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ABSTRACT

The aim of this Thesis is to study deterministic mean field games for agents who operate in a bounded do-
main. In this case, the existence and uniqueness of Nash equilibria cannot be deduced as for unrestricted
state space because, for a large set of initial conditions, the uniqueness of the solution to the associated
minimization problem is no longer guaranteed. We attack the problem by interpreting equilibria as mea-
sures in a space of arcs. In such a relaxed environment the existence of constrained MFG equilibrium
follows by set-valued fixed point arguments. Then, we give a uniqueness result for such equilibria under
a classical monotonicity assumption.

At this point, it is natural to define a mild solution of the constrained MFG problem as a pair (u,m) €
C([0,T] x ) x C([0, T]; P(£2)), where m is given by m(t) = e;#n for some constrained MFG equilib-

rium 7 and

yeT
() ==

uto)= it { [ " [0 45 + P (s),m(s))] ds+ G (). m(r))}

Under suitable assumptions on the data, we have analyzed the regularity and sensitivity of the mild solu-
tions. Finally, using the regularity of mild solutions and the structure of our problem, we show that (u, m)

satisfies the MFG system in suitable point-wise sense.
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INTRODUCTION

Mean field games (MFG) theory has been introduced simultaneously by Lasry and Lions ([51], [52], [53])
and by Huang, Malhamé and Caines ([47], [48]) in order to study large population differential games.
The main idea of such a theory is to borrow from statistical physics the general principle of a mean-field
approach to describe equilibria in a system of many interacting particles. Interestingly, the concept was
previously developed in economic literature—in discrete time and often in a stationary regime—under the
terminology of “heterogenous agent models" [4, 16, 49, 50].

In game theory, for a system with a finite number of players, the natural notion of equilibrium is the
one introduced by John Nash [54]. So, the notion of mean-field equilibrium suggested by Lasry-Lions is
justified as being the limit, as N — oo, of the Nash equilibria for /N-player games, under the assumption
that players are symmetric and rational.

Since the seminal works of Lasry and Lions and of Caines, Huang and Malhamé, the subject has known a
very fast growth. We refer to the notes [1, 26], the survey papers [17, 44] and the books [9, 31, 45] for a
general presentation.

In deterministic settings, the equilibrium found in the mean field limit turns out to be a solution of the

forward-backward system of PDEs

—Owu+ H(x,Du) = F(x,m) in[0,T] x £,
(MFG) § 9ym — div(mD,H (z,Du)) =0 in[0,T] x €, (L1)
m(0) =my u(z,T) = G(z,m(T))

which couples a Hamilton-Jacobi-Bellman equation (for the value function w of the generic player) with a
continuity equation (for the density m of players). Here {2 C R" represents the domain in the state space
in which agents are supposed to operate.

The well-posedness of system (I.1) was developed for special geometries of the domain {2, namely when
() equals the flat torus T" = R" /Z", or the whole space R" (see, e.g., [26], [28], [52], [53]).

The goal of the present Thesis is to study the well-posedness of the MFG problem subject to state con-
straints, that is, when players are confined into a compact domain 2 C R". MFG with state constraint
appear very naturally in the applications. For instance, the heterogeneous agent models always involve
state constraints. In fact these constraints play even a central role in the analysis since they mainly explain
the heterogeneity in the economy: see for instance Huggett’s model of income and wealth distribution
as discussed in [2, 3]. It is also very natural to introduce state constraints in pedestrians MFG models,

although this has just been discussed so far in an informal way. Here again the constraints are important
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INTRODUCTION

to explain the behavior of the crowd and it is largely believed that they should help to regulate the traffic:
see for instance [29, 36] on related issues. Let us also note that other type of constraints can be considered
for the MFG systems: for instance the density constraints were first discussed in [59] and then analyzed in
[57]. Although an important issue in terms of application, MFG with state constraints have attracted little
attention up to now. To the best of our knowledge, the only reference is the analysis of Huggett’s model
in [3].

In the absence of state constraints, the solution of (I.1) on [0, 7' x T™ is obtained by a fixed point argument

which uses in an essential way the fact that viscosity solutions of the Hamilton-Jacobi equation
—Owu+ H(x,Du) = F(x,m) in[0,T] x T"
are smooth on a sufficiently large set to allow the continuity equation
oym — div(mD,H (x, Du)) =0 in[0,7] x T"

to be solvable. Specifically, it is known that u is of class Cllo’cl outside a closed singular set of zero Lebesgue
measure and that /m remains absolutely continuous with a bounded density. In this way, the coefficient
D,H(x, Du) in the continuity equation turns out to be locally Lipschitz continuous on a “sufficiently
large” open set, ensuring uniqueness for the continuity equation. The presence of the state constraints
destroys this structure in two different ways. First, the measure can stop being absolutely continuous
after a while and may develop a singular part. This phenomenon is known in Huggett’s model, where
the singular part of the measure appears at the boundary of the constraints ([3]). In Huggett’s model, the
singular part is trapped at the boundary, but this to only a particular case and one expects in general the
singular part to propagate into the interior of the constraint. This makes the interpretation of the continuity
equation difficult. Second, the “almost smooth” structure of the value function described above is lost in
the presence of state constraints. Indeed, the value function cannot be semiconcave in general, see [27,
Example 1.1]. Because of these two phenomena, proving the existence of solutions to (I.1) requires a
complete change of paradigm.

In this direction, the first step is a better understanding of optimal control problems with state constraints.
There is a huge literature on the subject; we refer to the survey paper [40] for a general presentation and
recent results. Two approaches can be considered. The first one consists in deriving optimality conditions
for the optimal trajectories of the constrained problem (maximum principle): it yields regularity properties
of the optimal trajectories. The second approach focuses on the value function and its characterization in
terms of Hamilton-Jacobi equation, which will allow us ultimately to derive the MFG system for problems
with state constraints. We now discuss both approaches successively.

The maximum principle under state constraints was first established by Dubovitskii and Milyutin [37] (see
also the monograph [61] for different forms of maximum principle under state constraints). It may hap-

pen that the maximum principle is degenerate and does not yield much information (abnormal maximum
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INTRODUCTION

principle). As explained in [10, 14, 38, 39] in various contexts, the so-called “inward pointing condition"
generally ensures the normality of the maximum principle under state constraints. In our setting (calculus
of variation problem, without constraints on the velocity), this will never be an issue. The maximum prin-
ciple under state constraints generally involves an adjoint state which is the sum of a ! map and a map
with bounded variations. This later mapping may be very irregular and have infinitely many jumps [55],
which implies the discontinuity of the optimal control. However, under suitable assumptions (requiring
in particular some regularity of the data and the fact that the dynamics is affine with respect to the con-
trol), it has been shown that the optimal control and the adjoint state are continuous, and even Lipschitz
continuous: see the seminal work of Hager [40] (in the convex setting) and the subsequent contributions
of Malanowski [56] and Galbraith and Vinter [43] (in much more general frameworks). Generalization to
less smooth frameworks can also be found in [38, 11].

In a seminal paper, Soner [60] characterized the value function of optimal control problems with state
constraints as the unique solution of a suitable Hamilton-Jacobi equations (constrained viscosity solu-
tions). When the domain is backward invariant, it is also proved in [42] that the value function can also be
characterized in terms of viscosity solutions involving with only equalities. As explained [19] for prob-
lems in the whole space, there is a strong relation between the value function and the maximum principle:
the key idea is that the adjoint variable in the maximum principle satisfies some relations involving the
superdifferential of the value function. This “sensitivity analysis" is also known for problems with state

constraints: [15, 13, 12, 32, 41].

PRESENTATION OF THE MAIN RESULTS

First of all, we need some preliminary results that we use during this Thesis. To this aim, in CHAPTER 1
we introduce the notation and recall some know result on the Measure Theory. Moreover, in SECTION 1.3,
we introduce the concept of superdifferential and subdifferential on a closed domain and we give some
of their properties. We also focus our attention on the definition of directional derivatives in a boundary
point (SUBSECTION 1.3.1).

In CHAPTER 2, we give useful results for the constrained minimization problem that we will use in the
following chapters. More precisely, let {2 be a bounded open subset of R™ with C? boundary. Let I be the
metric subspace of AC'(0,7; R"™) defined by

= {’y € AC(0,T;R") : (1) €Q, Vt e [O,T}}.
For any z € ﬁ, we set
Dle] = {7 € T 7(0) = 2} .

In SECTION 2.1, we show that any constrained trajectory v € I'[z]| can be approximated in suitable way
(PROPOSITION 2.1.0.2). Let U C R” be an open set such that Q C U. Given x € Q, we consider the
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INTRODUCTION

constrained minimization problem

inf Jpl, where )= { [ 1e0.40) dt+ g ], (12)

€T [z]
where f : [0,7] x U x R" — Rand g : U — R . Let X'[z] be the set of solutions of (2.2.0.1). We
denote by H : [0,7] x U x R™ — R the Hamiltonian

H(t,x,p) = sup { — (p,v) —f(t,:z:,v)}, YV (t,z,p) € [0,T] x U x R".

veR”?

Under suitable assumptions on €2, f and g (SECTION 2.2), we obtain the following necessary conditions

for our problem.

THEOREM 0.0.0.1. For any 2 € Q and any v* € X[z] the following holds true.
(i) v*is of class C11([0, T7; 2).
(i) There exist:
(a) a Lipschitz continuous arc p : [0, 7] — R",

(b) a bounded measurable function A : [0, 7] — [0, 00),

(c) aconstant v € R such that

0<r< max{1,2u sup DpH(T,m,Dg(x))’} ,

zelU

which satisfy the adjoint system

*(t) = =D, H (t,v*(t), p(t)) forall t € [0, 7], @3
P(t) = DoH(t,4*(2), p(t) — A(t)Dbo(v(1)) forac. t € [0,T),
and the transversality condition
p(T') = Dg(y*(T)) + vDba(v*(T)) 1o (v*(T)).
Moreover,
(ii1) the following estimate holds
17 oo < L*, Vv* € X]z], (1.4)

where L* = L*(pu, M', M, K, T, || Dgl| oo, ||9]]0);

(iv) forallt € [0,T7], A(t) is given by

1

A<t> :@ |: - <D2bﬂ(’7*(t))DpH(t’ ’7*(t),p(t)), DPH(ta ’7*(t)7p<t>)>
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— (Dbaly*(6)), D2H (7" (6),p()) )-
(Dbay (1)), D H (874" (8), () Do H (27" (1), (1))

+ ( Dba(7* (1)), D, H (8,7 (8), p(0) DaH (£, (1), p(1)) ) | 1o (1),
where 0(t) := (Dba(y*()), Dp, H(t, v*(t), p(t)) Dba(v*(1)))-

Note that THEOREM 0.0.0.1 also holds if we consider trajectories starting at z € € at time ¢ € [0, 7).
It suffices to replace J[y| with J;[y] (with obvious notation) and then, accordingly, the set X;[x]. Let us
recall that the existence of relatively smooth optimal trajectories is not new and goes back to Hager [46].
Beside a new technique of proof, the improvement with respect to the previous literature on the subject
(in particular [43]) is the explicit representation of the derivative of the adjoint p. This representation will
allow us later to obtain explicit Lipschitz bounds for +, which is necessary to show the existence of a
Lipschitz continuous mild solution to the MFG problem with state constraints.

In SECTION 2.5, under suitable assumptions on f and using THEOREM 0.0.0.1 we deduce the sensitivity

relations for the value function associated to (1.2).

THEOREM 0.0.0.2. For any £ > 0 there exists a constant ¢, > 0 such that for any (t,2) € [0,T —¢] x Q
and for any v € X;[z], denoting by p € Lip(¢, T, R™) a dual arc associated with -y, one has that

u(t + 0,2+ h) — ult,x) < oH(t,2,p(t) + (p(t), h) + c.(|h] + [o])? V(t,2) €[0,T — x O,

for all h € R” small enough such that z + h € €, and forall o € Rsuchthat0 <t + 0 < T — ¢,

A direct consequence of THEOREM 0.0.0.2 is the local semiconcavity of the value function associated to
(L2)in (0,7T) x Q (COROLLARY 2.5.0.3). Let us point out that this semiconcavity is unexpected, since
it was known so far that the value function is not semiconcave with linear modulus in general [27].

In CHAPTER 3, we are ready to start to analyze MFG problem with state constraints. Following the
Lagrangian formulation of the unconstrained MFG problem proposed in [8], we define a “relaxed” notion
of equilibria and solutions. Such a formulation consists of replacing probability measures on € with

measures on arcs in €. More precisely, on the metric space I with the uniform metric, for any ¢ € 0,T]

we consider the evaluation map e; : I' — Q defined by

e(y) =7t (yel)
Given any probability measure 1mq on €, we denote by P,,, (I') the set of all Borel probability measures

n on I" such that ey = mg and we consider, for any 77 € P,,,, ('), the functional

] = / LO®).5(0) + F( (1), eifm) | dt+ G((D)entm)  (veT).  @5)

Then, we call a measure 7 € Py, (I') a constrained MFG equilibrium for my if 1 is supported on the set

of all curves 7y € I" such that

T3] < Jyly] Yy €T, 4(0) = 75(0).

X1



INTRODUCTION

In THEOREM 3.1.2.4, we prove the existence of constrained MFG equilibria for mg by applying the
Kakutani fixed point theorem [55]. At this point, in SECTION 3.2, we give the definition of mild solutions
of the constrained MFG problem in § as a pair (u, m) € C([0,T] x Q) x C([0,T]; P(Q)), where m is
given by m(t) = e;fin for some constrained MFG equilibrium 7 for mg and

uto) = it { | [0 5 + Fer()m(s)] ds + GOT).m(T))

yeT
v(@t) ==

In this way, the existence of mild solutions of the constrained MFG problem in 2 (COROLLARY 3.2.0.2)
becomes an easy corollary of the existence of equilibria for my (THEOREM 3.1.2.4), whereas the unique-
ness issue for such a problem remains a more challenging question. As observed by Lasry and Lions, in
absence of state constraints uniqueness can be addressed by imposing suitable monotonicity assumptions
on the data. We show that the same general strategy can be adopted even for constrained problems (THE-
OREM 3.2.0.4). However, we have to interpret the Lasry-Lions method differently because, as recalled
above, solutions are highly nonsmooth in our case.
In CHAPTER 4, we apply our necessary conditions given in CHAPTER 2 to deduce the existence of more
regular equilibria than those constructed in CHAPTER 3, assuming the data F' and G to be Lipschitz
continuous. More precisely, applying THEOREM 0.0.0.1, we show that the minimizers of .J,, belong to
CY([0,7],9) and

¥]|oo < Lo, V7 € T[], (L.6)
where Ly = Lo(u, M', M, k, T, ||DG||, ||9||s) depends only on the data. At this point, denoted by
I'L, the set of all v of I" such that (.6) holds, we define by PLIP(T'1) the set of n € Py, (T) such that
m(t) = esfin is Lipschitz continuous. Arguing as in SUBSECTION 3.1.2 we show that there exists at
least one constrained MFG equilibrium 7 € P#if(f‘ o) (THEOREM 4.2.0.5). The main consequence of
THEOREM 4.2.0.5 is the existence of Lipschitz mild solutions under the assumptions in SECTION 4.1.

THEOREM 0.0.0.3. There exists at least one mild solution (u, m) of the constrained MFG problem in ).

Moreover,
(i) w is Lipschitz continuous in (0, T") x €2;

(ii) m € Lip(0,T;P(Q)) and Lip(m) = L, where Ly is the constant in (L.6).

2

Owing to state constraints, it is not possible to have local semiconcavity with linear modulus in (0, 7") X

N|=

Remarkably, applying THEOREM 0.0.0.2, we deduce a local semiconcavity with modulus w(r) = Cr
for w in (0,T) x .

In CHAPTER 5, we prove that mild solutions satisfy MFG system in suitable point-wise sense. Let (u, m)
be a mild solution of the constrained MFG problem in €. By the regularity of u, proved in CHAPTER 4,

we deduce that w 1s a constrained viscosity solutions of

—Owu(t, ) + H(x, Du(t,z)) = F(z,m(t)) in(0,T) x Q, (L.7)

Xii



INTRODUCTION

that is

(z,m(t)) V(t,z) € (0,T) x Q, ¥V (p1,p2) € DVu(t,z)
(z,m(t)) Y (t,x) € (0,T) x Q, V (p1,p2) € D u(t,z).

Thanks to the structure of mild solutions we can prove more. For simplicity, we set
Qm={(t,z) € (0,T) x Q:x € supp(m(t))}, 0Q,, ={(t,z) € (0,T) x 9N : x € supp(m(t))}.

where supp(m(t)) is the support of the measure m(t). It is easly to prove that for any (¢,z) € @, u is
differentiable at (¢, z) (PROPOSITION 5.1.0.6). While, for any (,z) € 0Q),, we give the following full

description of DV u(t, ).

PROPOSITION 0.0.0.4. Let € be a bounded open subset of R™ with C? boundary. Let (u, m) be a mild
solution of the constrained MFG problem in § and let (¢, z) € JQ,,. The following holds true.

(a) The partial derivative of u with respect to ¢, denoted by 8tu(t, x), does exist and
Dtu(t,x) = {Ow(t,x)} x Diu(t,z).
(b) All p € D} u(t, x) have the same tangential component, which will be denoted by p” (¢, x), that is,
{pT eR":pe Diu(t,x)} ={p"(t,2)}. (1.8)

(c) Forall § € R™ such that |#| = 1 and (#, v(z)) = 0 one has that

Iy u(t,z) = (p7(t,x),0). (1.9)
Moreover,
O u(t, ) = =X\ (t,z) := —max{\,(¢t,z) : p € D}u(t,x)}, (1.10)
where
Mp(t,r) = max{\ € R:p" + \v(x) € Diu(t,z)}, Vp € Dfu(t,z). (L11)

(d) Dfu(t,z) ={peR":p=p"(t,z) + \v(z), X € (—o0, A\ (t,x)]}.
By the regularity of © and PROPOSITION 0.0.0.4 we deduce the following result.

THEOREM 0.0.0.5. Let € be a bounded open subset of R™ with C? boundary. Let (u,m) be a mild
solution of the constrained MFG problem in 2. The following holds true.

(i) Let (t,z) € (0,T) x €. Then, one has that

limsup  D%u(s,y) C DVu(t, x). (1.12)
(s,y) € (0,T) x Q
(5,9) = (t,)
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In particular, for all (¢, ) € @, we have that

limsup  DVu(s,y) = { <8tu(t, x), Dyu(t, x)) } (L.13)
(5:1) € (0,T) x 2
(s;y) = (t, @)

(ii) Let (t,x) € 0Q,,. Then,

limsup Dtu(s,y) = {(&u(t,w}, p(t,z) + )\+(t,a:)u(a:)> }, (L.14)
(s,9) € Qm
(59) = (t,)

where p7 (¢, ) and A (¢, x) are given in (I.8) and (I.10), respectively.

Therefore, any mild solutions (u, m) of constrained MFG problem in Q solve a mean field games system.

More precisely, the following holds true.
(a) wis a constrained viscosity solution of
—Ou+ H(z,Du) = F(z,m(t)) in(0,T) x Q
u(z,T) = G(x,m(T)) inQ.
Moreover, u is solution in point-wise sense of

_atu + H(LL', Du) = F($, m(t)) in Qma

and
_8tu+HT($7pT(t7x)) = F($am(t)) in an
where
H™(z,p) = sup  {—(p,v) — L(x,v)}.
(v, v(z)) =0

(b) There exists V' : [0, T] x 2 — R™ Borel measurable vector field such that m is a solution in the

sense of distributions of the continuity equation
om +div(V m) =0, in(0,7) x Q
m(0,x) = mo(x) in Q.
Moreover, V' is continuous on (),,, and

—D,H(x, Du(t,x if (¢,2) € Qn,

V) P DUt ) (t.o) € Q s
—D,H (z,p"(t,z) + A\ (t,x)v(x)) if (t,x) € OQm.

CHAPTER 3 are contained in an work joint with Piermarco Cannarsa [20], while CHAPTER 2, CHAPTER 4

and CHAPTER 5 are contained in two works joint with Piermarco Cannarsa and Pierre Cardaliaguet [2 1]

and [22].
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CHAPTER 1

PRELIMINARIES

1.1 NOTATION
1.2 RESULTS FROM MEASURE THEORY
1.3 SEMICONCAVE FUNCTION AND GENERALIZED GRADIENTS . 4

1.3.1 DIRECTIONAL DERIVATES . . . . o o v e e e e e e e e e e 7

1.3.2 LIMITING SUBGRADIENTS OF d » « « v v v v e e e e e e e e 11

1.1 NOTATION

We denote by | - |, (-) , respectively, the Euclidean norm and scalar product in R". We denote by By, the
ball of radius R > 0 and center 0. Let A € R"*" be a matrix. We denote by || - || the norm of A defined

as follows

||A|| = max ||Az|| (z € R").

||| |=1

For any subset S C R™, S stands for its closure, 3S for its boundary and S¢ = R™\ S for the complement
of S. We denote by 1 : R" — {0, 1} the characteristic function of S, i.e.,

1 z€b,
0 zes-

15(%) =

We write Lip(0, 7'; R™) for the space of all Lischitz continuous R"-valued functions on [0, T']. We write
AC(0,T;R™) for the space of all absolutely continuous R"-valued functions on [0, 7'], equipped with the
uniform norm ||||oc = supyjy 7y [7(¢)|. We observe that AC(0, T'; R™) is not a Banach space.

For any measurable function f : [0,7] — R", we set

1£1l2 = (/OT|f|2dt)é



PRELIMINARIES RESULTS FROM MEASURE THEORY

Let U be an open subset of R". C'(U) is the space of all continuous functions on U and C(U) is the
space of all bounded continuous functions on U. C’k(U ) is the space of all functions ¢ : U — R
that are k-times continuously differentiable. Let ¢ € C(U). The gradient vector of ¢ is denoted by
D¢ = (Dyy @, -+, Dy, @), where D,.¢p = ‘% .Letp € C¥(U) andlet o = (ay, -+ ,a,) € N*bea
multiindex. We define D¢ = Dg! --- Dg» qb. Of( ) is the space of all function ¢ € C*(U) and such
that

[6]lk.00 := sup [D¥@(x)] < o0

<

Let 2 be a bounded open subset of R™ with C? boundary. C'**(Q) is the space of all the functions C" in
a neighborhood U of €2 and with locally Lipschitz continuous first order derivates.
The distance function from € is the function dg : R™ — [0, +-o0[ defined by

do(z) = nelf lz —y| (zeR").

y

We define the oriented boundary distance from 02 by
bo(r) = do(x) — doe(x) (z € R™). (1.1.0.1)
We recall that, since the boundary of €2 is of class C?, there exists py > 0 such that
ba() € G on 02+ By, = {y € Blx,po) : 2 € 90}, (1.1.0.2)

Throughout the thesis, we suppose that pg is fixed so that (1.1.0.2) holds.

1.2 RESULTS FROM MEASURE THEORY

In this section we introduce, without proof, some basic tools needed in the thesis (see, e.g., [0]).

Let X be a separable metric space. C,(X) is the space of all bounded continuous functions on X. We
denote by B(X) the family of the Borel subset of X and by P(X) the family of all Borel probability
measures on X . The support of n € P(X), supp(n), is the closed set defined by

supp(n) := {:c € X : n(V) > 0 for each neighborhood V of x} (1.2.0.1)

We say that a sequence (7;) C P(X) is narrowly convergent to n € P(X) if

im [ 7()dna /f Ydn(z) Yf e CYX),

n—oo

where Cp (X)) is the set of all bounded continuous functions on X.
We recall an interesting link between narrow convergence of probability measures and Kuratowski con-

vergence of their supports.
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PROPOSITION 1.2.0.1. If (;) C P(X) is a sequence narrowly converging to € P(X) then
supp(n) C K — liminf, . supp(n;), i.e.

Vo € supp(n) 3 z; € supp(n;) : lim z; = .
n—oo
The following theorem is a useful characterization of relatively compact sets with respect to narrow
topology.

THEOREM 1.2.0.2. (Prokhorov’s Theorem ) If a set K C P(X) is tight, i.e.
Ve > 03 K. compact in X such that n(K.) >1—¢€ VYV € K,

then K is relatively compact in P(X) with respect to narrow topology. Conversely, if X is a separable

complete metric space then every relatively compact subset of P(X) is tight.

Let X be a separable metric space. We recall that X is a Radon space if every Borel probability measure
n € P(X) satisfies

VB € B(X),Ve > 0, K, compact with K. € B such that n(B \ K,) < e.

Let us denote by d the distance on X and, for p € [1, +00), by P,(X) the set of probability measures m
on X such that
/ dP(xg,x) dm(z) < 400, V€ X.
X

The Monge-Kantorowich distance on P,(X) is given by

1/p
} , (12.0.2)

dmm) = it [ [ dGeydna.y

nell(m,m’

where I1(m, m’) is the set of Borel probability measures on X x X such that (A x R™) = m(A) and
n(R™ x A) = m/(A) for any Borel set A C X. In the particular case when p = 1, the distance d,, takes

the name of Kantorovich-Rubinstein distance and the following formula holds

di(m,m’) = sup{ /Xf(x) dm(x) — /X flx)ydm'(z) | f: X =R is 1—Lipschitz}, (1.2.0.3)

for all m, m’' € Py (X).
Let € be a bounded open subset of R™ with C? boundary. We write Lip(0, T; P(€2)) for the space of all

maps m : [0, 7] — P(S) that are Lipschitz continuous with respect to dy, i.e.,
di(m(t),m(s)) < C|t —s|, Vt,se€[0,T], (1.2.0.4)

for some constant C' > 0. We denote by Lip(m) the smallest constant that verifies (1.2.0.4).
In the next result, we recall the relationship between the weak-* convergence of measures and convergence

with respect to d,,.
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PROPOSITION 1.2.0.3. If a sequence of measures {7, },,>1 C P,(X) converges to 7 for d,,, then {n; },>1
weakly converges to 77. "Conversely", if 7); is concentrated on a fixed compact subset of X for alln > 1

and {7, },,>1 weakly converges to 7, then the {7, },,>1 converges to 7 in d,,.

Given separable metric spaces X; and X5 and a Borel map f : X; — X, we recall that the push-forward
of a measure 77 € P(X) through f is defined by

fin(B) :=n(fYB)) VB e B(X,). (1.2.0.5)

The push-forward is characterized by the fact that

/X o(f(x)) dn(x) = / o(y) dftn(y) (12.06)

X2
for every Borel function g : Xo — R.

We conclude this preliminary session by recalling the disintegration theorem.

THEOREM 1.2.0.4. Let X, Y be Radon separable metric spaces, x € P(X),letm: X — Y be a Borel
map and let n = 7 € P(Y). Then there exists an 7)-a.e. uniquely determined Borel measurable family!

of probabilities {11, },ey C P(X) such that
py (X \ 7 H(y)) =0 forn-ae.y €Y (1.2.0.7)

and
/xf () du(w) = /Y ( /7r @ dpiy () ) dn(y) (1.2.0.8)

for every Borel map f : X — [0, +o0].

1.3 SEMICONCAVE FUNCTION AND GENERALIZED
GRADIENTS

DEFINITION 1.3.0.1. We say that w : R, — R, is a modulus if it is a nondecreasing upper semicontin-

uous function such that lim w(r) = 0.
r—0t

DEFINITION 1.3.0.2. Let €2 be a bounded subset of R” with C* boundary. Let w : R, — R, be a

modulus. We say that a function u : Q — R is semiconcave with modulus w if
Au(z) + (1= Nu(y) —u(Az+ (1 = N)y) < A1 = N)|z — ylw(|z —y]) (1.3.0.1)

for any pair x, y € €, such that the segment [, 9] is contained in ) and for any A € [0, 1]. We call w a

modulus of semiconcavity for u in €.

"'We say that {1ty }yey is a Borel family (of probability measures) if y € ¥ +—— n,(B) € R is Borel for any Borel set
BcCcX.
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A function w is called semiconvex in €2 if —u is semiconcave.
When the right-side of (1.3.0.1) is replaced by a term of form C'|z — y|* we say that u is semiconcave
with linear modulus.

For any x € ﬁ, the sets

D u(z) = {peRr": lim n uly) = UT;)—_pr it/ o} (13.0.2)

Dtu(z) = {p € R" : limsup uly) — u(z) — (p,y — )
vore ly — |
y €Q

< 0} (1.3.0.3)

are called, respectively, the (Fréchet) subdifferential and superdifferential of u at x.
We note that if € 2 then, D" u(z), D~ u(x) are both nonempty if and only if  is differentiable in .

In this case we have that

D*u(z) = D u(x) = {Du(x)}.

PROPOSITION 1.3.0.3. Let {2 be a bounded subset of R" with C? boundary. Let u be a real-valued
function defined on Q. Let z € O and let v(x) be the outward unit normal vector to d€2 in x. If
p € Du(x), A < 0 then, p + Av(z) belongs to D*u(zx) forall A < 0.

Proof. Let z € ) and let v(z) be the outward unit normal vector to 92 in z. Let p € DT u(x). Let us
take A < 0 and y € Q. Since p € D*u(z) and A < 0, one has that

uly) —u(z) = {p+Av(z),y —z) = uly) — u(z) = (p.y — 2) = Aw(z),y — ) < ofly — z|).
Hence, p + Av(zx) belongs to Dt u(x). O
Dt u(x), D~u(x) can be described in terms of test functions as shown in the next lemma.

PROPOSITION 1.3.04. Letu € C (ﬁ), p € R™, and x € Q. Then the following properties are equiva-

lent:
(@) p € DTu(z) (resp. p € D~ u(x));
(b) p = D¢(x) for some function ¢ € C'(R™) touching u from above (resp. below);

(¢) p = D¢(x) for some function ¢ € C'(R") such that f — ¢ attains a local maximum (resp.

minimum) at x.

In the proof of PROPOSITION 1.3.0.4 it is possible to follow the same method of [24, Proposition 3.1.7].

Before giving the proof, let us prove a technical lemma.

LEMMA 1.3.0.5. Let w : (0,+00) — [0,400) be an upper semicontinuous function such that
lir% w(r) = 0. Then there exists a continuous nondecreasing function w; : [0, +00) — [0,400) such
r—
that
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(i) wi(r) = 0asr — 0,
(i) w(r) < wy(r) forany r > 0,
(iii) the function £(r) := rw; (r) is in C*([0, +00)) and satisfies £(0) = 0.

Proof. Let us first set

w(r) = max w(p).
p€(0,r]

Then w is nondecreasing, not smaller than w and tends to 0 as » — 0. Next we define for » > 0

)=+ [T w =1 [ i

r

and so we set wl(O) = (. We first observe that, since w is nondecreasing, the same holds for wy and
wy. Then we have that w(r) < w(rg) < wW(2r), and so we(r) — 0 as r — 0. Arguing in the same
way with w; we deduce that properties (i) and (i7) hold. To prove (ii), let us set £(r) = rwq(r). Then
€ € CY((0 4 o0)) with derivate £(r) = 2w(2r) — wo(r). Thus £(r) — 0 asr — 0 and so £ in C" in
the closed half-line [0, +00). O

Proof of PROPOSITION 1.3.0.4. The implications (b) = (c¢) and (¢) = (a) are obvious; so it is
enough to prove that (a) implies (b). Given p € D u(x), let us define, for r > 0,

u(y) —u(x) — (p,y — w>] 7

(1.3.0.4)
ly — |

w(r) = max [
y € Q
yily—=z[<r

where [-], denotes the positive part. The function w is continuous and tends to 0 as r — 0, by the

definition of Dt u. Let w; be the function given by the previous lemma. Then, setting

o(y) = u(@) + (p,y — @) + |y — zlw(|y — 2|),
we have that ¢ € C''(R") and touches u from above at . O

PROPOSITION 1.3.0.6. Let u : €0 — R be a semiconcave with modulus w and let z € Q. Then, a vector
p € R" belongs to Dt u(x) if and only if

u(y) —u(z) — (py —z) < |y — z|w(ly — z|) (1.3.0.5)
for any point y € € such that [y, 7] C Q.

Proof. If p € R" satisfies (1.3.0.5), then, by the definition of superdifferential, p € D" u(x).
In order to prove the converse, let p € D u(x). Then, dividing the semiconcavity inequality (1.3.0.1) by
(1 — A)|y — x|, we have that

uy) —ulz) _ulz+ (1 =Ny —7)) —u(@)
ly—x| — (1 =Ny —z|

+ Aw(|lz —y]), YA€ ]0,1].
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Hence, taking the limit as A — 17, we obtain that

u(y) —u(z) _ (py—=
() —u(@) _ ¢ >+M@—ﬂ%
ly — 2| ly —=
since p € DT u(z). This completes the proof. O

A direct consequence of PROPOSITION 1.3.0.6 is the following result.

PROPOSITION 1.3.0.7. Let u :  — R be a semiconcave function with modulus w and let 2 € . Let

{z} C Q) be a sequence converging to = and let p; € Dt u(xy). If pp converges to a vector p € R™,
then p € Dt u(z).

Proof. Letx € Qandlet {z;} C Qbesuchthatz, — zask — +oo. Letp € R™ andlet p, € DV u(xy,)
be such that p;, — p as k — +00. By PROPOSITION 1.3.0.6 we have that

u(y) — (k) = (e, y — 2x) < |y — zxlw(ly — i)

for all y € 2 such that ly, zx] C Q. Taking the limit as ¥ — 400, and using the upper semicontinuity of
w one has that p satisfies (1.3.0.5). This completes the proof. O

REMARK 1.3.0.8. If the function u depends on (t,x) € (0,T) x Q, for some T' > 0, it is natural to
consider the generalized partial differentials with respect to x as follows

Diu(t,z) = {77 € R” : lim sup ult, e +h) —ult,v) = (. h) < O} :
h—0 h

1.3.1 DIRECTIONAL DERIVATES

Let €2 be a bounded open subset of R™ with C? boundary. Let us first recall the definition of contingent

cone.

DEFINITION 1.3.1.1. Let z € € be given. The contingent cone (or Bouligand’s tangent cone) to € at

1s the set

Tﬁ(ﬂf) = { lim S - GQ,.I'Z'—>$, ti€R+, tl\l/()}

1—00 i

REMARK 1.3.1.2. Since () is a bounded open subset of R” with C? boundary, then

if 1€Q = Tg(z)=R",
if 2€00= Tslz)= {9 ER": (0,v(2)) < o},

where v(z) is the outward unit normal vector to JS2 in x.
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DEFINITION 1.3.1.3. Let v € Q and § € Tg(x). The upper and lower Dini derivates of u at x in

direction 0 are defined as

O"u(x;0) = limsup u(z + ho') = ulz)
h— ot h
0 — 0
z+ ho €Q

(1.3.1.1)

and

OMu(x;0) = liminf uz + ho') — u(@)
’ h—ot h
0 — 0
z+ ho €Q

, (1.3.1.2)

respectively.

The one-sided derivative of u at x in direction 8 is defined as

ho') —
O u(z) = T u(z + h) u()
0 — 0
x4+ ho' €Q

(1.3.1.3)

Let x € 0 and let v(z) be the outward unit normal vector to €2 in . In the next result, we show that

any semiconcave function admits one-sided derivative in all # such that (6, v(z)) < 0.

LEMMA 1.3.1.4. Let Q C R” be a bounded open set with C? boundary. Let v : 2 — R be Lipschitz
continuous and semiconcave with modulus w in Q. Let z € 92 and let v(z) be the outward unit normal
vector to OS2 in x. Then, for any § € R™ such that (¢, v(x)) < 0 one has that

Olu(z;0) = min (p,6) = du(x;6). (1.3.1.4)

pEDtu(x)

Proof. The idea of the proof is based on [25, Theorem 4.5]. Let x € 02 and let v(z) be the outward unit
normal vector to OS2 in z. Let § € R™ be such that (0, v(x)) < 0. Let us set

M(@,z) = min (p,0).

peEDtu(x)
It suffices to prove that
he') — he') —
lim sup uz+ho') = ulz) < M(0,z) < liminf uz + ho') u(:v) (1.3.1.5)
h— ot h h— 0% h
0 0 0 — 0
z+ho €Q z+ho €Q

The first inequality in (1.3.1.5) is straightforward. Indeed,

u(z + ht") — u(x) — (hp, 0') u(r +¢) —ulx) = (p,¢)

lim sup < limsup <0
h—ot h ¢—0+t ‘C‘
0 — 0

x4+ ho' €Q
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for any p € D" u(zx). So,

. u(x + hl) — u(x
lim sup ( ) (z)
h— o0t h

0 — 0

z+ ho €Q

<(p,0), Vpe D u(x).

In order to prove the last inequality in (1.3.1.5), pick up a sequence h;, — 0 and 6, — 6 such that

u(z + hiby) — u(x) u(x + ho') — u(x)

lim = liminf 1.3.1.6
k—o0 h h— ot h ( )
o' — 0
z+ ho' €Q

and define
Q(z,6,) = {x €Q: (o —2,0) >0, (2 — 2,000 — (' — z)| < |2’ — 93|2}.

We observe that the interior of Q(z, ) is nonempty. Since u is Lipschitz there exists a sequence z, such
that

() z € Q(x,0k), x — x as k — oc;
(ii) w is differentiable at x) and there exists p € DT u(z) such that Vu(zg) — P as k — oo;
(i) |sx — hi| < h2, where s, = (), — z, 0y,).

By the Lipschitz continuity of u, we note that (7i7) yields

‘u(x + hi0r) — u(z) B u(x + spby) — u(x) ‘ < |u(z + heby) — u(z + spby)|
hy, Sk - hy,
1

hi  sg

[[u(z + s0k) — u()|] < 2Lip(u)hy.

So, by (1.3.1.6) we have that

u(z + spby) — u(x)

u(z + ho') — u(a:)

lim = liminf (1.3.1.7)
n—0o0 Sk h— 0t h
0" — 0
z+ ho' €Q

Moreover,

u(x + sibi) — u(x) = [u(x + spby) — u(zg)] + [u(zr) — u(x) — (Vulxy), zp — )]
+ (Vu(zg), o — x — spby) + (s Vu(xy), Ok).

Since w is locally Lipschitz function, and 2, € Q(xz, ;) one has that

lu(z + skbi) — u(zp)| + [(Vulzr), 2p — 2 — spbi)| < 2Lip(u)|zp — z — spby
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< 2Lip(u)|zy — =f*.
Since u is semiconcave we deduce that
u(zy) — u(x) — (Vu(zy), zp — ) > —Clay — z|w(|zy, — ),
for some constant C' > (. Therefore

ule + s —ulw) (oo 2Lip(u)lag = af? + Ol — afu(la — o))

Sk Sk

By the definition of Q(, 0)) one has that s |0x| > |2, —x|—|zr—2|% so that, as z, — , |z —x| < 254,

for k large enough. Recalling (ii), (1.3.1.7) and 8, — 6, we conclude that
u(x + ho'") — u(x)

lim inf > (p,0) > M(0,x). (1.3.1.8)
h— 0t h
0" — 0
x+ho' €Q
This completes the proof. O

REMARK 1.3.1.5. We observe that LEMMA 1.3.1.4 also holds when x € ). In this case, (1.3.1.4) is a

direct consequence of [25, Theorem 4.5].

Fix z € 02 and let v(z) be the outward unit normal vector to J€2 in z. All p € D u(z) can be written

as
p=p"+p"
where p” is the normal component of p, i.e.,
P’ = {p,v(x))v(z),
and p7 is the tangential component of p which satisfies
(", v(x)) = 0.

PROPOSITION 1.3.1.6. Let z € 0f) and let v(x) be the outward unit normal vector to Jf2 in z. Let

u : Q — R be Lipschitz continuous and semiconcave with modulus w in 2. Then,
O u(z) = =X (z) == max{\,(x) : p € DV u(z)}, (1.3.1.9)

where
Mp(x) :=max{\ € R:p" + \v(x)}, Vpe DV u(x). (1.3.1.10)

Proof. Let x € O and let v(x) be the outward unit normal vector to OS2 in z. Let {zx} C Q2 be a

sequence such that x;, — x as k — +00. Let 0, be a sequence of unit vectors 6, := é::i' such that

lim 6, = —v(x), x4 |zp— x|b; € Q.

k—+oco

10
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Let A € R be such that p = p” + Av(z) € D u(z). By PROPOSITION 1.3.0.6 one has that
u(z + |vp — 2108) — u(z) — 07 + M (2), |z) — 2|0k < |2p — 2|w(jap — 2).
Hence,
“Mu(x), |z) — 2|0p) < u(x) —ule + |op — 2|0k) + O, |2k — 2|0) + |28 — 2|w(|2) — 2)).

Dividing by |z — x|, we obtain that

u(z) —u(z + |zp — x|0k)
|z — |

~Muv(z),0,) < + (7, Ok) + w(|zi, — ).

Taking the limit as & — 400, and by LEMMA 1.3.1.4 we have that

u(z) — u(x + |z — x|6k)
k—+oc0 |:L‘k - :L"

= —0% u(x).

Moreover, by PROPOSITION 1.3.0.3 we have that p” + (A — A)v(z) € DFu(z) for all A € (—oo, A].
Set

Mp(z) = max{\ € R: p” + \v(z) € DTu(z)}, Vp € DM u(x)

and by LEMMA 1.3.1.4 we conclude that

—0hu(e) =~ min {~(pv(@)}= max {{p @)}

= max{\,(z) : p € DTu(z)} = A\ ().

This completes the proof. O

1.3.2 LIMITING SUBGRADIENTS OF dg

Take a continuous function f : R™ — R and a point x € R™. A vector p € R" is said to be a proximal
subgradient of f at z if there exists ¢ > 0 and C' > 0 such that

p-(y—2) < fly) — f(x) + Cly — z|* for all y that satisfy |y — z| < e.

The set of all proximal subgradients of f at x is called the proximal subdifferential of f at x and is denoted
by 0P f(x). A vector p € R" is said to be a limiting subgradient of f at x if there exist sequences z; € R",
p; € OP f(x;) such that x; — = and p; — p (1 — 00).

The set of all limiting subgradients of f at « is called the limiting subdifferential and is denoted by O f ().

In particular, for the distance function we have the following result.

11
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LEMMA 1.3.2.1. Let  be a bounded open subset of R" with C? boundary. Then, for every x € R™ it
holds

Dbg(x) 0 < bo(z) < po,
Odo(z) = ddo(x) = § Dbo(2)[0,1] = € 99,
0 x €,

where py is such that (1.1.0.2) holds.

Proof. The only case which needs to be analyzed is when € 0. We recall that p € 0Pdq(z) if and
only if there exists € > () such that

do(y) — da(z) — (p,y — ) > C|y — z|*, for any y such that |y — z| <, (1.3.2.1)

for some constant C' > 0. Let us show that 07dg(x) = Dbq(z)|0, 1]. By the regularity of b, one has
that

da(y) — da(x) — (Dbo(x),y — x) > ba(y) — ba(z) — (Dba(x),y — x) > Cly — x|
This shows that Dbg(z) € 0Pdg(x). Moreover, since

we further obtain the inclusion
Dbg(2)[0, 1] C ddq(z).

Next, in order to show the reverse inclusion, let p € 9Pdg(z) \ {0} and let y € Q°. Then, we can rewrite
(1.3.2.1) as
ba(y) = ba(z) = (py —2) = Cly—af, ly—a|<e (1322)

Since y € 2, by the regularity of bg, one has that
ba(y) — ba(z) < (Dba(x),y — z) + Cly — = (1.3.2.3)

for some constant C' € R. By (1.3.2.2) and (1.3.2.3) one has that

—x
<Dbﬂ($) - D, é——SE|> > Cly — x|

Hence, passing to the limit for y — x, we have that
(Dbg(x) —p,v) >0, Yo e Toe(z),
where Tqe () is the contingent cone to ¢ at z. Therefore, by the regularity of 0f2,

Dbg(z) — p = (),

12
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where A > 0 and v(z) is the exterior unit normal vector to Jf2 in . Since v(z) = Dbg(x), we have that
p = (1 —X)Dbq(z).
Now, we prove that A < 1. Suppose that y € €2, then, by (1.3.2.1) one has that
0= do(y) > (1 — A)(Dba(x),y — z) + Cly — x>

Hence,

(1-\) <Db9(x), f; — i|> < —Cly — 2.

Passing to the limit for y — x, we obtain
(1 = X) (Dbg(z),w) <0, Vw e Tg(zx),

where T () is the contingent cone to 2 at x. We now claim that A < 1. If A > 1, then (Dbg(z), w) > 0
for all w € T(x) but this is impossible since Dbq () is the exterior unit normal vector to 02 in .
Using the regularity of bg, simple limit-taking procedures permit us to prove that ddq(x) = Db (x)[0, 1]

when x € 0f2. This completes the proof.
O
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In this Chapter, we collect some results that we will use throughout this Thesis. More precisely, in SEC-
TION 2.3, we introduce the constrained minimization problem. Under suitable assuptions (SECTION 2.2)
we give the formulation of necessary conditions for this problem. Finally, in SECTION 2.5 we deduce a

local semiconcavity estimate for the value function associated with the constrained minimization problem.

2.1 APPROXIMATION OF CONSTRAINED TRAJECTORIES

Let © be a bounded open subset of R” with C? boundary. Let I" be the metric subspace of AC(0, T; R"™)
defined by

= {7 € AC(0,T;R") : (1) € Q, Vite [O,T]}.

Forany x € ﬁ, we set

Lz ={yeTl:~(0)=uxz}. (2.1.0.1)
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CONSTRAINED PROBLEM APPROXIMATION OF CONSTRAINED TRAJECTORIES

LEMMA 2.1.0.1. Let py > 0 be such that (1.1.0.2) holds. Let v € AC(0,7;R") and suppose that
da(7(t)) < po forallt € [0,T]. Then dg oy € AC(0,T) and

i&hovﬂ)=<D&wﬂ®%7@DMFWU»afiE[&TL (2.1.0.2)
Moreover,
N, = {t €[0,T]:v(t) € 99, I+(t), (Dba((t)),4(t)) # 0} (2.1.0.3)

1s a discrete set.

Proof. First we prove that IV, is a discrete set. Let ¢ € IV, then there exists € > 0 such that y(s) ¢ 02
for any s € (]t —€,t + €[ \{t}) N[0,T]. Therefore, N, is composed of isolated points and so it is a
discrete set.

Let us now set ¢(t) = (dg o y)(t) forall t € [0,7]. We note that ¢ € AC(0,T) because it is the
composition of v € AC(0,T; R™) with the Lipschitz continuous function dg(-). Denote by D the set of
t € [0, T such that there exists the first order derivative of v in t, i.e.,

D={te[0,T]: 34(t)}.
We observe that D has full Lebesgue measure and we decompose D in the following way:

D:{tGDzv(t)¢8Q}:Uit€D:7(t}€8Q}.

DO Dy

By [35, Theorem 4, pg 129], for all t € D, the first order derivative of ¢ is equal to

0 v(t) €

(Dba(y(1)),4(t)) ~(t) € R"\ Q.

Now, consider £ € D \ N,. Since v(t) € OS2, one has that
p(t+h)— o)  do(y(t+h))

h h ’
for all b > 0. Since y(t + h) = y(t) + h¥(t) + o(h) and d, is Lipschitz continuous, we obtain

do(y(t + 1) _ olh)  da(y(®) +hi(t)

0= h h h
Hence, one has that
0 < liminf M < lim sup M < lim sup do(v(t) + P3(t)) ) (2.1.0.4)
h—0 h—0 h—0 h
Moreover, by the regularity of bg, we obtain
do(v(t) + 1y (1) < [ba(v(t) + hy(1))] < |l [(Dba(v(2)), ¥())| + o(h). (2.1.0.5)
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Thus, since t € D \ N,,, we conclude that

d t) + hy(t
lim sup a0 ); ) < |Dba(~(t)), ()| = 0. (2.1.0.6)
h—0
So ¢(t) = 0 and the proof is complete. O

PROPOSITION 2.1.0.2. Let z; € € be such that #; — x and let v € I'[x]. Then there exists 7; € ']
such that:

(i) v; — -y uniformly on [0, T7;
(i) 4, — J a.e. on [0,7T;
(i) |%(t)] < ClA(t)| forany i > 1, a.e. t € [0, 7], and some constant C' > 0.
Proof. Let 7; be the trajectory defined by
qi(t) = ~(t) + x; — x. (2.1.0.7)
We observe that dq(7;(t)) < po forall ¢ € [0, 7T and all sufficiently large 7, say ¢ > (. Indeed,
do(i(t)) < Pi(t) = (t)| = |zi — =]
Since x; — x, we have that do(7;(t)) < po forall ¢ € [0,7] and i > 7y. We denote by ~; the projection
of 7, on €, i.e.,
7i(t) = 7i(t) — da(F:(t)) Dba(:(t)) Yt € [0,T]. (2.1.0.8)
We note that y; € I'[x;]. Moreover, ; converges uniformly to «y on [0, T'|. Indeed,

i(t) = ()] = [zi — 2 — da(3i(t)) Dba(3:(t))| < 2|; — [, Vi€ [0, T].

By LEMMA 2.1.0.1, do(5i(+)) € AC(0,T) and 4 (do(7i(t))) = <Dbg(§,~(t)),?i(t)>1gc(%(t)) a.e.
t € [0, T]. Using the regularity of bg,, we obtain

Filt) = 3 (t) — (Dba(Fi(t)), ¥(t)) Dba(Fi(t)) 1a:(F:(t)) — da(F:(t)) D*ba(7:(t))¥(t), ae.t € [0,T.

Therefore, there exists a constant C' > 0 such that |¥;(¢)| < C|¥(t)| for any i > io, a.e. t € [0,T].
Finally, we have to show that 4; — - almost everywhere on [0, T'|. Since 7; — =y and v € I'[x], one has
that

do(3:(t)) D*ba(F:()7(1) == 0, ¥t € [0,T).

So, we have to prove that

—(Dba(Fi(8)), 7(1) Dba(Gi (D) 1ac(F:(8) 25 0, ace.t € [0,T), (2.10.9)
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We note that

‘<Dbg(ﬁz‘(t))aV(t»DbQ@z‘(t))lﬂc@z‘(t))’ < ’<Dba(%(t))77(t)> , ae. t€[0,7].  (2.1.0.10)

Fix t € [0, 7] such that (2.1.0.10) holds. If y(¢) € € then 7;(t) € € for i large enough and (2.1.0.9)
holds. On the other hand, if v(t) € 0f), then passing to the limit in (2.1.0.10), we have that

limsup [( Dbo(5:(1)), 7(6)) Dba(F: (1)) La- (3:(+))| < limsup [(Dba(5:(1)), (1)

1—00 1—00

Since ; — ~y uniformly on [0, T'], one has that

limsup |{Dba(5:(1)), 4(8)) | = |(Dba(1(1)),5(8))|. (2.1.0.11)

1—00

By LEMMA 2.1.0.1, we have that (Dbq((t)),¥(t)) = 0 fort € [0,T]\ N, where NN, is the discret set
defined in (2.1.0.3). So (2.1.0.9) holds for a.e. t € [0, T]. Thus, 4; converges almost everywhere to 4 on
[0, T]. This completes the proof. O

2.2 ASSUMPTIONS AND SOME REMARKS

For reader’s convenience we collect in this section all assumptions that we will use throughout this Chap-
ter.
Let Q C R” be a bounded open set with C boundary. Let U C R” be an open set such that Q C U.

Given x € (2, we consider the constrained minimization problem

inf J[y], where J[y]= {/OT f(t,~y(t),5(t)) dt + g(v(T))}. (2.2.0.1)

Y€l [x]

We denote by X'[z] the set of solutions of (2.2.0.1), that is

Xlr] = {7 € Tl J1y"] = it ] |

We assume that f : [0,7] x U x R" — Rand g : U — R satisfy the following conditions.
@D g € G(U).

(f0) f € C([0,T] x U x R") and for all ¢ € [0, T'] the function (z,v) — f(t,z,v) is differentiable.
Moreover, D, f, D, f are continuous on [0, 7] x U x R™ and there exists a constant M/ > 0 such

that

|f(t,z,0)] + | Dy f(t,2,0)| + | Dy f(t,2,0)| < M, V(t,x) €[0,T] x U. (2.2.0.2)
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(f1) Forallt € [0, T the map (x,v) — D, f(t, x,v) is continuously differentiable and there exists a
constant x> 1 such that

I
— < D2 f(t,x,v) < Ip, (2.2.0.3)
il

1D f (8, v)l| < (1 + o), (22.04)
for all (t,z,v) € [0,T] x U x R"™, where I denotes the identity matrix.

(f2) Forall (z,v) € U x R"™ the function t — f(t,z,v) and the map t — D, f(t, x, v) are Lipschitz

continuous. Moreover, there exists a constant x > 0 such that

[t 2,0) = f(s,2,0)] < k(1 +[v]*)]t = s], (2.2.0.5)
|Dy, f(t,x,v) — Dy f(s,x,v)| < &(1+ |v])|t — s, (2.2.0.6)

forallt,s € [0,T),z € U,v € R™
(f3) Forall s € [0,T], forall z € U and for all v, w € Bp, there exists a constant C'(R) > 0 such that

|D.f(s,z,v) — Dpf(s,z,w)| < C(R)|v —w|. (2.2.0.7)

(f4) For any R > 0 the map  —— f(t,2,v) is semiconcave with linear modulus wg, i.e., for any
(t,v) € [0,T] x Bg one has that

for any pair z, y € U such that the segment [, y] is contained in U and for any A € [0, 1].

REMARK 2.2.0.1. By classical results in the calculus of variation (see, e.g., [34, Theorem 11.1i]), there
exists at least one minimizer of (2.2.0.1) in I" for any fixed point 2 € €.

In the next lemma we show that (f0)-(f2) imply the useful growth conditions for f and for its derivatives.

LEMMA 2.2.0.2. Suppose that (f0)-(f2) hold. Then, there exists a positive constant C'(x, M) depends
only on y and M such that

Do f(t,,0)] < O, M)(1+ o), (2208
Do f(t,2,0)] < C(p, M)A+ [v]?), (2209)
iw — C(pu, M) < f(t,2,v) < 4plv|* + C(u, M), (2.2.0.10)

forall (t,z,v) € [0,7] x U x R™.
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Proof. By (2.2.0.2), and by (2.2.0.3) one has that
Do f(t,x,0)| < [Duf(t,x,v) = Dy f(t,2,0)| + [Duf(t, x,0)]
< /01 | D3, f (8., 7o) |[o] dr + | Dy f(t,2,0)] < plo| + M < Cp, M)(1+ |v])
and so (2.2.0.8) holds. Furthermore, by (2.2.0.2), and by (2.2.0.4) we have that
D00 < D2 (12,0) ~ Duf0,2,0) 4 1Du50,2,0) < [ D250 7)ol s +
< u(1+ ol + M < Cu, M)(1+ [vf).

Therefore, (2.2.0.9) holds. Moreover, fixed v € R" there exists a point ¢ of the segment with endpoints
0, v such that

1
ft,x,v) = f(t,2,0) + (D, f(t,2,0),v) + §<D?mf(t,x,€)v, V).
By (2.2.0.2), (2.2.0.3), and by (2.2.0.8) we have that

1 1
- C(:ua M) + @IUF S -M — C(:uv M>|U| + EIUF S f(t,ZL‘,'U) S M + C(/I’a M)|’U| + g|v|2
< CO(p, M) + 4plof?,
and so (2.2.0.10) holds. This completes the proof. ]

In the next result we show a special property of the minimizers of (2.2.0.1).

LEMMA 2.2.0.3. For any € Q and for any v* € X[z] we have that

T1 )
— ()7 dt < K,
/04M| ()

where
K = T(C(u, M) + M) + 2max|g(x)|. 2.2.0.11)

Proof. Letx € Q and let v* € X'[x]. By comparing the cost of 7* with the cost of the constant trajectory
v*(t) = x, one has that

T T
/ f&(0), (1) dt + g(v*(T)) < / f(t,2,0)dt + g(z) (2.2.0.12)
0 0
<T t .
<T max |f(t,2,0)] + max|g(z)
Using (2.2.0.2) and (2.2.0.10) in (3.1.2.10), one has that

1 2
-— .V*t dt<K,
/Ov ]N‘ ()‘ =

where
K = T(C(u, M) + M) + 2max |g(x)].
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We denote by H : [0,7] x U x R"™ — R the Hamiltonian

H(t,z,p) = sup { — (p,v) — f(t,x,v)}, Y (t,2,p) € [0,T] x U x R™.

veER”

LEMMA 2.2.0.4. Suppose that (f0)-(f4) hold. Then, H satisfies the following conditions.

(HO) H € C([0,T] x U x R") and for all ¢ € [0, T'] the function (x, p) — H (¢, x, p) is differentiable.
Moreover, D, H, D, H are continuous on [0, 7] x U x R™ and there exists a constant M’ > 0 such
that

\H(t,2,0)| + |DyH(t,2,0)| + |DyH(t,2,0)| < M/, V(t,2) € [0,T] x U.  (2.2.0.13)

(H1) Forallt € [0,7] the map (x,p) —> D,H (t, x, p) is continuously differentiable and

i
p < D2 H(t,z,p) < Ip, (2.2.0.14)
| D2, H (t,2,p)|| < C(u, M')(1+ |p]), (2.2.0.15)

for all (t,z,p) € [0,T] x U x R™, where p is the constant given in (f1) and C(u, M’) depends
only on y and M.

(H2) For all (z,p) € U x R" the function ¢t —— H(t,z,p) and the map ¢t — D,H(t,z,p) are

Lipschitz continuous. Moreover

|H(t,2,p) — H(s,z,p)| < rC(u, M')(1 + |p|*)|t — 5|, (2.2.0.16)
|D,H (t,z,p) — D,H(s,x,p)| < kC(u, M')(1 + |p|)|t — s, (2.2.0.17)

forallt, s € [0,7],z € U, p € R", where k is the constant given in (f2) and C'(u, M) depends
only on g and M'.

(H3) Forall s € [0, 7], for all z € U and for all p, ¢ € Bg, there exists a constant C'(R) > 0 such that

|D,H(s,z,p) — D, H(s,z,q)| < C(R)|p—ql. (2.2.0.18)

(H4) For any R > 0 the map x —— H(t,x,p) is semiconvex with linear modulus wg, i.e., for any
(t,p) € [0,T] x Bp one has that

A (t,y,p) + (1= NH(t,2,p) — H(t, Ay + (1 = Nz, p) = A1 = N|z — ylwr(|z — yl),

for any pair z, y € U such that the segment [, y] is contained in U and for any A € [0, 1].
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Moreover,
|DyH(t,2,p)| < C(u, M")(1+ |pl), (2.2.0.19)
DL H(t,2,p)| < Clu, M1+ [p]), (22.0.20)
1
4—|p|2 — C(u, M) < H(t,z,p) < 4ulp|* + C(pu, M), (2.2.0.21)
i

forall (t,z,p) € [0,7] x U x R™ and C'(u, M") depends only on 2 and M’.

Proof. Assumption (HO) and (H4) are a direct consequence of (f0) and (f4), respectively. Moreover, by
(f1), and by the definition of H one has that for all ¢ € [0, 7| the map (x, p) — D, H (¢, z, p) is continu-
ously differentiable. Let v, € R™ be such that p = — D, f (¢, z, v,) or, equivalently, v, = —D,H (t, z, p).
As D2 H(t,z,p) = [D},f(t,z,v,)] ", (2.2.0.14) follows. Arguing as in LEMMA 2.2.0.2 we deduce
that

|DpH (t,z,p)] < C(p, M")(1+ |p|), (2.2.0.22)

for all (t,x,p) € [0,T] x U x R". Since D2 H(t,x,p) = —D2,f(t,z,v,)D

2
»H(t,z,p), and by
(2.2.0.22) one has that

1 D5 H (2, p)|| = [|1D5, f(t 2, 0p) Dy, H(t 2, p)l| < gl | Dy, f (8 2, 0p) ] < (1 + Juy) (22.0.23)

< Cp, M')(1 + |p]). (2.2.0.24)
Arguing as in LEMMA 2.2.0.2, and using (2.2.0.22) and (2.2.0.23), we deduce that
Do H (t,z,p)] < Cp, M) (1 + [p]*),
ﬁlpl2 — C(u, M) < H(t,x,p) < dulpl® + C(p, M),

for all (¢,xz,p) € [0,7] x U x R™. By assumption (f2) one has that for all (z,p) € U x R" the
function ¢ — H (¢, z,p) and the map t — D, H (¢, x, p) are Lipschitz continuous. Now, we prove that
(2.2.0.16) holds. Let v, € R™ be such that H (¢, z,p) = —(p,v,) — f(t,x,v,). Hence, by (f2) one has
that

H(t,l‘,p) - H(S,I,p) S _<p7 Up) - f(t7x7vp> + <p’ Up> + f(S,ZL‘,Up)
< KL+ [op[) [t = 5] < KO (u, M)+ [p|*)[t — 5.

Now, we show that (2.2.0.17) holds. For semplicity, we set
v=—D,H(t,x,—D,f(t,z,v)) = —D,H(s,x,—D, f(s,x,v)),

and forall ¢, s € [0, 7]
pt:_DUf(t7x7U)7 pS:_va(Sax7U)'
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Hence, for all ¢, s € [0, 7] we have that
0=D,H(t,z,p;) — DpyH(s,x,ps)=D,H(t,x,p:) + D,H(t, z,ps) — D,H(t,z,ps) — DpyH (s, z,ps).
By (2.2.0.6) one has that

\D,H (t,z,ps) — DyH(s,x,ps)| = |DpyH(t,x,p:) — DyH(t, z,ps)| < Clpe — psl (2.2.0.25)
= C|D,f(t,x,v) — D, f(s,z,v)| < Ck|t — s|(1 + |v|) = Ckl|t — s|(1 + |D,H(s, x, ps)|)
< KO (p, M)t — s](1 4 |ps])-

Since (2.2.0.25) holds for all p,, then (2.2.0.17) holds. Finally, let v,, v, € R" be such that p =
—D,f(t,z,v,) and ¢ = —D, f(t,z,v,), respectively. Recalling that D, H (t,z,p) = —D,f(t,z,v,)
and D, H(t,z,q) = —D,f(t,x,v,), and by (f3) one has that

| Do H (8,2, p) = Do H(t, 2, )| = [Daf(t, 2,0) — Do f(t, 2, 0p)| < C(R)|vg — vy
= C(R)|DpH(t,x,p) = DpH (¢, 2, q)] < C(R)[p —ql,

forall t € [0,7] and for all z € U. This completes the proof. O

2.3 NECESSARY CONDITIONS AND SMOOTHNESS OF
MINIMIZERS

Throughout this section we assume that f : [0,7] x U x R" — Rand g : U — R satisfy (f0)-(f2) and

(gl), respectively. Under the assumptions on €2, f and g our necessary conditions can be stated as follows.

THEOREM 2.3.0.1. For any 2 € Q and any v* € X[z] the following holds true.
(i) v*is of class C11([0, T1; 2).
(i1) There exist:

(a) a Lipschitz continuous arc p : [0, 7] — R",
(b) a bounded measurable function A : [0,7] — [0, c0),

(c) aconstant v € R such that

0<rv< max{l,Zu sup DpH(T,m,Dg(x))’} ,

zelU
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which satisfy the adjoint system

A*(t) = —=D,H (t,v*(t), p(t)) forallt € [0, 7], 230.0)
p(t) = DH(t,v*(t),p(t)) — A(t)Dbo(y*(t)) forae.t € [0,T],
and the transversality condition
p(T) = Dg(v*(T)) + vDba(v*(T))Loa(v*(T)). (2.3.0.2)
Moreover,
(>ii1) the following estimate holds
14| < L*, VA* € X[z], (2.3.0.3)

where L* = L*(u, M', M, £, T, || Dgl|oo; ||9]]o0)3
(iv) forallt € [0,T], A(t) is given by
S | = (DPba(y () Dy H (1,7 (1), p(1)), DyH (1,7 (1), p(1)) )
— (Dba(y* (1)), D2H (t.7(8), p(t)) ) -
(Dba(y (1)), D2 H (8,77 (1), p(8)) Dy H (£ 7"(1), (1)) )
+ (Dba(v (1)), D2,H (£, 7" (£), p(6) Do H (1,7 (£), p(D) ) Ton(1 (),

where 0(t) := (Dba(y*()), Dp, H(t, 7*(t), p(t)) Dba(v*(1)))-
Observe that (2.2.0.14) ensures that 6(¢) > 0 for all ¢ € [0, T'] such that v*(t) € 02 + B,,.

2.3.1 PROOF OF THEOREM 2.3.0.1 FOR U = R"

In this section we prove THEOREM 2.3.0.1 in the special case of U = R". The proof for a general open
set U will be given in the next section.
The idea of proof is based on [23, Theorem 2.1] where the Maximum Principle under state constraints is
proved for a Mayer problem. The reasoning requires several intermediate steps.
Fixed = € (, the key point is to approximate the constrained problem by penalized problems as follows
T
it A @50+ L dalr@)] de+ 5 da@) + 96T} @3
¥(0) ==

Then, we will show that, for € > 0 and 6 € (0, 1] small enough, the solutions of the penalized problem
remain in Q.
Observe that the Hamiltonian associated with the penalized problem is given by

1 1
H6<t7$7p) = sup { - <p7 U> - f(t,ZE,U) - dﬂ(x)} = H(tal‘7p) - dQ(x)7 (2312)
vER? € €
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forall (¢,z,p) € [0,T] x R" x R".

By classical results in the calculus of variation (see, e.g., [34, Section 11.2]), there exists at least one
mimimizer of (2.3.1.1) in AC'(0, T; R") for any fixed initial point x € ). We denote by X, s[x] the set of
solutions of (2.3.1.1).

REMARK 2.3.1.1. Arguing as in LEMMA 2.2.0.3 we have that, for any = € €, all ¥ € X, 5[] satisfy

/0 [ﬁﬁ(tw + % dg(v(t))} dt < K, (2.3.1.3)

where /K is the constant given in (2.2.0.11).

The first step of the proof consists in showing that the solutions of the penalized problem remain in a
neighborhood of €.

LEMMA 2.3.1.2. Let pg be such that (1.1.0.2) holds. For any p € (0, po|, there exists €(p) > 0 such that
forall € € (0,¢(p)] and all 6 € (0, 1] we have that

Ve e, veXsr] = sup do(y(t)) < p. (2.3.14)
te[0,7)

Proof. We argue by contradiction. Assume that, for some p > 0, there exist sequences {¢x }, {9k}, {tx}s
{zx} and {~x} such that

er 40,0, >0, t, €[0,T)], 21 €Q, i € X,, 5.[xx] and do (i (tr)) > p, forall k > 1.

By REMARK 2.3.1.1, one has that for all £k > 1

/OT [im:(t”? + é dQ(yk(t))] dt < K,

where K is the constant given in (2.2.0.11). The above inequality implies that ~y, is 1/2—H®older continu-
ous with Holder constant (4p K )1/ 2. Then, by the Lipschitz continuity of d and the regularity of -, we
have that

do((te)) — da(1(s)) < (4pK) ' Plte — s, s € (0,7,
Since dq(vx(tx)) > p, one has that
do(y(s)) > p = (4pd) [ty — 5|2,

Hence, do(vx(s)) > p/2forall s € J := [ty [0,7] and all £ > 1. So,

02
- IGuK’tk + lﬁpK]

3

p
K>— do(v(t))dt > — [ dal
/ a(ve(t / a(vk(t ek32uK
But the above inequality contradicts the fact that € | 0. So, (2.3.1.4) holds true. O
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In the next lemma, we show the necessary conditions for the minimizers of the penalized problem.
LEMMA 2.3.1.3. Let p € (0, po] and let € € (0,€(p)], where €(p) is given by LEMMA 2.3.1.2. Fix
§ € (0,1], let zp € €, and let ¥ € X, 5[x¢]. Then,

(i) 7 is of class C11([0, T]; R™);

(ii) there exists an arc p € Lip(0,7;R"), a measurable map A : [0,7] — [0, 1], and a constant
S € [0, 1] such that

(t) = —D,H(t,v(t),p(t)), forall t € [0, 7],
(t) = D H(t,7(t),p(t)) — 22 Dbo(+(t)), forae.te [0,T], (2.3.1.5)
p(T) = Dg(y(T)) + § Dba(v(T)),

,3/
p

where
{0} i) e,
At) € {1} i 0 < do((t)) < p, (2.3.1.6)
0,1] if 4(t) € 99,
and
{0y ify(T) e,
Bed{1} if0<do(y(T)) <p, (2.3.1.7)
[0,1] if v(T') € 09.
Moreover,

(iii) the function |
r(t) = H(t,7(t),p(t)) — = da(7(t), Vt€[0,T]

belongs to AC'(0, T; R) and satisfies

[ < (4 a0,

where K is the constant given in (2.2.0.11) and yu, x are the constants in (2.2.0.5) and (2.2.0.10),

respectively;

@iv) the following estimate holds

Cy

Ip(t)|? < 4p Edg(v(t)) + 5—2} , Vtelo,T], (2.3.1.8)

where C'y = 8y + 84| Dgl|2, + 2C (1, M) + 1(T' + 4pK).
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Proof. In order to use the Maximum Principle in the version of [6], Theorem 8.7.1], we rewrite (2.3.1.1)

as a Mayer problem in a higher dimensional state space. Define X (t) € R™ x R as

(@)

where z(t) = fot [f(s,7(s),%(s)) + £ da(v(s))] ds. Then the state equation becomes

where

Fe(t, X, u) = <£ (tux u))

and L(t,x,u) = f(t,z,u) + 1 do(z) for X = (x,2) and (t,z, z,u) € [0,T] x R" x R x R". Thus,
(2.3.1.1) can be written as
min {@(X“(T)) ‘u€ Ll}, (23.1.9)

where ®(X) = g(z) + § do(z) + z forany X = (x,z) € R" x R. The associated unmaximized

Hamiltonian is given by
H(t, X, P ou) = —(P, F(t, X,u)), Y(t, X, P,u) € [0,T] x R™™ x R*""! x R™.

We observe that, as 7y(+) is minimizer for (2.3.1.1), X is minimizer for (2.3.1.9). Hence, the hypotheses
of [61, Theorem 8.7.1] are satisfied. It follows that there exist P(-) = (p(-),b(:)) € AC(0,T;R"*),
r(-) € AC(0,T;R), and Ay > 0 such that

@ (P, o) # (0,0),
(i) (7(t), P(t)) € co Oy xHc(t, X(t), P(t),%(t)),aet € [0,T],
(i) P(T) € \0®(X*(T)),
(iv) H(t, X(t), P(t),%(t)) = maxyern He(t, X(t), P(t),u), ae. t €[0,7T],

(V) He(t, X(t), P(t),%(t)) =r(t),ae t €[0,T],
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where O, xH. and 0P denote the limiting subdifferential of H, and ¢ with respect to (¢, X) and X

respectively, while co stands for the closed convex hull. Using the definition of 4. we have that

(p, b, o) # (0,0,0), (2.3.1.10)
(7(t),p(t)) € ( ) €0 O Le(t, (1), (1)), (2.3.1.11)
b(t) = (2.3.1.12)

p(T) € Ao O(g + ; do)(v(T)), (2.3.1.13)
b(T') = Ao, (2.3.1.14)
r(t) = He(t,y(t), p(t)), (2.3.1.15)

where 0, , L. and 0(g + % dgq,) stands for the limiting subdifferential of L. (-, -, u) and g(-) + %dg( -). We
claim that \y > 0. Indeed, suppose that \y = 0. Then b = 0 by (2.3.1.12) and (2.3.1.14). Moreover,
p(T) = 0 by (2.3.1.13). It follows from (2.3.1.11) that p = 0, which is in contradiction with (2.3.1.10).
So, A\g > 0 and we may rescale p and b so that b(t) = A\g = 1 forany ¢ € [0, T.

Note that the Weierstrass Condition (iv) becomes

=) 50} = S0 50) = s { = (p(0),w) = F(t7(1),w) . (23.1.16)
Therefore
(t) = —D,H(t,~(t),p(t)), a.e. t € [0,T]. (2.3.1.17)

By LEMMA 1.3.2.1, by the definition of p, and by (2.2.0.5) we have that
[—r(1 + |ul?), k(1 + [u]®)] x D f(t, 2, u) if z € Q,
Orale(t,x,u) C { [—r(1+ [u?),s(1 + [u[?)] x (Dyf(t,z,u) + 1 Dbo(z)) if 0 < bo(z) < p,
[—r(1+ ul?), k(1 + |u]?)] x (Do f(t, 2, u) + £[0,1] Dbg(z)) if z € Q.

Thus (2.3.1.11) implies that there exists A(¢) € [0, 1] as in (2.3.1.6) such that

17()] < k(L+ [5()]%), Vte0,T], (2.3.1.18)
p(t) = =D, f(t,y(t),¥(t)) — @ Dbq(~(t)), ae.te[0,T]. (2.3.1.19)
Hence, by (2.3.1.18), and by REMARK 2.3.1.1 we conclude that
/OT [7+(t)| dt < R/OT(l + A7) dt < k(T + 4ukK). (2.3.1.20)
Moreover, by LEMMA 1.3.2.1, and by assumption on g, one has that
Dg(z) if € Q,
3(9 + % dQ) (z) C 4 Dg(x) + 3 Dbo(x) if 0 < bo(z) < p,

Dg(z) + 3[0,1] Dbo(z) if = € 9.
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So, by (2.3.1.13), there exists 3 € [0, 1] as in (2.3.1.7) such that

p(T) = Dg(x) + g Db (). (2.3.1.21)

Finally, by well-known properties of the Legendre transform one has that
D,H(t,x,p) = =D, f(t,z,—D,H(t,x,p)).

So, recalling (2.3.1.17), (2.3.1.19) can be rewritten as

5(6) = Do (150, 50) ~ 2 Dbafr(1)), aet € 0.7]

We have to prove estimate (2.3.1.8). Recalling (2.3.1.2) and (2.2.0.21), we have that

H(49(0):p(0)) = H(EA0).5(0) = ¢ da(a(0) = TIp(OF = Cu M) = 7 da(a(0),

So, using (2.3.1.20) one has that
T
[H(TA(T),p(T) = Hlt A1), p(0)] = 11(T) = (0] < [ 175 ds < (T + 4p).
t
Moreover, (2.3.1.21) implies that |p(T')| < 5 + || Dg||. Therefore, using again (2.2.0.21), we obtain
1 1
@!P(WQ = O, M') = — do(v(t)) < He(t,7(t),p(t)) < H(T, (1), p(T) + K(T + 4uK)
!/ 1 /
< 4plp(T)P? + Cp, M') + k(T + 4pK) < 8p [ﬁ + HDgI&} + C(p, M) + 5(T + 4pK).
Hence, o
1
PO < 4 [ dalr(®) + 53]

where C = 8 + 8u||Dgl A, + 2C(u, M') + (T + 4pK). This completes the proof of (2.3.1.8).

Finally, by the regularity of H, we have that p € Lip(0, T; R™). So, v € C*(]0, T]; R™). Observing that
the right-hand side of the equality %(¢) = D, H (t,v(t), p(t)) is continuous we conclude that this equality
holds for all ¢ in [0, 7. O

LEMMA 2.3.14. Let p € (0, po] and let € € (0,€(p)], where €(p) is given by LEMMA 2.3.1.2. Fix
§ € (0,1],letz € Q, and lety € X, 5[z]. If v(£) ¢ O for some 7 € [0, T, then there exists 7 > 0 such
thaty € C? ((t —7,t+7) N[0, T); R™).

Proof. Lety € X, 5[z] and let 7 € [0, 7] be such that y(7) € QU (R™\ Q). If y(f) € R™ \ Q, then there
exists 7 > 0 such that y(t) € R*\ Qforallt € [ := (ft — 7,t + 7) N [0, T]. By LEMMA 2.3.1.3, we
have that there exists p € Lip(0, T'; R™) such that

’Y(t) = _DPH(t7 ’Y(t)ap(t)%
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§(E) = Do (6, 5(2), (1)) — - Db (1),

fort € I. Since p(t) is Lipschitz continuous for ¢t € I, and ¥(t) = —D,H (t,7v(t), p(t)), then y belongs
to C'! (I ; R”). Moreover, by the regularity of H, b, p, and ~y one has that p(t) is continuous for ¢t € 1.
Then p € C' (I;R™). Hence, ¥ € C* (I;R"). So, v € C?(I;R™). Finally, if y(f) € €2, the conclusion

follows by a similar argument. O

In the next two lemmas, we show that, for e > 0 and § € (0, 1] small enough, any solution 7 of problem
(2.3.1.1) belongs to Q2 for all ¢ € [0, T']. For this we first establish that, if § € (0, 1] is small enough and
7(T) ¢ €, then the function t — bg(y(t)) has nonpositive slope at t = 7. Then we prove that the

entire trajectory -y remains in § provided € is small enough. Hereafter, we set
€0 = €(po), where py is such that (1.1.0.2) holds and €(-) is given by LEMMA 2.3.1.2.

LEMMA 2.3.1.5. Let

5= -1 a1 (2.3.1.22)
= ML

where

N = sup |D,H(T,z,Dg(x))|.

Fix any 6; € (0,6] and let z € Q. Let ¢ elej,n €o). If v € X, o[2] is such that y(T') & Q, then
(3(T'), Dba(+(T))) < 0.
Proof. As(T) ¢ ), by LEMMA 2.3.1.3 we have that p(T") = Dg(v(T)) + + Dbo(v(T)). Hence,
(DyH (T,7(T), p(T)), Dba(y(T))) = (D H (T,(T), Dg(3(T))), Dba(+(T)))
+{(D,H(T,A(T), Dg(r(T)) + 5 Dba(r(T))) — DyH (T,A(T), Dg(x(T))), Dbol(T)) ).
Recalling that D2 H (t,z, p) > ﬁ one has that

(D, H(T,7(T), Dg((T)) + % Dba(y(T))) — DpH (T, 7(T), Dg(+(T))), % Dbo(1(T)) )
11 , 1
> 215 | Dba(v(T))|" = 0%
So,
(D,H(T,5(T), p(T)), Dbo((T))) > ﬁ — Dy H(T,~(T), Dg(+(T)))]-

Therefore, we obtain
((T), Dba(4(1))) = —( DpH (T, 5(T), p(T)), Dba(1(T)) )
1
< =5 + [DH(T,~(T), Dg(y(T)))I.
201
Thus, choosing d as in (2.3.1.22) gives the result. O
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LEMMA 2.3.1.6. Fix § as in (2.3.1.22). Then there exists €; € (0, €y}, such that for any € € (0, ¢;]
Ve eQ, ye X sz] = ~()€Q Vtelo,T].
Proof. We argue by contradiction. Assume that there exist sequences {¢x.}, {tx}, {zx}, {7%} such that
e 40, th €10, T, z € Q, W € X,, s[vx] and 1 (t) ¢ Q, forall k > 1. (2.3.1.23)

Then, for each £ > 1 one could find an interval with end-points 0 < a; < b < T' such that

da(yk(ax)) =0,
do((t)) >0 t € (ax, by),
do(k(br)) = 0 orelse by =T.

Let t; € (ay, by] be such that
do((tr)) = max do((t)).

t€ag,bk)
We note that, by LEMMA 2.3.1.4, 7, is of class C? in a neighborhood of .
Step 1
We claim that

d2

—d t < 0. 2.3.1.24

daw(®)]_, < 23120
Indeed, (2.3.1.24) is trivial if ¢, € (ag,by). Suppose ¢, = by. Since tj is a maximum point of the map

t — do(ve(t)) and 4 (fx) & ©Q, we have that do (74 (fx)) # 0. So, b, = T = f;, and we get

ot >0
Moreover, LEMMA 2.3.1.5 yields
Sda(w(t)] _ <0
So,
Cda(wlt)] =0
di Q\Vk 7, )
and we have that (2.3.1.24) holds true at £, = 7.
Step 2
Now, we prove that
L < Cu, M' k) |1+ ZJL,LLﬁ + 4_,u do(vi(te)) |, Vk=>1, (2.3.1.25)
[LEx 02 ¢

where Cy = 8y + 8u||Dg||%, + 2C (1, M') + k(T + 4uK') and the constant C'(j1, M, x) depends only

on ji, M’ and k. Indeed, since 7 is of class C*? in a neighborhood of 7, one has that

H(tk) = = Dy H (E, v (t), p(E)) — (DpoH (E, v (8, p(E)), 4 (E)) (2.3.1.26)
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— (D2, H (tie, (i), p(ti)), p(Tk)) -

Developing the second order derivative of dg, o -, by (2.3.1.26) and the expression of the derivatives of ~y
and p in LEMMA 2.3.1.3 one has that

0 > (D*a(y(t))¥(th), 3(t)) + (Dda(v(Th)), 5(T))
= <D2d9(7(fk))DpH(tk,7(%k) p(tk)), D H(tk, (tr). p(tr)))
— (Ddo(y(x)), Dy H (T, (&), p(r)))
+(Dda(y(tk)), Dy H (T, v (), p(T)) Dp H (r, v (), p(Er)))
— (Ddo(y(tr)), DypH (T, (), p(T4)) Do H (B, v(E), p(E)))

2 (Ddoly(i), D;pmzk, Y(E). p(t) Dda (1 (7))

We now use the growth properties of H in (2.2.0.15), and (2.2.0.17)-(2.2.0.20), the lower bound for szH
in (2.2.0.14), and the regularity of the boundary of €2 to obtain:

é < O M)+ [pE)]) + KC(pr, M) (L + [p(E]) < Cla, MY, R)(L + [p(E) ),

where the constant C'(p, M’ k) depends only on i, M’ and k. By our estimate for p in (2.3.1.8) we get:

1 4
— < C(p, M, K) [1+4 G “dQ( N, vE>1,

[LER 52
where C1 = 8y + 84| Dyl |2, + 20 (1, M) + &(T + 4pK).

Conclusion

Let p = min {po, m} Owing to LEMMA 2.3.1.2, for all € € (0, €(p)] we have that

sup do(y(t)) < p, Vv e Xeslz].
te[0,7]

Hence, using (2.3.1.25), we deduce that

Ch
< .
er = 4C (p, M’ K) {1 +4p (52}

Since the above inequality fails for & large enough, we conclude that (2.3.1.23) cannot hold true. So, v(t)
belongs to {2 for all ¢ € [0, 7. O

An obvious consequence of LEMMA 2.3.1.6 is the following:

COROLLARY 2.3.1.7. Fix ¢ as in (2.3.1.22) and take ¢ = ¢, where ¢; is defined as in LEMMA 2.3.1.6.
Then an arc 7(+) is a solution of problem (2.3.1.1) if and only if it is also a solution of (2.2.0.1).

We are now ready to complete the proof of THEOREM 2.3.0.1.
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Proof of THEOREM 2.3.0.1. Let x € Q and v* € X[x]. By COROLLARY 2.3.1.7 we have that v* is a
solution of problem (2.3.1.1) with ¢ as in (2.3.1.22) and € = €; as in LEMMA 2.3.1.6. Let p(-) be the
associated adjoint map such that (v*(-), p(-)) satisfies (2.3.1.5). Moreover, let A(-) and /3 be defined as in
LEMMA 2.3.1.3. Define v = %. Then we have 0 < v < % and, by (2.3.1.5),

p(T) = Dg(v*(T)) + v Dba(y*(T)). (2.3.1.27)
By LEMMA 2.3.1.3 v* € C11(]0,T]; Q) and
Y*(t) = —=D,H(t,7*(t),p(t)), Vtel0,T]. (2.3.1.28)
Moreover, p(-) € Lip(0,7;R"), and by (2.3.1.8) one has that
VCy
)

p(t)] <2 , Viel0,T],

where Cy = 8y + 8u|| Dyl |2, + 2C (p, M') + k(T + 4 K). Hence, p is bounded. By (2.3.1.28), and by
(2.2.0.19) one has that

g * ! / C *
15*llo = sup [DyH (" (), p(®))] < O, M) (_sup [p(t)|+1) < O, M) (25741) ) =L,
te€[0,T] t€[0,T]

where L* = L*(u, M', M, K, T, || Dg||so, ||g||00)- Thus, (2.3.0.3) holds.

Finally, we want to find an explicit expression for A(t). For this, we set
D={te0,T]:7(t) € 99} and D,, = {t € [0,7] : [ba(+*(1))| < po }.

where py is as in assumption (1.1.0.2). Note that 1)(t) := b o v* is of class C™! on the open set D,,,
with

$(t) = (Dba(y(1),5°()) = (Dba(v" (1)), =Dy H(t, 7" (£), (1)) )

Since p € Lip(0,7; R™), « is absolutely continuous on D, with

B(t) = =(D%a(v" ()77 (1), DyH (1,7°(8),p(1)) ) = (Dba(y" (1)), DRH(,7*(1), p(1)) )
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Let Ny = {t € DN (0,T)| 9(t) # 0}. Lett € N, then there exists > 0 such that v*(s) ¢ 9Q
forany s € ((t —o,t + o) \ {t}) N (0,T). Therefore, N+ is composed of isolated points and so it is
a discrete set. Hence, ¢(t) = 0 a.e. t € D N (0,T). So, ¥(t) = 0 ace. in D, because 1) is absolutely
continuous. Moreover, since D> H(t,z,p) > 0 and | Dbo(7*(t))| = 1, we have that

0t) = (Dba(y" (1)), Dy, H(6,4°(0) p(0)) Dbaln (1)) ) > 0. ae. t € Dy,
So, fora.e. t € D, A(t) is given by

A®) :Wlt) [~ (Dol (0) D (1,7, p(1)), D (17" (1), p(1)) )

<DbQ (t)), D2 H(t, 7*(t),p(t))>
— (Dbo(y(1)), DEH (1,7 (1), p(1) D H (1,7 (), p(1)) )
<DbQ (£)), D2, H (£,7*(£), p(t)) Do H (t,4*(£), p(t)) >] .

Since A\(t) = 0forallt € [0,7]\ D by (2.3.1.6), taking A(t) = ( ) we obtain the conclusion.

2.3.2 PROOF OF THEOREM 2.3.0.1 FOR GENERAL U

We now want to remove the extra assumption /' = R"™. For this purpose, it suffices to show that the data
f and g—a priori defined just on U—can be extended to R™ preserving the conditions in (f0)-(f2) and

(g1). So, we proceed to construct such an extension by taking a cut-off function £ € C*°(RR) such that

&(x)=0 if © € (—o0,3],
0<&(x) <1 if we(s,3), (2.3.2.1)
E=1 if x€[2,+00).

LEMMA 2.3.2.1. Let Q C R" be a bounded open set with C? boundary. Let U be a open subset of R"
such that Q C U and
0 < dist(QR*"\U) =

Suppose that f : [0,7] x U x R® — Rand g : U — R satisfy (f0)-(f2) and (gl), respectively. Set

o = 0o A po. Then, the function f admits the extension

flt,z,v)=¢ (b“f>) @ + (1 —¢ (bﬂf))) ft,z,v), Y (tz0v)€0,T] xR x R",

that verifies the conditions (f0)-(f2) with U = R". Moreover, the function g admits the extension

i) = (1-¢ (") ) glo). v,

that satisfies the condition (gl) with U = R".
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Proof. By construction we note that fe C([0,T] x R™ x R™). Moreover, for all t € [0, T the function

(x,v) — f(t,x,v) is differentiable and the map (x,v) — D, f(t, z,v) is continuously differentiable
by construction. Furthermore, Dxf, vaare continuous on [0, 7] x R™ x R" and fsatisﬁes (2.2.0.2).

D, f(t,z,v) =¢ (bQT("”)) v+ (1 —¢ (bgaﬂ)) D, f(t, z,v).

In order to prove (2.2.0.3) for ﬁ we observe that

Dof(t,z,v) = ¢ (bﬁs_@) v+ (1 s (b“("”)» Dy f(t,z,v),

and

D2 f(t,z,v) =¢ (b"T(‘”)) I+ (1 —¢ (b“(x)» D2, f(t,z,v).

g

Hence, by the definition of £ and (2.2.0.3) we obtain that

1 ~
(1A—>I§[&j@ﬂﬂﬂ§(quﬂ, Y (t,7,v) € [0,T] x R* x R™.
1

Since 4+ > 1, we have that fveriﬁes the estimate in (2.2.0.3).

Moreover, since

Do(Dyf(t,z,v) = ¢ (b9($)> v Phal®) | (1 —¢ (b"f))) D}, f(t,x,v)

. (bg?x)) va@?:’v) o Dbalz)

- £
o g

and by (2.2.0.4) we obtain that

D2, f(t,z,v)|| < C(u, M)(1+ |v]) V(t,z,v)€[0,T] x R" x R".

For all (z,v) € R" x R™ the function ¢t — f(¢,2,v) and the map t — D, f(t, z,v) are Lipschitz

continuous by construction. Moreover, by (2.2.0.5) and the definition of £ one has that
~ ~ ba(x
2,0 - Fls,o0)| = | (1€ (")) (2,00 = SGs,2.00)| < w1+ 0P - o
forallt, s € [0, T], r € R", v € R". Now, we have to prove that (2.2.0.6) holds for f Indeed, using
(2.2.0.6) we deduce that

g

1D, f(t,2,v)) = Dyf(s,2,v))| < '(1 —¢ (

< K(1 A+ [o])]t = s,

)) [Duf(t,2,v) — Duf(s,z,0))]

forallt, s € [0, T], xr € R™, v € R". Therefore, fveriﬁes the assumptions (f0)-(f2).
Finally, by the regularity of bg, &, and g we have that g is of class C}} (R"). This completes the proof.
O
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2.4 REGULARITY FOR CONSTRAINED MINIMIZATION

PROBLEMS

Suppose that f : [0,7] x U x R" — Rand g : U — R satisfy the assumptions (f0)-(f4) and (gl),

respectively. For any (t,2) € [0, T] x €, we set

[ifa] = {y el :q(t) ==}

Given (t,x) € [0,T] x €2, we consider the constrained minimization problem

inf Jb). where 1) ={ [ (5.0 50) ds + 9.

€l [z]

We denote by X;[x] the set of solutions of (2.2.0.1), that is

Xy[x] = {7 € Iy[z] : Ji[y] = inf Jt[’y]}.

It[z]

REMARK 2.4.0.1. Let z € Q and let v € X;[z]. By THEOREM 2.3.0.1 one has that

(i) v is of class CH1([t, TT; Q);
(i1) there exist:
(@) p € Lip(¢, T;R"),
(b) a bounded measurable function A : [t, 7] — [0, 00),

(c) aconstant v € R such that

0<r< max{l,Qu sup DpH(T,yc,Dg(x))’} ,

zelU

which satisfy the adjoint system

p(s) = =Dy f(s,7(s),p(s)) — A(s)Dba(v(s)) forae.s € [t,T],
p(T) = Dg(v(T')) + vDba(v(T))Laa(v(T))

and
—w7(8) = St 7(1), p(t)) = sup {—{p(t), v) = f(t,z,v)}.
veER™
Moreover,  satisfies the following estimate
[19]]o0 < L*

where L* = L*(M, M' M, k,T, HD9H007 ||9||oo)

(2.4.0.1)

(2.4.0.2)

(2.4.0.3)

Following the terminology of control theory, given v € X;[z] any arc p satisfing (2.4.0.2) and (2.4.0.3) is

called a dual arc associated with .
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DEFINITION 2.4.0.2. Define u : [0,7] x © — R as the value function of the minimization problem
(2.2.0.1), i.e.,

= inf / f(s,7(s),%(s)) ds + g(~(T)). (2.4.04)

Y€l [x]
PROPOSITION 2.4.0.3. Let (2 be a bounded open subset of R with C'* boundary. Suppose that f and g
satisfy (f0)-(f2) and (g1), respectively. Then, u is Lipschitz continuous in (0,7 x Q.

Proof. First, we shall prove that u is Lipschitz continuous in space, uniformly in time. Let xo € §2 and
choose 0 < r < 1 such that B,(zg) C Ba,(x¢) C Bar(z9) C . To prove that w is Lipschitz continuous
in B,.(xg), we take = # y in B,(xo) and t € (0,T"). Let -y be an optimal trajectory for u at (¢, ) and let
7 be the trajectory defined by

Y(s) =4(s) + =2 ifset,t+7] ae
7(5) = 4(s) otherwise,

—Ul « T _ + We claim that

_ lz—yl
where 7 = 2+

@ y(t+7) =70 +7);

(b) ¥(s) = ~(s) forany s € [t + 7,T];

© [7(s) =~(s)] < |y — x| forany s € [t,¢ + 7];
(d) 7(s) € Qforany s € [t,T].

Indeed, by the definition of ¥ we have that

e+ 1) =70 =76+ 1) -y = [ (36)+ ZL) ds =0t +1) v,

and this gives (a).

Moreover, by (a), and by the definition of 7 one has that J(s) = 7(s) for any s € [t + 7, T|. Hence, 7
verifies (b).

By the definition of 7, for any s € [t,? + 7] we obtain that

(s = 9(6)| <[y =2+ [ 1o~ 3o do| <[y~ + [ * T ao| <ly-a

and so (c) holds.
Since 7 is an optimal trajectory for u and by 7(s) = (s) for all s € [t + 7, T, we only have to prove
that ¥(s) belongs to ) for all s € [t,t + 7. Let s € [t,t + 7], by THEOREM 2.3.0.1 one has that

—l—r</
t

4 do+r

o)+ —

) 2l < (5) =+ by = ol < | [ o) do
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§/ [W(U)H— |x;y|}da+T§L*(s—t)+ |m_y|(s—t)+r§L*T+|x—y|+r.
¢

-
Since | | |
r—y
- J<
TS oL S
one has that
7(s) — xo| < |x;y| + |z —y|+r < Ar

Therefore, §(s) € By, (z9) C Qforall s € [t,t + 7).

Using the dynamic programming principle, by (a) one has that

t

ult,y) < / £(5.7(5),5(5)) ds + ult + 7, 1(t + 7). (24.0.5)

t
Since + is an optimal trajectory for u at (¢, x), we obtain that
t+T1 .
ultey) < ulteo)+ [ (£ 705150 = Sl2(5) 3] ds,
t

By (2.2.0.8), (2.2.0.9), and the definition of 7, for s € [t, ¢ + 7| we have that

£ (s,7(5),7(5)) = f(5,7(5),7(s))]
< 1f(s.79(),7(5)) = f(5.9(), 4(s)) + 1 £ (5.7(5), () = f(5.7(5), 7(5))]

< [ DS 76),X56) + (1= VA1, F(6) = 4] i
[ 1D, 05(5) 4 (1= A1) 3061 7(6) = 15D
< Ol M) =36 [ (0 G + (1= V()
+ O MR =16 [ (15 B i
By THEOREM 2.3.0.1 one has that
/01(1 + [MY(s) + (1 = A)5(s)]) dX < 14 4L%, (2.4.0.6)
/01(1 + [3(s)|?) dX < 14 (L) (2.4.0.7)
Using (2.4.0.6), (2.4.0.7), and (c), by the definition of 7 one has that

(5. 7(),3(5)) — £(5.7(),3()] < Clu M)(1 + 4z 2 =Y 2.408)

T

+C(p, M)+ (L)) ]z — ],
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forae. s € [t,t + 7.
By (2.4.0.8), and the choice of 7 we deduce that
t+7 T — t+1
) < ulty) + o M +42) [ = st cguan @) [ e -yl
t t

<wu(t,z) + C(p, M) (1 + ALY |z — y| + 7C(p, M) (1 + (L*)*)|z — y|
<u(t,x)+ Cpe|z — y|

where Crv = C(p, M)(1+4L*) + 575 C(u, M)(1 + (L*)?). Thus, u is locally Lipschitz continuous in
space and one has that || Du||o, < ¥, where ¥ is a constant not depending on 2. Owing to the smoothness
of €2, u is globally Lipschitz continuous in space.

Letx € Q. Letty, ty € (0,T") and, without loss of generality, suppose that t5 > ¢;. Let -y be an optimal

trajectory for w at (¢1,x). Then,

|u(ta, z) — u(ty, )| < |u(ta, x) — u(ty, y(t2))| + |u(te, v(t2)) — u(ty, x)|. (2.4.0.9)

The first term on the right-side of (2.4.0.9) can be estimated using the Lipschitz continuity in space of «
and THEOREM 2.3.0.1. Indeed, we get

to
|u(ta, ) — u(ta, y(t2))| < Cpelz — v(tg)]| < CL*/ |9(s)|ds < L*Cp«(ta — t1).  (2.4.0.10)
t1
We only have to estimate the second term on the right-side of (2.4.0.9). By dynamic programming princi-
ple, (2.2.0.10), and the assumptions on F’ we deduce that

t2
t1

|u(t2,7(t2))—u(t1,x)|§‘ th(s,v(s),ﬁ(s))dslg/ f(s,7(5),4(s))[ds  (2.4.0.11)
< / ’ (O, M) + 4pal(s) 2| ds < [, M) + 4pL?| (82 — 1)

Using (2.4.0.10) and (2.4.0.11) in (2.4.0.9), we obtain that v is Lipschitz continuous in time. This com-
pletes the proof. L

In the next result we show that u is locally semiconcave with linear modulus in €).
PROPOSITION 2.4.0.4. Let ) be abounded open subset of R” with C? boundary. Suppose that f satisfies

(f0)-(f2) and (f4). Then w is locally semiconcave with linear modulus in 2.

Proof. For a given R > 0, let us set Qp = {:L‘ € Q: dist(z,00) > R}. Fix (t,z) € (0,7) x Qp and
let y be an optimal trajectory for u at (¢, z). Let h € R™ be such that || < £ and z & h € Q. We want
to prove that u satisfies

u(t,r +h) +u(t,z — h) — 2u(t,z) < clh|?, (2.4.0.12)
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where c denotes the semiconcavity constant of u. Set o, = ¢ + , where L* is given in (2.3.0.3).

R
AL +1)
We define the following trajectories

Yi(s) = (s) £ (1= 25 )b, s € (b0,
VA (t) = x & h.
First we observe that the trajectory 7 (s) belongs to § for all s € [t, 0. Indeed, by THEOREM 2.3.0.1

we have that

s ) s. h s X h

[ (s) = AL ()] §/ \’yfﬁ(r)\dr:/ i) — ‘drg/ ey
t t Ux_t t O';E—t

1] RL* R R R

= (L~ —t)<L*(op —t)+ |h| = ————+ W <=4 ===

(14 o )= S Lo+ = g TS T+ =3

Thus ~" () remains in (2 for all s € [t,0,]. Arguing as above we also have that 7" (s) belongs to ) for
all s € [t, 0,].
Recalling that -y is optimal trajectory for u at (¢, ), and using the dynamical programming principle, one

has that
u(t, o+ )+ ulto — ) = 2u(e,t) < [ P57 (5), 42 (5)) ds + (o, 7 (02)

4 / " Fs.2"(3),4" () ds + (0w 7" (02)) — 2 / " F5.7(8),4()) ds — 2u(02,1(02).

Since 7" (0,) = 7" (0,) = 7(0,), we obtain that

u(t,z +h) +u(t,z — h) — 2u(x,t) <

| P66 + F A 9429 = 2579 35D .
Moreover, by the definition of 7" one has that

W (s) =" (s)P < 4h* Vs € [t,04). (2.4.0.13)

By our assumptions on f, and by (2.4.0.13), for all s € [t, o,,] we deduce that
S5, (), A (5)) + £ (5,72 (), 4%(5)) = 2 (5,7(8), () < [F(5,2(5),42(5)) = F(5,74(5), 5(5)]
£ (), 52 (5)) = S, (5) A(3)] 4+ el (s) = ()P (24.0.14)
< 575 (8), 71(3)) = S50 () 4D | + | (5,77 (5), 52 (5)) = F5,7"(5),(s) | + delnf”.
Moreover, by the convexity of f with respect to the third variable we obtain that

F(s,75(5), 74 (5)) = f(5,74(5),4(5)) < (Dof(s, 74 (), 44 ()), 44 () = 4(s)); (24.0.15)
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F(5,72(), 42 () = f(5,72(5),7(5)) < (Do f(5.92(s),42(s)), 32 (s) = 4(s)),  (2:4.0.16)
forall s € [t,0,]. Using (2.4.0.13), (2.4.0.15) and (2.4.0.16) in (2.4.0.14), and the definition of ’yi we get

F(5,75(5), 44 () + f(5,72(5), 42 (5)) — 2/ (5,79(5), 7(5))

< (Duf(5,72(5),42(5)) = Duf (5,71 (s), 41 (5)), ) +clhl?,

Oy — 1

for all s € [t, 0,]. By our assumptions on f, for all s € [¢, 0,;] one has that

(Duf(5,9"(s),4"(5)) — Duf (5,74 (), 7 (5)), %h_ )

< 4(L*R+_1) [Duf (5,7 (),4"(5)) = Duf (5,7 (), 4 ()] 1]
< D [ (s) =11+ 1) = 3 )

- (1 =)+ 2
<8021+ 4(”;; D jne

Therefore, we deduce that
F(5,75 (), 4% (8) + f(s,72(s), 72 () — 2f (5,7(5),7(5)) < CIh[*, Vs € [tiou]  (24.0.17)
where the constant C' depends only on L* and R. Hence, we conclude that
u(t,z + h) +u(t,z — h) —u(t,z) < Cp g|h|?,

where C1« r depends only on L* and R. Thus, u is locally semiconcave with linear modulus in €2. O

2.5 SENSITIVITY RELATIONS AND SEMICONCAVITY
ESTIMATE

In our setting, the sensitivity relations can be stated as follows.

THEOREM 2.5.0.1. For any £ > 0 there exists a constant ¢, > 0 such that for any (t,2) € [0,T —¢] x Q
and for any v € X;[z], denoting by p € Lip(¢, T, R™) a dual arc associated with -, one has that

3
2

u(t +o,x+h) —u(t,r) < oH(t,x,p(t)) + (p(t), h) +c.(|h| +|o])2 V(t,z) € [0,T — €] x Q,

for all h € R™ small enough such that x + h € Q,andforall o € Rsuchthat0 <t +o0 <T —¢.
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COROLLARY 2.5.0.2. Let  C R" be a bounded open set with C? boundary. Let (t,z) € [0,7) x Q.
Lety € Xi[z] and let p € Lip(¢, T; R™) be a dual arc associated with . Then,

(p(s), H(s,7(s), p(S))) € D u(s,v(s)) Vselt,T]. 25.0.1)

A direct consequence of THEOREM 2.5.0.1 is that u is a semiconcave function.

COROLLARY 2.5.0.3. Let  C R” be a bounded open set with C? boundary. The value function
(2.4.0.4) is locally semiconcave with modulus w(r) = Crz in (0, T) x Q.

Proof. Let ¢ > 0 and let (t,x) € [0,T — ¢] x 0. Lety € A;[x] and let p € Lip(¢t,T;R") be a
dual arc assosiated with . Let h € R"™ be such that x + h, x — h € Q. Let 0 > 0 be such that
0<t—0<t<t+o0<T—¢e. By THEOREM 2.5.0.1, there exists a constant c¢. > 0 such that

%u(t foxh) + %u(t C o x—h) —ult,x) < % [ult.2) + (plt). ) + o H (2, p(1))]

3
2

+ % [u(t, x) — (p(t),h) — o H(t, x,p(t))} +c(|h| +0)2 —u(t, x) (2.5.0.2)

3
2 .

= c:(|h] + o)

Inequality (2.5.0.2) yields (1.3.0.1) for A = % By [24, Theorem 2.1.10] this is enough to conclude that u

is semiconcave, because u is continuous on (0, 7") x €. O

2.5.1 PROOF OF THEOREM 2.5.0.1

It is convenient to divide the proof of THEOREM 2.5.0.1 in several lemmas. First, we show that u is

. . 1., =
semiconcave with modulus w(r) = Crz in ().

LEMMA 2.5.1.1. For any ¢ > 0 there exists a constant ¢, > 0 such that for any (t,z) € [0,T —¢] x Q

and for any v € X;[z], denoting by p € Lip(¢, T; R™) a dual arc associated with +y, one has that
u(t,z + h) — u(t,z) — (p(t), h) < c.|h|2, (2.5.1.1)
for all h € R™ small enough such that = + h € ().

Proof. If (t,z) € [0,T) x €, it is known that (2.5.1.1) holds. Lete > 0 and let (¢, z) € [0, T —&] x OS.
Let v € X,[z] and let p € Lip(¢, T;R") be a dual arc assosiated with v. Let h € R™ be small enough

and such that z + h € Q. Now, we want to prove the following estimate
u(t,z + h) —u(t,z) — (p(t), h) < c.|hl?, (2.5.1.2)

where ¢, > 0 is a uniform constant that depends only on .
Letr > Obesuchthat 0 < t+41r < T"—e. Suppose that ’;l is fixed, we denote by -y, the trajectory defined

42
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by

_l’_

) {'y(s) +(1+5) b selt+rl,
~(s) selt+nrT].

We observe that dg(v,(s)) < po forall s € [t,t + r]. Indeed,

doln(s)) < () = 1) < (142 h].

r

Thus, we have that do (74 (s)) < po forall s € [t, ¢ + r| and for h small enough.
Denote by 7, the projection of y, on €, i.e.,

Tn(s) = m(s) = da(a(s)) Dbalyn(s)) Vs € [t,t +7].
By construction 7, € AC(0,T; R"™) and for s = ¢ one has that 7, () = x + h. Moreover,
An(s) —(s)| < 4]lh|, Vselt,t+r]. (2.5.1.3)
Indeed,
An(s) = (s)| = ‘%(8) — do((s)) Dba(va(s)) —v(s)| < 2|h| + da(7a(s))
< 2[h] + [n(s) = v(s)] < 4[n],

forall s € [t,t + r]. Furthemore, recalling LEMMA 2.1.0.1, we have that
. ) h _ h
51() =3(5) = 2 = (Dba(a(s)).3(5) — 2

— da(n(s)) D)) (3(5) — ).

r

) Dba((s)) Lo (4 (s)) (2.5.1.4)

forae. s € [t,t +7].
Since 7y is an optimal trajectory for u at (¢, =), by the dynamic programming principle, and by the defini-

tion of 7, we have that

=y(t+r)
——

b+ )~ ult,) = (0. 1) < [ (5, (), B3 ds 4 ult 1,5t 7 1)
/ T (58, 4(5) ds — ult £ 14 (t £ 1)) — (p(0), B @5.15)

= [ 1630 = F(5,9(), 35D ds = (p(2). ).

Integrating by parts, (p(t), h) can be rewritten as

=0

t+r d

=G0, 1) = —(pt+ 1) Bl ) )+ [ [0 — 2] ds
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= [0t 306 s [ (030l ~3(5) ds.
Recalling that p satisfies (2.4.0.2) and (2.4.0.3), we deduce that
ey == [ ({26,007, 50(5) = 7)) + A Dol (51 Fnls) —(5)] ds
= [T D523 60, Auls) — 3(0)) s @5.1.6
Therefore, using (2.5.1.6), (2.5.1.5) can be rewritten as
u(t,z +h) —u(t,x) — (p(t),h) <
[ A3 = 161060 A5) = (Daf52(5), 3060, (5) —2(5))] s
[ 6260 30060 = £5,7(5)5(69) — (Dus 5,750 1) 3nls) = 6)] ds
b [ DL, AD) — Def5(), 360 As) — 7)) s @5.1.7)

-/ " As)(Dba(y(5)). An(s) — 7(s) ds.

Using the assumptions (f1), (f3) and (f4) in (2.5.1.7) we have that

t+r t+r 9
uta+ ) —ult.) = o0 <e [ [ =) dste [ Fuls) =3[ ds

tr t+r
+C(R) / An(s) — 3(s)|[Fn(s) — 7(s)| ds — / A(s){Dba((s)),3n(s) — 7(s)) ds,

for some constant ¢ > 0. By (2.5.1.3) we observe that

t+r
/ An(s) — 7 (s)|" ds < 4r[n*. (2.5.1.8)
t

Moreover, recalling (2.5.1.4) one has that

t+r 9 2 t+r ) 2
[ B =6 s < B [T (Dhaoa(s9),36) = £) 1ol ds

+ [ 2(Dbolon(s), 1) (Dbaoa(s)).465) — =) Lo ) s
n /tt+r [ dﬂ(yh(s))D%Q(%(S))(W(S) — ;) )2 + ZdQ(yh(s))<D2bQ(7h(S))(7(5) - ﬁ), E> } ds
t+r h

+2 [ dan(s){Dba(n() (3(5) = ), Dbalon ) )P (5)),5(5) = )L ((5)) .

By LEMMA 2.1.0.1 we obtain that

[ (Proitn(6.466) 2 10 as
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w2 [ (Do), 2 ) Dbalonl),3(5) — £ )10l ds

= [ (Dol 56 = 2) Dbl 3(6) + %10 (5 s
= [ A [daOn D (Do), 3(6) + E 10 (61 s
Recalling that v, (t), v.(t + ) € Q, we observe that

{s € [t,t+r]:ym(s) € ﬁc} = {S € (t,t+r):(s) € ﬁc} = U(Si,ti);

1€EN
where (s;,t;) N (s;,t;) = 0 forall i # j. Hence,
[ 2 o) <Dbg<%<s>>,v<s> V1 (n(s)) ds
> / [ (5] { Db (), () + ) .

r

Integrating by parts, we get

- Z/ do(yn(s <DbQ(7h( )),7(s) + ;ﬂ ds.

Owing to do(7n(si)) = da(ya(t;)) = 0fori € N, do(yn(t+ 7)) = do(y(t + 7)) = 0 and do(7,(t)) =
do(y(t)) = 0, one has that
3™ [daln(){ Dalin(s)),3(5) + 2]

1€EN "

= 0. (2.5.1.9)

Si

Since 2 is fixed then, recalling that v € C'"!([0, T; Q), one has that

(Dol a9+ 2] <.

where the constant C' is not dependent on h. Hence, we deduce that

S [ (o g [(Pratn(e).366) + )] s

< Clhlr,

and so

/tt“ j [dﬁ(%( »] <Dbﬂ(7h(s))77(8) + §>1Qc(%(8)) ds < C|h|r. (2.5.1.10)
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Moreover, we have that

/tJrT
t

h4
C [r|h|2 + % + |h|3} ,

N[ () — 2 as

der(n(5)) Dbl () (y(s) _ ﬁ) ‘2 ds < C/tt+

r

and
[ ssn(omenon(ae - £). as s i+ 5F).

for some constant C' > ( independent on h and 7. Since {D?bg(x), Dbo(z)) = 0 Vo € R™ one has that
t+r h

dalon(5)){ D?aln(5)) (3() = ). Dba(n(5)) ){ Dbalon(5)),3(5) — = Lo (30(s)) ds = 0

t

Hence,
AP . 2 | ‘2 2 2 ’h|4 3 ’h|3
/ 7 (s) = 4(s)| dsgc[ +7lh|® + |h)? + |h|r + . + |h| +T}. (2.5.1.11)
t

Moreover, using Young’s inequality, (2.5.1.11) and (2.5.1.8), we deduce that

[ =Dl @l ds <3 [ Futs) = a6 ds + 3 [ ) -0 as

2 h h3
<5 <u+ ]h|2+|h|2—|—|h’7’+| ’ +|h|3 |7“| )7 (2.5.1.12)

where c is a constant independent on h and r. Moreover, since

/t T A(S)(Dbal(r(5)), An(s) — () ds < A,

and using (2.5.1.11) and (2.5.1.12) we have that

|f? |

|h| h—) (2.5.1.13)
T

u(t,x 4+ h) —u(t,z) — (p(t),h) < ( +rh? + R+ 7|h| + — + |n|* +

Thus, choosing r = \h\% in (2.5.1.13), we conclude that (2.5.1.2) holds. This completes the proof.
]

LEMMA 2.5.1.2. For any ¢ > 0 there exists a constant ¢, > 0 such that for all (¢,z) € [0, —¢] x Q

and for all v € X;[x], denoting by p € Lip(¢, T;R") a dual arc associated with -, one has that
u(t + 0.2+ h) = u(t,x) < (p(t), h) + oH (2, p(t) + co(|h] + [o])2.

for any h € R" small enough such that z + h € €, and for any ¢ > O suchthat 0 < ¢t + 0 < T — e.
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Proof. Lete > Oandlet (t,7) € [0,7 —¢] x Q. Leto > Obesuchthat 0 <t <t+ o0 < T — ¢ and let
h € R™ be small enough and such that z + h € Q. Let v € X;[x] and let p € Lip(¢, T; R") be a dual arc

associated with . By dynamical programming principle one has that

ult+o,x+h)—ult,z)=ult+o,x+h)—ult+oyt+o)) — /tHU f(s,7(5),5(s)) ds.

By LEMMA 2.5.1.1 there exists a constant c. > 0 such that

|

u(t+o,z+h)—u(t+o,v(t+0)) < (p(t+o),z+h—(t+0))+c(|[z+h—~(+0)|)

/tt+0 A(s) ds

Since v € C1L([0,T); Q2), p € Lip(t, T; R™), we deduce that

. (25.1.14)

By REMARK 2.4.0.1, we have that

|+ h—7(t+0) <|h+|z—7({t+0)|=|hl+

< |h|+ L*|o|.  (25.1.15)

(pt+ o),z +h—~t+0))=(p(t+0),h)+ (plt+0),7(t) — ¥t +0))

_ (p(t+ o) — p(t), h) + (p(t), h) + / (p(t + 0),4(s)) ds (25.1.16)

Smewm+wmm—[W@@m@wwmmmw?

Using (2.5.1.15) and (2.5.1.16) in (2.5.1.14) one has that

t+o

u(t + 0,2+ h) —ult,z) < (p(t), h) —/ [£(s,7(s),4(s)) + (p(s),7(s))] ds + Lip(p)|o]| 1]

t
+ Lip(p)|of? + c.(|h| + |o])2. (2.5.1.17)

By the definition of H we have that
t+o t+o
[ A + )N ds = [ HisAs) i) ds
¢ t
Since v € CH1([0, T); Q), we get

H(s,7(s),%(s)) = H(t,v(#),5(t) + |s — t| + |v(s) = v(#)| + 7(s) = (2]
<lo| + L*|o| + Clo|, (2.5.1.18)

where C' is a positive constant independent on h and o.

Using SUBSECTION 2.5.1 in (2.5.1.17) we conclude that
w(t + o,z + h) —ult,z) < (p(t), h) + cH(t, z, p(t)) + c.(|h| + |o])2.

This completes the proof. O
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LEMMA 2.5.1.3. For any £ > 0 there exists a constant ¢, > 0 such that for any (¢, z) € [0,T — €] x Q
and for any v € X;[z], denoting by p € Lip(¢, T;R™) a dual arc associated with +y, one has that

u(t — o,z +h) — u(t,z) < (p(t),h) — cH(t, z, p(t)) + c(|h] + |o])?, (2.5.1.19)
for any h € R" small enough such that x + h € €0, and forany ¢ > Osuchthat 0 <t — o < T —¢.

Proof. Lete > Oandlet (t,7) € [0,T —¢] x Q. Letoc > 0besuchthat 0 <t —oc < T —0 < T —¢
and let & € R™ be small enough and such that x + h € Q. Let v € X;[z] and let p € Lip(¢, T; R") be a

dual arc associated with v. We define the trajectory v, as

vo+s)+h set—oT—o0],

Vo(s) =
Y(T)+h se[T—o,T].

We denote by 7, the projecton of 7, on €, i.e.,
Vo (s) = 75(s) — da(15(5)) Dba(1s(s)), Vs €[t —o,T]. (2.5.1.20)
Forall s € [t — 0, T] we have that
e (s) = (s)] < C(o +|hl), (2.5.1.21)
where C' > 0 independent on ¢ and h. Indeed, by the definition of 7, one has that
Ao () = (8)] = |7(s + &) + h — da(75(s)) Dba(75(s)) — v(s)| < /:M [7(s)] ds
+ 10 (s) =(s) + |h] < Clo + [h]),

foralls € [t —o,T).
Furthermore, recalling LEMMA 2.1.0.1, we have that

Y,(5) =4o(s) — (Dba(75(5)), 40 (5) ) Dba (Ve (5)) 1ae (15(s)) (2.5.1.22)
— do(75(5)) D?ba (7 () Yo (5),

forall s € [t — 0, T). By the dynamical programming principle we obtain that

u(t —o,x+h) —u(t,z) < /tj £(5,795(5),7,(s)) ds + [u(t, 7, (t)) — u(t, )] (2.5.1.23)

Now, we estimate the first term on the right-side of (2.5.1.23) in the following way
| 1639306 ds = [ 17650505 = £(5,50(9).3uls))] ds
[ 1R = Fs s+ ) Anl)] ds + [ f(s1(s+ ) Aa() s
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Using the change of variables r = s 4 0, and by REMARK 2.4.0.1 we get

t t+o
f(s,7(s+0),7,(s))ds = fr—o,y(r), () dr < of(t,z,4(t)) +Co* (2.5.1.24)

t—o t

Moreover, by the regularity of f one has that

| 163093000 = £(5,50(9) 3u6D] ds < [ (Df (5,500 30515, (5) = Als)) s

t—o
t

+C | [Fe(s) = Ao (s) ds.

t—o

Recalling (2.5.1.22) we deduce that
t .
/ (Do f (5.70(5), (). 5 (5) — Fo(5)) ds (2.5.125)
t—o

- ‘[<va (5,30 (5). 3o(5)), Dba(6(5))) (Dba( (5)). 4o () Lo (1 (5)) s

o
t

— | da(Y6(8)){Duf(5,75(5), 45(5)), D*ba(75(5))3o(s)) ds.

t—o
Using the regularity of by and LEMMA 2.1.0.1, the first term on the right-side of (2.5.1.25) can be

estimated in the following way

/t (Do f(8,9(s), 70 (8)), Dba(7s(5))) (Dba(vs(s)), Vo (8)) 1a: (15 (s)) ds

t—o

<

/tt (Do f(5,76(5); Yo (5)), Dba(74(5))) (Dba(7(s)) — Dba(y(s + 7)), Yo(s)) Lac (74 (s)) ds

+ /t;<va(5ﬁo(5)7%(5))7 Dba (7, () {(Dba(v(s 4+ 7)), 5 (5))1ac(75(8)) ds

< /t Do f(8,795(8), Yo ()| Dba (v ()| 2] 7(s + o) |1ae (70 (s)) ds

_|_

[ D1 05.3)3016)). Db 1) a1 (5) 5 a5+ o)) ds

By our assumptions on f, and by regularity of b one has that
t
/t [ D f(8,76(5), 7o ()| Dba (Y6 (s))[[2][7(s 4+ 0)[Lac(70(s)) ds < Clh]|o].

Integrating by parts, and since < {dg (v(s+ 0))] = 0 we obtain that

[ DL (5300930 5). Dbo(ras)) v (r(5)) - (b5 + o)) s

t

< | (D2 (5170(5). 305D, Dbl e (1a(5)dnr 5 + )] (25126

t—o
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+

[ s+ )2 (D (5:72(5).30(5), Dhoro(s)) e o3| = 0

Hence, we deduce that

[ (DF (6730051305, Do) Db () 351 o (1)) ds

< Clhlo. (2.5.1.27)

Moreover, the second term of (2.5.1.25) can be estimated as

t
/ do(75(8))(Duf (5,75(5), o (5)), D*ba(10(s)) 70 (s)) ds| < Clh|o. (2.5.1.28)
t—o
Using (2.5.1.27) and (2.5.1.28) in (2.5.1.25) one has that
t .
/ (Dof (5,75 (5), 4 (5)), 3, (5) — 4 ()} ds < C|hlo. (2.5.1.29)
t—o

Furthermore, by (2.5.1.22) and by the regularity of b, we obtain that
t X 9
| Fiolo) = nlof ds =
t—o

/ |
t—o

= [ D) 306N o)) s+ [ (DDl 530 (5) s

— (Dba(75(5)), 7o (5)) Dba(Ys(s)) 1a:(7(s)) — dn(%(S))Dzba(%(S))%(S)‘2 ds
+2 /tlt do(75(3))(Dba (76 (5)), 7o (8))(Dba(5(5)), D*ba(75(3)) 3o (5)) Las (74 (5)) ds
< C(Jhl +0)* + /t_ (Dba(Y6(5)), 9a(5)) "L (1(s)) ds.

Arguing as in (2.5.1.26) we deduce that

/tt(,wbﬂ(%(s)), 3o (5))* L (15 (5)) ds = 0,

and so .
/ 7, (s) = 4o (5)|" ds < C(|h| + o). (2.5.1.30)
t—o

By (2.5.1.29) and (2.5.1.30) we conclude that

/t; [£(5,90(5),9,(8) = (5,96 (5),40(s))] ds < C(|h] + 0)*. (2.5.1.31)

Moreover, by assumption (f4) we have that

[ 660D ~ 1605+ ) 3nlN] ds <€ [ Fiols) = 2(s + o) ds
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+ /t:(Dxf(S, V(s 4+ 0),9(9)), Vo (s) —y(s+ o)) ds.

By the definition of 7, we obtain that

[ (Dars:2(5 ) 30050, h = o) Do) Do) ds| < Cll

and by (2.5.1.21) one has that

/t 55 (s) — v(s 4+ 0)|?ds < C(|h| + 0)>.

Hence,

/; [f(5,95(8), ¥ (5)) = f(5,7(s + 0),750(5))] ds < C(|h] + 0)*. (2.5.1.32)

Using (2.5.1.24), (2.5.1.31) and (2.5.1.32) we deduce that

/t F(5,35(5), 3. (s)) ds < o (£, 2, 5(8)) + C(1h] + o). (2.5.133)

We only have to estimate the second term in (2.5.1.23). By LEMMA 2.5.1.1 there exists a constant c. > 0
such that

u(t,35(1)) = ut,@) < (p(1), 3, (1) — x) + .7 () — ]2 (2.5.1.34)

Moreover, by the definition of 7, we have that

t
Vo(t) —x = / 7, (s) ds + h. (2.5.1.35)
t

—0

Using (2.5.1.22), (2.5.1.35) and (2.5.1.21) in (2.5.1.34) we obtain that

u(t, 3o(8) = ult, ) < (p(t), 35 (s) = x) + (o + [h])? = (p(t), h)

+/ WWM&MW%—A_M&Dmm@mwmm@M%@ﬂM%®Ms

N t; do(6($))(p(), D*ba (Y6 (5)) 4o (5)) ds + c-(|o + |1]) 7.

Using the change of variables = s 4 0, and by REMARK 2.4.0.1 one has that

[ 0036+ s = [ o050} dr < olplo) 5(6) +o”

Arguing as in (2.5.1.26) we have that

[ 01, Db (DHDBar6 (), 305 0 2 5)) ds| = 0.
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Moreover,
[ dalanl)@(0), Doba(10(5)) o) ds] < Clohl,

Hence, we deduce that
u(t, Ao (£)) = ult, ) < (p(t), h) + o (p(£), (1)) + c=(|h] + )7 (2.5.1.36)
By the definition of H, using (2.5.1.33) and (2.5.1.36) in (2.5.1.23) we conclude that
u(t — o,z +h) —u(t,x) < (p(t),h) —cH(t,x,p(t)) + c(|h| + 0‘)%. (2.5.1.37)

This completes the proof.

We observe that THEOREM 2.5.0.1 is a direct consequence of LEMMA 2.5.1.2 and LEMMA 2.5.1.3.
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In this Chapter, following the Lagrangian formulation of the unconstrained MFG problem proposed in
[8], we define a notion of constrained MFG equilibria (SECTION 3.1) and mild solutions (SECTION 3.2),

for which we give existence and uniqueness results.

3.1 CONSTRAINED MFG EQUILIBRIA

3.1.1 ASSUMPTIONS

Let 2 be a bounded open subset of R” with C? boundary. Let P(£2) be the set of all Borel probability
measures on §) endowed with the Kantorovich-Rubinstein distance d; defined in (1.2.0.2). We suppose
throughout this Chapter that F, G : ) x P(ﬁ) — Rand L : Q xR™ — R are given continuous functions.

Moreover, we assume the following conditions.
(L1) L € CY(Q x R™) and for all (z,v) € Q x R™,

|D. Lz, v)| < C(1+ |v]?), (3.1.1.1)
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|DyL(z,v)| < C(1+ |v]), (3.1.1.2)
for some constant C' > 0.
(L2) There exist constants cq, ¢y > 0 such that

L(z,v) > ci|v]* — co,  V(z,v) € Q x R™. (3.1.1.3)

(L3) v +— L(z,v) is convex for all x € Q.

REMARK 3.1.1.1. (i) As Q x P(Q) is a compact set, the continuity of F' and G implies that they are
bounded and uniformly continuous on Q x P(Q).

(43) In (L1), L is assumed to be of class C'*(Q x R™) just for simplicity. All the results of this chapter hold
true if L is locally Lipschitz—hence, a.e. differentiable—in () x R” and satisfies the growth conditions
(3.1.1.1) and (3.1.1.2) a.e. on Q x R", see REMARK 3.1.2.7 below.

3.1.2 EXISTENCE OF CONSTRAINED MFG EQUILIBRIA

For any ¢ € [0, T, we denote by ¢; : I' — ) the evaluation map defined by

el(y) =7(t), Vvyerl. (3.1.2.1)

For any n € P(T"), we define
m'(t) = eftn, vVt € [0,T]. (3.1.2.2)
LEMMA 3.1.2.1. The following holds true.

(i) m" € C([0,T); P(Q)) for any n € P(T).

(i) Let n;, n € P(I'), @ > 1, be such that 7; is narrowly convergent to 7. Then m" (¢) is narrowly
convergent to m"(t) forall t € [0, 7).

Proof. First, we prove point (7). By definition (3.1.2.2), it is obvious that m"(t) is a Borel probability
measure on € for any t € [0, 7). Let {t,} C [0,T] be a sequence such that ¢, — f. We want to show
that

tr—t JO

lim [ f(2)mi (k. dz) = / F@)m?(E, dz), (3.123)
Q

for any f € C(Q). Since m"(t;) = e;, fn and e;, (y) = (¢ ), we have that

i [ f(z)m" (e, do) = lim | f(e, (7)) dn(y) = lim Ff<7<tk))d77(7)-

tr—t JO tr—t Jr tp,—t
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Since f € C(Q) and v € T, then f(y(tx)) — f(v(#) and |f(v(tr))] < ||fllsc. Therefore, by

Lebesgue’s dominated convergence theorem, we have that

lim [ f(~( /f (3.1.2.4)

tk*)t T

Thus, recalling the definition of m/, we obtain (3.1.2.3). Moreover, by PROPOSITION 1.2.0.3, we con-
clude that dy (m"(t), m"(t)) — 0. This completes the proof of point (7).
In order to prove point (i), we suppose that 7; is narrowly convergent to 7). Then, for all f € C (ﬁ) we

have that
tim [ fym (e, do) =l [ F@)dne) = [ 60 ) = [ fa@me, de)
1—00 i—o0 Jp a

Hence, m™i(t) is narrowly convergent to m”(t) for all ¢ € [0, T. O

For any fixed my € P(Q2), we denote by P,,, (") the set of all Borel probability measures 7 on I' such
that egfin = my. For all € P,,, ("), we define

Mﬂ=£ L), 5(0) + ), m"(#)] dt + G(T),m"(T), vel. (3125

REMARK 3.1.2.2. We note that P,,,(I") is nonempty. Indeed, let j : Q — T be the continuous map
defined by
jlx)(t)=x Vtel0,T].

Then,
1= jimo
is a Borel probability measure on I" and 1 € P, (T").

Forallz € Qand n € P,,, ('), we define

[Mz] = {7 el'z]: Jyln] = rlg[u]l Jn} . (3.1.2.6)

DEFINITION 3.1.2.3. Let my € P(£2). We say that p € P,,,(T') is a constrained MFG equilibrium for
my if
supp(n) C U Mzx]. (3.1.2.7)
z€l)
In other words, 1 € P,,,, (") is a constrained MFG equilibrium for my if for n-a.e. 7 € " we have that

T3 < Tyl Yy € T[H(0)].

The main result of this section is the existence of constrained MFG equilibria for my.
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THEOREM 3.1.2.4. Let ) be a bounded open subset of R™ with C? boundary and let my, € P(Q).
Suppose that (L1)-(L3) hold true. Let F' :  x P(2) — Rand G : Q2 x P(Q) — R be continuous. Then,

there exists at least one constrained MFG equilibrium for m.

THEOREM 3.1.2.4 will be proved in SUBSECTION 3.1.3. Now, we will show some properties of I'"[x]

that we will use in what follows.

LEMMA 3.1.2.5. Forall z € Q and 7 € P,,,(T") the following holds true.
(i) I'[x] is a nonempty set.

(i) Ally € ['[x] satisfy

14]|2 < K, (3.1.2.8)
where
1 1
K = [TmaxL(x 0) + 27 max |F|+2 max |G| + Tco] (3.1.2.9)
C1 Q QxP(Q) QxP(@

and co, ¢, are the constants in (3.1.1.3). Consequently, all minimizers v € ['[z] are %—H()'lder

continuous of constant X .

In addition, if 7 € Py, (T') is a constrained MFG equilibrium for my, then m"(t) = e, is 3-Holder

continuous of constant /.

Proof. By classical results in the calculus of variation (see, e.g., [24, Theorem 6.1.2]), there exists at least
one mimimizer of .J, ] on I for any fixed initial point z € (2. So ['"[] is a nonempty set.
Letz € Qandlety € I'[z]. By comparing the cost of  with the cost of the constant trajectory v(0) = z,

one has that

/0 ) [L(3(8),4(1) + F(y(1), m"(1))] dt + G(4(T), m"(T)) (3.12.10)
< /0 [L(x, 0) + F(x, m”(t))} dt + G(z,m"(T))

[TmaxL(x 0) +7 max |F| + Jnax |G|}
Q QxP(Q xP(Q

Using (3.1.1.3) in ((3.1.2.10)), one has that

|

1
Y]] € — [TmaxL(:z: 0) +27 max |[F|+ 2 max \G] —{—Tco} =K, (3.1.2.11)
NG 0 QxP(@Q) axP@

where ¢y, ¢, are the constants in (3.1.1.3). This completes the proof of point (ii) since the Holder regu-

larity of v is a direct conseguence of the estimate (3.1.2.11).
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Finally, we claim that, if 7) is a constrained MFG equilibrium for 1, then the map t — m//(t) is 3-Holder

continuous with constant K. Indeed, for any t,, %5 € [O, T], we have that
di(m"(tg), m"(t1)) = sup/ o(x) (m"(te, dz) — m"(ty,dx)), (3.1.2.12)
¢ JQ

where the supremum is taken over the set of all 1-Lipschitz continuous maps ¢ : 2 — R.

Since m"(t) = e;fin and the map ¢ is 1-Lipschitz continuous, one has that

[ ot@) (m(ta, ) = (1) = | [ (3)) = dlens ()] dn(r)
Q
= [ [ttt = o)) dnt) < [ 1t) =501ty

Since 7 is a constrained MFG equilibrium for my, property (i) yields

/ﬁq@ (1) dn(y <J§/u2—hpdm ) = K|ty — t]2.
Hence, we conclude that
dy(m"(t), m"(t,)) < K|ts — t1|2, Yt ts €[0,7]
and the map t — m/!(t) is 1/2-Holder continuous. O

LEMMA 3.1.2.6. Let 7;, 7 € P,,, (') be such that 1; narrowly converges to 7. Let ; € € be such that
x; — x and let y; € T'"i[z;] be such that -; — 7. Then 7 € I'"[z]. Consequently, '[-] has closed graph.

Proof. We want to prove that
T
%mg%m,weﬂﬂmmm/ﬂWﬁ<m. (3.1.2.13)
0

We observe that the above request is not restrictive because, by assuption (L2), if fOT |¥|* dt = oo then
the above inequality is trivial.

Fix v € I'[z] with fOT |¥|*dt < oo, by PROPOSITION 2.1.0.2, we have that there exists 7; € I'[z;]
such that §; — ~ uniformly on [0, 7], 5, — % a.e. on [0, 7] and |7,(t)| < C|5(t)| forany i > 1, a.e.
t € [0, T}, and some constant C' > 0. Since ; € ['":[x;], one has that

Il < Il Vi > L (3.1.2.14)
So, in order to prove (3.1.2.13), we have to check that
(a) Jn [7] < liminf; , Jm [’Vi];

(b) Ty oo Ty, ] = 1]
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First we show that (@) holds, that is,

@gg{AT@mw»mw»+Fwwxwwm}ﬁ+Gmummm@»}

> /(]T[L(V(t)ﬁ(t))) + F(5(t), m”(t))] dt + GF(T), m"(T)). (3.1.2.15)

First of all, we recall that, by LEMMA 3.1.2.1, m" (t) narrowly converges to m”(t) for all ¢t € [0, T.
Owing to the convergence of ~; to 7, the narrow convergence of m" (t) to m"(t),our assumption on F’

and (G, and recalling REMARK 3.1.1.1, we conclude that
T
/ F(t), m™ () dt =% / F(#), m"(t) dt,
0
G((T),m™(T)) =% GF(T), m"(T)).

Up to taking a subsequence of ~y;, we can assume that 4; — 7 in L(0, T; R™) without loss of generality.

By assumption (L.3), one has that
| o5 = [ ran.s OMH/“[<mmm> LG7(1). (1)) di
z[f[quxﬂw>+U%quxﬂn> dr+AT (36(0),3:(8)) = LOT(0), 30(8)) | dt.

Since ; € I [x;] and v; — 7, by (L1), we obtain
T 1—00
| [B6u0: 3000 = L. o)) ar ==
Moreover, since 4; — 7 in L?(0,T;R™), one has that

ATQ%LW@%ﬂﬂ%v )t =250,

Thus, (3.1.2.15) holds.

Finally, we prove (b), i.e.,

lm{/’M%@%ﬁ»+F@@www»ﬁ+G@ummWﬂﬁ

= [ 100.30) + FO0,m@) de + G (1), m(1)),

Owing to the convergence of 7; to 7, the narrow convergence of m™ (t) to m(t) for all ¢ € [0,T], and

our assumption on F' and G, one has that

Aﬁmmwww»ﬁﬁﬁﬂlﬂwmm%»w
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G@A(T),m™(T)) == G(y(T), m"(T)).

Hence, we only need to prove that

lim inf L(%( (1) dt = / L(~ ) dt. (3.1.2.16)

i—00 0

Owing to (L.1), one has that
[ [2G0.30) — L. 40)] ¢
< [ [EG@A®) - Lo® 30| i+ / L0, 7:(8)) = Ly (), 5(2)|

<IFi =l | T BR)des / | / (DLL(0.N, + (1= V3.0 — (0 | di
<=l [ (L+ B @+ [ [ (LBl B - 301

Since §; — ~y uniformly on [0, 7] and |7,(t)| < C|#(t)| for any i > 1 and for any ¢ € [0, T], we have
that

T . A
=l [ (14 RR) dt =50,
0
In addition, since 71 — 4 a.e. on [0, T'], by Lebesgue’s dominated convergence theorem we obtain

o[ [+l )

This gives (b) and the proof is complete. O

Yi(t) — ()‘ dt =2 0. (3.1.2.17)

REMARK 3.1.2.7. The above proof can be adapted to treat the case of a locally Lipschitz Lagrangian L
as was mentioned in REMARK 3.1.1.1. Indeed, it suffices to replace the gradient D, L(¥(t),¥(t)) with a
measurable selection of the subdifferential 0, L(J(t), ¥(t)).

3.1.3 PROOF OF THEOREM 3.1.2.4

In this section we prove THEOREM 3.1.2.4 using a fixed point argument. First of all, we recall that, by
THEOREM 1.2.0.4, for any 1 € Py, (I"), there exists a unique Borel measurable family of probabilities

{nx},eq on I" which disintegrates 7 in the sense that

dy) = [qn.(dy) dmo(x),

B (3.13.1)
supp(n,) C T'[z] mo —ae. xz € Q.
We introduce the set-valued map E : P,,,(I') = Py, (I') by defining, for any € P, ('),
E(n) = {ﬁ € Py (L) = supp(n,) C Taz] mo — ae.x € ﬁ} (3.1.3.2)
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Then, it is immediate to realize that € P,,,(I") is a constrained MFG equilibrium for my if and only
if n € E(n). We will therefore show that the set-valued map E has a fixed point. For this purpose, we
will apply Kakutani’s Theorem [55]. The following lemmas are intended to check that the assumptions of

such a theorem are satisfied by F.

LEMMA 3.1.3.1. Forany n € P,,,(I"), E(n) is a nonempty convex set.

Proof. First, we note that F/(7) is a nonempty set. Indeed, by (i) of LEMMA 3.1.2.5, LEMMA 3.1.2.6,
and [/, Theorem 8.1.4] we have that x —— I'7[x] is measurable. Moreover, by [7, Theorem 8.1.3],
x +—— I"[z] has a Borel measurable selection & — ~/. Thus, the measure 7, defined by 7(B) =
Jg g,y (B) dmg(x) for any B € B(I"), belongs to E(n).

Now we want to check that £(n) is a convex set. Let {7;}i—12 € E(n) and let A1, Ay > 0 be such that
A1 + A2 = 1. Since 7; are Borel probability measures, 7 := A\17; + 272 is a Borel probability measure
as well. Moreover, for any Borel set B € B({)) we have that

eot(B) = 1(ey ' ( Z Aimi(eg ! Z Neoftn; (B Z Aimo(B) = mo(B). (3.1.3.3)

So, 7 € P, (T). Since 7y € E(n), there exists a unique Borel measurable family of probabilities
{M.2},cq on I' which disintegrates 7); as in (3.1.3.1) and there exists 4; C Q, with mg(A;) = 0, such
that

supp(m z) C T"z], =€ Q\ A (3.13.4)

In the same way, 72(d7) = [ 12,.( dy) dmg(x) can be disintegrated and one has that
supp(na.) C Tz] x € Q\ Ay, (3.1.3.5)

where A is such that mg(Az) = 0. Hence, 7] can be disintegrated in the following way:

fQ (>\1771 z T Aam x) (dy)dmo(x), (3.13.6)
SUPP()\ﬂh,m + Xanap) CIMz] 2 € Q\ (A1 U Ay),
where mg(A; U Ay) = 0. This completes the proof. ]

LEMMA 3.1.3.2. The map E : P, (I') = P, (I') has closed graph.

Proof. Let n;, 7 € Py, (I') be such that n; is narrowly convergent to 7. Let 7j; € E/(n;) be such that 7); is
narrowly convergent to 7. We have to prove that 77 € FE(n). Since 7j; narrowly converges to 7}, we have
that ) € P, (I") and there exists a unique Borel measurable family of probabilities {7, },.q on I" such
that 7j(dy) = [57.(dv) dmo(z) and supp(),) C T[z] for me-a.e. © € . Hence, 7) € E(n) if and only
if supp(M,) C T[z] for mg-a.e x € Q. Let Qo C Q be an mg-null set such that

supp(n,) C T[z] V€ Q\ Q.
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Letz € Q\ Qg and lety € supp(7),). Since 7); narrowly converges to 7, then, by PROPOSITION 1.2.0.1,
one has that

~

37; € supp(m;) such that lim 7; = 7.
1—00

Let 7;(0) = @y, with 7; € Q. Since 7); € E(n;) and 7; € supp(;), we have that 7; is an optimal
trajectory for J,,[-], i.e.,
i) < T[] Yy € Tl (3.1.3.7)

As n; narrowly converges to 7, applying LEMMA 3.1.2.6, we conclude that 5 € T"[z]. Since z is any
point in Q \ €, we have shown that 7} € E(n). O

We denote by ' the set of trajectories 7 € I such that y satisfies (3.1.2.8), i.e.,
I ={yeT: [l < K} (3.1.3.8)

where K is the constant given by (3.1.2.9). By the definition of /() in (3.1.3.2) and LEMMA 3.1.2.5,
we deduce that

E1) C Ppy(Tk) V1 € Py (D). (3.1.3.9)

REMARK 3.1.3.3. In general I' fails to be complete as a metric space. Then, by THEOREM 1.2.0.2,
P (I') is not a compact set. On the other hand, if I" is replaced by I'x then P,,,(I'x) is a compact
convex subset of P,,,(I"). Indeed, the convexity of P,,, (I'x) follows by the same argument used in the
proof of LEMMA 3.1.3.1. As for compactness, let {7} C P, (I'x). Since I'k is a compact set, {7} is
tight. So, by PROPOSITION 1.2.0.1, one finds a subsequence, that we denote again by 7)., which narrowly

converges to some probability measure 1 € P, (I'x).

We will restrict domain of interest to P,,, (I'x ), where I' is given by (3.1.3.8). Hereafter, we denote by
E the restriction £ Pang (Tx)"
Conclusion

By REMARK 3.1.3.3 and REMARK 3.1.2.2, P, (I'x) is a nonempty compact convex set. Moreover,
by LEMMA 3.1.3.1, E(n) is nonempty convex set for any n € P,,,(I'x) and, by LEMMA 3.1.3.2, the
set-valued map E has closed graph. Then, the assumptions of Kakutani’s Theorem are satisfied and so

there exists 77 € Py, (') such that 77 € E (7).

3.2 MILD SOLUTION OF THE CONSTRAINED MFG
PROBLEM

In this section we define mild solutions of the constrained MFG problem in Q. Moreover, under the
assumptions of SUBSECTION 3.1.1, we prove the existence of such solutions. Then, we give a uniqueness

result under a classical monotonicity assumption on F' and G.
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DEFINITION 3.2.0.1. We say that (u,m) € C([0,T] x Q) x C([0, T]; P()) is a mild solution of the
constrained MFG problem in € if there exists a constrained MFG equilibrium 1 € P,,,(I') such that

(i) m(t) = ednforallt € [0,T];

(i1) w is given by

u(t,r) = inf { [ 1606460 + (9 m(5)] ds+G<v<T>,m<T>>}, (3:20.1)

yerl
y(t) ==

for (t,x) € [0,T] x €.
A direct consequence of THEOREM 3.1.2.4 is the following result.

COROLLARY 3.2.0.2. Let  be a bounded open subset of R” with C? boundary and let my € P(Q).
Suppose that (L1)-(L3) hold true. Let F : Q x P(Q2) — Rand G : © x P(Q) — R be continuous. There

exists at least one mild solution (u, m) of the constrained MFG problem in ().
Before proving our uniqueness result, we recall the following definitions.

DEFINITION 3.2.0.3. We say that ' : Q x P(Q) — R is monotone if

/Q(F(w, my) — F(x,my))d(my —mg)(x) >0, (3.2.0.2)

for any m;, mg € P(Q).

We say that F' is strictly monotone if

/Q(F(fv,ml) — F(z,ms))d(my — ms)(x) > 0, (3.2.0.3)

for any my, me € P(Q) and [5(F(z,m1) — F(z,m2))d(mi — ms)(z) = 0 if and only if F(x,m;) =

F(x,mg) forall z € ).

Example 3.2.1. Assume that F' : Q x P(2) — R is of the form

F(z,m) = / £y, (&% m)())d(z — y) dy, (3.2.04)

where ¢ : R” — R is a smooth even kernel with compact support and f : Q x R — R is a smooth
function such that z — f(z, z) is strictly increasing for all z € Q). Then F satisfies condition (3.2.0.3).

Indeed, for any mq, my € P(£2), we have that
[P Gmi) = Fa.ma)) d my = m) (2)
0

= [ [ 150 0xmn)) = 0, (6x ma) )] =) dy d m1 — o) ()
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— [ 6 m)w) ~ 15 (6 ma)y /¢x— — ma) (x) dy
Q
=1}ﬂ%w*mﬁ@»—fwm¢*mg@mu¢*mn@»—w*mﬁ@ﬂ@L

Since z — f(x, z) is increasing, then one has that

/Q [f(y, (@ xm1)(y)) — [y, (¢ xm2)(y))] [(¢ x m1)(y) — (¢ *m2)(y)] dy = 0.
Moreover, if the term on the left-side above is equal to zero, then we obtain

f(y, (0 +m1)(y) — fy, (@*m2) ()] [(¢*ma)(y) — (pxma(y))] =0 ae. y e

As z — f(x, 2) is strictly increasing, we deduce that ¢ x m;(y) = ¢ * my(y) for any y € Q and so
F(-,ml) = F(',mg).

THEOREM 3.2.0.4. Suppose that F" and G satisfy (3.2.0.3). Let 7y, 72 € P, (I') be constrained MFG
equilibria and let J,, and .J,, be the associated functionals. Then .J,, is equal to J,,. Consequently, if

(u1,m1), (ug, my) are mild solutions of the constrained MFG problem in €0, then u; = us.

Proof. Let 11, N2 € Pp, (I') be constrained MFG equilibria, such that m(t) = e;fn1 , ma(t) = edina
and let u, uy be the value functions of J,, and J,,, respectively. Let zy € Q and let y be an optimal

trajectory for u; at (0, zo). We get

w0,a0) = [ [L0/9):4(3)) + P2 (). m1(9)] ds + G (D), s (1)),
mmw@sA [L(1(9),4(5)) + F(1(5),ma(5))] ds + G((T), ma(T).

Therefore,
G (T) (7)) = G (T)ma(T)) < 11(0.20) = (0, 0)
~ [ [0 A6 + P mae))] ds+ [ [L06)3(60) + Fla ) mals))] ds
=1 (0,20) w0, 70) + [ F),mafe)) — Fla(s) () do.
Recalling that supp(n;) C T [z,], we integrate on I respect to di; to obtain
Awmmm@»wmewmmm
< [ [1300.50) = wat0. 50 am + [ [ [Fr6)ma(s)) = £ ), (6] dsme.
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Recalling the definition of e; and using the change of variables e;(7y) = x in the above inequality, we get
er(v) er(v)
~ = ~ =

J (GG mi(m) = GG mam)]am () = [ [Ga.ma(T) = Gla,malT)] (T o),

eo () eo(7)

/F [ul<0,7@> - U2(0=;Z0\))]d771(7) = /Q {Ul(oax) - u2(0,x)} m1 (0, dx),

and
es(7) es(v)
T /\ =
| [ PG ma(s) = PG o)) o) ds
/ / (x, mo(s F(x ml(s))} my(s,dzx)ds.
So, we deduce that
/Q [G(fc my(T)) — Gz, mz(T))] my(T, dr) (3.2.0.5)
/ [ 1(0,2) — us(0, x m (0, dr) + / / (x,mq(s)) — F(x ml(s))ml(s,dx)} ds.
In a similar way, we obtain
/Q [G(%mz(T ) —G(x,ml(T))] my (T, da) (3.2.0.6)

T
< / [uz(O,x) — ul(O,x)} mo(0, dz) —I—/ / [F(az,ml(s)) - F(a:,mg(s))} ma(s, dx) ds.
Q 0o Jo
Summing the inequalities (3.2.0.5) and (3.2.0.6), we deduce that

/Q[G(.CE, my(T)) — G(x,ma(T))] (my (T, dx) — mo(T, dx))

< / (0, 2) — (0, 2)] (1 (0, d) — ma(0, dx))

/ / (x,ma(s F(z ml(s))} (my(s,dz) — mso(s,dx)) ds

Since my (0, dz) = mo(0, dz) = my( dz), by using the monotonicity assumption on G and F, we obtain

that
02 [ [ [Fmals) = Fasma(s)] (m(s. ) — ma(s,da)) ds >
| [ m(m) -G, mﬂ))} (T, dz) — (T, d)) = 0.
Therefore,

/Q [F(m,mg(s)) — F(x,ml(s))} (my(s,dx) —mao(s,dz)) =0 ae.s € 0,7,
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and also

[ 6 ma(r) — Glamalm)] (ma (T, dz) — m (1)) = 0.

)
Thus, by the strict monotonicity of F and G, we conclude that F'(z,m;) = F(z,my) for all z € Q and
G(z,m1) = G(x,my) for all z € Q. Consequently, we have that Jp, 1s equal to J,,. [l

COROLLARY 3.2.0.5. Suppose that G satisfies (3.2.0.2) and F’ satisfies the following condition

[ [FGami) = Fla,ma)]dn: - ma)(@) > 0 (3.207)

for any mq, mgy € P(ﬁ) with my # ma. Then there exists a unique mild solution of the constrained MFG

problem in Q.

Proof. Let 1, N2 € Pp,(I') be constrained MFG equilibria, such that mq (t) = e;fn; , ma(t) = edin
and let u;, uy be the value functions of .J;,, and J,,, respectively. By THEOREM 3.2.0.4 we obtain that
uy is equal to uy. Moreover, by (3.2.0.7) we have that m4 (t) = ma(t) a.e. t € [0, T]. This completes the
proof. O

Example 3.2.2. Assume that ' : Q x P(Q) — R is of the form

F(z,m) = / F(y, (6% m) ()é(z — y) dy (32.08)

where ¢ : R” — R is a smooth, even kernel with compact support and its Fourier trasform is not equal to
zero almost everywhere, and f : 2 x R — R is a smooth map such that 2 — f (x, z) is strictly increasing
for all z € (). Then F satisfies the condition (3.2.0.7).

Indeed, for any my, my € P(€2), we have that
/ [F (1) — F (2, ms)] d{my — ms)(z)
/ / (v, (6% m) (W) — F(y, (&% ma) ())]o(w — y) dy d(my — mo)(x)

— [17(0. G xm)®) = £, (% ma))] [ ol = ) dlms = ma)(a) dy
= [ 1706 m) @) = S (05 ma) ][0 % mn)() = (05 malu)] dy

Since z — f(x, z) is increasing, then one has that

1506 ma) ) = £y (05 ma) (6 *mi)y) = (6% maly)))dy > 0,

Q

Morover, if the term on the left-side above is equal to zero, then we obtain

[y, (% m1)(y) — [y, (6 xm2) W)I[(¢* 1) (y) — (9% m2)(y)] =0 ae. y € Q.
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As z — f(x, 2) is strictly increasing then ¢ x m;(y) = ¢ * mao(y) forae. y € Q. Set M = m; — my
then one has that ¢ x M = 0 for a.e. y € €. Since Fourier trasform F is an isomorphism in L?(R")
then F(¢ » M) = 0 a.e.. Recalling the properties of Fourier trasform, we have that F (¢ x M) =
F(p)F (M) =0ae. As F(¢) # 0then F(M) = 0 a.e. Moreover, since F is an injective function from
L'(R™) to L°°(R") then M = 0 a.e. and so m; = m; a.e.
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REGULARITY OF MILD SOLUTIONS
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In this Chapter, we are interested to study the regularity of mild solutions. To this aim, in SECTION 4.2
we apply THEOREM 2.3.0.1 to deduce the existence of more regular equilibria than those constructed in
CHAPTER 3. Under suitable assumptions (SECTION 4.1) we prove the existence of Lipschitz continuous
mild solutions (THEOREM 4.3.0.1). Moreover, given a mild solution (u, m), we show that u is locally
semiconcave with linear modulus in 2. While, using THEOREM 2.5.0.1, we deduce that u is locally

semiconcave with modulus w(r) = Cr2 in (0,T) x €.

4.1 ASSUMPTIONS

Let € be a bounded open subset of R” with C2 boundary. Let U be an open subset of R™ and such that
QCU. Assume that F': U x P(Q) — Rand G : U x P(£2) — R satisfy the following hypotheses.

(D1) For all x € U, the functions m — F'(xz,m) and m — G(x, m) are Lipschitz continuous, i.e.,

there exists x > 0 such that
|F(z,m1) — F(x,ma)| + |G(x,m1) — G(xz,ma)| < kdy(my, ma), (4.1.0.1)
for any my, my € P(Q).
(D2) For all m € P(Q), the functions x — G (x,m) and  — F(z, m) belong to C}(U). Moreover

|D,F(z,m)| +|D,G(z,m)| <k, VexelU Vme P(ﬁ).

(D3) For all m € P(Q), the function z — F(z,m) is semiconcave with modulus linear.
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Let L : U x R™ — R be a function that satisfies the following assumptions.

(LO) L € C*(U x R™) and there exists a constant M/ > 0 such that

|L(x,0)| + | Dy L(z,0)| + |D,L(z,0)| < M, VaxecU. (4.1.0.2)

(L1) D,L is differentiable on U x R"™ and there exists a constant ;+ > 1 such that

I
— < D2 L(z,v) < Ip, (4.1.0.3)
o
|D2, Lz, v)|] < p(1+ |v]), (4.1.0.4)

forall (z,v) € U x R".
(L2) Forall z € U and for all v, w € Bp, there exists a constant C'( R) > 0 such that

|D,L(x,v) — D, L(xz,w)| < C(R)|v—wl|. (4.1.0.5)

(L3) For any R > 0 the map x — L(z,v) is semiconcave with linear modulus independent of v for

v € Bp.

REMARK 4.1.0.1. (i) F', G and L are assumed to be defined on U x P(ﬁ) and on U x R", respectively,
just for simplicity. All the results of this Chapter hold true if we replace U by 2. This fact can be easly
checked by using well-known extension techniques (see, e.g. [5, Theorem 4.26]).

(ii) Arguing as LEMMA 2.2.0.4 we deduce that there exists a positive constant C'(i, M) that dependes
only on M, p such that

|D.L(z,v)| < C(u, M)(1 + |v]?), (4.1.0.6)

|D,L(z,v)| < C(u, M)(1+ |v]),, (4.1.0.7)
2

LE — ou ) < 2o < bf? + (), @.108)

forall (z,v) € U x R".

Letm € Lip(0, T; P(Q)). If we set f(t,z,v) = L(x,v) + F(x, m(t)), then the associated Hamiltonian
H takes the form

H(t,x,p) = Hp(z,p) — F(x,m(t)), Y (t,z,p) €[0,T] x U x R",

where
Hp(z,p) = sup { —(p,v) — L(w,v)}, V(xz,p) € U x R". (4.1.0.9)

veER?
Hereafter, for simplicity, we denote by H (x, p) the Hamiltonian H (z, p) defined in (4.1.0.9).
Arguing as in LEMMA 2.2.0.4, the assumptions on L imply that H satisfies the following conditions.

70



THE EXISTENCE RESULT REGULARITY OF MILD SOLUTIONS

(H0) H € C*(U x R") and there exists a constant M/’ > 0 such that

|H(z,0)| + |DoH(z,0)| + |D,H(z,0)| < M', Vzel. (4.1.0.10)

(H1) D,H is differentiable on U x R™ and satisfies

I
— < Dy,H(z,p) < Ip, YV (z,p) € U x R", (4.1.0.11)
ol

|D2H (z,p)|| < C(p, M")(1+ |pl), V(x,p) €U xR", (4.1.0.12)

where C' (1, M) depends only on o and M.

(H2) For all z € U and for all p, ¢ € Bp, there exists a constant C'( R) > 0 such that

|D.H(x,p) — D, H(z,q)] < C(R)|p—ql. (4.1.0.13)

(H3) For any R > 0 the map © — H(z,p) is semiconvex with linear modulus independent of p for
pE B R

4.2 THE EXISTENCE RESULT

Let mg € P(Q). Let I be a nonempty subset of I'. We denote by P,,,,(I"') the set of all Borel probability
measures 7) on I such that egin = mg. We now introduce special subfamilies of P,,,(I") that play a key

role in what follows.

DEFINITION 4.2.0.1. We define by PiP(I”) the set of 1) € Ppy, (I”) such that m” (t) = e,$n is Lipschitz
continuous, i.€.,

PrP(T) = {n € Puy(I’) : m € Lip(0, T; P(Q))}.

REMARK 4.2.0.2. Arguing as in REMARK 3.1.2.2, we observe that P,I;fg’(F) is a nonempty set. More-
over, PLP(T) is a convex set. Indeed, let {n;};—12 C PrP(T) be such that my(t) = eifn and
ma(t) = eydiny belong to (0,7;P(Q)). Let A;, Ay > 0 be such that \; + X\ = 1. Since 7; are
Borel probability measures, 77 := An; + (1 — A1 is a Borel probability measure as well. Moreover, for
any Borel set B € B(Q) we have that

eofn(B) = n(eg" Z Aimileq” Z Aieotn; (B Z Aimo(B) = mo(B).

S0, 7 € Pony(T). Since my, my € Lip(0, T; P(Q)), we have that m(t) = Aymy (t) + Aamo(t) belongs
to Lip(0, T; P(Q2)).

In the next result, we apply THEOREM 2.3.0.1 to prove a useful property of minimizers of .J,,.
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PROPOSITION 4.2.0.3. Let €2 be a bounded open subset of R” with C'? boundary and let mo € P(9Q).
Suppose that (L0), (L1), (D1), and (D2) hold true. Let n € PrP(I') and fix © € Q. Then I'[z] C
Ct1([0, T); R™) and

[¥leo < Lo, Vv € Mzl (4.2.0.1)

where Lo = Lo(u, M', M, 5, T, ||G|| 00, || DG||s0)-

Proof. Letn € PYP(T'), z € Qand y € I"[z]. Since m € Lip(0,T;P(Q)), taking f(t,z,v) =
L(x,v)+ F(x,m(t)), one can easly check that all the assumptions of THEOREM 2.3.0.1 are satisfied by
f and G. Therefore, we have that I""[z] C C!([0, T]; R™) and, in this case, (2.3.0.3) becomes

[¥lloc < Lo, Vv € IMz],
where Lo = Lo(u, M', M, 5, T, ||G|| 0o, || DG||s0)- O
We denote by I'y,, the set of v € I' such that (4.2.0.1) holds, i.e.,
Tro={7 €T : |l < Lo} (4.2.0.2)

LEMMA 4.2.0.4. Let mo € P(Q). Then, PLP(I',) is a nonempty convex compact subset of Py, (I').
Moreover, for every 1 € Py, ('L, ), m(t) := e fn is Lipschitz continuous of constant Lg, where Ly is as

in PROPOSITION 4.2.0.3.

Proof. Arguing as in REMARK 4.2.0.2, we obtain that PTI;L?(F L) is a nonempty convex set. Moreover,
since 'z, is compactly embedded in I', one has that PTI;L?(F Lo) is compact.
Letn) € P (T'r,) and m(t) = efin. For any t1, ¢, € [0, T, we recall that

di(m(ty), m(t1)) = sup / o(z)(m(tq, dx) — m(ty, dx)) ‘ ¢:Q— R is l—Lipschitz}.

Since ¢ is 1-Lipschitz continuous, one has that
| 96a) m{ta.da) = m(tr, o)) = [ [oter,(2)) = 6(en ()] )
= [ [ertta)) = etatea)] dn) < [ rtta) =2t} .

Since ) € Py, (I'L, ), we deduce that

[ (e =2l dn) < Lo [ 1t = il dn(s) = Loltz —
r

and so m/(t) is Lipschitz continuous of constant L. O

In the next result, we deduce the existence of more regular equilibria than those constructed in CHAP-
TER 3.
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THEOREM 4.2.0.5. Let ) be a bounded open subset of R™ with C? boundary and let my, € P(Q).
Suppose that (L0O), (1), (D1), and (D2) hold true. Then, there exists at least one constrained MFG
equilibrium 7 € PLP(T).

Proof. First of all, we recall that for any 1 € 7371;2’ ("), there exists a unique Borel measurable family ' of

probabilities {7, },.q on I which disintegrates 7 in the sense that

n(dy) = [qn(dy)mo(dz),

_ (4.2.0.3)
supp(n,) C I'[z] my —ae. z € Q.
Proceeding as in SUBSECTION 3.1.3, we introduce the set-valued map
E : P () = Py (1),
by defining, for any n € P,,,, ('),
E(n) = {ﬁ € Py (L) = supp(n) C TMz| mo —ae.x € ﬁ} (4.2.0.4)

We recall that, by LEMMA 3.1.3.2, the map E has closed graph.

Now, consider the restriction F of E to Pﬂg’(F), ie.,
Eo: PyP(Tr,) = Py (D), Eo(n) = E(n) Vn € PrP(Ty,).

We will show that the set-valued map Ej has a fixed point, i.e., there exists € PrP(I'z,) such that
1 € Eo(n). By LEMMA 3.1.3.1 we have that for any n € PL*(T'r,), Eo(n) is a nonempty convex set.

Moreover, we have that
Eo(Py2(TL,)) C PrP(T'y,). 4.2.0.5)

Indeed, let n € PLP(T'r,) and 1) € Ey(n). Since, by PROPOSITION 4.2.0.3 one has that
IMz] C Ty, Vo eQ,

and by definition of E we deduce that
supp(n) C Iz,

S0, 7] € Py (T'L,). By LEMMA 4.2.0.4,7) € PHP(Ty, ).

Since E has closed graph, by LEMMA 4.2.0.4 and (4.2.0.5) we have that F, has closed graph as well.
Then, the assumptions of Kakutani’s Theorem [55] are satisfied and so, there exists 7] € P,Lnig’ (I'z,) such
that 77 € Ey(7). O

"'We say that {nm}xeﬁ is a Borel family (of probability measures) if z € Q — 1,(B) € R is Borel for any Borel set
BcT.
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4.3 REGULARITY OF MILD SOLUTIONS

In this section, we deduce the existence of more regular mild solutions than those constructed in CHAP-
TER 3.

A direct consequence of PROPOSITION 2.4.0.3 is the existence of Lipschitz continuous mild solutions.

THEOREM 4.3.0.1. Let € be a bounded open subset of R™ with C? boundary. Suppose that (L0), (L1),
(D1) and (D2) hold true. There exists at least one mild solution (u, m) of the constrained MFG problem

in (2. Moreover,
(i) w is Lipschitz continuous in (0,7 x €
(ii) m € Lip(0,T;P(Q)) and Lip(m) = L, where Ly is the constant in (4.2.0.1).

Proof. Let my € P(Q) and let n € PYP(T") be a constrained MFG equilibrium for mg. Then, by

mo

THEOREM 4.2.0.5 there exists at least one mild solution (u, m) of the constrained MFG problem in .
Moreover, by THEOREM 4.2.0.5 one has that m € Lip(0,T; P(Q)) and Lip(m) = Ly, where L is the
constant in (4.2.0.1). Finally, by PROPOSITION 2.4.0.3 we conclude that u is Lipschitz continuous in

(0,7) x Q. O
Applying LEMMA 2.5.1.1 and PROPOSITION 2.4.0.4, respectively, we obtain the following results.

COROLLARY 4.3.0.2. Let € be a bounded open subset of R™ with C? boundary. Suppose that (LO)-
(L3), (D1)-(D3) hold true. Let (u, m) be a mild solution of the constrained MFG problem in Q. Then, u

is locally semiconcave with modulus w(r) = Cr2 in (0,7) x €.

COROLLARY 4.3.0.3. Let © be a bounded open subset of R™ with C? boundary. Suppose that (L0)-(L3)
and (D1)-(D3) hold true. Let (u, m) be a mild solution of the constrained MFG problem in §2. Then, u

is locally semiconcave with linear modulus in €2.
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CHAPTER 5

MEAN FIELD GAMES SYSTEM

5.1 HAMILTON-JACOBY-BELLMAN EQUATION . . ... .......... 77
5.2 THE CONTINUITY EQUATION

This Chapter is devoted to prove that Lipschitz continuous mild solutions (u, m) of the constrained MFG

problem in © solve a MFG system. More precisely, we show that

(1) w is a constrained viscosity solution of

{@u v H(z, Du) = F(z,m(t)) i (0,T) x O
u(z, T) = G(z,m(T)) in Q;

(i) there exists V : [0,7] x © — R™ Borel measurable vector field such that m is a solution in the

sense of distribution of

{&gm +div(Vm) =0, in[0,T] xQ

m(0,z) = mo(x) in Q

that is, for all ¢ € C*([0,T] x €2) one has that
/Q (0, 2)mo( dar)— /Q (T, 2)m(T, d) /0 /Q 0(t, )+ (Vo(t,2). V(¢ 2)) | m(t, da) .

Moreover, we will give an explicit form of V. More precisely, for all (¢, ) € (0,7") x € with x in the

support of m(t) one has that
V(t, [E) = _DPH(I7 DU(t, ZL’)),
and
V(t,z) = =DypH(z,p"(t, x) + A (t, z)v(x)),

forall (t,z) € (0,7) x 0N with x in the support of m(t).
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5.1 HAMILTON-JACOBY-BELLMAN EQUATION

Let Q2 be a bounded open subset of R™ with C? boundary. Assume that H, I and G satisfy the assumptions
in SECTION 4.1. Let m € Lip(0, T'; P(Q2)). Consider the following equation

—Ou+ H(x, Du) = F(x,m(t)) in (0,T) x Q. (5.1.0.1)

We recall the definition of constrained viscosity solution.

DEFINITION 5.1.0.1. Letu € C((0,T) x Q). We say that:
(i) u is a viscosity supersolution of (5.1.0.1) in (0,7") x Q if

for any ¢ € C'(R"*1) such that u — ¢ has a local minimum, relative to (0,7") x €, at (t,z) €
(0,T) x €

(i) w is a viscosity subsolution of (5.1.0.1) in (0,7") x € if
—0ip(t,x) + H(x, Do(t, x)) < F(x,m(t)),

for any ¢ € C1(R™"1) such that u — ¢ has a local maximum, relative to (0,7) x Q, at (t,z) €
(0,7) x

(iii) w is constrained viscosity solution of (5.1.0.1) in (0, T") x 2 if it is a subsolution in (0, T") x €2 and

a supersolution in (0, 7T") x Q.

REMARK 5.1.0.2. Owing to PROPOSITION 1.3.0.4, DEFINITION 5.1.0.1 can be expressed in terms of
subdifferential and superdifferential, i.e.,

(1)) V(t,z) € (0,T) x Q, V (p1,p2) € D ult, z),

(1)) V(t,x) € (0,T) xQ, ¥V (p1,p2) € D u(t,z).

- N + H('Tap2) S F(x,m
—p1+ H(z,p2) > Fz,m
A direct consequence of the definition of mild solution is the following result.

PROPOSITION 5.1.0.3. Let  be a bounded open subset of R with C? boundary. Let H and F satisfy
hypotheses (H0)-(H3) and (D1)-(D3), respectively. Let (u,m) be a mild solution of the constrained
MFG problem in €. Then, u is a constrained viscosity solution of (5.1.0.1) in (0, T") x Q.

REMARK 5.1.0.4. Given m € Lip(0,T; P(Q)), it is known that v is the unique constrained viscosity
solution of (5.1.0.1) in 2.
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For simplicity, we set
Qm=A{(t,z) € (0,T) x Q:x € supp(m(t))}, 0Qu ={(t,xz) € (0,T) x 02 : x € supp(m(t))}.

THEOREM 5.1.0.5. Let ) be a bounded open subset of R” with C? boundary. Let H and F satisfy
hypotheses (H0)-(H3) and (D1)-(D3), respectively. Let (u,m) be a mild solution of the constrained
MFG problem in Q and let (¢, z) € Q,y,. Then,

—p1+ H(z,p2) = F(x,m(t)), ¥ (p1,p2) € DVu(t,z). (5.1.0.2)

Proof. Let (u,m) be a mild solution of the constrained MFG problem in Q. Since u is a constrained

viscosity solution of (5.1.0.1) in Q, we know that
—P + H(xva) S F(x,m(t)) v (t,ﬂf) € (OaT> X Q7 v (p17p2) € D+U(t,I)

So, it suffices to prove that the converse inequality also holds. Let us take (¢,x) € @,, and (p1,p2) €
D*u(t, x). Since (t,7) € Q,,, then there exists an optimal trajectory 7 : [0, T] — € such that y(t) = z.
Let € R be small enough and such that 0 < ¢ — r < t. Since (p1,p2) € DT u(t, ) one has that

ut —r,y(t —r)) —ult,z) < —pir — (p2,x = y(t — 1)) +o(r).

Since .
r=at-r)= [ 3s)ds
t—r
we get t
(po, & — At — 1)) = /t (D2, 4(s)) ds. (5.1.03)

By the dynamic programming principle and (5.1.0.3) one has that
/ tr LO/(3),39(5)) + F(3(s),m(s) | ds = u(t = r.A(t = 7)) = ult, 2)
<= [ aats)) ds = +otr).
By our assumptions on L and F' and by THEOREM 2.3.0.1, one has that

L(v(s),7(s)) = L(z, (1)) + o(r),
F(v(s),m(s)) = F(x,m(t)) + o(r), (5.1.0.4)

(p2,7(s)) = (p2,7(1)) + o(r),

forall s € [t — r,t]. Hence,

—p1 = (P2, Y1) = L(z,5(1)) = F(z,m(1)),
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and so by the definition of /{ we conclude that

—p1+ H(w,p2) = =p1+ sup {—(p,v) — Lz, )} 2 =p1 = {2, 1(1)) — (=, (1)) = F(a,m(t).

This completes the proof. O

PROPOSITION 5.1.0.6. Let © be a bounded open subset of R with C* boundary. Let H and F satisfy
the hypotheses (H0)-(H3) and (D1)-(D3), respectively. Let (u, m) be a mild solution of the constrained
MFG problem in 2 and let (¢, 2) € Q,,. Then, u is differentiable at (¢, x).

Proof. By THEOREM 5.1.0.5 one has that
—p1+ H(x,p2) = F(z,m(t)) ¥V (t,2) € Qm, ¥ (p1,p2) € D u(t, ).

Since H (x, ) is strictly convex and DT u(t, x) is a convex set, the above equality implies that D™ u(¢, x)
is a singleton. By COROLLARY 4.3.0.2, and by [24, Proposition 3.3.4] one has that w is differentiable at
(t,x). O

Let x € 0f). We denote by H™ : 92 x R" — R the tangential Hamiltonian

H'(z,p)= sup {—(p,v) — L(z,v)}, (5.1.0.5)

v e R
(v, v(z)) =0

where v(z) is the outward unit normal vector to JS2 in x.

THEOREM 5.1.0.7. Let € be a bounded open subset of R" with C? boundary. Let H and F satisfy
hypotheses (H0)-(H3) and (D1)-(D3), respectively. Let (u,m) be a mild solution of the constrained
MFG problem in Q and let (¢, z) € OQ,,. Then,

—p1+ H(2,p9) = F(z,m(t)), VY (p1,p2) € DTu(t,z). (5.1.0.6)

Before giving the proof, let us prove a technical lemma.

LEMMA 5.1.0.8. Let (t,x) € (0,7)) x 02 and let v(x) be the outward unit normal vector to 02 in z.
Let v € R” be such that (v, v/(x)) = 0. Then, there exists 7 € T'y[] such that 3(¢) = v.

Proof. Let (t,x) € (0,T) x 0X2 and let v(x) be the outward unit normal vector to J2 in z. Let v € R"
be such that (v, v(x)) = 0. Let R > 0 be small enough and let 7y be the trajectory defined by

V(s) =2+ (s —t)v,
for all s such that |s — | < R. We denote by 7 the projection of y on €, i.e.,

V(s) = 7(s) — da(y(s)) Dba(y(s)),
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for all s such that |s — | < R. By construction we observe that ¥ € I';[z]. We only have to prove that
(t) = v. Hence, recalling that do(7(t)) = 0 one has that

Ws)—z _ - de(v(s)Dba(n(s)) _ (dn(v(S)) — do(7(1))

s—t s—t s—t

) Dbals().
By LEMMA 2.1.0.1, and by the definition of v we have that

do(y(s)) — da(v(t))‘ _

s—1

7{S<Dbg<v<r>m<r>>1m dr

< f (Dba(y(r)), 4(r))] dr:

Since 7 —— (Dbq(y(r)),(r)) is a continuous function, for r — 0 one has that

f [(Dba((r)), 1()] dr — 0.

Hence,
da(y(s)) — da(y(?))
s—t

— 0,

and so 7(t) = v. This completes the proof. O

Proof of THEOREM 5.1.0.7. Let (u, m) be a mild solution of the constrained MFG problem in Q. Let us
take (t,z) € 0Q,, and (p1,p2) € DTu(t, ). Let v(x) be the outward unit normal vector to d€2 in .
Let v € R” be such that (v, v(z)) = 0. Let 7 > 0 be small enough and such that 0 < ¢ < t+r < 7. By
LEMMA 5.1.0.8 there exists v € I';[z] such that ¥(¢) = v. Since (p1,p2) € DT u(t, ) one has that

u(t +r,y(t +r)) —u(t,z) < (p2,y(t +7) —x) +7p1 + 0(7). (5.1.0.7)

By the dynamic programming principle we have that

t+r
wlt + At + 7)) — ult,z) > — /t [L((5),4(5)) + F(3(s),m(s))] ds. (5.1.0.8)

Moreover, o
(p2,y(t+7) — 1) = / (p2.7(s)) ds. (5.1.0.9)
t

Using (5.1.0.8) and (5.1.0.9) in (5.1.0.7), we deduce that

t+r
[ (B3 + FOs)mls)) + (2 (5)] ds = 7y < o),
t
By our assumptions on L and F' and by THEOREM 2.3.0.1, one has that

L(v(s),7(s)) = L(z,3(t)) + o(r),
F(v(s),m(s)) = F(x,m(t)) + o(r), (5.1.0.10)

(P2, ¥(s5)) = (p2,7(1)) + o(r),
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forall s € [t,t + r]. Using (5.1.0.10), dividing by 7, and passing to the limit for » — 0 we obtain that
—p1 — {pa,v) — L(x,v) — F(x,m(t)) <0. (5.1.0.11)
By the arbitrariness of v, and by the definition of A7 (5.1.0.11) implies that
—p1 + H' (2, p2) < F(z,m(t)).

Now, we prove that the converse inequality also holds. Let v : [0, 7] — € be an optimal trajectory and
such that y(t) = . Since y(t) € 9, and (s) € Q for all s € [0, T] one has that {§(t), v(z)) = 0. Let
r > 0 be small enough and such that 0 < ¢ — r < ¢. Since (p1, p2) € DT u(t, x), and by the dynamic

programming principle one has that

/: [L(v(s), Y(s)) + F((s), m(s)ﬂ ds = u(t —r,y(t —r)) — u(t,y(t))

< —=(p2,y(t) =t = 7)) —rpy+o(r).

Hence, we obtain that
t
(B0 3 + FOs)mis) + (o 3(5))] ds + 71 < o),
t—r
Arguing as above we deduce that

—p1 = [(p2,9(t)) + L(z,4(1))] = F(z,m(t)).

Since (¥(t), v(z)) = 0, and by the definition of H™ we conclude that

—p1+H'(2,p2) = —p1+  sup  {—(p2,v) — L(z,v)}

v €R"
(v,v(z)) =0

> —p1 = (p2,9(t)) — L(z,7(t)) = F(z,m(t)).
This completes the proof. O
REMARK 5.1.0.9. Let (t,z) € 0Q,,. By the definition of H™ for all p € D u(t, ) one has that
H™(x,p) = H"(z,p"), (5.1.0.12)

where p” is the tangential component of p.
In the next result, we give a full description of D u(t, x) at (¢, ) € 0Q,.

PROPOSITION 5.1.0.10. Let © be a bounded open subset of R™ with C? boundary. Let (u, m) be a mild
solution of the constrained MFG problem in  and let (¢, z) € JQ,,. The following holds true.
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(a) The partial derivative of u with respect to ¢, denoted by d;u(t, ), does exist and

Dtu(t,x) = {Owu(t,x)} x Diu(t,z).
(b) All p € D} u(t, z) have the same tangential component, which will be denoted by p” (¢, x), that is,
{p eR":peDfult,a)} = {p(t2)}. (5.1.0.13)
(c) Forall € R" such that |#| = 1 and (0, v(x)) = 0 one has that
Iy u(t,z) = (p7(t,x),0). (5.1.0.14)
Moreover,
O u(t,r) = =\ (t,z) := —max{\,(t,x) : p € Dfu(t,x)}, (5.1.0.15)
where
Ap(t, 1) = max{\ € R: p"(t,z) + \v(x) € Diu(t,z)}, Vp € Diu(t,z). (5.1.0.16)

(d) Dfu(t,z) ={peR":p=p"(t,x) + \v(z), X € (—o0, \:(t,x)]}.

Proof. Let (u, m) be a mild solution of the constrained MFG problem in Q. Let (t,z) € 0Q,,. By
THEOREM 5.1.0.7, and by REMARK 5.1.0.9 we know that

—p1 + H™(z,p5) = F(z,m(t)), Y(p1,p2) € DV u(t, ). (5.1.0.17)

We argue by contradiction. Let p = (p1,p2), ¢ = (q1,q2) € DVu(t, z) be such that pI # ¢. Let
A €10, 1]. Since DT u(t, ) is a convex set, we have that py=(p; x, p2.)=(Ap1 + (1 — N g1, Ap2 + (1 —
A)g2) € DT u(t, z). Moreover, we observe that

Apy +05) + (1 = M)(g3 +q5) = [Apg + (1 — N)gs]
+ [Apy + (1 = N)gy] = p3 5 + D55

Since p) € DT u(t, x) then it satisfies (5.1.0.17) and

H(x,p35) = pia+ Fz,m(t) = Apt + (1 = N)qr + F(z,m(t))
= Ay + Fz,m(t)] + (L = Mg + F(z,m(t))].

Since H7 is strictly convex, and recalling that p and ¢ satisfy (5.1.0.17) we have that

)\HT(.%,pg) + (]' - )‘)HT('Tqu) > HT(.Z‘,p;,)) = )\HT(.f,p;) + (]' - )‘>HT('r7q§)7
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and so we conclude that p; = ¢; and p] = ¢J. Thus, (a) and (b) hold true.
Let v(x) be the outward unit normal vector to OS2 in z. Let § € R™ be such that |#| = 1 and (0, v(z)) = 0.
By LEMMA 1.3.1.4, and by (b) we deduce that

Ofu(t,z) = min (p,#) = min (p’(t,z),0) = (p"(t,x),0),
pED;f'u(t,a:) pGD;fu(t,:c)

and so (5.1.0.14) holds. Since u is locally semiconcave in (0, T) x €2, and by PROPOSITION 1.3.1.6 we

have that
—0%ult,x) = max{\,(t,2) : p € Dfult,x)} = Ay (t,2),
where
Ap(t, 7)) = max{\ € R: p" + \v(x) € Diu(t,z)}.
Using PROPOSITION 1.3.0.3, and (c) we have that (d) holds. This completes the proof. ]

THEOREM 5.1.0.11. Let {2 be a bounded open subset of R™ with C? boundary. Let (u,m) be a mild
solution of the constrained MFG problem in 2. The following holds true.

(i) Let (t,z) € (0,7) x . Then, one has that

limsup D% u(s,y) C DM u(t, x). (5.1.0.18)
(s,y) € (0,T) x Q
(5,9) = (t,2)

In particular, for all (¢,z) € @,, we have that

limsup  D%u(s,y) = {((Zu(t, x), Dyul(t, x)) } (5.1.0.19)
(%) € (0,T) x ©
(s,y) = (t, @)

(i) Let (t,x) € Q.. Then,

limsup D%u(s,y) = {(@u(t, x), p(t,x) + Ay (t, :L')I/(:C)) }, (5.1.0.20)
(s;y) € Qm
(5:9) = (1)

where p7 (¢, ) and A, (¢, x) are given in (5.1.0.13) and (5.1.0.15), respectively.
Proof. Let (u, m) be a mild solution of the constrained MFG problem in 2. By COROLLARY 4.3.0.2,
by PROPOSITION 5.1.0.6, and by [24, Proposition 3.3.4] we deduce that (¢) holds. Hence, we only need

to analyze the point (i).
Step 1
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First, we prove that there exists a unique A € (—o0, A, (¢, x)] such that (5.1.0.20) holds. Let (¢,z) €
0@, and let v(x) be the outward unit normal vector to 9€2 in z. Let (tx, xx), (S, Yx) € @m be such that

k—o00

Du(ty, ) —— p"(t,z) + Aov(x),

k—00

(tk, $k) —_— (t, iL‘),
k—o0

(skyy0) 2225 (t,2),  Dulse, yn) 225 p7(t, ) + Aw(2),

where Ay < A\; < Ay (¢, ). By THEOREM 5.1.0.5, and PROPOSITION 5.1.0.6 we have that
(5.1.021)

— 8tu(tk, .Cl?k) -+ H(.’ﬂk, Du(tk, Z’k)) = F(l‘k, m(tk)),
(5.1.0.22)

— Opu(sk, yx) + H(yr, Dulsk, yr)) = F(yk, m(si))-
Passing to the limit in (5.1.0.21) and (5.1.0.22) we obtain that
— Owu(t,x) + H(z,p"(t,x) + Aov(x)) = F(x,m(t)),
— Owu(t,x) + H(z,p"(t,x) + \iv(x)) = F(xz, m(t)).
Recalling that (¢, x) € 0Q),,, and by THEOREM 5.1.0.7 one has that
H(z,p™(t,z) + Xv(z)) = H (x,p" (t, x)),
H(z, p"(t,x) + \v(z)) = H (z,p"(t, 2)).

Since H is strictly convex with respect to the second variable, then there exists A € (A, A1) such that

H(z,p" (t,z) + \v(z)) < H(x,p"(t,z) + \v(x)) fori=0,1. (5.1.0.23)
By the definition of H and H™, and by (5.1.0.23) one has that
H(z,p"(t,2)) = H(z,p"(t,2) + Aov(z)) > H(z,p"(t, ) + \v(z))
= sup{—(p"(t,z) + Av(x),v) = L(z,v)}
vER?
> sup {—<p7(t,33),1)> —L<LU,U)} :HT(.CL’,pT(t,.ZC)).
v ER”L
(v, (@) = 0
Therefore, Ay = \; and so there exists a unique A\ € (—o0, Ay (¢, z)] such that
limsup D%u(s,y) = {(@u(t, z), p(t,x) —i—XU(x)) } (5.1.0.24)
(s,9) € Qm

(s,y) = (t, )

Step 2
Now, we want to show that A, (#,7) = \. Let p € R"™ be such that p = p” + Av(z). Suppose that there

exists two sequences {x} C €2, {px} C R"™ such that:

(a) w is differentiable in (¢, xy);
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(b) limy_, o ) = x and limy_, ﬁ = —v(x);
(©) px € Dfu(t, zy) and limy_, 4 o pr = D.
We want to prove that
pE€{p € Diu(t,z): (p,—v(x)) < (g, —v(x))Vq€ Dfult,z)}. (5.1.0.25)

By PROPOSITION 1.3.0.7 we have that p € D u(t,z). Moreover, u is differentiable at (¢, x)) then
{pr} = Du(t, xy). Hence,

u(t, zy) — u(t, x)
|21, — 2

> (Du(t, 1), —=— LY 4 of|x — ax]), Yk > 1.

|7 —

Thus we have that
u(t, ) — u(t, x)

O u(t,z) > limsup > —(p,v(x)).
k—+oo |$k - $|
By PROPOSITION 1.3.0.4 we conclude that
P, —v(z)) =0 u(t,r) = min (p,—v(x)). (5.1.0.26)

peDY (t,x)

So p satisfies (5.1.0.25). Moreover, by PROPOSITION 5.1.0.10, and by (5.1.0.26) one has that
A (t,x) =0T u(t,z) = (p" + Iv(x), —v(z)) = =,
and this completes the proof. O

A direct consequence of the results of this section is the following theorem.

THEOREM 5.1.0.12. Let  be a bounded open subset of R with C'? boundary. Let H, I’ and G satisfy
hypotheses (H0)-(H3) and (D1)-(D3), respectively. Then, u is a constrained viscosity solution of

—Ow + H(x, Du) = F(x,m(t)) in(0,T) x Q
u(z, T) = G(z,m(T)) in Q.

Moreover, u is solution in point-wise sense of
—Ow+ H(xz, Du) = F(z,m(t)) in Qpm,

and

—Owu~+ H (z,p" (t,x)) = F(x,m(t)) in Q.
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5.2 THE CONTINUITY EQUATION

Let 2 be a bounded open subset of R™ with C? boundary. Assume that /, I’ and G satisfy the assumptions

in SECTION 4.1. The main result of this section is the following theorem.

THEOREM 5.2.0.1. Let §2 be a bounded open subset of R with C? boundary. Let mg € P () and let
(u, m) be a mild solution of the constrained MFG problem in §2. Then, there exists V : [0,7] x Q — R
Borel measurable vector field such that m is a solution in the sense of distribution of the continuity

equation

om + div(V-m) =0, in[0,7] x Q,
(5.2.0.1)
m(()?x) = mo(l’), in Q?

that is, for all € C*([0,T] x €2) one has that

/Q (0, )mo(dz) — /Q (T, 2)m(T, d) /0 ' /Q [0(t,2) + (Vo(t. ). V(t,2) | m(t, du) dr.

Moreover, V' is continuous on (),, and

—DPH(x, Du(t,x)) if (t,2) € Qum,

Vit,z) =
() —D,H (z,p"(t, ) + Ap(t,x)v(z)) if (t,2) € OQm,

(5.2.0.2)

where A\, (¢, z) is given by (5.1.0.15) and v(z) is the outward unit normal vector to 02 in z.
It is convenient to divide the proof of THEOREM 5.2.0.1 in several lemmas.

LEMMA 5.2.0.2. Let mg € P(€2) and let € PEP(I") be a constrained MFG equilibrium for my. Let
e, : I' — Q be the evaluation map defined in (3.1.2.1). Let {nL} .o be a unique Borel measurable family
of probabilities on I" which disintegrates 7 with respect to e;. Then, {1}, .q is Borel measurable with

respect to (t, ).

Proof. Let my € P(Q) and let ) € PXP(T') be a constrained MFG equilibrium for mg. Let e, : I' — Q
be the evaluation map defined in (3.1.2.1) and let m be the probability measure on € defined by (3.1.2.2)
forall ¢ € [0, 7). Let £' be Lebesgue measure and let 7 be a continuous map defined by

7= (Ig,¢,): [0, T] x T —[0,T] x Q,
(t,7) — (¢,7(1)),

where 1; : [0,T] — [0, T]. Let 7] be the product probability measure on [0, 7] x I" defined by

_ 1
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We define w the probability measure on [0, 7] x € as
w = 7.

Step 1
We observe that dw(t,z) = m(t,dz)%. Indeed, let [a,b] C [0,7] and B € B(Q). By the defintion of

w and m one has that
w([a,b] x B) = ﬁ(ﬂ_l([a, b x B)) - ﬁ({(t,'y) 1t € [a,b],7(t) € B})
—a({) sty e ®)}) = [ et @m = [ men

Hence, passing to the sigma algebra on the product [0, 7] x Q, we obtain that dw(t, z) = m(t, dz) 2.
Step 2

Let {1}, C P, (I') be the disintegration of ) with respect to e; and let {7; , } ; ,)c[0,77x@ be a unique
Borel measurable family of probabilities on [0, 7] x T" which disintegrates 7j. Now, we show that for any
B € B(I") one has that

n.(B) =7,,({t} x B) Vte[0,T]. (5.2.0.3)

Let us take f € C([0,7]) and g € C(I"). Let ¢ € C([0,T] x T) be defined by ¢(t,v) = f(t)g(7).

Since {7, , }(.4)e(0,7x0 disintegrates 77, and by the definition of w we have that

[, s =[ ([ o) du.o),

Moreover, by the definition of 7 we have that 7= (¢, 2) = {t} x e, () and so

| rogantn = | (/ ) f(s)g(v)dm,xsm)) dufta).  (5204)
[0,T]xT" 0,17x0 \J{t}xe; ! (x)

Recalling that m(t) := e;fn and {1’ }, o disintegrates 7, one has that

/Fg(v)n(dv) =/</1( )g(v)ni(dv)> m(t,dx), Vtel0,T]. (5.2.0.5)

Q

By the definition of 77, and (5.2.0.5) we deduce that

[, foaeanea) =1 [ roa o

1 (7T .
= T/o f(t) dt/g (/Etl(x)g(v)wdv)) m(t, dr)
B ; m(t,dz)
= /mmf(ﬂ (/etl(x)g(v)m(dv)> —dt.

By Step 1, and by (5.2.0.4) we conclude that (5.2.0.3) holds. Thus, {n%} .q is Borel measurable with
respect to (t, ). O
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In the next lemma we show that there exists a measurable vector field such that m is a solution in the sense
of distribution of (5.2.0.1).

LEMMA 5.2.0.3. Let Q) be a bounded open subset of R" with C? boundary. Let m, € P(Q). Let
n € PrP(I) be a constrained MFG equilibrium for mg and let {1}, .q C P, (I') be the disintegration
of 1 with respect to the evaluation map e;. Let m be the probability measure on €2 defined in (3.1.2.2).

Then, there exists a Borel measurable vector field
V:[0,T] xQ — R"

()= Vi) = [ 5on(d)

e; ()

such that m is a solution in the sense of distribution of the continuity equation

om + div(V m) =0, in[0,7T] x Q,
v (5.2.0.6)
m(0, ) = mo(x), in Q,

that is, for all € C*([0,T] x €2) one has that

/Q (0, 2)mo( dz) — /Q (T, 2)m(T, dz) = /0 ! /Q [00(t,2) + (Vo(t.2). V(t,2) | m(t, da) dr.

Proof. The idea of the proof is based on [33, Theorem 1]. Let n € P%%’(F) be a constrained MFG
equilibrium for mg and let {n}}, .5 C P, (L") be the disintegration of 1 with respect to the evaluation
map e;. Set m(t) = eufin forall t € [0, T). Let ¢ € C1([0,T] x ). By the definition of m we have that

% {/Qéf)(t,x)m(t,dx)] %[/F gb(t,v(t))n(dy)} = /Fatﬁb(tﬁ(t))n(dv)
+ [ (FotA®) 3O ) = [ ot emt.de) + [ (FottA0), 5Em(dr).

Since {n’}, g is the disintegration of 7 one has that

[ Vet o). soman = [ ( /. )<V¢(t7x),7(t)>ni(dv)> mt, o)
= Vo(t, ), ) ; dvy)ym(t,dx).
J (o). [, s ymt.an
Integrating on [0, 7'] one has that

/Q ¢(0,2)m(0, dx) — /Q o(T, 2)ym(T, dx)

_ /0 ' /Q Dt z)ml(t, dx) dt + /0 ' /Q (Vo(t,), /etl(x?(t)n;(dmm(t, i) dt
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::ATKJ&MLM+%VMt@J4t@ﬂm@d@dt

which implies that m is a solution in the sense of distribution of (5.2.0.6). Moreover, by LEMMA 5.2.0.2
we note that the vector field V' defined by

Vita) = [ | 4(onk(d), V(ta) € 0.7

t (z)

is measurable with respect to (¢, x). O
REMARK 5.2.0.4. By definition of V' we observe that V (¢, x) is tangential to OS2 for all (t,z) € OQ,,.

Proof of THEOREM 5.2.0.1. Let (u, m) be a mild solution of the constrained MFG problem in Q. By
LEMMA 5.2.0.3 there exists a Borel measurable vector field

V:[0,T] xQ — R"

(o) — Vit = [ 4(onk(d)

e; H(x)

such that m is a solution in the sense of distribution of (5.2.0.1). Let us take (¢, x) € @,,. Recalling the
definition of V' (¢, z), by THEOREM 2.3.0.1, and THEOREM 5.1.0.11 one has that

V(t,z) = —D,H(x, Du(t, x)).
Let (t,x) € 0Q,, and let v(x) be the outward unit normal vector to JS2 in 2. We consider the set
A(t,z) = {)\ € (=00, s (t,2)] 1 4(t) = =D, H(z, p" (t,2) + AV@;))}.
By THEOREM 2.3.0.1, and THEOREM 5.1.0.11 one has that
A(t) € { — D,H(z,p"(t,x) + Av(x)) : A € (—o0, )\+(t,x)]}.
Therefore, we have that A(t, IL‘) is nonempty. Moreover, we observe that
(y(),v(z)) =0, (5.2.0.7)
for 1)’ -almost every v € e; *(z). Hence one has that
A(t,x) C {)\ € (—oo, A\ (t,x)] : ( =D, H(x,p"(t,x) + Av(x)),v(z)) = 0}.
Since H is strictly convex with respect to the second variable we have that

(DppH(z,p"(t,x) + Av(x))v(z), v(x)) > 0,
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and in particular A — (D, H (x,p"(t,z) + Av(z)), v(x)) is a nondecresing map. Thus, there exists at

most one A belongs to A(¢, z) and so

A(t,z) = {X} (5.2.0.8)
Before proving that A, (¢, z) = )\, we show that A4 (t, x) satisfies the following inequality

(DpyH(z,p"(t,x) + A\ (t,2)v(2)),v(z)) < 0. (5.2.0.9)

We argue by contradiction and we assume that
(D, H(x,p"(t,x) + A\ (t, x)v(z)), v(x)) > 0.
Since H is strictly convex with respect to the second variable, there exists \g € (—o0, A, (¢, z)] such that
H(z,p™(t,z) + Av(z)) < H(z,p"(t,x) + A\ (¢, z)v(2)).

Recalling that
H(x,p"(t, ) + A (t, 2)v(x)) = Opult, x) + F(z,m(t)),

one has that

dult, x) + Flo,m(t)) > H(z,p(t,2) + dov(@)) > sup  {~(p,v) — L{z,v)}

v € R"
(v,v(z)) =0

= H"(z,p" (t,z)) = Owu(t,x) + F(z,m(t)).

Therefore, (5.2.0.9) holds.
Now we only have to prove that N = Ay (t, ). We argue by contradiction and we suppose that by #*
At (t,x). Since A — (D, H(x,p"(t,z) + Av(x)),v(x)) is a nondecresing map, by (5.2.0.9), and by
(5.2.0.8), we conclude that

0= (DpH (,p" (t,2) + M(2)), v(x)) < (DpH (0" (t,2) + As(t,2)r(2)), v(x)) < 0.

Thus, X = A\ (t, x) Therefore, (5.2.0.2) holds, and by our assumptions on H, V' is continuous on (),,.
This completes the proof.
O
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