform bound on (5 )’

[PL(t) — PI(t)] < Crd((A', ', u', NY), (A2, g%, u®, N?)) + Cy | NZ(t) — N} (t)]. (4.166)

From (4.149), (4.150)), (4.151), (4.152)), (4.153) and we obtain for all ¢ € [0, 7]

t
max | N} (t) — N7 (t)| §Clrd((Al,gl,ul,Nl),(A2,g2,u2,N2))—1-02/ max‘N1 s) — N7 (s)| ds
0

eV eV
(4.167)
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hence by Gronwall’s inequality

max | V(1) = N2(1)] < Crrd((A', ', ul, NY), (42, 2, w2, N2))eC™ (4.168)

forallt € [0, 7]. Combining (4.146)), (4.147), (4.148), (4.168) we conclude that 7 is a contraction on H (X, ;)
if 7 is sufficiently small. [

The local existence on [0, 7| follows from Proposition 4.8 in [[14]].

4.7.1 Global Existence

To extend the solution to the whole interval [0, 7], suppose that [0, 7*) is the maximal interval. We recall
that the A monomers’ source is uniformly bounded

Faglgitl = Cy / (1o + Ai(y, 1) (1 — As(y, 1)) dgis(y) < C foralli € V,t € [0,t%), (4.169)
hence by it follows that
lup(i, )| < C fort e [0,7), i€V, k=1,2,3. (4.170)
Moreover, by the mass balance of the Release-Uptake NTM (Lemma ,

INi(t)], [nij(z,t)| <M fort €[0,7%), e;; € E.,i €V, x €0, Lyl (4.171)

By (4.170) and (4.171), v;(A;(y,t),t) is bounded uniformly in ¢, therefore ¢t — A;(y,t) is Lipschitz
continuous. By Lemma y — A;(y,t) is Lipschitz continuous uniformly in ¢. Moreover, by Lemma
t = gitr € X[, is Lipschitz continuous, therefore both can be extended with continuity to [0, 7*] and
the limit lim; .~ A;(y,t) = A;(y, 7*) is Lipschitz continuous in y. By Remark t + F[g;+] is Lipschitz
continuous. Now repeating the argument leading to we obtain that t — u € R is Lipschitz
continuous. By (4.130), (4.170) and (4.171) it follows that N/ is bounded on [0, 7*), and therefore both can
be extended to [0, 7*]. We have thus proved that [0, 7*) is not maximal, contradicting the definition of 7*.

4.8 Numerical algorithms and experiments

In this Section, we describe the algorithm implementing the Release-Uptake NTM and present some numer-
ical simulations we ran on the mouse brain network extracted from [68]]. For each simulation, we report the
error estimates for the implementation of the model throughout the 12 month time range. The MATLAB
code is available at https://github.com/Raj-Lab-UCSF/NTM_ru/tree/main/Transport_Network_Neumann.

4.8.1 Implementation details

The implementation of the Release-Uptake NTM follows that of Sections [1.8]and [3.6] We select an
inhomogeneous time grid 0 = ¢! < #? < ... < thend = T and, given the concentrations N;(t*) for
i = 1,...,h, we solve the problem (4.20), 5 4 5 on each edge of the connectivity graph. For this purpose,
we introduce an inhomogeneous spatial grid on the interval [0, L;;] for every e;; € E.. For simplicity, we
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set L;j = Ly, for all ¢;;, €4, € E.. The edge problem for (n;;, J;;) is solved through a shooting argument,
as detailed in Section[4.6] We start by solving the problem

{a(x)nm + h(z,n) = —J(0) + fo‘r F(y) dy,

(4.172)
J(0) = —pi1n(0) + s 2 N3,

by calculating n as a function of the shooting parameter n(0), i.e. 72(x, n(0)), via an Implicit Euler scheme
on the first compartment (0, z1 ). Then, starting from 7(z1,7(0)), the solution 72 is extended on the entire
interval (0, L;;) by requiring continuity at the compartments’ interfaces. Ultimately, the edge profile n
and its flux are obtained by solving the problem

find n(()) € RJF s.t. j<LU> — /flj,lﬁ([/ij; n(O)) + /JJ]"QNJ' = 0, (4173)

where J denotes the flux of 7. This procedure is performed by the FluxCalculator function. Having
computed the fluxes at time ¢t = t*, we update the concentrations N; at the time step t = t**! via a
discretisation of the node equations (4.20); obtained through an Explicit Euler scheme. The shooting
procedure is computed by means of the MATLAB functions fsolve and ODE45.

In terms of computational burden, the dominating operation is the resolution of the shooting problem
since the calculation of the edge term J;n, an essential step in Chapter([l] is redundant in this model
due to the vanishing feedback mechanism.

The network adjacency is extracted from the mouse mesoscale connectome (MCA) from the Allen
Institute for Brain Science [68]], which is endowed with 426 nodes and 65644 edges. For further details
on the definition of the network, see [91]. The remaining parameters are set as in Tables[4.3|and [4.4] The
simulations are run in parallel using the computational resources provided by the University of California,
San Francisco.

As in Chapter [3| we calculate the residual r;;(¢) associated to for each edge and time step of
the simulations and we report the quantity max,, » 7 (t*) in Table By (4.23), we also calculate for
each simulation the relative error

|Mnode (tk) - MnOde(O) |

err(tk) = Moo (0)

(4.174)
in the case F}, F;; = 0 and

|Mnod6 (tk) - (Mnode(o) + t ZeijeEC LijFij + t Zz‘ev VOl(i)E) |
Mnode(o) + t# ZeijEEc LijFij + tk Ziev VOl(i)E

in the case F; = Fj; = F' > 0. In Table We report the value of maxy—; 1., err(tk). It is worth notic-
ing that the global network error on the entire time-grid is affected by two main contributions. First, we
observe that, with respect to the numerical simulations presented in Section 3.6/ where the model is imple-
mented on a synthetic small network, the size of the graph is extremely larger due to its empirical origin.
This results in an increase in the global accumulation error. Secondly, the discretisation scheme adopted
for the node equations is extremely sensitive to the time step selected, therefore a possible approach to
increase preciseness is the selection of an higher order implicit scheme on the nodes, which in turn would
require a larger computational time. Concerning the residual associated with (4.173), we observe that the
edge problem exhibits a larger error with respect to the case of Dirichlet boundary conditions in Section
This property is due to the nature of the shooting function defined in (4.173), which exhibits a large
first derivative near the solution 1(0) in the parameter range we set (see, for example, Figure[4.1). Clearly,
this behaviour affects the preciseness of the calculation of Newton’s method iteration needed to solve the
shooting problem.

err(t*) =

(4.175)
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Residual

Sim 1 Sim 2 Sim 3 Sim 4 Sim 5

2.7452 x 1079 | 1.3246 x 107° | 3.5623 x 10~ | 2.3472 x 108 | 1.077 x 10~
Sim 6 Sim 7 Sim 8 Sim 9 Sim 10
9.9461x 10719 | 9.3612 x 107% | 1.1635 x 10~7 | 2.3476 x 10~% | 3.4299 x 108

Table 4.1: Computed residual as in Definition (4.172).
Mass Error

Sim 1 Sim 2 Sim 3 Sim 4 Sim 5

3.1176 x 1072 | 5.0776 x 1072 | 1.6046 x 10~* | 5.3695 x 10~2 | 7.6312 x 102
Sim 6 Sim 7 Sim & Sim 9 Sim 10

2.0996 x 1072 | 8.6078 x 107% | 9.8254 x 10~° | 2.5067 x 10~* | 3.8038 x 10~*

Table 4.2: Computed mass error as in Definition (4.174)-(4.175).

Algorithm 4: An algorithm for the RU-NTM

F(Ni(0)i,

Output: (N;(t))2,
1 fork=1,... k,qdo

2 | for(i,j) € Edo
3

4 end

5 | Update N;(tF+1);
¢ end

‘ (ni; (t%), Ji;(t*)) < FluxCalculator(N;(t%));
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Plot of the shooting function Plot of the shooting function
10371 = 04008,‘N, =101, N; :‘0, F=0,p= 2.275 =6=10 3 «10 = 0.008,‘N, =10, N; = 9,F =0,u= 0.27‘5 =4 =100
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n(0) <10 n(0) x107*

Figure 4.1: Behaviour of the shooting function near the solution n(0).

4.8.2 Numerical simulations

In this Section, we present some numerical results obtained by implementing the Release-Uptake-NTM.
Being the first computational analysis of the model, we assume that the parameters are not time-dependent
and that 75 = 0 to reduce numerical instabilities. We follow the approach of [91]] and simulate the model
in four relevant cases: varying the aggregation rate v, the source of pathological Tau at the edge level
Fj the degree of directionality bias ¢ and € and the novel release-uptake parameters ;.. As a case study,
we assume that the release and uptake processes occur at the same rate, meaning that p;; = ;2 for all

1eV.

1. Varying vy

Figure [4.2/ shows the temporal evolution of the concentrations /N; at each node of the network with
different selections for 7;, while Figure[4.3|shows the spatial disposition of Tau and the related heat-
map. The plots suggests that the rate of spread of extracellular Tau is increased when 7, is smaller,
as already observed in the original NTM [91]].

N Evolution N Evolution
«102% 71 =0.001, F =0.0005, p=2.2, ¢ =10, § =10 «102% 71 =0.008, F =0.0005, p =22, £ =10, § =10

Time (months) Time (months)

Figure 4.2: Time evolution of the concentration of NV on the nodes, (a) v; = 0.001, (b) v, = 0.008.
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Figure 4.3: (a) Spatial disposition of extracellular Tau at time ¢ = 6 months in the case 3 = 0.001 (first
column) and v; = 0.008 (second column). (b) Heat-map of extracellular Tau on the network in the case
~v1 = 0.001 (first column) and 7; = 0.008 (second column).

2. Varying Fj;

Figure 4.4 shows the dynamics of the model under different selections for the pathological seeding
rate F;; on the edges. The spatial distribution of Tau along the network is portrayed in Figure
[4.5] The effect of the soluble intracellular Tau source is to increase the concentration of soluble
extracellular Tau on the network.

3. Varying p Figure[4.6|represents the time evolution of extracellular Tau on the network with differ-
ent selections for the release-uptake parameters. Here, for simplicity we choose ;1 = j1;2 =: p for
all i € V. Figure[4.7)and [4.8 show the respective heat-map and spatial distribution on the network.
The simulations confirm the main model hypothesis of the Release-Uptake process as the bottleneck
of extracellular Tau evolution in the RU-NTM. In fact, smaller values of ;1 are associated to a slower
overall dynamics on the network.

4. Varying é and ¢ Figure and [4.11] show the behaviour of extracellular Tau on the network
in the Anterograde and Retrograde bias, i.e. scenarios in which the edge mass flux agrees with
the directionality of the edge (Ant.) or disagrees (Ret.). The bias is encoded in the selection of
the parameters 0 and ¢, which influence the direction of the advective velocity on the single edge.
While the temporal evolution seems to be unaffected, the spatial disposition of extracellular Tau
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N Evolution N Evolution
%107 v =0.008, F=0, p=22, =10, 6 =10 %10 71 =0.008, F =0.0005 u=22, =10, § =10
T T T T T T T T T T
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N Evolution
«103 7 =0.008, F=0.01, p =22, ¢=10, § =10

Time (months)

Figure 4.4: Time evolution of the concentration of N on the nodes, (a) Fj; = 0, (b) Fi; = 0.0005, (c)
Fy = 0.01.
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Figure 4.5: Spatial disposition of extracellular Tau on the network. First row: F;; = 0, second row:

F;; = 0.0005, third row: F;; = 0.01.
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N Evolution N Evolution
%107 41 =0.008, F =0, p=0.2, e =100, 6 =100 %107 71 =0.008, F=0, =12, e =100, 6 =100
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210° M =0.008, F=0, p=22, =100, § = 100 210 m =0.008, F=0, g =32, e =100, § = 100

Time (months) Time (months)

Figure 4.6: Time evolution of the concentration of /V on the nodes, first row: © = 0.2, p = 1.2, second
row: = 2.2, p=3.2.

on the network is differentiated in the Ant. vs Ret. bias as shown in the heat-map in Figure
Clearly this effect is due to the different edge flux configuration (Figure[4.11). In the Retrograde case,
Tau is strongly localised in the seeding (starred) region, compared to the Anterograde case. The
latter shows a more persistent Tau load in the Field CA3 (left hemisphere) and the Field CA3 (right
hemisphere), regions exhibiting smaller Tau concentrations in the Retrograde setting. Therefore the
Release-Uptake NTM preserves the macroscopic properties related to the flux biases (Ant. vs Ret.) of
the original NTM [91].

4.9 Limitations and future developments

In the present Chapter, we proposed a variation of the NTM introduced in Chapter [1]to account for intra-
cellular and extracellular Tau species on the connectivity graph. The novelty of the Release-Uptake NTM
consists in the description of the release-uptake mechanism involving Tau along the neuronal cell mem-
brane, which is technically encapsulated by the Neumann-Robin boundary conditions at each edge of the
network. Prescribing the exact flux at each endpoint of the edges implies a remarkable simplification of
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Figure 4.7: Heat-map of extracellular Tau on the network in the case ;1 = 0.2 (first column), p = 1.2
(second column), p1 = 2.2 (third column) and p = 3.2 (fourth column). The starred region represents the
initial seeding area.

the original model since the mass exchange dynamics at each node consists of the unique contribution of
the net incoming flux on the incident edges. The resulting model is therefore more practical from a math-
ematical standpoint. Moreover, the flexibility of the original NTM to incorporate new processes validates
it as a general framework.

The interaction between Beta Amyloid and Tau is modelled in a two-way fashion to account for the
enhancement of Tau aggregation, diffusion and release-uptake under the action of soluble A3 and the
increase in the rate of spread of the pathology induced by Tau on f. We proved existence of a solution
to the coupled system following the approach of [14] and extending the contraction space to include the
extracellular Tau variable. In view of the explicit equation for V;, we consider the time regularity result
of Section[2.7]and adapt it to the current setting. The proof differs from the main theorem of Chapter[2in
the analysis of the Release-Uptake NTM for fixed parameters (Section[4.6) and the study of the contractive
operator on X (Section .

The resulting Tau system recovers the positivity properties of the original NTM, unlike the time-
dependent model of Chapter 3| Computationally, the elimination of the feedback implies a considerable
reduction in the costs associated with the implementation of the model. In view of the large scale of the
brain network, this represents a remarkable practical improvement for future parameter inference and
comparison with human data.

Although neuroinflammation is not explicitly modelled in the present work, incorporating extracellu-
lar Tau produces a more biologically realistic framework for the NTM and provides a flexible foundation
for future extensions that could integrate inflammatory or glial-mediated effects.

A further limitation of the model is the localisation of the release-uptake process. Intracellular Tau
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77 : Seed Region

Figure 4.8: Spatial disposition of extracellular Tau at time ¢ = 4 months (first column) and ¢ = 8 months
(second column).
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N Evolution N Evolution
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Figure 4.9: Time evolution of the concentration of N on the nodes, (a) 6 = 10, ¢ = 100, (b) § = 100,
e = 10.
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Figure 4.10: Heat-map of extracellular Tau in the Anterograde and Retrograde bias. Ret. bias: § = 10,
¢ = 100, Ant. bias: 6 = 100, ¢ = 10. The starred region represents the initial seeding area.

is in fact released at the end point of the respective edge and subsequently confined to the extracellular
compartment corresponding to the respective node. The recruitment of Tau in the same way takes place
locally from the node towards the incident edges, following the pathways of the underlying network.
However, an interesting scenario could be the case of release-uptake between edges and nodes that are
not directly incident, but simply neighbouring, thus allowing Tau spread in a “non local” manner.
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Anterograde

Figure 4.11: Spatial disposition of extracellular Tau (in red) on the network and its (upper 10%) fluxes (in
blue) between different regions at time ¢ = 6 months. Retrograde bias: 6 = 10, ¢ = 100, Anterograde
bias: § = 100, € = 10. The starred point represents the initial seeding region.
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Symbol Description Remark

f Diffusing fraction of n 0.7

6] Fragmentation rate of m Unimolecular process by which m — n (1079)
T Aggregation rate, n +n Bimolecular process by which n — m ([0.001,0.008])
) Ant. vel. enhancement factor Effect modulated by n ([10,100])

€ Ret. vel. enhancement factor  Effect modulated by m ([10,100])

A Diffusivity barrier, AIS Reduces the rate of diffusion within AIS (0.025)
i1 Release of n at P; ([0.2,3.2])

in Release of n at P ([0.2,3.2])

i 2 Uptake of N at P, ([0.2,3.2])

[ 2 Uptake of IV at P; ([0.2,3.2])

Feage Production of n on the edge  ([0,0.01])

Fhrode Production of N on the node ([0,0.01])

Table 4.3: List of parameters and the respective ranges explored. Ant. = anterograde, ret. = retrograde,
conc. = concentration, vel. = velocity., AIS = axon initial segment.

Symbol Description Remark

D Theoretical diffusivity of n Estimated to be 12 im?/s*
Vg Native ant. transport velocity of n  Estimated to be 0.7 um/s*
Uy Native ret. transport velocity of n  Estimated to be 0.7 um/s*

Table 4.4: List of parameters of the Release-Uptake NTM. The values were estimated from previous experi-
mentally derived estimates [57]. The parameters have been taken as global, regionally invariant constants,
as in Chapter
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