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SMOOTH ANOSOV FLOWS: CORRELATION SPECTRA AND STABILITY

OLIVER BUTTERLEY AND CARLANGELO LIVERANI
(Communicated by Giovanni Forni)

ABSTRACT. Byintroducing appropriate Banach spaces one can study the spec-
tral properties of the generator of the semigroup defined by an Anosov flow.
Consequently, it is possible to easily obtain sharp results on the Ruelle reso-
nances and the differentiability of the SRB measure.

1. INTRODUCTION

In the last years there has been a growing interest in the dependence of the
SRB measures on the parameters of the system. In particular, G.Gallavotti [11]
has argued the relevance of such an issue for nonequilibrium statistical mechan-
ics.

On a physical basis (linear response theory) one expects that the average be-
havior of an observable changes smoothly with parameters. Yet the related rigor-
ous results are limited and the existence of irregular dependence on parameters
(think, for example, of the quadratic family) shows that, in general, smooth de-
pendence must be properly interpreted to have any chance to hold.

The only cases in which some simple rigorous results are available are smooth
uniformly hyperbolic systems and some partially hyperbolic systems. In par-
ticular, Ruelle [24] has proved differentiability and has provided an explicit (in
principle computable) formula for the derivative in the case of SRB measures for
smooth hyperbolic diffeomorphisms. Subsequently, D.Dolgopyat has extended
such results to a large class of partially hyperbolic systems [8]. More recently
Ruelle has obtained similar results for Anosov flows [26]. Ruelle’s proofs of the
above results use the classical thermodynamic formalism and precise structural
stability results which, although reasonably efficient for diffeomorphisms, pro-
duce a quite cumbersome proof in the case of flows. It should also be remarked
that much of the results concerning statistical properties of dynamical systems
are related to the analytical properties of the Ruelle zeta function [23, 1]. In the
context of Anosov flows such properties have been first elucidated by Pollicott in
[22].
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148 OLIVER BUTTERLEY AND CARLANGELO LIVERANI

In more recent years, several authors have attempted to put forward a differ-
ent approach to the study of hyperbolic dynamical systems based on the direct
study of the transfer operator (see [1] for an introduction to the theory of trans-
fer operators in dynamical systems). Starting with [28, 5] it has become clear that
it is possible to construct appropriate functional spaces such that the statistical
properties of the system are accurately described by the spectral data of the op-
erator acting on such spaces. The recent papers [19, 18, 12, 2, 3, 20,9, 7, 21, 4, 13],
have shown that such an approach yields a simpler and far-reaching alternative
to the more traditional point of view based on Markov partitions.

In this paper we present an application of these methods to the aforemen-
tioned issue: the differentiability properties of the SRB measure for Anosov flows.
Not only are the formulae in [24] easily recovered, but higher differentiability is
obtained as well, making rigorous some of the results in [25]. In addition, the
method naturally yields precise information on the structure of the Ruelle reso-
nances, extending the results in [22, 27].

Note that the same strategy can be used to prove differentiability (and obtain
in principle computable formulae) for many other physically relevant quantities
(at least for €*° flows) such as: Ruelle’s resonances and eigendistributions, the
variance in the central limit theorem (diffusion constant), the rate in the large
deviations. Also, a slight generalization of the present approach that considers
transfer operators with real potential would apply to general Gibbs measures.
This would allow, for example, to obtain an easy alternative proof of the results
in [17].

The key reason for the straightforwardness of the present approach is that,
once the proper functional setting is established, the usual formal manipula-
tions to compute the derivative are rigorously justified, making the argument
totally transparent.

The spaces used here are the ones introduced in [12] although similar results
could, most likely, be obtained by using the spaces introduced in [3, 4].

Recently some new results have been obtained on the stability of mixing [10].
It would be interesting to investigate the relationship between such qualitative
results and the quantitative theory in this paper.

Finally, it should be remarked that the approach of the present paper is based
on the study of the resolvent, rather than the semigroup, in the spirit of [20]. Nev-
ertheless, a recent paper by M.Tsujii [29] has shown that it is possible to intro-
duce Banach spaces that allow the direct study of the semigroup, although this
is limited to the case of suspensions over an expanding endomorphism. Such
an approach yields much stronger results. To construct similar spaces for flows
and, possibly, other classes of partially hyperbolic systems is one of the current
challenges of the field.

The plan of the paper is as follows: Section 2 details the systems we consider,
introduces the norms we use and the corresponding Banach spaces, and it states
the results. In Section 3 we precisely define the Banach spaces relevant for our
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SMOOTH ANOSOV FLOWS 149

approach and study some of their properties. In Section 4 we look at the prop-
erties of the transfer operator in this setting and discuss the spectral decompo-
sition of its generator. In Section 5 we give results on the behavior of the part
of the spectrum close to the imaginary axis, and in Section 6 we discuss specifi-
cally the behavior of the SRB measure as the dynamical system is perturbed, in
the course of which the Ruelle formula for the derivative is established. In Sec-
tion 7 the main dynamical inequalities are proven for the transfer operator while
in Section 8 the corresponding inequalities are established for the resolvent of
the generator of the flow. The paper also includes an appendix in which some
necessary technical (but intuitive) facts are proven.

REMARK 1.1. In the present paper we will use C to designate a generic constant
depending only on the Dynamical Systems (M, T;), while C, p, .. will be used for
a generic constant depending also on the parameters a, b, .... Accordingly, the ac-
tual numerical value of C may vary from one occurrence to the next.

Acknowledgements. C.L., wishes to thank Sébastien Gouézel and David Ruelle
for many helpful suggestion and comments. In addition we are indebted to the
anonymous referee for pointing out a considerable number of imprecisions and
making several precious suggestions.

2. STATEMENTS AND RESULTS

Let us consider the €*° d-dimensional compact Riemannian manifold .4
and the Anosov flow T; € Diff (.4, #). In other words the following conditions
are satisfied.

ConDITION 1. T satisfies the following

To=1d,

TyoTy=Ty+q foreachp,qeR.
That is Ty is a flow.

CONDITION 2. Ateach point x € # there exists a splitting of tangent space Ty M =
ES(x)®E/ (x)® E“(x). The splitting is continuous and invariant with respect to T;.
E! is one-dimensional and coincides with the flow direction. In addition, for each
ve Ef, DTyv=0 = v =0 and there exist A > 0 such that

IDTvI < e M|v|| foreachv e E* andt =0,

IDT_ vl < e *|v| foreachve E* andt = 0.

That is the flow is Anosov.!

lIn general one can have a Ce~* instead of e in the first two inequalities, yet it is al-

ways possible to change the Riemannian structure in order to have C = 1 by losing a little bit
of hyperbolicity (e.g., define (v, w), := f_LL 6—221’\3\ (DT;v,DT; w)ds with A’ < A and L such that
Cew_ML <1).
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150 OLIVER BUTTERLEY AND CARLANGELO LIVERANI

A smooth flow naturally defines a related vector field V. Often the vector field
is a more fundamental object than the flow, we will thus put our smoothness
requirement directly on the vector field.

CONDITION 3. WeassumeV € €"+!, r > 1.2 This implies T, € €"*'.

To study the statistical properties of such systems it is helpful to study the
action of the dynamics on distributions. To this end let us define £;: 2/, —

9 by3 +1
r+l1

2.1 (Lih, @) = (h,@oTy), forallpe€ .

It is easy to see that the £, are continuous.

REMARK 2.1. Given the standard continuous embedding* i: €" — 2, we can,
and we will, view functions as distributions. In particular, if h € €7, then it can
be viewed as the density of the absolutely continuous measureih. In such a case a
simple computation shows that, setting

2.2) Lih:=[hdet(DT;) o T/},

gives i%, = L. Formula (2.2) provides a more common expression for the trans-
fer operator.

Unfortunately it turns out that the spectral properties of £; on the above
spaces bear no clear relation to the statistical properties of the system. To estab-
lish such a connection in a fruitful way it is necessary to introduce Banach spaces
that embody in their inner geometry the key properties of the system (that is, hy-
perbolicity).

The first step is to define appropriate norms on €*°(,C) and then take the
closure in the relative topology. The exact definition of the norms can be found
in Section 3, yet let us give here a flavor of the construction.

For each p €N, g € Ry, consider a set ~ of manifolds of roughly uniform size
and close to the strong stable manifolds and let 7 be the set of smooth vector
fields (see Section 3 for precise definitions). For each W € X, vy,...,v, € ¥ and

Qe Cgop "9(W,C) we can then define linear functionals on €°(.#,C)° by

[W,Ul,...,l/p,(p(h) = fw(pyl Vph
and the dual ball by
[UP-(/I . {éwyvhva'(p IWez, |(p|<€0q+p <1, vjlgar < 1}.

2The reason for such a condition, instead of the more natural r > 0, is purely technical and rests
in the limitation p € N for the spaces 9”7 used in the following. Most likely it could be removed
either using the spaces in [3] or generalizing the present spaces.

3In the following we will use (k,¢) and h(¢p) interchangeably to designate the action of the
distribution % on the smooth function ¢.

‘fg, fe€", then(if,g):= [, fg.

SHere, and in the following, the integrals are meant with respect to the induced Riemannian
metric. Moreover, given a vector field v and a function h, by vh or v(h) we mean the Lie derivative
of h along v.
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We can finally define the seminorms and norms we are interested in:
IAll, 4= sup €(h)  VYpeN, geRy

e,

(2.3) -
”h”p’q::ilig”h””’q VpeN, geR,.
We define the spaces 879 := € (4 ,(13)”'”’” . Note that these spaces are equiv-
alent to the ones defined in Section 2 of [12], the only difference being in their
use: there they depend on the stable cone of an Anosov diffeomorphism, here
they depend on the strong stable cone of an Anosov flow. Consequently we will
often refer to results proved in [12].
A first relevant property of the spaces %79 was proved in [12, Lemma 2.1]:

LEMMA 2.2. |- llp-1,4+1 = Cpqll - I p,q for each p €N, and q € R, In addition, the
unit ball of BP9 is relatively compact in 8P~ 1471,

It is easy to show that &£;: BP9 — BP9, with p+ g < r, is a bounded strongly
continuous semigroup (Lemma 4.2); it is also uniformly bounded in ¢ (Lemma
4.1). Accordingly, by general theory, the generator X of the semigroup is a closed
operator. Clearly, the domain D(X) > 6" *!(.#,C) and, restricted to €"*!(.«,C),
X is the action of the adjoint of the vector field defining the flow, that is

(2.4) Xh=-V(h)-hdivV €¥¢".

Obviously, the spectral properties of the generator depend on the resolvent
R(z) = (zId - X)~'. It is well known (e.g., see [6]) that for uniformly bounded
semigroup (Lemma 4.1) the spectrum of X is contained in {z € C : R(z) < 0}.
Thatis, for all z€ C, R(z) > 0, the resolvent R(z) is a well-defined bounded oper-
ator on 79 and, moreover,

(2.5) R(2)f = f e “' % fdt.
0

The above facts allow us to establish several facts concerning the spectrum of
the generator.

THEOREM 1. ForeachpeN,qeRy, p+ q < r, the spectrum of the generator, act-
ing on BP9, in the strip 0 = R(z) > —min{p, g} A consists only of isolated eigen-
values of finite multiplicity. Such eigenvalues correspond to the Ruelle resonances
(see Remark 2.3 for more details). In addition, the eigenspace associated to the
eigenvalue zero is the span of the SRB measures.® The SRB measure is unique

8Here we adopt the following definition of SRB measure: a measure v is SRB if there exists a
positive Lebesgue measure open set U such that V ¢ € €° and Lebesgue a.e. x€ U

1 T
—f @oTr(x)dt — v(g).
T Jo

The above implies, in the present setting, all the usual properties of SRB measures (e.g., absolute
continuity along weak unstable manifold) that we do not detail as they will not be used in the
following. We will only use, at the end of the proof of Lemma 5.1, that the union of the basins of all
the SRB measures is of full Lebesgue measure, that is: for each continuous function the forward
ergodic average exists Lebesgue-a.s.
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152 OLIVER BUTTERLEY AND CARLANGELO LIVERANI

iff the eigenvalue is simple and it is mixing iff zero is the only eigenvalue on the
imaginary axis.

The first statement is proven in Lemma 4.5, the second, and more, in Lemma
5.1. The above theorem extends the well-known results of Pollicott and Rugh
[22, 27] to higher regularity and higher dimension. Indeed we can connect the
above results to physically relevant quantities: the correlation spectrum.

If f,g € € then one is interested in Cf g(t) := [go T, f - [ f [ g, where the
integral may be with respect to Lebesgue measure or the SRB measure depend-
ing on whether one is observing the system in equilibrium or out of equilibrium
starting from a properly prepared state.

REMARK 2.3. A typical piece of information that can be obtained on the quantity
Cy,g is its Fourier transform

C‘f,g(ik)::fo e_””Cf,g(t)dt:f(g—fg)R(ik)f.

The above results thus imply that the quantity C t,g has a meromorphic extension
in the strip 0 = R(z) > —mini{p, g}A. In addition, in such a region, the poles (the
so-called Ruelle resonances) and their residues describe (and are described by)
exactly the spectrum of X. In particular this means that the spectral data of X
on the Banach spaces BP9 are not a mathematics nicety but physically relevant
quantities.

Given such a spectral interpretation it is then easy to apply the perturbation
theory of [12] and obtain our other main result.

Let us consider a family of vector fields V;, := V +nV; € €™, ne(-1,1), and
the associated flow T; ;. Suppose, for simplicity, that Ty ; has a unique SRB mea-
sure. The issue is to show that T; ; has a unique SRB measure y;, as well, that
such a measure is a smooth function of 7 and finally to establish a formula for its
derivative.

Let us define p™ := -4

n T dn"
THEOREM 2. There existsng > 0 such that, if the flow Ty ; has a unique SRB mea-
sure, then the same holds for the flows T, ; for |n| <no. Calling u, such an SRB
measure the function n — p, belongs to 6" 2([-n9,M0], B"). In addition, for all
nel[-no,nol, n<1—-2andpe €, we have the formula

. In Section 6 we prove the following.

o0
i () = alirggf ne”“'ul"V(Vi(go Ty )dr.
- 0

REMARK 2.4. The convergence of the integral in the above formula is far from ob-
vious and it is part of the statement of the Theorem. Notice that for n =1 Theorem
2 yields Ruelle’s result [26] while, for n > 0, it makes rigorous some of the results in
[25]. In addition, if the operator X;, has a spectral gap (as may happen for geodesic
flows in negative curvature [19]), then from the proof of Theorem 2 it follows that
the above integral converges also for a = 0 and one has the formula

o0
1 () = fo "D (Vi o Ty D).
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3. THE BANACH SPACES

To define the norms it is convenient to consider a fixed €”*! atlas {U;, ¥ i}fi 1
such that W;U; = B(0,40) and Ui‘Pi‘l(B(O,é)) = #." In addition, we can require
Do¥7H(0,1,0) : ueRM} =E“(¥;1(0)), Do¥;{(5,0,0) : s R%} =ES(¥;1(0)),
and W71 (s, u, 1) = T, ¥ (s, u,0)).

Next we wish to define a set of (strong) stable leaves. For small enough p >0,
large enough M > 0 and ¢ € B(0,6) let us define

F :={F: B(0,35) cR% — R%*! : F(0)=0; |Fl4 < p; |Flgr < M}.
Let Gy p(¢) 1= x + (¢, F(¢)) for each F € &, and 2 := {G,r : x € B(0,0),F € Z}. To
each i € {1,...,N}, G € £ we associate the leaf Wig= {‘I’l.‘lG(f)}geB(o,g(s), which
form our set of stable leaves X, and its reduced and enlarged version W;—'G =
(¥71G©)Yee0,0£16)-

Integrating over such leaves we can define linear functionals on €7 (.#,R).
More precisely, for each i € {1,...,N}, seN,Ge X, g€ %S(W,G, C) and €* vector
fields vy, ..., vs defined in a neighborhood of W;G we define

Ei,pr,vl,...,vx(h):: (PVI"'Vsh Vhecg"(‘/%’q:)_
Wi
We use the above functionals to define a set that can be intuitively interpreted as
the unit ball of the dual of the space we wish to define. For peN, g € R, let®

Upg = 1{2iGpny | 15 i< N, GES, Iglgar <1, [Vjligarn < 1,1}
The norms ||, 4 are then defined in 2.3.
REMARK 3.1. Notethatifh € €¢°(4,C), g R, and p €N then | hlpq < |hlgr.
We have the following characterization of 879, see [12, Proposition 4.1].

LEMMA 3.2. The embeddingi extends to a continuous injection from BP9 to @27 c
D', the distributions of order q.

REMARK 3.3. In the following we will often identify h and ih if this causes no
confusion.

4. THE TRANSFER OPERATOR

A first property of the transfer operators is detailed by the following lemma
whose proof is the content of Section 7.

LEMMA 4.1. IfpeN,geR,, p+g<r,teR, andhe€" then
@.1) L2l pg < Cpgll Allp.g-
“Here, and in the following, by ¢” we mean the Banach space obtained by closing € with

respect to the norm | flegn 1= supp<,, If(k) loo2™ K. Such a norm has the useful property |fglgn <
|flgn|glegn, thatis (€, |¢n) is a Banach algebra.

o
8By v j lgg+p = 1 we mean that there exists U = U > Wi+G such that v j is defined on U and
|vj|<gq+p(U) <l1.
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As an immediate consequence we have the following first result.

LEMMA 4.2. The operators %, restricted to BP9, form a bounded strongly con-
tinuous semigroup on the Banach space (3”9, - |l »,q4)-

Proof. For all h € 8”9 there exists, by definition, a sequence {h,} € € converg-
ingto hinthe | -/ 4 norm. By Lemma 3.2 the sequence converges in the spaces
of distributions as well and, due to the continuity of %, {<£;h,} converges to
Zh in @;. On the other hand, by Lemma 4.1, {£;h,} is a Cauchy sequence
in 8P, hence it converges and, by Lemma 3.2 again, it must converge to £;h.
Thus £ h € P49 and
1Z:hllp,g < Cpgllhlpg VY he P9,

We have thus a semigroup of bounded operators. The strong continuity follows
from the fact that for all 1 € 6" we have

. Bl — 1 ~1y, p=1_ _
lim |, — hle 1t1£r(1)|[h det(DT;)™'1o T; ' = k|, =0.
Next, for h € 2879 let {h,} < €" be converging to h, then, using Remark 3.1,

1£:h—hllp,qg < 1Lthn—hullp,q + Cpgllh—hyllp,q
= CAlxthn - hnl‘é’ + Cp,q - hn”p,q-
Taking first n sufficiently large and then ¢ small, one can make the right-hand
side arbitrarily small, thatis lim; . [|£;h— hll, 4 =0forall h e BPa. O
In addition we have the following result, proved in Section 8.

LEMMA 4.3. IfpeN,qeR,, p+qg=<r,z€C,R(z) =a>0 then

IR(2)™l p,g < Cpga ™

IfA €(0,A), p,neN,geR, andzeC, a:=R(z) = ap >0 then
IR(2)" Bl p,g < Cpgn @+ pA) "kl pg+a " Cpgr,alzl 1Bl p-1,4+1,
where p :=min{p, q}.
The above means that the spectral radius of R(z) € L(%P9,%8P1),R(z) =a >0,
is bounded by a™!, and in fact equals it if z = a since [R(z)h = a! [ h im-
plies that a~! is an eigenvalue of the dual. Since Lemma 4.3 implies that R(z)

is a bounded operator from 98”9 to itself and since Lemma 2.2 implies that a
bounded ball in the || - | 5, ; norm is relatively compact in 7~19*!, we obtain:

LEMMA 4.4. ForeachpeN, ge Ry, p+q <r, and z € C, R(z) > 0 the operator
R(z): BP9 — BP~L4*L is compact.

The above implies, via a standard argument [14], that the essential spectral
radius of R(z) is bounded by (a + Ap)~!. This readily implies the following (see
[19, Section 2] if details are needed).

LEMMA 4.5. The spectrum o(X) of the generator is contained in the left half plane.
The set 0(X) N Upyp = {z € C|R(2) > —pA'} consists of, at most, countably many
isolated points of point spectrum with finite multiplicity.
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Thanks to the above result we can connect the spectral properties of the gen-
erator to the statistical properties of the flow. First of all, by the spectral decom-
position of closed operators on Banach spaces (see [15, Sections 3.6.4 and 3.6.7]),
if we select N isolated eigenvalues from the spectrum then

N
X=X+ ) (i, Sk,; + Ni),
j=1
where the operators S, Ni, X, commute, the Si, Ny are finite rank and S;S; =
OkjSk, NiSj =06 jNi and Ni is nilpotent. Finally, if the selected eigenvalues are
the ones with imaginary part in the interval [-L, L] for some L > 0, then X, is a
closed operator with spectrum contained in the set {z€ C : R(z) < —pAlu{ze
C : R(z) =0;|Im(z)| > L}u{0} where the eigenspace corresponding to zero is the
union of the ranges of the Sy.

5. THE PERIPHERAL SPECTRUM

Here we analyze the meaning of the spectrum on the imaginary axis.

LEMMA 5.1. The SRB measures belong to BP9, p+q < r;0€ o(X) and it is simple
iffthe SRB measure is unique. Moreover, the SRB measure is mixing iff 0 is the only
eigenvalue on the imaginary axis. Finally, 0 (X) N iR is a group and the associated
eigenfunctions are all measures absolutely continuous with respect to a convex
combination of the SRB measures.

Proof. If Xh=1ibh,then £/h= e'P' . On the other hand there cannot be Jordan

blocks, indeed if Xf = ibf + h, then %e‘””fftf = h, thus e "' &, f = f+ th

which, since %, is uniformly bounded (Lemma 4.1), is a contradiction.
Moreover we have®

0 if ibisnot an eigenvalue
Sk ifib=C{g
To prove the above note the following. If i b is not an eigenvalue,

m .
R(a+ib)—f e_(“”b)tfft]
T

- 1 rT .
(5.1 Sp:= lim T e—’bffftdt:{

T—o0 0

T T .
f e —lim | e @Dip, = lim
0 a—0Jo a—0

. 8} .
= lim R(a+ib)—e_(“+’b)T££Tf0 e_(“”b)tfft]

= lim (1d - e~ @iDT o yR(a+ib)

={d- e "?TLp)R(iDb),

which is uniformly bounded in T. On the other hand if ib = (, then R(a+ib) =
(@a+ib—-{)" 'S+ Ri(a+ ib), where R, (z) is an analytic function in a neighbor-
hood of ib [15, 3.6.5 p. 180]. The result then follows by the same computations
as above.!?

9The integral must be interpreted in the strong topology.
10For further use note that the convergence in (5.1) takes place not only in 79, p > 0, where
we have nontrivial spectral information, but also in 299 To see this, first notice that Lemma
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Let v be an SRB measure and let m be the Riemannian (Lebesgue) measure.
By definition (cf. footnote 6) there exists an open set A such that, for each ¢ € €°
and Lebesgue a.e. x € A, % fOT @o Ti(x)dt — v(¢p). Thus, given h € €, supph c
A, m(h) =1,V ¢ €€ by the Lebesgue Dominated Convergence and Fubini The-
orems

1 T
Un(p) :=Soh(p) = limf —f h(x)p(Trx)dt = v(p).
T—ood 4 T Jo

In view of Lemma 3.2, the above implies that yj = v, that is v € 879, In other
words the SRB measures belong to the space and are eigenfunctions correspond-
ing to the eigenvalue zero of X.

Next, let us define p := Sp1. The inequality

1 T
()] sTlgr;on() miplo TdL < bl

shows that u is a measure. In addition, if XA = ibh and S is the corresponding
projection, since € is dense in 9879 and S¥" is finite-dimensional, it follows
that S#P9 = S€". Hence there exists f € €" such that h = Sf. Accordingly,

1 T
(5.2) |h@)| = |Sflp)| < limf —f PL fI < floott(@).
T—ood 4 T Jo

Therefore all the eigenfunctions corresponding to eigenvalues on the imaginary
axis are measures and such measures are absolutely continuous with respect to
1 and with bounded density.

Consequently, if Xh = ibh, then h is a measure and there exists f € L (4, )
such that dh = fdu. But then

f,u: h= e_ibtg(fth: e_ibtfftf,u:e_ibtfoT_tftpze_ibthT_tu,

hence foT_; = /! f y-a.s.. The above argument shows that the peripheral spec-
trum of £, on 8P4 is contained, with multiplicity, in the point spectrum of the
Koopman operator U, f := fo T, acting on L?(.#, ). In fact, the two objects
coincide as we are presently going to see.

Let t € R, and f € L?(#, p) such that U, f = e'?’ f. Note that, since U;| f| = | f|,
the sets {x € 4 : |f(x)| < L} are p-a.s. invariant. Thus we can consider, without
loss of generality, the case f € L (.4, p). By the Lusin Theorem and the density
of €7 in €2, for each € > 0 there exists fe €67, |feloo < |floo, such that u(| f; —

4.1 implies ||Soh||o,q =Cq ||h||o,q for each h € 819, hence So has a unique continuous extension
to 899, Next, consider h € B%9. There exists {h,} = B19 such that lim,—o |17 — hnllo,q = 0.
Moreover, by Lemma 4.1, | T~ fOT ZLi(hn—Mlo,q = Cqllh—hpllo,q. Thus

limsup
T—o0

1 T
— Lrh—-Soh
T/(; t 0/tn

= Cq Ih— hn”O,q-
0,q9
To conclude note that the range of Sy is finite-dimensional, hence there exists a convergent sub-
sequence Sohy i let h be the limit, then, taking the limit j 1 oo follows So/h = h and

=0.

1 T
lim H—f ZLrh—Soh
T Jo 0,9

T—o0
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f1) <. Next, let us define, for each f € L2(4, ), R'(2) f := [5° e *'U, f. A direct
computation shows that R(2)(fu) = (R'(2) /)y, R' A +ib)f = f and | fepllog <
C|floo- Accordingly, Lemma 4.3 implies

IR +iD) (fet)lpg < Cpg e+ A) "+ Cpgarl flool1 + b,
plf ~R'A+ib)" fol) < pR'Q)"1f - fo) = ullf - fih <e.

For each € we choose 7, such that [|[R(1+ib)™ (fep)ll p,q < 2Cp, g1l fleoll +ibl, sO
Lemma 2.2 implies that the set = := {R(1 + ib)" (f.u)} is compact in P~ 14*1,
Let us consider a convergent subsequence ¢, and let ur € ABP~14+1 pe the limit.
Then for all ¢ € €7*1,

fu(@) = p(fp)= lim p(R'A+i0)™ fo; ) = lim [RA+10)™ fe 11(0) = py ).

The fact that the spectrum is an additive subgroup of iR then follows from
well-known facts about positive operators [6, Section 7.4].

To conclude it suffices to prove that all the eigenfunctions of zero are SRB
measure. First of all, since the range of S is finite-dimensional, SoBYItP =
S0P, €° is dense in 8%P*9, and remembering Footnote 10 we have Sy%° =
S0P, Hence for each v € BP9 there exists f € €° such that v = Sf. On
the other hand, setting f := max{+ f,0} € €°, v, := Sy f. are invariant positive
measures and v = v, — v_, thus the range of Sy has a base of positive probability
measures. Next, we can assume, without loss of generality, that v is an ergodic
probability measure for {T;}.!! Then, for each ¢ € €°, ¢ =0, such that [ , fp =1,
we can define vy := So(¢ f). By a computation similar to (5.2), v, is a probability
measure absolutely continuous with respect to v, hence, by ergodicity, v = vy.
Then for each ¢ € €°, ¢ > 0, and ¢ € €Y, since Lebesgue a.e. point has forward
ergodic average (see footnote 6),

1 T
ff¢[<p+—v(<ﬂ)lt=f f(b[lim —f @o T~ v(ep)
M U T—oo T Jo

.1 T
=Tlgr()10? Mf(bfo [p—v(p)oT;

=So(f</>)(<p—1/(<p))fﬂ fo= (v(tp—V(q)))fﬂ fo=0.

Taking the sup over ¢, the above yields [, flp* —v(p)| = 0 Accordingly, for
Lebesgue almost every point in the support of f the forward average of ¢ is v(¢),
that is v is SRB. O

111f not, then consider any invariant set A of positive v measure. Since v must be absolutely
continuous with respect to y, then the set will have positive pt measure and Id 4 Z_Z is an eigenvec-

tor of U; for each 7 > 0. Hence, by the previous discussion, Id 4 v € 8P'9. By the quasicompactness
it follows that there may be only finitely many such A, hence the claim.
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6. DIFFERENTIABILITY OF THE SRB MEASURES

It is possible to state precise results on the dependence of the eigenfunction
on a parameter of the system. To give an idea of the possibilities let us analyze,
limited to Anosov flows, a situation discussed by Ruelle in [26].

Calling £, ; the transfer operator associated to the flow T3 ;, Xj, its generator
and setting Ry, := (zId— X;,) 7!, it follows that the SRB measure ;) is an eigenfunc-
tion of R;(a) corresponding to the eigenvalue a~'. Taking Xy = X +nX; one can
prove, by induction,

n
6.1) Ry(@ = Y n*[Ro(@ X11¥Ro(@) + "™ [Ro(@) X11" ! Ry (a).
k=0
In addition, we know that a~! is an isolated eigenvalue of R;)(a). We can thus ap-
ply the perturbation theory developed in [12, Section 8] to the operator Rn(a),12
where we choose 8° := #5917 with g € (0,1) and s € {0,...,r — 1}. It follows
that there exists 79 > 0 such that p,, € €"~2((-10,70), B°). Moreover

eB "
dn" Hn n=0

We use the natural normalization w;(1) = 1 so that ,u,({’) (1) = 0. We can thus dif-
ferentiate the equation X, =0, n < r — 2 times with respect to 7, obtaining'

(6.2) Xpui” + nXypi Y =0,

From [15, 3.6.5 p. 180] and remembering that there are no Jordan blocks we have
that Ry (z) = 27180,y + Qn(2) where Qy(z) is analytic in a neighborhood of zero
and Sy, is the spectral projection associated to the eigenvalue zero. In addition,

Rn(z) Xn = Rn(z) (X,7 —-2)+ an(z) =-Id+ an(z).

Therefore
; (m _ _,,(n) (m _ _,,(0)
(6.3) il_l?(l) Rn(z)ann =y, + So,nu77 ==y
where we have used that So ;v (¢) = uy(¢$) - v(1) and so Soynp%”) = 0. Combining
equations (6.2) and (6.3) we may write

(o]
n) _1; (n-1) _ 1; —at (n-1)
J T —£1£I(1)HR77(Z)X1,UU —ah_)rgkfo ne” "Ly Xy, dt.

This completes the proof of Theorem 2.

REMARK 6.1. Nofte that the perturbation theory in [18] and [12] allows to investi-
gate, by similar arguments, also the behavior of the other eigenvalues of X, with
the related eigenspaces, outside the essential spectrum.

12guch a theory applies since Ry(a) satisfies a uniform Lasota—Yorke inequality, (6.1) allows to
estimate the closeness of Ry(a) and Rp(a) in the appropriate norms and since the Xy are bounded
operators from %P9 to P~19*!. In particular this means that the domain of X;, viewed as a
closed operator on %P4, contains P 141,

13Remembering again that X, X7 are a bounded operators from 2”4 to #P~14%1, we can
exchange Xy, X7 with the derivative with respect to n provided that n < r — 2.
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7. LASOTA-YORKE TYPE INEQUALITIES—THE TRANSFER OPERATOR

Here we prove Lemma 4.1. But first let us introduce some convenient nota-
tion.

REMARK 7.1. We will use the notation l'[;‘:1 v; to write the action of many vector
fields. That is

n
[Tvikh:=v1...v50.
i=1

Note that this suggestive notation does not mean that the vector fields commute.

Let We X, 0<n < p, and let vy,...,v, be €9*" vector fields defined on a
neighborhood of W+ with |v;l4en < 1, and ¢ € €, /(W) with |plgniaw) < 1.
We need to estimate

f Vy...0p(Zrh) - .
w
f

The basic idea is to decompose each v; as asum v; = w + w;

is tangent to W, wlf points in the flow direction and w" is “almost” in the strong

unstable direction. We will state precisely what we mean by “almost” in Lemma
7.4. The w; may then be dealt with by an integration by parts and then noting

that w, wlf are not expanded by DT_; allows us to conclude.

We wish to look at the problem locally and so we use a partition of unity as
given in the following lemma ([12, Lemma 3.3]):

+ wl? where w;‘

LEMMA 7.2. For any admissible leaf W and t € R*, there exist leaves W1, ..., Wy,
whose number ¢ is bounded by a constant depending only on t, such that
1. T-,(W)c U§:1 i
2. T_,(WH :U§:1 W].+.
3. There exists a constant C (independent of W and t) such that a point of
T_:W™ is contained in at most C sets wj.

4. There exist functions py,...,p¢ of class €' "' and compactly supported on
Wj‘ suchthat}. pj=1o0onT_(W), and|pjlgr <C.

REMARK 7.3. Note that the construction in Lemma 7.2 can be easily modified to
ensure that there exists ¢ > 0 such that for all t e R, and |s— t| < ¢6, the leaves
TsW; and the partition p; o T_; still satisfy properties (1-4).

Given some index j, we will estimate

(7.1) f V... Un(Zh)-@-pjoT—y|.
T, (Wj)

The needed decomposition of v; is given by the following lemma whose proof
can be found in Appendix A:

LEMMA 7.4. Fix A’ € (0,A). Let v be a vector field on a neighborhood of W* with
|vlgea <1, a<r andt e Ry. Then thereexists c > 0 such that, for each j, there exists
a neighborhood U; of Use(1-c5,t+co) Tt(Wj+) and € “(U;) vector fields w!, w* and
w? satisfying, for all|s —t| < co:
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. ifx e Ts(W)) then v(x) = w*(x) + w/ (x) + w*(x).

. ifx € Ts(Wj) then w*(x) is tangent to Ts(W).

. ifx € Ts(Wj) then w! (x) is proportional to the flow direction V.
- Nwilgaw) < Cr, lw'lgeqy < Cr and |w!gayy < Cr.

lw? °Ts|<ga(vv, =C.

- 0 A6 T

(T wleger_,uy) < Ce™Vs and |\ wf o Tglga(r_,u) < C,
where (T; w") = DT;(x)"'w¥(T;x) is the pullback of w" by T;.

The fundamental remark in the following computations is that, since the com-
mutator of two 6"+ vector fields is a €""9~! vector field, if we exchange two
vector fields, the difference consists of terms with n —1 €"~1*49 vector fields,
hence it can be bounded by Cy, 41 Z;hll;, For each j in (7.1) we can then

write wy + w{ + wy' instead of v, since they agree on T;W;. After that we can

commute such vector fields with the vector fields v}, j € {2,..., n}, as explained
above. At this point we can decompose v, and so until (7.1) is bounded by

n-1,q9°

+ Crg il Zihlyy g

f wi'...wy"(Zh)-@-pjoT-,
T (Wj)

oels, f,ul"

Take o € {s, f,u}", and let k =#{i | 0; = stand [ = #{i | 0; = f}. Let m be a
permutation of {1,...,n} such that n{l,...,k} ={i|o;=stand n{in—-1+1,...,n} =
{i | o0; = f}. Therefore

f wfl...wg"(ffth)wp-pjoT_t <
T,(W))

n
fT(W) H w H wi(i)(xth)'(p'pjoT—t +Cn,q,t||$zh||;_1’q.
¢ i=

l k+1 l:n—l+1

By definition wlf(g) =a;V(g), where a; € €%, so wlf(g) =—-a;Xg—-a;gdivV,
where X, for the time being, is defined by (2.4). The terms coming from taking
derivatives of the a; or the terms involving the divergence of the vector fields

are bounded by the || - ||, _, e In particular 1 X h- < IIhII;,q +Cngllhlln-1,4-

Hence, setting & := (-1)' TI**/  ay

n-l,g —
), for k > 0 we have

(7.2)

f wi'.. wy"(Lh)-@-pjoT_| <
T,(W))

w w X(ffth)(ppOT_ta
T[(W]),l_[ nml—l_I+I (i) J

+ Cogtll L il g

Next, we integrate by parts with respect to the vector fields w; . These vector
fields are tangent to the manifold W, hence [, w? wy 8= fW f w w8tIwrg

divw; .. Since w; ) is €9*" and the manifold W is €"*! with a <€ ; +1 volume
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form, the divergence terms are bounded by Cy, 4,: | £ hll-1,4. This yields

f wi'...wy"(Zh)-@-pjoT-,
T,(W))

<

n-1 k
f T wi X' @i [ wyy @ pjo T @)+ Crgcl Lehlln1,q-
T:(Wj) i=k+1 i=1

By Lemma 7.4 it follows that H;‘:l Wy (@-pjoT—;-a@)isa €9k test function
while only n—k vector fields act on £, h. Thus the above integral can be bounded
by the || - |l ,-1,§ norm unless k = 0.

Next we need to analyze the case k = 0 in more detail. For each h € 6”7,
X' Lh=%X"h=(X'n)oT_,det(DT;) " o T_;."* If we differentiate det(DT;) "o
T_; we obtain terms bounded by Cn,q,tIIlethlln_l_l,qH < Cug,el Zihlin-1,4-
Hence

f wfl...wg"(ffth)wp-pjoT_t
T,(W))

=

n-1
[Twt (X' WoT ;- [p;-detDT) o T_; - &| + Cyg,e| Lihlln-1,q.
T:(Wj) j=1

Let w}(x) = DT;(x)~! w!(T;x). This is a vector field on a neighborhood of W].+.
We can then write the above integral as

i=

n-1
f w;rt(i)th °T—I'PjoT_t'det(DTt)_loT_t.d.(p’
T, (W;) 1
and, changing variables, we obtain

n—I
(7.3) . [1w: ;X h-(a@p)oT;-p;-det(DTY ™ Jw Ty,
ji=1

where Jw T is the Jacobian of T;: W; — W. Note that

|@p)e Telgaen < Cpg |9lgarn < Cpg»

u

-A't
ﬂ(i)’<gq+n < Cpgqe "' (see Lemma 7.4) and

because of Lemma 7.4. Moreover, |LD

S0:

ol Vn—k=1)

- AN (n—k-Dt

(7.4) ];[ Wy ) lgan < Cpge” " "F70L,
i=k+1

l4gince for smooth ¢ holds V Ty¢p = T; V¢ and we have used (2.2).
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Putting together all the above estimates we finally obtain'®

n—1 .
- - pj-JwT:
(7.5) Uv...v(ffh)- = fvl wh . h-(@p)oT,
w e tmn? Os;sn W; l:Hl w1 e (DT,
j=t

+Cp,q,t IZ1 Ml n-1,q + 1Rl n-1,q)-

To conclude, we need the following distortion lemma:'®

LEMMA 7.5 ([12] Lemma 6.2). Given W € X and leaves W; such that W cUj<¢ W
and W* >Uj<¢ W;, we have the following control:

(7.6) > |JwTi-detDT) ™ | gy, my < C.
jst

Lemma 7.5 together with (7.4) and (7.5) implies, forall0 < n < p,
£k, <Clihlg 4

1L,y <Ce M IRl 4+ CIV Rllo,qen+ Cpg,e (1Le Rl n-1,g + 1l n1,q).

(7.7)

The idea is to finish the proof by induction. For n = 0 the first inequality of (7.7) is
the same as | Z;hllo,q < Cp,qllhllo,q. On the other hand if | L1kl g < Cp gl Allm,q
for each m < n < p, then the second inequality of (7.7) yields

1Z:hl <ce™ || +CIX"  Rllo,gns1 + Cp,g,t (1L c Rl n g + Il n,q)

hlln,g-

n+l,q

-A't - 1
<Ce M Nlpy,q+ CIX™  Rllogens + Cpgy

n+l,q

Next, choose fy such that Ce % < g < 1 Then

- - 1
||$t0+th”n+1,q = 0||$th||n+1,q +C| L X™ h”O,q+n+1 +Cpyq
<olZhl

| LRl nq

- +1
n+1,q + Cp,q ”Xn h||0,q+n+1 + Cp,q l h”n,q-

Writing t as mty + s, s € (0, fp), and iterating the above equation yields

IZthl 0,9 < 0™ 1 Z5hI
< Cpgqlhl

i1+ A=) 7 Cpg [IX"™  Rllo,gsns1 + 1 hllng]

n+1,q T Cpallhling.

Finally we have

1L Rl nsr,q < 121 +11Z:hlin,g < Cpgllhllne,g-

n+l,q

This completes the proof of Lemma 4.1.

15Where we have used again the possibility to commute the vector fields by paying an error
bound in the | - [l ,-1,4 norm and we have recalled (2.4).

161n fact, [12] applies to hyperbolic maps, yet the proof holds also for flows with the only
change of thickening T; W; by p also in the flow direction.
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8. LASOTA-YORKE TYPE ESTIMATES—THE RESOLVENT

In this section we prove Lemma 4.3. In order to do this note that the following
may be shown by induction from equation (2.5):

1 o
(8.1) R(2)"™h = 7f Mo # L hdt.
(m-1'Jo

The first inequality of Lemma 4.3 follows directly from equations (4.1) and (8.1)
by integration over ¢. Analogously we can use (4.1) to cut the domain of integra-
tion.

Indeed foreach z:=a+ib,a=ay>0,f=16and L:= mp

22, we have'’

o0
<— " le=dc, lh
S [ pal Bl

g _mB
<Cpga "e 2 |hlpg.

1 %)
”—l'f tm_le_Ztgthdt
(8.2) (m-1!Jp

Accordingly, to prove the second part of Lemma 4.3 it is sufficient to fix n < p,
[Vilgarn =1, |(p|<gn+q <1 and estimate
0

1 L m-1 -zt
mfo t" e fwvl...vn(ffth)-(pdt.

To do so it is convenient to localize in time by introducing a smooth parti-
tion of unity {¢;} of R, subordinated to the partition {[(s—1/2) t., (s +3/2) 41} sen,
where £, = ¢6 and c is specified in Remark 7.3. In fact, it is possible to have such
a partition of the form ¢(f) := ¢(t — st..) for some fixed function ¢.

We will use the notation of Section 7 and the formula (7.5) where the families
of submanifolds are chosen for each ¢ = s¢., s €N, according to Lemma 7.2 and
for t # st, the families of submanifolds are constructed as described in Remark

"Indeed, setting I(m) = [{°t™e~%!, integrating by parts yields I(m) = L™a le L +
ma~lI (m—1). Hence, by induction, we can prove the formula

1 m-1 L] m=1 ,,j gJ m=1 U
fl'](m_l)z Z s .'e_“Lza_m Z m'ﬁ e—mﬁSa—m Z (ﬁe) ﬁ]e_mﬁ,
(m ) j:0 a J: j=0 J: j:O J

%e)] is achieved for j = m, hence (me)] <e™,

since j! = jj e~J. Next, since the maximum of( j

—mpm
Im-1)< ie_m(ﬁ_l) < Ca_me_mg.
(m-1)! -1
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7.3. We can then write, for each s € N and setting t; := st, — t,'®
L
(8.3) U rm‘le‘Z’cps(r)f V1...Un(Zh) - pdt
0 w
- fL M (1) Vlﬁlw” (ag)oTi-pjoTy-JwT:
osi=n|J0 e*t LW =1 ) det(DTy)
j=t

-1
+Cp,g L L"'m™ |l y-1,4,

where we have used equations (7.5), (7.7). Changing variables and using the Fu-
bini Theorem on all the right hand side integrals and setting t7 := st. + t yields

n n-l (d(P)OTst 'P"]WTst
e+ m—1 ,—zt] ¢ Vl HU « P -
fwj jl;( s ) e (l)( ) l:l_Il wn:(l) det(DT[S)_l o Tl‘

For [ # 0, we can integrate by parts, since V(¥ o Ty) = %‘P o Ty, obtaining
(8.4) Cllhllp-1,4l2l fR "L (1) < Cllhll por,glzla™™.
For [ =0 and n = p, remembering (7.4), we have

. » .

o ) i pj-IwT;
tm 1 zt t f | | u . h . Ty ———rr

fo ¢ s Wi i=1 Wi (@@) e e det(DTy)

1

8.5 R —

(6.5 SEZN (m-1)!
jst

C
P4 m=1,-(@+A'p)t | 11— P
= (m_l)!f&f e IR, 4 < Cpqgla+A'p)~ ™Rl ;-

In the case [ = 0, n < p we use a regularization trick to obtain the desired decay
in the norm. Since the composition with T; decreases the derivatives one can
take advantage of such a fact by smoothing the test function.

For ¢ < 6 and ¢ € €/ (W,R), let A;p € €/ (W™, R) be obtained by convolv-
ing ¢ with a ¥ mollifier whose support is of size €. We will use the following
standard result.

LEMMA 8.1. ForeachneN,qgeR, and@e €97",
|AePlgasn < ClPlgarn, |AePlgariin < Ce | Plgarn, |A:@—Plgasn < Cellegons.

Hence, setting A@ = (¢ — A; ) o Ty, the action of T; on the derivatives yields
|A@lgarn < Ce~ M+ provided one chooses £ < Ce™M4+! Thus, using (7.4) as

18By construction, the manifolds {Wj} in the formula (8.3) depend on s but not on ¢.
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well, we have

1 L fm-1gp-at —pj.]WTt
(8.6) meo (bs(t)f l_[ Wiy Tf'det(DTt)

seN
j=t
- ZfL tm—le—zt(l)s(t) ﬁ A(Pp]]WTt
&b (m-1) W i1 Wiy det(DT;)
j=t
Cp,q,ao,LL ”h”nq+1
+
m!
m

<Cpgqla+ AMg+n)™"| h”p,q + Cp,q,ao,LW! l h”;,q+l'

Collecting equations (8.2), (8.3), (8.4), (8.5) and (8.6) yields, for each n < p,

mp
IR(2)" Al < Cpgla ™e 2 +(a+Ap)™"+@+A1q)"" | hllng
m
+(a "zl +Cpgrm M Alp-1,4+C ,q,ao,LW”h”n—l,Lﬁl-

To conclude it is convenient to introduce, for each 0 < A < 1, the equivalent
weighted norms!®

Ihllpgai= Y ARG,

nsp

Using such a norm we can write

—m B _ _
IR(2)"hllp,ga<Cpgqla e 2 +(@a+Ap)"" +(@a+Aq)"" |11l pg,a
1 m
+A(a_m|z| +C ,q,Lm_ )”h”p,q,A"‘Cp,q,ao,L_m‘ ”h”p—l,q+1,A-

For each " < A/, calling p := min{p, g}, there exists m, €N, e.g., mg=Cyr g a
will do, such that Cp, 4 (a+A'p) ™"« < 1 (a+A" p)~™a. Choosing then f, and hence
L, large enough?® and A small enough we have

IR(2)™hllp,q,a < (@+A"p)"" | hll p,g,a+ Cp,g.a,@ " 12l Rl p-1,441,4,

which can be iterated to yield the desired estimate (given the equivalence of the
norms).

APPENDIX A.

Proof of Lemma 7.4. Our aim is to write the vector field as v = w* + w* + w/. We
start by making a 6¢”*! change of variables in the charts?! so that W]fr and W+

are subsets of R% x {0} x {0} while T,(s,u,7) = (s,u,7 + £). In addition, having
chosen z € W;, we can assume, without loss of generality, that £“(z) = {(0,0, u) :

19The advantage of using weighted norms has been pointed out to us by Sébastien Gouézel.

20For example, = 2Apa~! will do, notice that this choice implies that L can be chosen uni-
formly bounded with respect to a.

217 point in the charts will be written as (s,7,u) € R4 with s € [Rdf, 7eRand u e R%,
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u € R%} and E%(Tyz) = {(0,0,u) : u € R%}. We can then consider the foliation
E ={E(s,t,u)} of aneighborhood of W]fr made by the leaves E(s, 7, u) :={(s,7,u+

v) : veR%; |y| <6} and define the foliation F = T,E.

Theideais to first define the splitting on T st+ and then extend it to a neigh-
borhood. We thus define the splitting on {(s, 7, 0)} as follows: (w?*, (0, 7, u)) =0, for
each u € R%, 7 € R; w/ is in the flow direction; w" belongs to the tangent spaces
of the leaves of the foliation F.

To verify that the splitting satisfies the wanted properties we need to write the
differential of T} in the chosen coordinates. For each x in a neighborhood of Wj+,
by the requirement that the flow direction is mapped into the flow direction, it
follows that

A(x) 0 Bi(x)
DTi(x)=|ar(x) 1 b(x)
Ci(x) 0 Dy(x)

Moreover, if x € Wj+, then it must be a,(x) = 0; C;(x) = 0 and, finally b;(z) = 0 and
B(z) = 0. In addition, due to the uniform hyperbolicity of the flow, we have that,
for each x € W}, | A¢ ()| < Ce™*, while [| (B, (x)u, (b;(x), ), De(x)w)]| = CeM | ul
for each x in a neighborhood of Wj'zz Notice as well that the size of the neigh-
borhood we are interested in can be chosen arbitrarily, thus, by continuity, we
can assume | C¢ll¢r + llasll¢r arbitrarily small.23 Finally, since the foliation F is
close to the unstable direction, | B;(x)u|l +[|{b;(x)u)| < % D, (x)ull, for all u € R%.

By construction the tangent space to the leaves of the foliation F has the form
{(B:(x)D; (x) Y1, (b (%), Dy (x) " u), u) : u € R%}. Accordingly, if we write v =:
(vs, vy, vy), we have

w® = (vs— (B;D; ") o T_;,,0,0)
(A1) w! = ©0,vf = (b, D7) o T-v4,0)
w" = ((BD; " o T vy, (b;D; ") o T_ vy, v4).

By construction such vector fields satisfy points (a-d) of Lemma 7.4; moreover
they belongto 6" (T;(Wj})). To estimate the ¢" norm we must study the ¢ norm
of U;(x) := B;(x)D¢(x)~" and B,(x) := by (x)D;(x)~1.

To do so it is convenient to break up the trajectory into pieces of finite length
fp and, at all the points Ty, x, introduce the same type of coordinates already de-
fined. By the hyperbolicity assumption, given A’ € (0, A), it is possible to choose
to < C so that nty = ¢ and || Dy, (Ti, ) 'l < eV, | Ay (T, Ol < eV | Tegyx —
Tepyll = e M Tk-1y6,x — Tk-1)1, |l for each k < n and x,y € W;. Accordingly,

22The latter follows from the possibility to choose § small enough so that all the tangent spaces
to the foliations E lie in the unstable cone.

23Given a function A with values in the matrices we define || Allgn := supg X j|Agjlgn. Sucha
definition has the useful consequence that if A = BD, then || All¢n < |Bllgn | Dll¢n.

24Note that, within a chart, the matrices do not depend on x f
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since D(x4+1)s, () = Dy (Ti gy X) Dy, (X),
A2) D] lgr =Dy} llgr < (e*0 + Ce M VO) DL llgr < Ce™M
Next, notice that

A(k+1)t0(x) 0 B(k+1)t0(x)

0 I bres1ys, (%)
0 0 Dk+1)z ()
Ato(Tktox)AktO(x) 0 Ato(Tktox)Bkto(x) +B[O(Tkt0x)Dkto (x)
= 0 1 by, (Ti 4, X) Digy (%) + by (%)
0 0 Dy, (Ty 4, %) Dy (X)

Thus, setting Uy := By, D, , we get

-1
kty’
Ugs1 = Ay (Trgy Ui Dyy (Tiegy ) ™1 + By (Tgy ¥) Dy (T, X) 7

Hence,
At M-ty 2
1Upllgr < (e h 0+ e~ M =D0)21 17, e + C.

Iterating the above equation yields [|U¢ll¢rw; < C. A similar argument gives
I8¢l w; < C. Applying the above estimates to (A.1) yields |w* o T¢lgaw, < C,
lwo Tt|<ga(wj) <Cand|wfo Tt|<ga(m/j) < C, which proves (e).

To tackle (f) we need to extend the vector fields smoothly; this is easily done by
taking them constant along the leaves of F. Since on W; we have DT lwho T, =
(0,0,D7'v*0 T,) and w' o T, = (0, v/ o T, = bD;'v*0 T},0), the above estimates
imply | T/ wu|<ga(vvj) <Ce ' and lwf o Tt|<gu(wj) < C. Since the vector fields have
been extended by keeping them constant on the leaves of F, if follows that their
preimages are constant along the leaf of E, that is they do not depend on u. This
means that the above bounds on the norms does not increase when they are
considered on the neighborhood T-,Uj, hence point (f). O
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