MATHEMATICAL ANALYSIS 2

COURSE NOTES 2021/22

By
EVERYONE WHO CONTRIBUTED.

github.com/oliver-butterley/ma2


https://github.com/oliver-butterley/ma2




©@@®® This document is covered by Creative Commons Attribution-ShareAlike 4.0 Interna-
tional (CC BY-SA 4.0).

You are free to share this work (copy and redistribute the material in any medium or format)
and adapt this work (remix, transform, and build upon the material for any purpose, even
commercially), under the obligation of attribution (you must give appropriate credit) and
share-alike (if you remix, transform, or build upon the material, you must distribute your
contributions under the same license as the original).

This text may contain errors, inaccuracies and misleading ideas, the reader takes full respons-
ibility for the consequences. Any resemblance to actual persons, living or dead, events or
localities is entirely coincidental.

Typeset: 20th December 2021

Git commit: 256097

Source available at: github.com/oliver-butterley/maz


https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://github.com/oliver-butterley/ma2/commit/256f09774b92b48a006377d5b1977207463ff296




PREFACE

HIS text accompanies the course “Mathematical Analysis 2” taught at the Uni-
T versity of Rome Tor Vergata in the department of engineering for the academic
year 2021/22. The course was led by Oliver Butterley, in collaboration with Alessio
Ranallo.

The aim of this document is to concisely describe the fundamental details related
to the material of the course. They are aptly named as “notes” and are most likely
not the comprehensive source of all relevant information. We have easy access to a
huge volume of resources and so here we will make connections to whatever is useful,
whenever we can.

These notes are merely written text whereas the central part of the course remains
the time spent working with the material, be it doing exercises, discussing, doing
calculations, etc. This is not text for memorising, this is text that aims to help us
practice and become stronger thinkers.

This text is freely' available at github.com/oliver-butterley/maz2. Everyone is
encouraged to contribute improvements to the document during the progress of the
course.

Some of the text comes from previous years and from many other sources, some
of the text came to be during the course. The current version is the product of many
people, in particular everyone who has made suggestions in class and pointed out
errors or imprecisions and to everyone who suggested useful additional content.

"Free both in the sense of “free speech” and “free beer”.
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INTRODUCTION

WE start by looking at examples which demonstrate some of the motives behind

studying analysis in general.

Example (Series). The geometric series S = 1+ % + i + % + % + - - - can be summed
by the following simple simple trick. Multiplying by 2 we obtain that
1 1 1 1
28 =24+14+ -+ —-4+-—4+—+...=2
S=2+1+5+3+gtqt +S
andso S = 2. If we try to do the same to thesum 7' =14+ 2+4 +8 4+ 16 + - - - we

get the nonsensical answer
2IN=244484+16+---=T -1

and so 7" = —1. Why should we trust the argument in the first case and not in the
second?

Example (Interchanging sums). If we consider any matrix of numbers, for example,

1 2 3
4 5 6
7 8 9
we can sum first the rows 6 + 15 + 24 = 45 or first the columns 12 + 15 + 18 = 45
to obtain the total sum of all numbers. This is the rule
DD k=) ke
j=1 k=1 k=1 j=1
We would like to believe thatalso D 772 > 7% aje = > ;2 > 02| ajk. However this
doesn’t work for the following matrix:
1 0
-1 1

0
0
0 -1 1

vii



We often want to swap the order of summing (or integrating) and often need to
consider infinite sums (or integrals). When can we do this and can’t we?

Example (Interchanging integrals). Let’s try to integrate e~ *¥ — xye™ " with respect
to both x and y. We would like to believe that

oo 1 1 oo
>
//(e_xy —xye ™) dy dx = //(6_” — aye” ™) dx dy.
00 00
Since fol(e_’”y—xye_xy) dy = [ye_xy];zo = e~ ", theleft-hand sideis [~ e~ dx =
[—e"”]go = 1. However, since fooo(e*xy — zye ) dr = [g;e*xy]z":o = 0, the

right-hand side is fol 0 dz = 0. So how do we know when to trust the interchange of
intervals?

Example (interchanging limits). We could easily believe that

2 ) 2
lim lim ——— = lim lim ———.
z—0y—0 12 + yQ y—0z—0 12 + y2
. 22z S P : x2
Hé)wever lim,, g el i 1 and so theleft-hand side is 1 whereaslim,_,q preawrii

0152 = 0 so the right-hand side is 0. This example shows that the interchange of

limits is untrustworthy. Under what circumstances is it legitimate?
We need to be rigorous in our logic otherwise, as we have seen in these examples,
the conclusions can be erroneous and the difficulties are often subtle.

CURVES OF CONSTANT WIDTH

The above examples are calculus based but it is worthwhile to consider a real world
application of the rigour and reasoning we aspire to. Suppose we are organising
the production facilities which manufacture a component that is round (maybe a
rocket body, maybe a tube, etc.). As part of the production it is important to have a
procedure which guarantees that the fabrication is done to the correct tolerance. The
idea proposed is:

“We measure the width from all angles to confirm that the manufac-
tured component is correct.”

Two-dimensional problem in the sense we assume that the object is a closed curve
in R2. Fora given angle we define the width of this curve to be the smallest distance

viii



F1GURE 1.: The Reuleaux triangle is a curve of constant width.

between two parallel lines which touch the curve in a single point but never cross it
(one each side of the curve). We say that the curve has constant width if this width is
equal from every direction. This is just what we would check using calipers on a part
and rotating. The following statement is intuitive and true.

Theorem. A circle has constant width.
However the converse is not true, indeed the following is true.
Theorem. There exist constant width curves which are not circles.

This can be proved by constructing many such curves, for example the Reuleaux
triangle. Indeed there are such curves which look similar to regular polygons but still
have constant width.

MA2 VERSUS M A1

Much of what we do in this course builds on ideas established in Mathematical Analysis
1. In particular many of the ideas are extended to the higher dimensional setting. See

Table 1.
SUGGESTED FURTHER READING

> “Analysis 1” by Terence Tao. (Particularly §1.2 “Why Analysis?” and Appendix A
“The basics of mathematical logic”).
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Mathematical Analysis 1 ‘ Mathematical Analysis 2

Sequences & series of numbers
ai, az, as, . . .

Z;io aj

Sequences & series of functions
J1.(@), f2(@), fo(@), ...
Zj:o fi(z)

(Functions) f : R — R

f : R™ — R (Scalar fields)
f : R" — R"™ (Vector fields)
a : R — R"™ (Paths)

(Derivative) f'(x) = %(x)

%(fﬁh .., @p) (Partial derivatives)
V f (Gradient)

D, f (Directional derivative)
o’ (Derivative of path)

D f (Jacobian matrix)

V - f (Divergence)

V x f(Curl)

(Extrema) sup,cp f()

sup,crn f () (Extrema)
Lagrange multiplier method

Integral fab f(z)dx

Multiple integral
Line integral
Surface integral

TABLE 1.: Ma2 versus MA1



CHAPTER I.

SEQUENCES & SERIES OF
FUNCTIONS

NALOGOUSLY to sequences of numbers we can consider a sequence of func-
A tions fo(z), fi(z), fo(z), fs3(x), etc. Often it is convenient to write such a
sequence as { f,, () },,cy- For example, the following are sequences of functions.

> fi(z) = 2%, folz) = 24, f3(x) = 25, ...
> fi(z) = €%, fo(x) = €2, f3(x) = 3%, . ..
> fo(x) = nexp (—in’z?)

Note that in the first case we could have instead written f,,(z) = 2" and in the
second case we could have written f,,(x) = €"®. The natural number 7 is called the
index. Typically the index of the sequence starts from n = 0 or n = 1 but that’s not
essential. The index doesn’t need to be 7, any other letter, or indeed symbol, can be
used.

1.1. CONVERGENCE & CONTINUITY

We start by recalling the notion of convergence for sequences of numbers.

Definition r.1. A sequence of numbers a1, as, as, . . . is said to converge to a if, for
each € > 0, exists N € Nsuch that |a,, — a| < € whenevern > N.

If a sequence {a, },, converges to a then we write a,, — a (asn — 00). For sequences
of functions we will need to consider two different notions of convergence. In order
to understand this difficulty let us consider the following example.



0 |
0 1

F1GURE 1.1.: The sequence of functions f,(z) = z™.

Example. Consider the sequence f,,(x) = 2" forz € (0,1). Foreachz € (0, 1) we
see that f,,(x) — 0. On the other hand, for each n, 2% € (0,1) and f,,(27) = 3

Up until now we haven’t mentioned the domain of the functions in the sequence but
to proceed we need to be make this detail rigorous. We will write that “{ f,,(z)},, isa
sequence of functions on D C R” to mean that there is a fixed D C R and, for each
n € N, f,, isafunction with domain D (i.e., f,, : D — R).

Definition 1.2 (pointwise convergence). Let D C R, let f,,(x) be a sequence of
functions on D and let f(x) be a function on D. If f,,(x) — f(z) foreachx € D
we say that f,, is pointwise convergent to f.

Definition 1.3 (uniform convergence). Let f,,(x) be a sequence of functions on
D C Rand let f(z) be a function on D. If, for each € > 0, there exists IV such
that for everyn > N and every x € D, |f,(z) — f(z)| < € then we say that f,, is
uniformly convergent to f.

Example. Show that f,,(z) = 2™ converges uniformly on (0, §).



FIGURE 1.2.: The sequence of functions f,,(x) = arctan(nx).

Solution. We observe that it converges pointwise to the constant function f(z) = 0.
We also observe that | f,(z) — f(z)| < 55 forallz € (0, 3). This means that, for
every € > 0, if we can choose N = —log, € then |f,,(z) — f(x)| < € whenever

n > N. O]

Definition 1.4. Let f(z) be a functions on D C R. We say that f is continuous at
p € Dif, foreach ¢ > 0, thereis § > 0 such that |f(z) — f(p)| < € whenever
x € D, |z — p| < 0. We say that f is continuous on D if f is continuous at every
peD.

Itis natural to consider a sequence of continuous functions which converge and ask
if the function they converge to is continuous. What about the sequence of functions
fn(z) = arctan(nz)?

Theorem 1.5. Suppose that f,, — f uniformly on D and that the f,, are continnous on
D. Then f is continuous on D.

Proof. Letp € D. Uniform convergence means that, for each € > 0, there exists N
such that foreveryn > N and everyx € D, | f,(7) — f(z)| < 5. By continuity of
fn(x)atx = p, thereisad > 0 such that |fx(z) — fn(p)| < § wheneverx € D,



|z — p| < 9. Since

[f(@) = )| = |f(z) = fn (@) + fn(x) = fn(p) + fn(p) = (D)l

this means that, for all |x — p| < 4,

[f (@) = Fo)l < |f (@) = (@) + [fn(2) = In(0)] + v () — ()]

€

<3-=e

5 =¢
This proves the continuity of f atp. Since p € D is arbitrary this shows the continuity
of fonD. [

Recall that integrals are defined rigorously using the notion of a step functions.

Theorem 1.6. Suppose that f,, are continuous functions on [a,b] C R, uniformly
convergent to f. Then
b b

lim [ f.(z)dx = /f(x) dz.

n—oo
a a

Proof. The uniform convergence implies that for each € > 0, there exists N such that
foreveryn > N andeveryz € D, |fu(z) — f(2)| < 5= This means that

b b b
| [ f@ e [ sl < [ 15,60 - f)]do
< (b—a>bfa =«
This shows that [ f,,(z) dz — [ f(z) dz. O

SERIES OF FUNCTIONS

Recall that, if {a,,} isa sequence of numbers, then the series a,, is the sequence

n q n q
{>"4_1 ar}, of numbers (the partial sums). We say that the series ), a,, is convergent
if {d°;_; ax}, is convergent.



Definition r.7. Let { f,,} be a sequence of functions. We say that the series ) _  f,
> is pointwise convergent if Y, fr(x) is pointwise convergent,
> is uniformly convergent if Y, fi(x) is uniformly convergent.

Theorem 1.8. Suppose that the series ) ., f,, is uniformly convergent to g on D and the
fn are continuous on D. Then g is continuous on D.

Proof. If the fy are continuous then the > ;'_, fi are continuous. This means that
Theorem 1.5 applies. O

Theorem 1.9. Suppose that the seriesy . fy, is uniformly convergent to g and the f,

are continuous. Then
b

JL%j;ifk(m) dr = /g(x) dx.

a

Proof. Again, that the f are continuous means that the ) ,_, fj are continuous.
This means that Theorem 1.6 applies. [

Here and subsequently it is convenient to recall several commons tests which are
useful for proving convergence: ratio test, root test, comparison test, alternating series
test, integral test for convergence. For series of functions we have the following test for
convergence.

Theorem r.xo (Weierstrass M-test). Suppose that { f,, },, is a sequence of functions on D,
that {M,},, is a sequence of positive numbers and that | fr(x)| < M. If >~ M, is

convergent then the series Yy [, converges absolutely and uniformly on D.

Proof. By the comparison test Y | f,, ()| is convergent for all z € D. Le., for each
x the series ) | f,(x) is absolutely convergent and so we let f(x) be the limit. We
compute

HCECI D SIS ED SYITEIED yE s

k=n+1 k=n+1 k=n+1
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As) " M, is convergent this last expression tends to 0 as K — co. This estimate is
independent of z. O

1.2. POWER SERIES

Definition r.ix. Let {a,}, beaseries of numbers and let ¢ be a number. The series
> an(x — )" is called a power series (centred at c).

Typically the power series will converge for some 2 and diverge for other z. We
could permit = to be a complex number and the entire work of this section holds
verbatim. However, for the present purposes we will assume that € R and that the
coeflicients a,, € R and that ¢ € R. To simplify formulae we will often work with
the case that ¢ = 0 since we can always transform a given problem to this special case.

"

Example. Leta, = 27". The power series ) a,2" = ) = is convergent when
|z| < 2and divergent when |z| > 2. To see this we apply the root test and observe

1
that lim,,_, o (2_” |z|" ) n = %

Example. Leta, = % The power series ), %7 is convergent for all 2. To see this we
zntl zx™ : lz]
CEsyI ‘ / ‘ - and that lim,, o0 557 =

use the ratio test and observe that = n|i+‘1

for any x.

1.3. RADIUS OF CONVERGENCE

A key notion is determining exactly the domain on which a power series converges.

Theorem r.x2 (uniformly convergent power series). Suppose thaty ., a,x" converges
forsome x = xy # 0. Let R < |xo|. Then the series is uniformly and absolutely
convergent for all x such that |x| < R.

Proof. Since ) . a,xy is convergent there exists M/ > 0 such that, for all n, |a, x| <
M. Observe that .
<M

|anx"| = lanzg| Tzol™

z
]




. R . .
The series ) . M [o[™ 18 @ geometric sum and so convergent. Consequently, by the
M-test, the series is uniformly and absolutely convergent when |z| < R. O

Theorem 1.13 (radius of convergence). Suppose exists x1, o2 # 0such that ), a7
is convergent and ), a,xy is divergent. Then exists v > 0 such that ), a,x" is
convergent for |x| < r and divergent for |x| > r.

Proof. Let A be the set of real numbers for which ) a,, 2™ is convergent and let  be
the least upper bound of A. The series ), a,z" is convergent whenever |z| < r.If
|z| > rand ) a,x" is convergent then this contradicts the definition of A and so
>, apx™ is divergent for || > 7. O

In the above paragraphs we worked with the case ¢ = 0 but all of these notions hold
for the general ¢ € R. Consequently Theorem 1.13 implies that the series is convergent
onaninterval (c —r,c+ 1) = {x : |r — ¢| < r} butdivergent when |z — ¢| > r.
The convergence for the sequence for & = ¢ — r and x = ¢ + r must be manually

checked and can differ for the left and right end points.
Definition r.14. This 7 is the radins of convergence of the series Y . a,, (v — ¢)".

We use the following convention: if ) | a,,x™ converges for all z € C we say the
radius of convergence is 00 if ) | a,2™ doesn’t converge except x = 0 we say the
radius of convergence is 0. All of the above concerning power series holds verbatim
for x a complex number and so “radius” is more meaningful since it truly corresponds
to a disk in the complex plane.

I.4. INTEGRATING & DIFFERENTIATING
POWER SERIES
Leta, € R,z € R. If theseries ) a,2" converges we define the function f(z) =

> > o anx™. In general exchanging limits with derivatives and integrals is problematic
but for power series the situation is good.



Theorem 1.15 (integrating power series). Suppose that, for v € (—r,r), the series
f(@) = Y207 ana™ is convergent. Then f(x) is continnous and [ f(y) dy =

oo an n+1
ZTL On—‘,-lw

Proof. Let |x| < R < r. Observe that the series is uniformly convergent for y €
[—R, R]. This means that f(z) is continuous and so we can interchange limit and
integral,

_ - n __ C an n+1
/f(y)dy—Z/anx —Zn+1x :
0 n=0 0 n=0
O
Theorem 1.16 (differentiating power series). Suppose that, for v € (—r,r), the
series f(x) = Y07 anx™ is convergent. Then f(x) is differentiable and f'(x) =

ZZOZI nanxn—l, Convergmtforx e (—r, 7’).

Proof. Let|z| < R < r. Observe that

o0 e n gl
n—1 __ n 7.
E NanT = E a, R 7R
n=1 n=1
-1
: oo R™ i n || \™ :
Since ) ", a, R 1s absolutely convergentand % - (‘5)  is bounded we know
that > °° | na,z" ! is absolutely convergent (comparison test). For convenience let

glx) = >, nanx”_l and observe that [ g(y) dy = > 7, a,a™ = f(x) —
ag (by Theorem r.15). By the fundamental theorem of calculus this concludes the

proof. O
Let a, x and the coefficients a,, be real numbers. The series
f@) = au(x—a)"
n=0

defines a function on the interval (a — 7, @ + 1), where 1 is the radius of convergence.
The series is said to represent the function f and is called the power series expansion of
f about a.

Two important questions are: Given the series, what are the properties of f? Given
afunction f, can it be represented by a power series? Only rather special functions



possess power-series expansions however the class of such functions is very useful in
practice.

1.5. UNIQUENESS & TAYLOR SERIES

In the next paragraphs we develop the idea that, if two power series represent the
same function, then they must be the same power series. In this sense we have the
uniqueness of power series. The conclusion of Theorem 1.16 can be iterated and leads
to the following result.

Theorem vr.x7. Suppose that f(x) = > " an(x — a)" is convergent for x € (a —
r,a+1). Then f(x) bas derivatives of every order and, for k € N,

Znn—l (n—k+Dan(z —a)" "

The following result is a crucial piece of information about power series and is one
major reason why they are useful.

Theorem 1.18 (uniqueness of power series). Suppose that two power series, are equal in
a neighbourhood of a in the sense that

Zanm—a Zb (x —a)"

Then the two series are equal term-by-term, i.e., a,, = by, for everyn € N. Moreover, if
f(x) =" an(x — a)" then, foralln € N,
f™(a)

n!

Qp —

Proof. From Theorem .17 we know that f*)(z) = kla, + Z n---(n—k+
n=k+1

Day(x — a)"~". This means that f*)(a) = klay, because all the terms in the sum

vanish. ]



Definition r.19. Suppose that a function f(z) is infinitely differentiable on an open
interval about a. The Taylor’s series generated by f at a is (formally)

© tm)(q
Zf '( )(a:—a)”.

n.

Observe how the coeflicients in the Taylor’s series coincide with the formula ob-
tained in the above results. Question: Does the Taylor’s series converge on the entire
interval? In general, no. However we can calculate the radius of convergence of the
power series. Question: If the Taylor’s series converges, is it equal to f(z) on the
interval? In general it might not as seen in the following example.

Example. Let f(z) = e~ /%", If we proceed to calculate the Taylor’s series about
x = 0 we obtain:

f(z) = exp(—z7?) f(0)=0
f(z) = 2273 exp(—272) f(0)=0
f"(z) = (=627 + 427 %) exp(—2~2) f"(0)=0

f"(x) = 42272 — 927" 4+ 627) exp(—x72)  f"(0) =0
The Taylor’s series is consequently >/ 0 = 0. It does converge but has nothing to
do with the original function.

ERROR TERM IN TAYLOR’S SERIES

We define the error term in the n™ approximation given by Taylor’s series as

k=0

Convergence of the Taylor’s series to f () is implied by E,, () — 0asn — oo. Using
this idea we have the following sufficient condition for convergence of a Taylor’s series.

Theorem 1.20. Assume f is infinitely differentiable on I = (a — v, a + ) and there
exists A > 0 such that

|f(n)($)‘ < A" foralln e Nz € I.
Then then Taylor’s series generated by f at a converges ro f(x) foreach x € 1.

I0



Proof. We will first show, by induction, that

Since, by definition, Ey(x) = f(x) — f(a), the case n = 0 is immediate. We now
assume that the statement is true for n and prove it for n + 1. Observe that
f(n+1)
E, =0, (x) — ——
and that (z — )" = (n + 1) [7 (x — y)" dy. Consequently

/ £ (a)

Foa(a) = / (o =y ) dy = T

a

(z —a)"™

(z —a)""!

=@ dy - o [ @) - ) dy

n!
a

Combining the integrals and integrating by parts we obtain the claimed statement for
n + 1. Using the formula for E, () which we have just proved, we estimate

(TA)

1
|E,.(z) |<—/|x |A”+1dy< TT"A'”H— rA

Since " ;‘!) — 0asn — oo we have shown that | E,,(z)| — 0asn — oc. O]

1.6. POWER SERIES & DIFFERENTIAL
EQUATIONS

In this section we will use some of the strength of power series in a particular applica-
tion. This is a method which we can use to solve certain power series. The method
is best illustrated with an example. This method of solving differential equations is
called the “method of undetermined coefficients”.

Task 1.6.x. Find a function y(x) which satisfies the differential equation

(1= 2)y"(z) = —2y(x)
and satisfies the initial conditions y(0) = 1, y'(0) = 1.

II



Solution. We start by assuming that there exists a power series solution y(z) =
> o2 o anx™ convergent for x € (—r, 1) for some r > 0 to be determined later.
1. By Theorem 1.16,

y'(x) = Znanx”_l and y"( Zn n—1)a,a" 2.
n=1 n=2
2. Andso
—ZZan (1—2%)y"(x) = (1 —xZ)Zn(n— Da,z"?

:Zn(n—l)anm inn_lan
n=2 n=2

= Z(n +2)(n+ 1)ay 22" — Z n(n — 1)a,z"
n=0 n=0
3. Consequently, by Theorem 1.18, 0 = 2a,, + (n +2)(n + 1)a,+2 —n(n—1)a,
for eachn € Ny;

4. Equivalently a,, 19 = “2a,;

n—z
n+2

5. Using the initial conditions, ag = y(0) = 1,a; = ¢'(0) = 1;
6. For the even coefficients:
_ 0-2

> ay = g+%a0 -1,

> aq4 = ZJr%ag =0,

> ag = 4+—2a4 = O,...;
7. For the odd coeflicients:

1-2 !
> as = 3+2a3 15(—5),...

Do+l = Garnen=1)’
8. Formally we have the series solution

2n+1
y(x) =1—22 —I—Z @n+1 n—l)’ (r.1)

9. We see that this series is convergent for |x| <1
Consequently we have shown that the function defined above (1.1) is well-defined in
the interval (—1, 1) and is a solution to the given differential equation. ]
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CHAPTER 2.

DIFFERENTIAL CALCULUS IN
HIGHER DIMENSION

N this part of the course we start to consider higher dimensional space. That is,
I instead of R we consider R™ for n € N. We will particularly focus on 2D and 3D
but everything also holds in any dimension. Going beyond R we have more options
for functions and correspondingly more options for derivatives.

Various different notation is commonly used. Here we will primarily use (z, y) €
R?, (z,y,2) € R? or, more generally, x = (z1,%9,...,2,) € R" where 7; €
R,...,x, € R. For example, R? is the plane, R? is 3D space.

Definition 2.1 (inner product). x-y = >/, 3y, € R

We recall that the inner product being zero has a geometric meaning, it means that the
two vectors are orthogonal. We also recall that the “length” of a vector is given by the
norm, defined as follows.

[SIE

Definition 2.2 (norm). ||x|| = vx-x = (3, 27)2.

For example, in R? then ||(z, y)|| = /% + y2. There are various convenient prop-
erties for working with norms and inner products, in particular, the Cauchy-Schwarz
inequality |z - y| < ||x|| ||y|| and the triangle inequality ||x + y|| < ||x[| + [|y]|-
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The primary higher-dimensional functions we consider in this course are:

Scalar fields: f:R"” - R

Vector fields:  f : R" — R"

Paths: a:R — R"
Change of coordinates: x : R" — R"”

These possibilities all fit into the general pattern of f : R" — R™ for n, m € Nbut
tradition and use of the function gives us different terminology and symbols. Such
functions are useful for representing various practical things, for example: gravitational
force; temperature in a region; wind velocity; fluid flow; electric field; etc.

2.1. OPEN SETS, CLOSED SETS, BOUNDARY,
CONTINUITY

Leta € R™, r > 0. The open n-ball of radius r and centre a is written as
B(a,r) :={xe€R": ||x —al <r}.

Definition 2.3 (interior point). Let S C R". A pointa € S is said to be an nterior
point if there is r > 0 such that B(a, ) C S. The set of all interior points of S is
denoted int S.

Definition 2.4 (open set). Aset S C R" is said to be open if all of its points are
interior points, i.e., if int § = S.

For example, open intervals, open disks, open balls, unions of open intervals, etc.,
are all open sets.

Lemma. Letr > 0,x € R". Theset B(a,r) C R™ is open.

Proof. Letb € B(a,r). It suffices to show that b is an interior point. (1) Let r; =
b —al| <r.(2)Letry = (r — r1)/2. (3) We claim that B(b,ry) C B(a,r): In
order to see this take any ¢ € B(b, 73) and observe that

r+r
lc—al <lc—=bll+|b—al <r+r = .

Observe that the radius of the ball will be small for points close to the boundary. [
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F1GURE 2.1.: Interior points are the centre of a ball contained
within the set.

Definition 2.5 (Cartesian product). If A; C R, A C R then the Cartesian product
is defined as
Ay x Ay :i={(z,9) : v € A1,y € Ay} CR?.

Analogously the Cartesian product can be defined in higher dimensions: If A; C
R™, Ay C R™ then the Cartesian product A, x Aj is defined as the set of all points
(X1, s Ty Y1y - - - Yn) € R™ P such that (21, ..., 2,,) € Ajand (y1,...,yn) €
As.

Lemma. [f Ay, Ay are open subsets of R then Ay X Aj is an open subset of R2.
Proof. Leta = (ay,a2) € Ay X Ay C R2. Since A; is open there exists 7; > 0 such
that B(ay,7) C Aj. Similarly for Ay. Let 7 = min{ry, ro}. This all means that

B(a,r) C B(ay,r1) x B(ag,m3) C Ay X As. O]

Discussing the “interior” of the set naturally suggests the topic of the “boundary”
of the set. In the following definitions we develop this idea.

Definition 2.6 (exterior points). Let S C R". A pointa ¢ S is said to be an exterior

point if there exists r > 0 such that B(a, ) NS = (). The set of all exterior points of
S is denoted ext S.
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Ay 1

FIGURE 2.2.: If Ay, Ag are intervals then Ay X Aj is a rectangle.

Observe that ext S is an open set. We use the notation S¢ = R" \ .S and we say
that C° is the complement of the set S.

Definition 2.7 (boundary). The set R™ \ (int .S U ext S) is called the boundary of
S C R"™ and is denoted 05.

Definition 2.8 (closed). A set.S C R" is said to be dosed it 0S C S.

Lemma 2.9. S is open <= 5S¢ is closed.

Proof. Observe that R™ = int S U S U ext S (disjointly). If x € 05 then, for every
r > 0,B(x,7) NS # Dandsox € 9(S). Similarly with S and S swapped and so
0S = 0(5°). If Sis open thenint S = S'and 5¢ = ext S U 0S5 = ext S U 9(S°)
and so S¢ is closed. If S is not open then there exists a € 95 N S. Additionally
a € 0(5°) N S hence S¢ is not closed. N

LIMITS AND CONTINUITY

Let S C R"andf: S — R™ Ifa € R", b € R™ we write lim f(x) = b to mean
xX—a

that ||f(x) — b|| — 0Oas ||x — a|| — 0. Observe how, if n = m = 1, this is the
familiar notion of continuity for functions on R.
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Definition 2.10 (continuous). A function f is said to be continuous at a if f is defined
ata and lim f(x) = f(a). We say f is continuous on S if f is continuous at each
X—a

point of S.

Even functions which look “nice” can fail to be continuous as we can see in the
following example.

Example (continuity in higher dimensions). Let f be defined, for (x,y) # (0,0), as

_ Y
f(xay) - x2+y2
and f(0,0) = 0. What is the behaviour of f when approaching (0, 0) along the

following lines?

line ‘ value

{z=0} | f(0,1)=0
{y =0} f(t>0)=?

{r=y} | J(t1)
{e=—y} | ft.,1) = -3

Theorem 2.1x. Suppose that limy_,, £(x) = b and limy_,, g(x) = c. Then
L limy . (f(x) +g(x)) =b+c
2. limy_ o M (x) = Ab forevery A € R,
3. limy o f(x) - g(x) =b-c
4. limy .5 ||f(X)|| - HbH

We prove a couple of the parts of the above theorem here, the other parts are left as
exercises.

Proof of (c). Observe that f(x) - g(x) —b-c = (f(x) —b) - (g(x) —c)+b-
(g(x) — c) 4+ c- (f(x) — b). By the triangle inequality and Cauchy-Schwarz,
1£(x) - g(x) = b-cf| < [[f(x) — b [[g(x) — ]
+ bl lg(x) — <l
+ el f(x) = bl
Since ||f(x) — b|| — Oand ||g(x) — c|| = Oasx — athisimplies that||f(x) - g(x) — I
0. O
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Proofof (d). Take f = g in part (c) implies that limy_, ||f(x)||” = ||b]|. O

When writing a vector field (or similar functions) it is often convenient to divide the
higher-dimensional function into smaller parts. We call these parts the components of a

f)ectgﬁeld. Forexample f(x) = (f1(x), fa(x)) in2D, f(x) = (f1(x), f2(x), f3(x))
in 3D, etc.

Theorem 2.12. Let f(x) = (f1(x), fo(x)). Then £ is continuous if and only if f1 and

fa are continuous.

Proof. We will independently prove the two implications.
(=) Lete; = (1,0), e; = (0,1) and observe that fi.(x) = f(x) - €;. We have
already shown that the continuity of two vector fields implies the continuity of

the inner product.
2

(<) By definition of the norm ||f(x) — f(a)* = Z (fr(x) = fi(a))® and we
k=1

know || fx(x) — fr(a)|]| — Oas|x —al| — 0. O]

In higher dimensions the analogous statement is true for the vector field f(x) =
(f1(x),..., fm(x)) with exactly the same proof. Le., f is continuous if and only if
each fj, is continuous.

Example (polynomials). A polynomial in n variables is a scalar field on R™ of the form

k
) =3 e ki

E.g., f(z,y) := = + 2zxy — 2% is a polynomial in 2 variables. Polynomials are

continuous everywhere in R". This is because they are the finite sum of products of
continuous scalar fields.

Example (rational functions). A rational function is a scalar field

where p(x) and ¢(x) are polynomials. A rational function is continuous at every point

x such that ¢(x) # 0.

18
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FIGURE 2.3.: Plot where colour represents the value of f(z,y) =
22 + y%. The change in f depends on direction.

As described in the following result, the continuity of functions continues to hold,
in an intuitive way, under composition of functions.

Theorem 2.13. Suppose S C R, T C R™ f: S — R™, g : T — R" and that

£(S) C T sothat
(g of)(x) = g(f(x))

makes sense. If £ is continuous at a € S and g is continuous at f(a) then g o f is
continuous at a.

Proof. lim [|f(g(x)) — f(g(a))] = Tlim "f(y) - f(g@)ll =0 B

y—g(a

Example. We can consider the scalar field f(x,y) = sin(x? + y) + zy as the com-
position of functions.

2.2. DERIVATIVES OF SCALAR FIELDS

We can imagine, for example in Figure 2.3, that in higher dimensions, the derivative of
a scalar field depends on the direction. This motivates the following.
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Definition 2.14 (directional derivative). Let S C R" and f : § — R. For any

a € int Sand v € R”, ||v]| = 1 the directional derivative of f with respect to v is
defined as

D, (a) = lim 7 (f(a+ hv) — f(a))

0oh

When £ is small we can guarantee that a + hv € S because a € int .S so this
definition makes sense.

Theorem. Suppose S CR", f : S = R,acintS. Lerg(t) := f(a+tv). Ifone
of the derivatives g’ (t) or Dy f () exists then the other also exists and

g (t) = Dyf(a+tv).
In particular ¢'(0) = Dy f(a).
Proof. By definition 7 (g(t + h) — g(h)) = +(f(a+ hv) — f(a)). O

The following result is useful for proving later results.

Theorem (mean value). Assume that D, (a + tv) exists for each t € [0, 1]. Then for
some 6 € (0,1),

fla+v)—f(a) = Dyf(z), wherez=a+0Ov.
Proof. Apply mean value theorem to g(t) = f(a+ tv). O

The following notation is convenient. Forany k € {1,2,...,n}, let e be the
n-dimensional unit vector where all entries are zero except the kth position which is

equaltol.Le,e; = (1,0,...,0),e; = (0,1,0,...,0),e; = (0,...,0,1).

Definition 2.15 (partial derivatives). We define the partial derivative in x;, of

f(z1,...,2,)ataas
af

9 (a) = D, f(a).
21 (a) = Du fla)
Remark. Various symbols used for partial derivatives: af -(a) = Dif(a) = Of(a).

If a function is written f(z, y) we write gf ) df for the partial derivatives. Similarly

for higher dimension.
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In practice, to compute the partial derivative aa_xfk’ one should consider all other z;
for j # k as constants and take the derivative with respect to xj. In a moment we see
this rigorously.

If f : R — R is differentiable, then we know that, when x is close to a,

f(x) = f(a) + (z — a)f'(a).

More precisely, we know that' f(z) = f(a) + (z — a)f'(a) + e(x — a) where
le(x — a)| = o(|x — a]). This way of seeing differentiability is convenient for the
higher dimensional definition of differentiability.

Definition 2.16 (differentiable). Let S C R"™ be open, f : S — R. We say that f
is differentiable ata € S if there exists a linear transformation df, : R™ — R such
that, forx € B(a,r),

f(x) = f(a) + dfa(x — a) + e(x — a)

where |e(x — a)| = o(||x — a||).
For future convenience we introduce the following notation.

Definition 2.x7 (gradient). The gradient of the scalar field f(z, y, z) at the point a is

o (a)

2]
Vf(a)= g—i(a)

5(a)
In general, when working in R" for some n € N, the gradient of the scalar field
f(x1,...,2,)at the pointais

"This is /ittle-o notation and here means that |f(z) — f(a) — (x — a)f'(a)|/ |z —a| — Oas
|z —a|] — 0.
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Theorem 2.18. If f is differentiable at athen df ,(v) = V f(a) - v. This means that,
forx € B(a,r),

fx)=f(a) +Vf(a) (x—a)+e(x—a)
where |e(x — a)| = o(||x — a||). Moreover, for any vector v, ||v|| = 1,

Dyf(a) =Vf(a)-v.

Proof. Since f is differentiable there exists a linear transformation df , : R — R
such that f(a + hv) = f(a) + hdf ,(v) + €(hv) and hence

Dyf(a) = lim ~(f(a+ hv) — f(a))

h—0 h
= lim 1 (hdfo(v) + () = df,o(v).
In particular df ,(ex) = De, f(a). O

Theorem. If f is differentiable at a, then it is continuous ar a.

Proof. Observethat|f(a+v) — f(a)| = |df ,(V) + €(v)|. Consequently | f(a + v) —
ldf .|l [[V]] + |e(v)] and this tends to O as || v|| — 0. O

Theorem 2.19. Suppose that f(x1, . .., x,) is a scalar field. If the partial derivatives

O f(X),...,0nf(x) exist for all x € B(a,r) and are continnous at a then f is
differentiable at a.
Proof. For convenience define the vectors v = (v, va, . .., Uy) and uy, = (vy, va, . .., Uy,

Observe that
U — Up_1 = e, uo=(0,0,...,0), u,=v.

Using the mean value theorem we know that there exists z;, = u,_; + 0;€j, such that
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fla+u,) — f(a+w,_1) = v De, f(a + z;). Consequently

flatv)— f(a) :Zf(a+uk) — fla+ 1)
= ZUkDekf(a+Zk)

= Z kaekf(a -+ lefl)

k=1

+ ) vk (De, f(a+zi) — De, f(a+ up1))
k=1
To conclude, observe that the second sum vanishes as | V|| — Oandthat )"} _, v;De, f(a+
uy_1) convergesto v - V f(a). O]

CHAIN RULE

When we are working in R we know that, if g and h are differentiable, then f(t) =
g o h(t) is also differentiable and also f’(t) = ¢’(h(t)) h'(t). This is called the chain
rule and is frequently very useful in calculating derivatives. We now investigate how
this extends to higher dimension?

Example. Suppose that o : R — R3 describes the position cx(#) at time ¢ and that
[ R® — R describes the temperature f () at a point & The temperature at time ¢
isequal to g(t) = f(a(t)). We want to calculate ¢'(t) because this is the change in
temperature with respect to time.

In situations like the above example it is convenient to consider the derivative of
apatha : R — R”. Letaa : R — R" and suppose it has the form a(t) =
(a1 (t), ..., an(t)). We define the derivative as

Here o' is a vector-valued function which represents the “direction of movement”.
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FIGURE 2.4.: a(t) = (cost,sint, t),t € R.

Theorem. Let S C R" be open and I C R an interval. Lerx : 1 — S and
f S = Rand define, fort € 1,

g(t) = f(x(t))-
Suppose thatt € I is such that X' (t) exists and f is differentiable ar x(t). Then g (t)
exists and

g'(t)=Vf @) x().

Proof. Let h > 0 be small,
i lg(t+h) = g()] = 3 [F(x(t+ h) = fF(x(2)]
= VI(x(t)) - (x(t +h) — x(t))
+ ¢ Ix(t + h) —x(t)[| E(x(t), x(t + h) — x(t)).

Observe that 5 (x(t + h) — x(t)) — x/(t) ash — 0. N

Example. A particle moves in a circle and its position at time ¢ € [0, 27] is given by

x(t) = (cost,sint).
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FIGURE 2.5.: x(t) is the position of a particle. Shading represents
temperature f.

The temperatureata pointy = (y1, y2) is given by the function f(y) := y1 +2, The
temperature the particle experiences at time ¢ is given by g(t) = f(x(t)). Temperature
change: ¢'(t) = Vf (x(t)) - x'(t) = (1) - (5%) = cost — sint.

cost

2.3. LEVEL SETS & TANGENT PLANES

Let S C R? f: S — R. Suppose ¢ € R and let
L(c)={xeS: f(x)=c}.
The set L(c) is called the Jevel sez. In general this set can be empty or it can be all of S.

However the set L(c) is often a curve and this is the case of interest. This is the same
notion as that of contour lines on a map. Le., x(t,) = aforsomet, € I and

fx(t) = ¢
forallt € I. Then
> V f(a) is normal to the curve ata
> Tangentlineatais {x € R*: Vf(a) - (x —a) =0}

25


https://en.wikipedia.org/wiki/Contour_line

This is because the chain rule implies that V f(x(¢)) - x(t) = 0.

Example. Let f(x1, 79, 73) := 23 + 23 + 3.
> If ¢ > 0 then L(c) is a sphere,
> L(0) is a single point (0, 0, 0),
> If ¢ < 0 then L(c) is empty.

Example. Let f(x1, Zq, 23) := 2% 4+ 23 — 23. See Figure 2.6.
> If ¢ > 0 then L(c) is a one-sheeted hyperboloid,
> L(0) is an infinite cone,

> If ¢ < 0 then L(c) is a two-sheeted hyperboloid.

(a) Sphere (B) 1-sheet hyperboloid (¢) Infinite cone (D) 2-sheet hyperboloid

F1IGURE 2.6.: Various surfaces as level sets.

Let f beadifferentiable scalar fieldon S C R®and supposethat L(c) = {x € S : f(x)

is a surface.

> The gradient V f(a) is normal to every curve c(t) in the surface which passes
through a,
> The tangent planeatais {x € R®: Vf(a) - (x — a) = 0}.

Same argument as in R? works in R™.
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Vi(a)

F1GURE 2.7.: Tangent plane and normal vector

2.4. DERIVATIVES OF VECTOR FIELDS

Essentially everything discussed above for scalar fields extends to vector fields in a pre-
dictable way. This is because of the linearity and that we can consider each component

of the vector field independently.

Definition 2.20 (directional derivative). Let S C R"and f : S — R™. For any
a € int S'and v € R" the derivative of the vector field f with respect to v is defined
as

Dof(a) = lim % (f(a+ hv) — f(a)).

h—0

Remark 2.21. If we use the notationf = (f1, ..., f,,), i.c., we write the function using

the “components” where each fj, is a scalar field, then Do f = (D f1, ..., Dy fin).

Definition (differentiable). We say thatf : R” — R™ is differentiable at a if there
exists a linear transformation df , : R™ — R such that, forx € B(a,r),

f(x) =f(a) + df,(x —a) + e(x — a)

|e(x —a)| = of|lx — al)).
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Theorem 2.22. Iff is differentiable ar a then £ is continuous at a and df ,(v)
D.f(a).

Proof. Same as for the case of scalar fields when f : R™ — R.

2.5. ]ACOBIAN MATRIX & THE CHAIN RULE

The relevant differential for higher-dimensional functions is the Jacobian matrix.

Definition 2.23 (Jacobian matrix). Suppose that f : R? — R? and use the notation
f(x,y) = (fi(x,y), fa(x,y)). The Jacobian matrix of f at ais defined as

(%@>%@v‘
L) 5

The Jacobian matrix is defined analogously in any dimension. Le., if f : R® — R™
the the Jacobian at a is

Df(a)

dfi(a) fi(a) - Oufi(a)
Di(a) = 51]?(3) 52f.2(a) anf?(a)

Ofm(a) Oofm(a) - Oufmla)

If we choose a basis then any linear transformation R” — R can be written as a
m x n matrix. We find that df ,(v) = Df(a)v.

Let S C R"andf : S — R™. If f is differentiable at a € S then, for all
x € B(a,r) C S,

f(x) =f(a) + Df(a)(x — a) + e(x — a)

where |e(x — a)| = o(]|x — a||). Thisislike a Taylor expansion in higher dimensions.

Here we see that in higher dimensions we have a matrix form of the chain rule.
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Theorem 2.24. Let S C RL, T C R™ be open. Letf : S — T andg : T — R" and
define

h=gof:5—R"
Let a € S. Suppose that £ is differentiable at a and g is differentiable at £(a). Then h
is differentiable at a and

Dh(a) = Dg(f(a)) Df(a).

Proof. Letu = f(a+ v) — f(a). Since f and g are differentiable,
h(a+v) —h(a) = g(f(a+v)) — g(f(a))
= Dg(f(a))(f(a +v) —f(a)) + €g(u) 0
= Dg(f(a)) Df(a)v + Dg(f(a))er(v) + €g(u).

Example (polar coordinates). Here we consider polar coordinates and calculate the
Jacobian of this transformation. We can write the change of coordinates

(r,0) — (rcos,rsinf)
as the function f(r, 0) = (z(r,0),y(r,0)) where f : (0,00) x [0,27) — R We
calculate the Jacobian matrix of this transformation

9r(r,0) 9% (r, 9)) _ <c0s8 —rsin@)

Df(r. 0 :
(r,0) = (gi/(ﬁ@) %(T’g) sinf@ rcos@

In particular we see that det Df(r,0) = r, the familiar value used in change of
variables with polar coordinated.

Suppose now that we wish to calculate derivatives of b := g o f forsome g : R* —
R. Here we take advantage of Theorem 2.24.

Dh(r,0) = Dg(f(r,0)) Df(r,0)
(o) 50.0) = (200.0) 2600) (G o))

sinf rcosf

In other words, we have shown that

gi(r 0) = gi(TCOSQ rsinf) cos 6 + g—y(rcosﬁ rsinf) sin @
%(7‘, 0) = —r%(rcos@ rsinf)sinf + rg—y(rcosﬁ rsin @) cos 6.
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2.6. IMPLICIT FUNCTIONS & PARTIAL
DERIVATIVES

Just like with derivatives, we can take higher order partial derivatives. For convenience
when we want to write g 2 f(z,y), ie., differentiate first with respect to = and then

with respect to y, we write instead a—(x, y). The analogous notation is used for
yox
higher derivatives and any other choice of coordinates.

We first consider the question of when

I et 2Ly

OyOx Y= Oxdy Y
Example (partial derivative problem). Let f : R? — R be defined as f(0,0) = 0
and, for (z,y) # (0,0),

_ ry(® —y?)

f(z,y) == W

We calculate that (0 0)=-1 but (O 0) =1.

Theorem 2. 25. Let f : S — R beascalar field such that the partial derivatives or
9t zmd exz':t on an open set S C R? containing X. Further assume that oy

y Oyox o
2
continuous on S. Then the derivative aam_afy (x) exists and

o0 f i
Oxdy (x) = Oyox ().

In many cases we can choose to write a given curve/function either in Zmplicit or
explicit form.

Implicit | Explicit
2?—y=0 y(z) = 2?
4yt =1 y(r) =+£v1—2% |z| <1

-y —1=0 y(z) =£vVa? —1,|z| > 1
> +yt—e¥—4=0 A mess?

2%yt — 3 = sin(zy) A huge mess?

30



Given the above observation, the following method of calculating derivatives is
sometimes useful. Suppose that some f : R? — R is given and we suppose there
exists some ¥ : R — R such that

flx,y(z)) =0 forallz.

Let h(z) := f(x,y(z)) and note that 2'(z) = 0. Here we are using the idea that
h = f o g where g(z) = (z, y(z)). By the chain rule 2'(z) is equal to

(3esto) ) () =0

Consequently ) ()
Y= )

SUGGESTED FURTHER READING

> Apostol, “Calculus Volume 2”7, Chapter 8
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CHAPTER 3.

EXTREMA & OTHER
APPLICATIONS

N the previous chapter we introduced various notions of differentials for higher
dimensional functions (scalar fields, vector fields, paths, etc.). In this chapter
we now explore various applications of these notions and work with some of the
implementations, rather than just the objects. Firstly we will consider certain partial
differential equations which we now have the tools to solve. Then the majority of the
chapter is devoted to searching for extrema (minima / maxima) in various different
scenarios. This extends what we already know for functions in R and we will find that
in higher dimensions many more possibilities and subtleties exist.

3.1. PARTIAL DIFFERENTIAL EQUATIONS

There are a huge number of different types of partial differential equations (PDEs)
and here we consider just two types, first order linear PDEs and the 1D wave equation.
We start by consider an example of the first type.

Example. Find all solutions of the PDE 3%(1’, y) + 2%(3}, y) = 0.

Solution. The given PDE is equivalent to (3) - V f(z,y) = 0. We can also phrase
this in terms of the directional derivative, namely

D,f(z,y) =0 wherev = (3).
This means that if a function f is a solution to the PDE then it is constant in the
direction (3 ). This means that all solutions have the form f(x,y) = g(2z — 3y) for
someg: R — R. [
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The same idea as used for the above example gives the following general result.

Theorem 3.x. Ler g : R — R be differentiable, a,b € R, (a,b) # (0,0). If
f(z,y) = g(bx — ay) then
of of

Conversely, every f which satisfies this equation is of the form g(bx — ay).

Proof. First we prove (=>). If f(x,y) = g(bx — ay) then, by the chain rule,

Ouf(x,y) = by (br — ay), 0,f(x,y) = —ag'(bx — ay).

Consequently a0, f(x,y) + b0, f(z,y) = abg'(bx — ay) — abg'(bx — ay) = 0.

Now we prove (<=). It’s convenient to work in coordinates which correspond to the

lines along which the solutions are constant. Let (%) = (¢ %, ) (§). This means that

(3) = =% (2 %) (4). Leth(u,v) = f(%55%, %=%). We calculate that

Duh(u,v) = gz (a0, f + b9, f) (au + bv, bu — av) = 0.

Namely, h(u, v) is a function of v only and does not depend on u so we take g(v) =
h(u,v)andso f(x,y) = g(bx — ay). O

Now we look at another type of PDE. The 1D wave equation is
O f
0x?

Here x represents the position along string, ¢ is time and f (=, t) is the displacement of

the string from the centre at position x, at time ¢. The constant c is a fixed parameter
depending on the string.

(x,t) = "= (x,1).

This partial differential equation is derived from the equation of motion F' = ma
where F'is the tension in the string, a is the acceleration from horizontal and m is the
mass of a little piece of the string. The equation is valid for small displacement. In this
case the boundary conditions are natural: Are the ends of the string fixed? Is only one
end fixed? At time ¢ = 0, is the string already moving?
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Theorem 3.2. Let F' be a twice differentiable function and G a differentiable function.
L. The function defined as

r+ct
flz,t) = %(F($+ct)+F(x—ct))+2ic / G(s)ds (3.1)
satisfies T4 (,1) = AL, (1), f(,0) = F(z) and % (z,0) = G(a).
2. Convemely, if a solution of
%(z,t) c %(az t)

mtzsﬁes Bzat = 8t8x then it has the above form (3.1).

Proof of part 1. Let f(x,t) be as defined (3.1) in the statement of the theorem. We
calculate the partial derivatives
Uz, t)=3(F(z+ct)+ F(z —ct))
+ 5 (G(z + ct) — G(z — ct))
%(%t) =3 (F”(ZB +ct) + F'(x — ct))
= (G'(x +ct) — G'(x — ct))
YU(z,t)=1 (cF’(x +ct) — cF'(x — ct))
+ 2 (G(z + ct) + Gz — ct))
%f(a:, t) =1 (CF"(x +ct) + CF"(x — ct))
+5(G'(x+ct)+ G (x —ct)).
From this calculation we see that %(w, t) = 02%(% t). Additionally we have
f(z,0) = F(x)and g—{(:v, 0) = G(x). O

Proof of part 2. Suppose that f satisfies the ID wave equation; Introduce v = = + ¢t,
v = & — ct and observe that v = “F2, ¢ = (u,v) = f(*3%, “"). By

the chain rule

o) 0 — Is) _
a(uv) = 3L (2 52 + 2 (5, 5),
5? 9?2 — 9?2 —
Bvagu (u7 U) = %18_:135(“—5'”7 “20”) - ﬁaxgt(u—gv’ UQCU)
0?2 — 02 —
+ idwgt(u;_v’ u2cv) o ﬁTQf(u;U7 UQCU) = 0.
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Since the second derivative is zero we know that g_g is constant in v, therefore we can

write g—Z(u, v) = @o(u). In turn this means we can write g(u, v) = p1(u) + @2 (v).
Le, f(z,t) = p1(x + ct) + pa(x — ct). Let
F(z) = p1(x) + ¢a().
This means that F'(z) = ¢ (z) + ¢h(z) and g—{(m, t) = cpr(x+ct) — cpa(x —ct).
Let
G(z) = g—{(x, 0) = cp1(x) — cpa(x). O

Substituting these quantities we show that the required form (3.1) is satisfied.

3.2. EXTREMA (MINIMA / MAXIMA / SADDLE)

Let S C R" beopen, f : S — Rbeascalar fieldanda € S.

Definition 3.3 (absolute min/max). If f(a) < f(x) (resp. f(a) > f(x)) for all
x € 5, then f(a) is said to be the absolute minimum (resp. maximum) of f.

Definition 3.4 (relative min/max). If f(a) < f(x) (resp. f(a) > f(x)) for all
x € B(a,r) for some r > 0, then f(a) is said to be a relative minimum (resp.
maximum) of f.

Collectively we call the these points the extrema of the scalar field. In the case of a
scalar field defined on R? we can visualize the scalar field as a 3D plot like Figure 3.1.
Here we see the extrema as the “flat” places. We sometimes use global as a synonym of
absolute and local as a synonym of relative.

To proceed itis convenient to connect the extrema with the behaviour of the gradient

of the scalar field.

Theorem 3.5. If f : S — R is differentiable and has a relative minimum or max-
imum at a, then V f(a) = 0.

Proof. Suppose f has a relative minimum at a (or consider — f). For any unit vector
vietg(u) = f(a+uv). Weknow that g : R — R has a relative minimum at u = 0
so ¢/(0) = 0. This means that the directional derivative Dy, f(a) = 0 for every v.
Consequently this means that V f(a) = 0. O
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FIGURE 3.1.: f(z,y) := ze~(*'¥) 4 1ev ™

Observe that here and in the subsequent text, we can always consider the case of
f R — R,ie., the case of R" where n = 1. Everything still holds and reduces to the
arguments and formulae previously developed for functions of one variable.

Definition 3.6 (stationary point). If V f(a) = 0 then a is called a stationary point.

As we see in the example of Figure 3.2, the converse of Theorem 3.5 fails in the sense
that a stationary point might not be a minimum or a maximum. The motivates the
following.

Definition 3.7 (saddle point). If V f(a) = 0 and a is neither a minimum nor a
maximum then a is said to be a saddle point.

The quintessential saddle has the shape seen in Figure 3.4. However it might be
similar to Figure 3.2 or more complicated using the possibilities available in higher
dimension.
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FIGURE 3.2.: V f(a) = 0 doesn’timply a minimum or maximum
at a, even in R, as seen with the function f(z) := 2. In higher
dimensions even more is possible.

FIGURE 3.3.: If f(x,y) = 2% + y* then Vf(z,y) = (%g) and
V £(0,0) = (9). The point (0,0) is an absolute minimum for f.
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FIGURE 3.4.: If f(z,y) = 22 —y? then V f(z,y) = (_25:11) and

V£(0,0) = (§). The point (0, 0) is a saddle point for f.

3.3. HESSIAN MATRIX

To proceed it is useful to develop the idea of a second order Taylor expansion in
this higher dimensional setting. In particular this will allow us to identify the local
behaviour close to stationary points. The main object for doing this is the Hessian
matrix.

Definition 3.8 (Hessian matrix). Let f : R> — R be twice differentiable and use the
notation f(x, ). The Hessian matrix at a € R? is defined as

2i(a) ZL(a)

. e oz dy
H.f(a) — 02f ﬂ
30:@)  F(a)

Observe that the Hessian matrix H f (a) is a symmetric matrix since we know that
2 2
0T (a) = 2L (a) for twice differentiable functions (Theorem 2.25). The Hessian
oz dy Oy Ox

matrix is defined analogously in any dimensions as follows. Let f : R™ — R be twice
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differentiable. The Hessian matrix at a € R™ is defined as

02 0?2 92
8795]: (a> ox1 gxg <a) Y am gxn (a)
32 82 82
Oxa 8‘};1 <a) 8_1E‘§ (a) T Ox2 éfﬂ’»’n (a)
Hf(a) =
32 82 82
O0xn, gazl (a) O0xn, gacg (a) T ﬁ(a)

Observe that the Hessian matrix is a real symmetric matrix in any dimension. If
f:R— RthenHf(a)isal x 1 matrix and coincides with the second derivative of
f. In this sense what we know about extrema in R is just a special case of everything
we do here.

U1

Lemma. Ifv = ( :

> then’ V¢ Hf(a) v =37, 0;0kf(a)vjur € R.

2

Proof. Multiplying the matrices we calculate that

010.f(a) --- 010.f(a) U1
viHf(a)v=(v1 -+ ) : : :
OO f(a) -+ 0,0.f(a) Up,
= Z 0;0 f (a)vjuy
k=0
as required. O

Example. Let f(z,y) = 2* — y? (Figure 3.4). The gradient and the Hessian are
respectively

Pllay) 2L(x 20
Hf(z,y) = <§§j( ) oy ’y)> = ( )

82
i@ y) G (wy) 0 —2

"The notation vt denotes the transpose of the vector v.
*For convenience, here and in many other places of this text, we use the notation 9;0 f(a) =

9 f
Bwj aa;k (a)'
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The point (0, 0) is a stationary point since V £(0,0) = (). In this example Hf
does not depend on (, y) but in general we can expect dependence and so it gives a
different matrix at different points (z, y).

SECOND ORDER TAYLOR FORMULA FOR SCALAR FIELDS

First let’s recall the first order Taylor approximation from Theorem 2.18. If f is differ-
entiable ata then f(x) ~ f(a) + Vf(a) - (x — a). If ais a stationary point then
this only tells us that f(x) &~ f(a) so a natural next question is to search for slightly
more detailed information.

Theorem 3.9 (second order Taylor). Let f be a scalar field twice differentiable on
B(a,r). Then,® for x close ro a,

f(x) %f(a)ﬂ‘Vf(a)'(X—a)+%(x—a)tHf(a) (x —a)

in the sense that the error is o || (x — a)||°).

“We use the convention that (x — a) is a vertical vector, equivalently, an X 1 matrix.

Proof. Let v = x — aand let g(u) = f(a + uv). The Taylor expansion of g
tells us that g(1 ) 9(0) + ¢'(0) + 1¢”(c) for some ¢ € (0,1). Since g(u) =
flay + uvy, .. an + uvy,), by the chain rule,

'u)zzajf(a1+uvl,.. Ly +uvy)v; =Vlatuv) v

"(u) = Z 00k f(ar + vy, ..., an + uvy)vjvy
jk=1

=v'Hf(a+uv)v

Consequently f(a+ v) = f(a) + Vf(a) - v+ ;v Hf (a+ cv) v. We define the

“error” in the approximation as €(v) = +v*(Hf(a + cv) — Hf(a))v and estimate

2
that

n

eV < Y vyun (0,04 f(a+ ev) = 9,0,f (a)).

k=0

Since |v; ” ”
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3.4. CLASSIFYING STATIONARY POINTS

In order to classify the stationary points we will take advantage of the Hessian matrix
and therefore we need to first understand the follow fact about real symmetric matrices.

Theorem 3.10. Let A be a real symmetric matrix and let Q(v) = v Av. Then

Q(v)>0forallv #0 <= all eigenvalues of A are positive,
Q(v) <O0forallv #0 <= all eigenvalues of A are negative.

Proof. Since A is symmetric it can be diagonalised by matrix B which is orthogonal
(B* = B7')and the diagonal matrix D = B*AB has the eigenvalues of A as the
diagonal. This means that Q(v) = v!B*BAB*Bv = w*Dw where w = Bv.
Consequently Q(v) = > . Ajw7. Observe that, if all A; > 0 then ). A\jw7 > 0.
In order to prove the other direction in the “if and only if” statement, observe that
Q(Buy) = M. This means that, if Q(v) > 0 forall v # 0 then A\; > 0 for all
k. O

Theorem 3.1x1 (classification of stationary points). Let f be a scalar field twice dif-
ferentiable on B(a,r). Suppose V f(a) = 0 and consider the eigenvalues of H f (a).

Then
All eigenvalues are positive == relative minimum ar a,

All eigenvalues are negative = relative maximum at a,

Some positive, some negative =  aisa saddle point.

Proof. Let Q(v) = v*Hf(a)v,
[wl| = [[v]| and that Q(v) =
2" order Taylor

w = Bvand letA = min; A;. Observe that
Z jwi > A w? = AHVH We have them

flatv) ~ fla) = sv Hf(a) v+ e(v)

2( Hvll2>|| I

‘”(”” — Oas||v|| — 0, |||\(’H)‘ < % when ||v|| is small. The argument is

analogous for the second part. For final part consider v; which is the eigenvector for
A; and apply the argument of the first or second part. O]
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3.5. ATTAINING EXTREME VALUES

Here we explore the extreme value theorem for continuous scalar fields. The argument
will be in two parts: Firstly we show that continuity implies boundedness; Secondly
we show that boundedness implies that the maximum and minimum are attained.
We use the following notation for intervals / rectangles / cuboids / tesseracts, etc. If
a=(ay,...,a,)andb = (by,...,b,) then we consider the n-dimensional closed
Cartesian product

[a,b] = [ar, bi] X -+ X [an, byl.

We call this set a rectangle (independent of the dimension). Asa firststep itis convenient
to know that all sequences in our setting have convergent subsequences.

Theorem 3.12 (Bolzano—Weierstrass). If {x,, },, is a sequence in [a, b] there exists a

convergent subsequence { X, }j.

Proof. In order to prove the theorem we construct the subsequence. Firstly we divide
[a, b] into sub-rectangles of size half the original. We then choose a sub-rectangle
which contains infinite elements of the sequence and choose the first of these elements
to be part of the sub-sequence. We repeat this process by again dividing the sub-
rectangle we chose by half and choosing the next element of the subsequence. We
repeat to give the full subsequence. O

Theorem 3.13 (boundedness of continuous scalar fields). Suppose that f is a scalar
field continuons at every point in the closed rectangle [a, b). Then f is bounded on [a, b]
in the sense that there exists C > 0such that | f(x)| < C forall x € [a, b].

Proof. Suppose the contrary: for all n € N there exists x,, € [a,b] such that
| f(x,,)] > n. Bolzano—Weierstrass theorem means that there exists a subsequence
{xn, }j converges to X € [a, b]. Continuity of f means that f(x,,) converges to

f(x). This is a contradiction and hence the theorem is proved. ]

We can now use the above result on the boundedness in order to show that the
extreme values are actually obtained.
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Theorem 3.14 (extreme value theorem). Suppose that f is a scalar field continuous at
every point in the closed rectangle [a, b|. There there exist points X,y € [a, b| such that

f(x)=inff and f(y)=supf.

Proof. By the boundedness theorem sup f is finite and so there exists a sequence
{x,},, such that f(x,) converges to sup f. Bolzano—Weierstrass theorem implies
that there exists a subsequence {X,; }]. which converges to x € [a, b]. By continuity

f(xn) = f(x) = sup [. O

3.6. EXTREMA WITH CONSTRAINTS
(LAGRANGE MULTIPLIERS)

We now consider a slightly different problem to the one earlier in this chapter. There
we wished to find the extrema of a given scalar field. Here the general problem is to
minimise or maximise a given scalar field f(x, y) under the constraint g(z, y) = 0.
Subsequently we will also consider the same problem but in higher dimensions. We
can visualize this problem as shown in Figure 3.5. For this graphic representation we
draw the constraint and also various level sets of the function that we want to find the
extrema of. The graphical representation suggests to us that at the “touching point”
the gradient vectors are parallel. In other words, V f = AV g for some A € R. The
implementation of this idea is the method of Lagrange multipliers.

Theorem 3.15 (Lagrange multipliers (2D)). Suppose that a differentiable scalar field
f(x,y) bas a relative minimum or maximum when it is subject to the constraint

g(z,y) = 0.
Then there exists a scalar X such that, at the extremum point,

Vf=AVg.

In three dimensions a similar result holds.
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FIGURE 3.5.: Searching extrema of f under constraint g = 0

Theorem 3.16 (Lagrange multipliers (3D)). Suppose that a differentiable scalar field

f(x,y, 2) bas a relative minimum or maximum when it is subject to the constraints
gl(xaya Z) :07 92($ay7z> =0

and the NV gy, are linearly independent. Then there exist scalars \y, \g such that, at the

extremum point,

Vf=MVg +XVg.

In higher dimensions and possibly with additional constraints we have the following
general theorem.

Theorem (Lagrange multipliers). Suppose that a differentiable scalarfield f (xq, . . ., xy,)
has an relative extrema when it is subject to m constraints

gi(zy, .. x) =0, gm(z1, ..., 2,) =0,
wherem < n, and the NV gy, are all linearly independent. Then there exist m scalars
Ay ooy Ny such that, at each extremum point,

The Lagrange multiplier method is often stated and far less often proved. Since the
proof is rather involved we will follow this tradition here. See, for example, Chapter 14
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of “A First Course in Real Analysis” (2012) by Protter & Morrey for a complete proof
and further discussion.

Let us consider a particular case of the method when n = 3 and m = 2. More pre-
cisely we consider the following problem: Find the maxima and minima of f(z, y, 2)
along the curve C' defined as

gi(z,y,2) =0, go(z,y,2) =0
where g1, g2 are differentiable functions. In this particular case we will prove the
Lagrange multiplier method. Suppose that a is some point in the curve. Let cx(?)
denote a path which lies in the curve C'in the sense that a(t) € C'forallt € (—1,1),
a/(t) # 0and a(0) = a. If aisalocal minimum for f restricted to C' it means that
fla(t)) > f(a(0)) forallt € (—6,0) for some d > 0. In words, moving away from
a along the curve C' doesn’t cause f(x) to decrease. Let h(t) = f(cx(t)) and observe
that i : R — R so we know how to find the extrema. In particular we know that

h'(0) = 0. By the chain rule #/(t) = V f(a(t)) - &/(t) and so
Vf(a)-a'(0)=0.
Since we know that ¢; (a(t)) = 0 and g2(ax(t)) = 0, again by the chain rule,
Vgi(a)-a'(0) =0, Vg(a) a(0) =0.
To proceed it is convenient to isolate the following result of linear algebra.

Lemma. Consider w,ui,us € R*and let V. = {v : uy-v = 0,k = 1,2}. If
w-v=0forallv €V thenw = A\uy + \ug forsome A\, Ay € R.

Proof. We can write w = Aju; + Agus + vg where vy € V because uy, us together
with V' must span R3. Since vy € V and, by assumption, w - vy = 0,
2
O:w-vo = ()\1’LL1+)\2U2—|—1)0) Vg = Vg * Vg = HUoH .
This means that vg = 0 and so w = A\ju; + Aqus. O

The above lemma also holds in any dimension with any number of vectors with the
analogous proof. Applying this lemma to the vectors V f(a), Vgi(a) and Vg (a)

recovers exactly the Lagrange multiplier method in this setting.

SUGGESTED FURTHER READING

> Apostol, “Calculus Volume 27, Chapter 9
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CHAPTER 4.

CURVES & LINE INTEGRALS

URVES have played a part in earlier parts of the course and now we turn our
C attention to precisely what we mean by this notion. Up until now we relied
more on an intuition, an idea of some type of 1D subset of higher dimensional space.
We will also define how we can integrate scalar and vector fields along these curves.
These types of integrals have a natural and important physical relevance. We will then
study some of the properties of these integrals. To start let’s recall a random selection
of curves we have already seen:

Circle P+t =4
Semi-circle 2 +y’ =4, >0

. 1,2 1,2 _
Ellipse Tty =4
Line Yy =5dr + 2

Line (in 3D) r+2y+32=0, =4y
Parabola (in3D) y =122 z=2x

In the above list the curves are written in a way where we are describing a set of
points using certain constraint or constraints. In some cases in Zmplicit form, in
some cases in explicit form. For example, for the circle we formally mean the set
{(z,y) : 2* + y* = 4}. We have the idea that the curves should be sets which
are single connected pieces and we vaguely have an idea that we need curves that are
sufficiently smooth. To proceed we need a precise definition of the 1D objects we can
work with. As part of the definition we force a structure which really allows us to work
with these objects in a useful way.
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4.1. CURVES, PATHS & LINE INTEGRALS

Let a : [a,b] — R™ be continuous. For convenience, in components we write
a(t) = (ai(t),...,an(t)). We say that a(t) is differentiable if each component
ay(t) is differentiable on [a, b] and v, (t) is continuous (Definition 2.16). We say that
a(t) is piecewise differentiable if [a, b] = [a, c1] U [c1,co] U -+ - U [, b and ax(2) is
differentiable on each of these intervals.

Definition 4.1. If o : [a, b] — R™ is piecewise differentiable then we call it a pazh.

Note that different functions can trace out the same curve in different ways. Also
note thata path hasan inherent direction. We say that this is a parametric representation
of a given curve. We already saw examples of paths in Figure 2.4 and Figure 2.5. A few
examples of paths are as follows.

a(t) = (t,t), te0,1]
a(t) = (cost,sint), te0,2r
a(t) = (cost,sint), te[-F, 5]
a(t) = (cost,—sint), t € [0,2n]
a(t) = (t,t,1), t e [0,1]
a(t) = (cost,sint,t), e [—10,10]

Observe how some of these paths represent the same curve, perhaps traversed in a
different direction.

Let a(t) be a (piecewise differentiable) path on [a, b] and let f : R” — R" bea
continuous vector field. Recall that we consider &' (t) and f(x) as n-vectors. Le., in

the case n = 2, then a/(t) = (Zigg) and f(x) = (28 >

Definition 4.2 (line integral of a vector field). The /ine integral of the vector field f
along the path o is defined as

/f ~da = /bf(a(t)) ~al(t) dt.
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Sometimes the same integral is written as f c f - do to emphasize that the integral is
along the curve C. Alternatively the integral is sometimes written as f fidaqg +---+
foday, or [ fidey+ -+ f, dx,. Each of these different notations are in common
usage in different contexts but the underlying quantity is always the same.

Example. Consider the vector field f(z,y) = ( m:}/fy ) and the path ae(t) = (¢2,¢?)
fort € (0,1). Evaluate [ f - dax.

Solution. We start by calculating
b (2t ot
= (). fam = (")
This means that f(cx(t)) - &'(t) = 2t3 + 3¢® + 3¢° and so

99

1
/f~da:/(2t3+3t8+3t5)dt:ﬁ O
0

4.2. BASIC PROPERTIES OF THE LINE INTEGRAL

Having defined the line integral, the next step is to clarify its behaviour, in particular
the following key properties.
Linearity: Suppose f, g are vector fields and cx(t) is a path. For any ¢, d € R, then

/(cf—l—dg)~da:c/f-da—|—d/g-da.

Joining / splitting paths: Suppose f is a vector field and that

alt) = {al(t) t € la,c]|

a2<t> t e [C, b]

/f-da:/f-da1+/f-da2.

Alternatively, if we write C, C, C5 for the corresponding curves, then

/f-da:/f-da+/f-da.

C Ch Co

is a path. Then
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As already mentioned, for a given curve there are many different choices of para-
metrization. For example, consider the curve C' = {(z,y) : 2* + y* = 1,y > 0}.
This is a semi-circle and two possible parametrizations are a(t) = (—t, V1 — t2),
t € [-1,1]and B(t) = (cost,sint),t € [0, 7]. These are just two possibilities
among many possible choices. For a given curve, to what extent does the line integral
depend on the choice of parametrization?

Definition 4.3 (equivalent paths). We say that two paths a(t) and 3(t) are equivalent
if there exists a differentiable function u : [¢, d] — [a, b] such that a(u(t)) = B(t).
Furthermore, we say that c¢() and 3(t) are

> in the same direction if u(c) = aand u(d) = b,

> in the opposite direction if u(c) = band u(d) = a.

With this terminology we can precisely describe the dependence of the integral on
the choice of parametrization.

Theorem 4.4 (change of parametrization). Let £ be a continunous vector field and let
o, 3 be equivalent paths. Then

/ f - dou — [f-dB if the paths are in the same direction,
= : if the paths are in the opposite direction.
J£-dB  ifthe path be opposite d

Proof. Suppose that the paths are continuously differentiable path, decomposing if
required. Since ax(u(t)) = B(t) the chain rule implies that 3'(t) = o' (u(t)) u'(t).
In particular

d d

/ £dB - / £(B(1)) - B(t) dt = / E(eu(u(t)) - o (u(t)) u(t) d.

C C
Changing variables, adding a minus sign if path is opposite direction because we need
to swap the limits of integration, completes the proof. L]

GRADIENTS & WORK

Let h(z,y) be a scalar field in R? and recall that the gradient VA (z,y) is a vector
field. Let ax(t), t € [0, 1] be a path. Now let g(t) = h(cx(t)), consider the derivative
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g'(t) = Vh(a(t)) - &/(t) and evaluate the line integral

/Vh da—/Vh '(t) dt

This equality has the following intuitive interpretation if we suppose for a moment
that & denotes altitude. In this case the line integral is the sum of all the infinitesimal
altitude changes and equals the total change in altitude.

As a first example of work in physics let’s consider gravity. The gravitational field

on earth is f(x,y,2) = (77(18_(])' If we move a particle from a = (a1, az, as) to
b = (b, bs, b3) along the path a(t), t € [0,1] then the work done is defined as

f f - doe. We calculate that
1

/f-da:/f(a(t))-a’(t) dt:/lmgag(t) dt

= mg [as(t)], = mg(bs — as).
This coincides we what we know, work done depends only on the change in height.
As a second example of work in physics let’s consider a particle moving in a force
field. Let f be the force field and let x(¢) be the position at time ¢ of a particle moving
in the field. Let v(¢) = x/() be the velocity at time ¢ of the particle and define kinetic
energy as 3 ||v(t) I>. According to Newton’s law f(x(t)) = mx"(t) = mv'(t) and
so the work done is

/f-dx:

/ B(x(t)) - V(L) dt / mv/(t) - v(t) dt
[ £ @EIVOPR) = @ VO - 2 IVOI)

In this case we see, as expected, the work done on the particle moving in the force field
is equal to the change in kinetic energy.
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4.3. THE SECOND FUNDAMENTAL THEOREM

Recall that, if ¢ : R — R is differentiable then f t)dt = p(b) — ¢(a). Thisis
called the second fundamental theorem of calculus and is one of the ways in which we
see that differentiation and integration are opposites. The analog for line integrals is
the following.

Theorem 4.5 (2™ fundamental theorem in R™). Suppose that o is a continuously
differentiable scalar ﬁeld on S C R™ and suppose that au(t), t € [a,b] isa pathin S.
Lera = a(a), b = a(b). Then

/Vgo da = ¢(b) — p(a).

Proof. Suppose that ax(t) is differentiable. By the chain rule £ (ax(t)) = Vo(cx(t))-

a/(t). Consequently
1

[ Vi - / Vila(t) - o/(0) it = [ dotal) dr

By the 2™ fundamental theorem in R we know that [ 01 Lo(a(t) dt = p(a(b)) —
p(a(a)). 0

Example (potential energy). Our earth has mass M with centre at (0, 0, 0). Suppose
that there is a small particle close to earth which has mass m. The force field of
gravitation and potential energy are, respectively,

—GmM GmM
f(x) = x, x)=—".
)= e P Ty

We can calculate V(x) and see that it is equal to f(x).

4.4. THE FIRST FUNDAMENTAL THEOREM

First we need to consider a basic topological property of sets. In particular we want
to avoid the possibility of the set being several disconnected pieces, in other words
we want to guarantee that we can get from one point to another in the set in a way
without every leaving the set (see Figure 4.1).
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Definition 4.6 (connected). The set S C R" is said to be connected if, for every pair
of points a, b € S, there exists a path a(t), t € [a, b] such that

> at) € Sforeveryt € [a,b],

> a(a) =aand a(b) = b.

Sometimes this property is called “path connected” to distinguish between different
notions.

aft)
FIGURE 4.1.: A connected set.

Recall that, if f : R — R is continuous and we let ¢(z) = [ f(t) dt then
¢'(xz) = f(x). This is called the first fundamental theorem of calculus and is the
other way in which we see that differentiation and integration are opposites. Again we
have an analog for the line integral but here it becomes a little more subtle since there
are many different paths along which we can integrate between any two points.

Theorem (1 fundamental theorem in R"). Let f be a continuous vector field on a
connected set S C R™. Suppose that, for x, a € S, the line integral f f - dois equal for
every path ousuch that a(a) = a, a(b) = x. Fixa € S and define p(x) = [ f - da.
Then  is continunously differentiable and V o = f.

Sketch of proof. As beforelete; = ( é), ey = ( g), e; = ( §> . Observe that, if we
define the paths 3, (t) = x + tey, t € [0, h], then

o(x + hey) — p(x) = / - dB,.
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Moreover 3} (t) = €. Consequently

8—%@( = lim > (p(x + hey) — p(x))
. h
~lim 3 [ £(8(0) - eudt = fix)
0
In other words, we have shown that Vip(x) = f(x). N

Definition 4.7 (closed path). We say a path (), t € [a, ] is closed if oe(a) = a(b).

Observe that, if a(t),t € [a,b] is a closed path then we can divided it into two
paths: Let ¢ € [a, b] and consider the two paths (), t € [a, c] and a(t), t € [c, b).
On the other hand, suppose (), t € [a,b] and B(t), t € [c, d] are two path starting
ataand finishing at b. The these can be combined to define a closed path (by following

one backward).

Definition 4.8 (conservative vector field). A vector field f, continuouson S C R is
conservative if there exists a scalar field ¢ such that, on S,

f=Vop.

Note that some authors call such a vector field a gradient (i.e., the vector field is
the gradient of some scalar). If f = V¢ then the scalar field ¢ is called the potential
(associated to f). Observe that that the potential is not unique, Vo = V(¢ + C) for
any constant C' € R.

Theorem 4.9 (conservative vector fields). Lez S C R"™ and and consider the vector
freld £ S — R™. The following are equivalent:
(i) £ s conservative, i.e, £ = N on S for some o,
(ii) f f - dov does not depend on o, as long as a(a) = a, a(b) = b,
(iii) [ f - doa = 0 for any closed path o contained in S.

Proof. In the previous theorems (the two fundamental theorems) we proved that (i) is
equivalent to (ii).
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Now we prove that (ii) implies (iii): Let a(t) be a closed path and let (%) be the
same path in the opposite direction. Observe that [ f - dax = — [ f - d3 but that
[f-dao= [f-dBandso [f-da =0.

It remains to prove that (iii) implies (ii): The two paths between a and b can be
combined (with a minus sign) to give a closed path. [

Theorem 4.10 (mixed derivatives in 2D). Suppose that S C R? and that f : S — R?
is a differentiable vector field and write £ = ( g )
If t is conservative then, on S,

of _oh

oy Oz’

The above result is a special case of the following general statement which holds in
any dimension.

Theorem 4.1x (mixed derivatives). Suppose that £ is a differentiable vector field® on
S C R™ Iff is conservative then, for each l, k,

ofi _ Ofy
ox k ox l ’
“As before fy (21, ..., 2,) denotes the Eth component of the vector field f.

Proof. By assumption the second order partial derivatives exist and so

o _ Pe _ e _ o B
oxy, Ox0xy Oz 0xy oxy *

Example. Consider the vector field

f(z,y) = ( —y(x?+y?) )

a(@?+y?)
on S = R?\ (0,0). Calculating we verify that %—J;l = % on S. We now evaluate the

line integral [ f - do where ax(t) = (acost,asint),t € [0, 27]. We calculate that
o/ (t) = (Jesnt) and f(a(t)) = &5 (725int). This means that
2T

/f‘da:/(sin2t+0052t)dt:27r.

0
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Observe that in the above example \S' is somehow not a “nice” set because of the
“hole” in the middle. Moreover, observe that the line integral is the same for any circle,
independent of the radius.

Theorem 4.11isn’t really useful in showing that a vector field is conservative because
it is possible for the mixed partial derivatives to all be equal but still the field fail to be
conservative. On the other hand, if a pair of mixed derivatives is not equal then f is
not conservative and so it is useful for proving the negative. Later in this chapter we
will return to this topic.

4.5. POTENTIALS & CONSERVATIVE VECTOR
FIELDS
We now turn our attention to the following question: Suppose we are given a vector

field f and we know that f = V¢ for some . How can we find ¢? For this we consider
two methods in the following paragraphs. First we describe the method which we call

1 1

F1GURE 4.2.: The paths a; and aa.

constructing a potential by line integral. Suppose that f is a conservative vector field on
the rectangle [a1, b1] X [ag, bo]. We define (%) as the line integral [ f - dov where
is a path between a = (a1, as) and x. For any x = (21, 22) € R? consider the two
paths:

ay(t) = (t,a2),t € [a1, 1],

ag<t> = (1}1, t),t € [ag, .1'2].
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Let (1) denote the concatenation of the two paths. We calculate that

/f-da = /f(al(t))-a’l(t) dt+/f(a2(t))-a’2(t) dt.
This means that o(x fwl fi(t,ap) dt + f‘m fo(xy,t) dt.

Now we describe a dlfFerent method which we describe as constructing a potential by
indefinite integrals. Again supgose that f = V¢ for some scalar field ¢(, y) which
we wish to find. Observe that 52 = f; and 6—“p = f5. This means that

/fltydt—l—A() o(z,y) /fga:tdt—l—B()

where A(y ), (x) are constants of integration. Calculatlng and comparing we can
then obtain a formula for p(z, y).

. . eTq2
Example. Find a potential for f(z, y) = < 2@?) on R?.

Solution. We calculate that

/flty 0+ Aly) = ey + 3+ Aly) = p(z, y),

/fgx P dt+ B(x) = ¢ + Bx) = o(x,y).

From this we see that we can choose A(y) = 0 and B(x) = z to obtain equality of
the above quantities. Consequently we obtain the potential p(z, y) = e“y* +x. [

Theorem 4.11 concerning conservative fields and the mixed partial derivatives was
somewhat less than satisfactory since the converse wasn’t possible. In order to get a
more satisfactory result we need to look at another topological details of the domain of
the vector field. This concept is somewhat suggested by the methods of constructing
potentials which were described above.

Definition 4.12 (convex set). Aset.S C R" is said to be convex if forany x,y € S
the segment {tx + (1 — t)y,t € [0, 1]} is contained in S.
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S

(A) A convex set. (B) A set which is not convex.

F1GURE 4.3.: Convex and non-convex sets.

This extra property permits the following sufficient condition for a vector field to
be conservative.

Theorem 4.13 (conservative fields on convex sets). Let* £ be a differentiable vector
freld on a convex region S C R™. Then £ is conservative if and only if

Of — Ok foreachl, k.

Oz ~ Oz’

?Asusual f(x1,...,x,) denotes the kth component of the vector field f.

Sketch of proof. We have already proved that f being conservative implies the equality of
partial derivatives (Theorem 4.11) and therefore we need only assume that 9, f; = 0, fi,
and construct a potential. Let ¢(x) = [ f - dax where ax(t) = tx, t € [0, 1]. Since

a(t) =x,p(x) = fol f(tx) - x dt. Also (needs proving)

1

g—i(tx) = / (topf(tx) - x + fr(tx)) dt.

0
This is equal to fol (tV fi(tx) - x + fi(tx)) dt because 0, f; = O, fx; By the chain
rule applied to g(t) = tV fi,(tx) thisis equal to fj,(x) as required. ]

The above gives us a useful tool to check if a given vector field is conservative.
Using the idea of “gluing together” several convex regions this result can be manually
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extended to some more general settings. Later, in Theorem 5.7, we will take advantage
of some further ideas in order to significantly extend this result.

APPLICATION TO EXACT DIFFERENTIAL EQUATIONS

Let S C R? be simply-connected and open. The differential equation, considered on
S,

p(x,y) +q(z,y)y' (x) =0

is called exacr if there exists ¢ : S — R such thatp = g—i and ¢ = g—‘;. Exact
differential equations are closely related to conservative vector fields.

Theorem 4.14. Let S C R? be connected and open.
> Suppose that ¢ : S — R satisfies Vo = (§). Then the solution y(x) of the
equation p(x,y) + q(x, y)y' (x) = Osatisfies p(z, y(x)) = C forsome C € R.
> Conversely, if ¢ : S — R issuch that p(x,y(x)) = C defines implicitly a
Sfunctiony(x), then y(x) is a solution to the equation p(x,y) +q(z, y)y'(x) = 0.

Proof. If y(x) satisfies p(x,y(x)) = C, then by the chain rule and the fact that
Ve = (§), wesee that p(z,y(z)) + v'(x)q(x, y(x)) = 0. Conversely, if y(z) isa
solution, ¢ (z, y(x)) must be constant in . O

Example. Solve y? + 2zyy’ = 0. Let p(z,y) = v% q(z,y) = 2zy and find
o(z,y) = zy*so Vi = (B). Solutions satisfy ¢(z, y(z)) = zy(z)’ = C, ie,

y(z) = \/é

4.6. LINEINTEGRALS OF SCALAR FIELDS

Up until now this chapter has been devoted to line integrals of vector fields but there
is also the obvious question of defining the line integral for scalar fields. This we do
now. Such a line integral allows us also to define the length of a curve in a meaningful
way. Let (), t € [a,b] be a pathin R™ and let f : R™ — R.
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Definition 4.x5 (line integral of a scalar field). The /ine integral of the scalar field f
along the path ais defined as

/fda—/f ) el (t)] dt.

This integral shares the same basic properties of the line integral of a vector field
and the proofs are essentially the same. Namely it is linear and also respects how a
path can be decomposed or joined with other paths which changing the value of the
integral. Moreover, the value of the integral along a given path is independent of the
choice of parametrization of the curve. In this case, even if the curve is parametrized in
the opposite direction then the integral takes the same value. Consequently it makes
sense to define the length of the curve as the line integral of the unit scalar field, i.e.,

the length of a curve parametrized by the path o is ff &/ (t)]] dt.
As a simple application, consider that the path represents a wire and the wire has

density f(cx(t)) at the point (). Then the mass of the wire is equal to [ f da.
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CHAPTER 5.

MULTIPLE INTEGRALS

HE extension to higher dimension of differentiation was established in the previ-
T ous chapters. We then defined line integrals which are, in a sense, one dimensional
integrals which exist in a high dimensional setting. We now take the next step and
define higher dimensional integrals in the sense of how to integrate a scalar field defined
on a subset of R". The first step will be to rigorously define which scalar fields are
integrable and to define the integral. Then we need to fine reasonable ways to evaluate
such integrals. Among other applications we will use this multiple integrals to calculate
volumes and moment of inertia. In Green’s Theorem we find a connection between
multiple integrals and line integrals. We also develop the important topic of change of
variables which takes advantate of the Jacobian determinant and is often invaluable
for actually working with a given problem.

5.I. DEFINITION OF THE INTEGRAL

First we need to find a definition of integrability and the integral. Then we will
proceed to study the properties of this higher dimensional integral. Recall that, in the
one-dimensional case integration was defined using the following steps:

1. Define the integral for step functions,

2. Define integral for “integrable functions”,

3. Show that continuous functions are integrable.
For higher dimensions we follow the same logic. We will then show that we can evaluate
higher dimensional integrals by repeated one-dimensional integration.

Definition (partition). Let R = [aq, b1] X [ag, ba] be a rectangle. Suppose that P, =
{zo,...,xm}tand Po = {yo,...,yn} suchthata; = 29 < 29 < -+ <z, = by

61



ba

Yk+1
Yk

1 L5541 by

FIGURE s5.1.: A partition of a rectangle R.

anday = Yo < Y2 < -+ - < Yp = by. P = P, X P;issaid to be a partition of R.

Observe that a partition divides R into nm sub-rectangles. If P C () then we say
that () is a finer partition than P. Partitions are constructed in higher dimension,
for R, in an analogous way. Before defining integration for general functions it is
convenient to make the definition for a special class of functions called step functions.

Definition (step function). A function f : R — Rissaid to be astep function if there
is a partition P of R such that f is constant on each sub-rectangle of the partition.

If f and g are step functions and ¢, d € R, then cf + dg is also a step function.
Also note that the area of the sub-rectangle Qi := [z, T;+1] X [k, Yk+1] is equal to
(Tj41 = 25) (Yt — Ur)-

We can now define the integral of a step function in a reasonable way. The definition
here is for 2D but the analogous definition holds for any dimension.

Definition (integral of a step function). Suppose that f is a step function with value
cji on the sub-rectangle (x;, xﬁl) (Uk, Ye+1)- Then we define the integral as
1n—-1
/ Pty = 325 nlares =) omss =),

0 k=0

Observe that the value of the integral is independent of the partition, as long as the
function is constant on each sub-rectangle. In this sense the integral is well-defined
(not dependent on the choice of partition used to calculate it).

62



f(z,y)

F1GURE s5.2.: Graph of a step function.

Theorem s.x (basic properties of the integral). Let f, g be step functions. Then
ff af + bg) dedy = afffdxdy—i—bffgdmdy foralla,b € R,

ff fdxdy = ff f dxdy + ff f dxdy if R isdivided into Ry and Ry,

gfdxdy < ggdxdy sz(x,y) < g(z,y).

Proof. All properties follow from the definition by basic calculations. O

We are now in the position to define the set of integrable functions. In order
to define integrability we take advantage of “upper” and “lower” integrals which
“sandwich” the function we really want to integrate.

Definition 5.2 (integrability). Let R be a rectangle and let f : R — R be a bounded
function. If there is one and only one number I € R such that

//g(x,y) dedy <1 < //h(m,y) dzdy

for every pair of step functions g, h such that, for all (z,y) € R,

9(z,y) < flz,y) < h(z,y).
This number [ is called the integral of f on R and is denoted [[, f » f(2,y) dxdy.
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All the basic properties of the integral of step functions, as stated in Theorem 5.1, as
holds for the integral of any integrable functions. This can be shown by considering
the limiting procedure of the upper and lower integral of step functions which are
part of the definition of integrability.

5.2. EVALUATION OF MULTIPLE INTEGRALS

Now we have a definition we can rigorously work with integrals but it is essential to
also have a way to practically evaluate any given integral.

Theorem (evaluating by repeated integration). Let f be a bounded integrable function
on R = [a1,b1] X [ag, ba). Suppose that, for every y € [ag, ba), the integral A(y) =
fabll f(x,y) dx exists. Then fab; A(y) dy exists and,

by [ b

Z/fdxdyz! Jf(x,y)dx dy.

Proof We start by choosing step functions g, h such thatg < f < h. By assumption
fa1 g(x,y)de < A(y) < f h(z,y) dz. We then observe thatf g(x,y) dz and

f b h(x,y) dz are step functlons (iny) and so A(y) is integrable. Moreover,

bQ b1 b2 b2 bl
/ /g(l’, y)dr| dy < /A(y) dy < / /h(fv, y)dz | dy.
az a1 a2 az a1
This both proves the existence of fab; A(y) dy and the value of the integral. O

The conditions of the above theorem aren’t immediately easy to check and so it is
convenient to now investigate the integrability of continuous functions.

Theorem s.3 (integral of continuous functions). Suppose that f is a continuous function
defined on the rectangle R. Then f is integrable and
b2 b1 bl b2

[ t@doty= [ | [ r@yyds| dy= [ | [ t@)ay) az
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FIGURE 5.3.: Setenclosed by zy-plane and f(x, y).

Proof. Continuity implies boundedness and so upper and lower integrals exist. Let
€ > 0. Exists § > 0 such that | f(x) — f(y)| < € whenever ||x — y|| < d. We can
choose a partition such ||x — y|| < § whenever X,y are in the same sub-rectangle
Qjk- We then define the step functions g, h s.t. g(x) = infg; f, h(x) = supg; f
when x € Q. To finish the proof we observe that |ianj;C J — supgk f} < eand
€ > 0 can be made arbitrarily small. O]

This integral naturally allows us to calculate the volume of a solid. Let f(xz,y) <
z < g(z,y) be defined on the rectangle R C R? and consider the 3D set defined as

V=A{(z.y,2): (.y) € R, f(w,y) <z < g(z,9)}.
The volume of the set V' is equal to Vol(V') = [, [g(x,y) — f(x,y)] dxdy.

Up until now we have considered step function and continuous functions. Clearly
we can permit some discontinuities and we introduce the following concept to be
able to control the functions with discontinuities sufficiently to guarantee that the
integrals are well-defined.

Definition (content zero set). A bounded subset A C R? is said to have content zero
if, for every € > 0, there exists a finite set of rectangles whose union includes A and
the sum of the areas of the rectangles is not greater than e.

Examples of content zero sets include: finite sets of points; bounded line segments;
continuous paths.
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FIGURE 5.4.: The graph of a continuous function has content
zero.

Theorem. Let f be a bounded function on R and suppose that the set of discontinuities
A C R had content zero. Then the double integral || r J(2,y) dvdy exists.

Proof. Take a cover of A by rectangles with total area not greater than ¢ > 0. Let
P be a partition of R which is finer than the cover of A. We may assume that
}ianjk J —supg;i [ ‘ < € on each sub-rectangle of the partition which doesn’t
contain a discontinuity of f. The contribution to the integral of bounding step
functions from the cover of A is bounded by d sup | f|. O

5.3. REGIONS BOUNDED BY FUNCTIONS

A major limitation is that we have only integrated over rectangles whereas we would
like to integrate over much more general difterent shaped regions. This we develop
Now.

Suppose S C Rand f is a bounded function on S. We extend f to R by defining
flx,y) if(x,y) €S
e {0 W

0 otherwise.
We use this notation in the following definition.

Definition (integral on general regions). We say that f is integrable if f is integrable

and define
l/f(x,y) dxdy = R//fg(x,y) dxdy.
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FIGURE s5.5.: A region defined by two continuous functions. The
“projection” of the region onto the z-axis is the interval [a, 0]

Suppose that there are continuous functions 1, @2 on R and consider the set (see
Figure s.5)

S={(z,y):a<z<bpi(zr) <y <po(r)} C R

Not all sets can be written in this way but many can and such a way of describing a
subset of R? is convenient for evaluating integrals. Observe that we could also consider
the following set

S={(z,y) :a<y<byi(y) <z <pa(y)}.

In the first case we could describe the representation as projecting along the y-coordinate
whereas in the second case we are projecting along the z-coordinate. Observe that it

doesn’t make a different to the integral if we use < or < in the definition of .S since

the difference would be a content zero set.

Theorem. Let  bea continuous functionon [a, b). Then the graph {(z,y) : « € [a,b],y =
has zero content.

Proof. By continuity, for every € > 0, there exists § > 0 such that [p(z) — ¢(y)| < €
whenever |z — y| < 0. We then take partition of [a, b] into subintervals of length less
than 0. Using this partition we generate a cover of the graph which has area not greater

than 2¢|b — al. O
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FIGURE s5.6.: Upside-down cone of height 5 with tip at the origin.

The solid is bounded by the surfaces z = /2?2 + y? and z = 5.
This solid can be “projected” onto the zy-plane.

Theorem s.4. Let S = {(x,y) : x € [a,b], o1(x) <y < wa(x)} where vy, po are
continunous and let f be a bounded continuous function of S. Then f is integrable on S

and
2)

] #) dody = /b /( f(z.y) dy| de.

a |pi(z)

Proof. The set of discontinuity of fg is the boundary of S'in R = [a,b] X [a, b]
which consists of the graphs of ¢1, 2. These graphs have zero content as we proved
before. For each z, f (x,y) is integrable since it has only two discontinuity points.

Additionally f; fr(z,y) dy = v2(2) f(x,y) dy. N

v1(z)

A similar result holds for type 2 regions but with x and y swapped. For higher
dimensions we need to also have an understanding of how to represent subsets of R".
Take for example a 3D solid then we would hope to be able to “project” along one of
the coordinate axis and so describe it using the 2D “shadow” and a pair of continuous
functions. For example, consider the upside-down cone of Figure 5.6 which has base
of radius 5 lying in the plane {# = 5} and has tip at the origin. In order to describe
this set it is convenient to imagine how it projects down onto the xy-axis. We then
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describe it as

V={(z,y,2) : (z,9) € S;m(z,y) <z < (r,y)}
where S C R? is the “shadow” and the functions represent the control we need in the
vertical direction. In this case we must choose S = {(z,y) : #? + y* < 5%}since the
base of the cone, at the top of the picture, it the largest part in terms of the shadow.

We also must choose 1 (z,y) = /22 + y? and y,(x, y) = 5 to correspond to the
sloped lower surface and the horizontal upper surface.

5-4. APPLICATIONS OF MULTIPLE INTEGRALS

Multiple integrals can be used to calculate the area or volume of a given set. Suppose
that

S = {(xvy) MRS [(l, b]?@l(l’) S Yy S 902(17)} C RQ
where 01, (5 are continuous functions. The the area of S is

// drdy = /b 7x)dy dz = /b [pa(2) — o1 (2)] da.
S a  |e1(2) a

This corresponds to the usual notion of the integral of a function on R determining
the area under the curve. The same idea extends to arbitrary dimension. Suppose that
7 (2, y) < y2(z,y) are continuous functions on S and let

V =A(z,y,2) :x € [a,b], p1(z) <y < po(x), 1 (2, y) < 2 < 7(z,y)} C R
The volume of V is i

b | w2(x) | v2(zy)

/// drdydz = / / / dz| dy| do

|4 a |ei(z) [n(zy)

b | p2(x)

~[| [ bt = mieiay| do.

a  |pi(z)
Multiple integrals also allow us to calculate the mass and centre of mass of solids.
Suppose we have several particles’ each with mass my, and located at point (x, yj ).

'In general, mass my, at point X, the centre of mass is point X such that MX = 3, mxy.
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The total mass would then be M = ), m;, and the centre of mass is the point (p, ¢)
such that

pM = kaxk and qM = kayk.
k k

Suppose an object has the shape of a region S and the density of the material is
f(z,y) at point (x y). Then, similar to the discrete case above, the total mass is
M={[,f s f(2,y) dvdy and the centre of mass is the point (p, ¢) such that

pM = //xfxyda:dy and gqM = //yfa:ydxdy

By tradition, if the den51ty is constant, then the centre of mass is called the centroid.

5.5. GREEN’S THEOREM

We can now establish a connection between multiple integrals and the line integrals of
the previous chapter.

Theorem s.5 (Green’s theorem). Let C' C R? be a piecewise-smooth simple (no in-
tersections) curve and o a path that parametrizes C in the counter-clockwise direction.

Let S be the region enclosed by C. Suppose that f(x,y) = < ggiz; > is a vector feld

continuously differentiable on an open set containing S. Then
// oo @8 d:vdy—/f-da.
C

Proof of Green’s theorem. To start we assume that .S is a type 1 region and that () = 0,
Since 5 = {(2,y) : @ € [a,b], p1(x) <y < @a(2)},

b | w2(x)
//(%—f—%) dxdy:/ /(—%—Ig)dy dx
S e1(x)

- / (P, () — Pla, p2(x)))d,
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(a) Simply connected. (8) Not simply connected.

FIGURE 5.7.: A setis simply-connected if every closed path can be
contracted to a point.

It is then natural to choose four paths o (t) = (¢, ¢1(t)), aa(t) = (a,t), as(t) =
(t, gpg(t)) ( ) = (b, t) We can calculate that [, f-da = [f-day — [f-das =
f P(t )) dt — f P(t,po(t)) dt. If S is also type 2 then this works for P = 0
and hnearlty means it works for f=(5)+ ( d ), More general regions can be formed
by “glueing” together simpler regions of the above type to complete the argument. [

The quantlty 99 _ 8—5 is reminiscent of something we saw with conservative vector
fields and we take advantage of this with the following application. We previously
introduced the concept of connected sets but now we need a slight refinement of the
idea.

Definition 5.6 (simply-connected set). A connected set S C R" is said to be simply-
connected if any closed path o, contained within .S, can be contracted to a point. (This
is in the sense that there exists a continuous map [’ : D? — S, where D? C R?
denotes the unit disk, such that F' restricted to the unit circle is a.)

The following result extends Theorem 4.13 which was limited to convex sets.

Theorem 5.7 (conservative vector fields on simply connected regions). Let S be a

simply connected region and suppose that £ = ( g ) is a vector field, continuously differ-

entiable on S. Then £ is conservative if and only zf 99 _ 801;
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Proof. In Theore 4.11 we already proved that 8Q = %P whenever f is conservative so
we need only prove the other direction of the statement. Suppose that 8Q = %P and

consider any closed path a¢ in S. By Green’s (Theorem s.5),

/f da—// 299 _ or dxdy—O

This implies that f is conservative because the fact that the line integral around every
closed curve is zero (Theorem 4.9). [

A crucially important consequence of the above resultis that it implies the invariance
of a line integral under deformation of a path when the vector field is conservative.
Observe that the result can be extended to multiply connected regions by adding
additional “cuts” and keeping track of the additional line integrals.

5.6. CHANGE OF VARIABLES

When we want to identify a point in space it is common, particularly if we are pirates
recording the position of tresure, that there are many alternative ways we can describe
this point. For example we could write the number of steps north and the number
of steps east from the central palm tree. Alternatively we can specify that we stand
at the palm tree looking in a specific direction and then walk a particular number of
steps. Often is is really convenient to swap from one coordinate to another and in this
section we show how multiple integrals behave under change of coordinates.

To start, we recall the 1D case. If g : [a, b] — [g(a), g(b)] is onto with continuous
derivative and f is continuous then

g(b)

f(x) do = / F(9(w)) ¢/ (w) du.

g(a)

In higher dimension we obtain a similar result but ¢’ must be replaced by a type of
derivative which works in higher dimension.
For the 2D case we have the following result.
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Theorem 5.8 (change of variable in 2D). Suppose that (u,v) — (X (u,v),Y (u,v))
maps'T to S one-to-one and X, Y are continuously differentiable. Then

// f(z,y) dedy = // F(X (u,0), Y (4, 0)) |J(u, v)| dudv.
S T

Here J(u,v) = (gz))g g’ﬁf) is the Jacobian matrix as used previously. Note
that the Jacobian represents the scaling of volume in the sense that []. g dxdy =

JJ 1 (u, )| dudv.

POLAR COORDINATES
Polar coordinates correspond to the coordinate mapping
x =rcosf
y =rsinf.
In this case the Jacobian determinant is

70)] = (35 50 )] = [ (5524 28, )| = r(cos? o+ sin?0) = v

—rsinf rcos6

Consequently, the change of variable in the integral gives that
// f(z,y) dedy = // r f(rcos6,rsinf) drdf.
S T

LINEAR TRANSFORMATIONS

In this case the coordinate mapping is

x = Au+ Bv
y=Cu+ Dv
where A, B, C, D € R are chosen fixed. The Jacobian determinant is equal to
[J(u, )l = |(5:x o5 )| = (2 B) =1AD — BCY.

Consequently the change of coordinates for the integral is

Z/ﬂ””y) drdy = ’AD—BC’Z/f(AUJrBU,Cu—FDv) dudv.
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EXTENSION TO HIGHER DIMENSIONS

The exact analog of Theorem 5.8 holds in any dimension. In particular, in 3D, if we
consider the change of variables (u, v, w) — (X (u,v,w),Y (u,v,w), Z(u,v,w)),
then fffs x,y, 2) dedydz is equal to

// (X (u,v,w), Y (u,v,w), Z(u,v,w)) |J(u,v,w)| dudvdw

where J(u, v) is now the Jacobian matrix of dimension (3 x 3).

CYLINDRICAL COORDINATES

Cylindrical coordinates corresponds to the mapping (require r > 0,0 < 0 < 27)

z =rcosf
y =rsinf
z2=2z

and, in this case, the Jacobian determinant is
cosf sinf 0

|J(7”, 6, Z>| = <frsin9 rcosf 0)
0 0 1

and so the change of variables in the integral gives

// f(z,y, z) dedydz = /// (r,0,z) drdfdz.

where (1,6, Z) = f(rcos@,rsinb, z). Note that cylindrical coordinates are closely
related to polar coordinates in the sense that we don’t touch the z coordinate and use
polar coordinates for x and y.

= |r(cos® 0 + sin®0)| =

SPHERICAL COORDINATES

Spherical coordinates correspond to how we use lattitude, longitude and altitude to
specify a position on earth. It is the coordinate mapping (require p > 0,0 < 0 < 2,
0<p<m)

x = pcosfsing

y = psinfsin @

2 = pcos .
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In this case the Jacobian determinant is

| J(p,0,¢)| =

Consequently the change of variables in the integral gives that

// f(x,y, 2) dedydz = /// F(p,0,¢)p*sin o dpdfdip.
S T

where F'(p, 0, ) = f(pcos@sinp, psin@sin p, pcos ).

( cosfsinp sinfsingp cose

pcosfcosp psinfcosp —psingp

—psinfsin p pcosfsingp 0 )‘ = |—p2 SiIlgO} = ,02 sin @.
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CHAPTER 6.

SURFACE INTEGRALS

N this section we consider surfaces and how to define integral of vector fields over
I these surfaces. This is similar in many ways to line integrals but a higher dimensional
version. Curves (for line integrals) are 1D subsets of higher dimensional space whereas
surfaces are 2D subsets of higher dimensional space. Identically to line integrals, the
first step is to understand a practical way to represent the surfaces, just like with curves
we used paths as the parametric representation of the curve. Once we have clarified
the parametric representation of surface we can define the surface integral (of a vector
field) and show that it satisfies various properties which we would expect, including
that the integral is independent of the choice of parametrization. Similar to how we
were able to use a line integral (of a scalar) to calculate the length of a curve we can use
a surface integral (of a scalar) to calculate the area of a surface.

We then introduce two important operators that act on vector fields, namely cur/
and divergence. Using these operators and the surface integral we introduce two theor-
ems, Gauss’ Theorem and Stokes’ Theorem. These theorems connect line integrals
with surface integrals and with volume integrals.

6.1. REPRESENTATION OF A SURFACE

Before developing parametric representations of surfaces let’s recall an example of
parametric representation of a curve (path). For example, the half circle C' = {(z, ) :
z? +y* = 1,y > 1} can be parametrized in many ways, including the following two
paths.

a(r) = (z,V1—2a?), ze[-1,1],

a(t) = (cost,sint), te[0,7].
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In a similar way, now in 2D we can have a parametric representation of a hemisphere.

Example (hemisphere). The hemisphere S = {(x,y,2) : 22 +y*+ 22 = 1,2 > 0}
can be represented parametrically in many ways, including

r(z,y) = (z,9,V/1 - 22 —?), (v,y) € {«* +¢* <1},

r(u,v) = (cosucosv,sinucosv,sinv), (u,v) € [0,27] x [0,7/2].
Observe that the second form above can be deduced from spherical coordinates (fixed
distance from the origin).

Example (cone). The cone S = {(z,y,2) : 22 = 22 + 4*,2z € [0,1]} can be
represented parametrically in many ways, including

r(z,y) = (v,y,Va? +32), (v,y) € {z° +y* < 1},

r(u,v) = (vcosu,vsinu,v), (u,v) € 0,27 x [0, 1].
Observe that the second form can be deduced from spherical coordinates (fixed angle
from z-axis).

FUNDAMENTAL VECTOR PRODUCT

A key notion for parametric surfaces and natural geometric object is the fundamental
vector product. Consider the parametric surface, denoted r(7"), and suppose it has the
form

r(u,v) = (X(u,v),Y(u,v), Z(u,v)), (u,v)eT.

Definition 6.1 (fundamental vector product). The vector-valued function defined as

Or Or Ou X 0y X
9 X E = oY X oY
u v OuZ 07

is called the fundamental vector product of the representation r.

By definition, the vector-valued functions g—z and % are tangent to the surface. As
such, assuming that they are linearly independent, the fundamental vector product
% X % is normal to the surface (orthogonal to every curve which passes through the
surface). Moreover the norm of the vector represents the local scaling of area (small
parallelograms).

As always we need to take some care about smoothness of the objects we work with.
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Definition (regular point). If (u, v) isa pointin 7" at which 2 and Z are continuous
’ ou v

and the fundamental vector product is non-zero then r(u, v) is said to be a regular

point for that representation.

Definition (smooth surface representation). A surface r(7") is said to be smooth if
all its points are regular points.

Just like we saw with paths to represent curves, there are many different ways we
can find the parametric representation of a given surface. If the surface S has the
form z = f(x,y) (the surface in written in explicit form) then we can use , y as the
parameters and have the representation

r(z,y) = (x5, f(z,y), (v,y) €T
The region T is the projection of S onto the zy-plane. For such a surface we compute

or _ (g or _ (4
Oz 8.f)] Oy ayf)’

or oor _ (0} ) = _M)
8z><8y_(32f> % <8yf>_<_81yf '

An example of such a representation is as follows for the hemisphere.

and consequently

Example (hemisphere representation1). Let 1" = {$2 +9% < 1}, and let

r(z,y) = (z,y, /1 — 2% —y?).
The surface r(7T') is the unit hemisphere {(z,y,2) : 2* + y* + 22 = 1}. The
fundamental vector product of this representation is
. . a:(l—ac2—y2)71/2 _
% X g—y(x,y) = (y(1x21y2)—1/2 =z 'r(z,y).

In this case, all points are regular except the equator.

Example (hemisphere representation 2). Let T = [0, 27| x [0, 7/2] and let
r(u,v) = (cosucos v, sinucosv,sinv).
The surface r(7') is the unit hemisphere {(z, y, z) : 2* + y* + 2% = 1}. This is the

representation which is connected to spherical coordinates. We calculate that

— sinu cos v —cosusinv
g—Z(U,U) = ( cosuocosv > , &(U,U) = (7Sinusinv> ,

dv cosv
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and so the fundamental vector product of this representation is

I % 9t (u,v) = cosvr(u,v).
In this case many points map to the north pole (0,0, 1) and the north pole is not a
regular point. Additionally there are two points which map to each point on the line

between equator and north pole {(z,y, 2) € r(T) : y = 0}.

6.2. SURFACE INTEGRAL OF SCALAR FIELD

Mirroring the process for line integrals we will define surface integrals both for scalar
fields and for vector fields. The surface integral of a scalar field is closely related to the
area of a parametric surface, just like the length of a curve is closely related to the line
integral of a scalar field.

Definition 6.2 (area of a parametric surface). The area of the parametric surface

S = r(T') is defined as the double integral
Area(S) = // 125 x 2| dudo.
T

Observe that the definition is in terms of a multiple integral over the region 7', and
the quantity being integrated is the norm of the fundamental vector product.

Later we will show that Area(S) is independent of the choice of representation
as we require for such a definition, it would be unreasonable if the area of a surface
depended on the choice of representation.

We will check that this definition corresponds to a fact that we already know by
computing the surface area of a hemisphere. Let, as before, T’ = [0, 2| X [0, 7/2] and
let r(u,v) = (cosucosv,sinu cos v, sinv). The norm of the fundamental vector
product (which we computed earlier) is

|

This means, by Definition 6.2 and evaluating the multiple integral, that

& x 2 (u,0)

9 X oy = cosv ||r(u,v)| = cosv.

2 71'/2
Area(S) = //cosv dudv = / /cosv dv| du = 2m.
T o Lo
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The surface integral of a scalar field is defined in a way similar to the area of a surface.

Definition 6.3 (surface integral). Let S = r(7") be a parametric surface and let f be
a scalar field defined on S. The surface integral of f over S is defined as

//de //f uvH uv”dudv

r(T)

whenever the double integral on the right exists.

Observe that, if we choose f = 1, that is we choose the scalar field identically equal
to 1, then we obtain the formula for the area of the surface (Definition 6.2). This is
just the same as the line integral of a scalar and the length of the corresponding curve.

From the point of view of applications, we could take f as the density of thin
material which has the shape of the surface S and then ], ¢ f dSis the total mass of
this piece of material. Extending this idea we could also calculate the centre of mass of
this piece of material.

6.3. CHANGE OF SURFACE PARAMETRIZATION

In order to validate the definition of a surface integral and consequently that of the
area of a surface, we will now show that the the value of the evaluated integral doesn’t
depend on the choice of representation for any given surface.

Theorem 6.4 (change of surface parametrization). Suppose that (A) and r(B) are
both representations of the same surface, and thatr = q o G for some differentiable
G:B— A Then

//foqug_gx || dsdt = /forH—x—Hdudv
A

Proof. Sincer(u,v) = q(S(u,v), T (u,v)) we calculate (chain rule and vector product)
that

32 2 38) ) = (52 % 50) (335 — B8] (S(w). Tlwv)
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F1GURE 6.1.: Two different representations for a given surface.

Observe that %g—r‘g — %g—z is the Jacobian determinant associated to change of

variables (u,v) +— (S(u,v),T(u,v)). Consequently, by the change of variables

theorem,
[ Foalise <l asde= [ £or )15 x g dudo
A B

as announced in the theorem. O

6.4. SURFACE INTEGRAL OF A VECTOR FIELD

In preparation for defining the surface integral of a vector field we need the notion of
the normal vector of a surface. This is a natural geometric notion, for each point in
the surface it is the unit vector field which is orthogonal to the surface.
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Definition 6.5 (normal vector). Let S = r(7’) be a parametric surface. At each
regular point the two unit normals are

31‘ % gr
L and ny, = —1n;j.
N
By definition ||n; || = ||ny|| = 1. That there are two normal vectors is expected

because there are two sides to the surface at each point, one s just the opposite direction
to the other. If f is a vector field then f - n is the component of the flow in direction
of n.

Definition 6.6 (surface integral of a vector field). Let S = r(7") be a parametric
surface and f a vector field. The integral

Z/f-nds

is said to be the surface integral of £ with respect to the normal n.

For convenience let N = g—; X % andn = N/ |N||. Observe that

//f-ndSz//(for) o Or dudv://(for)-Ndudv

ou  Ov
and so for evaluating the surface integral of a vector field there is typically no need to
evaluate the norm of the fundamental vector product. Also note that f f s f-n; dS=
—f o I -1y dS because n; = —ny. This means that choose one normal or the other
simply corresponds to a minus sign in the evaluated integral. This is the notion that
there is a choice of orientation inherent with a surface. As a tangible example imagine
that the surface has a flow passing it and this flow is determined by a vector field. Then

the surface integral would represent the total flow passing the given surface in a given
direction.

6.5. CURL AND DIVERGENCE

ffl)
Suppose that f = ( fy ) is a differentiable vector field.

f=
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Definition 6.7 (curl). The curl of f is defined as

of: _ Ofy

Jy 0z

_ | %= _ Of
Vxf= 0z oz
Oy _ 9fs

ox dy

Definition 6.8 (divergence). The divergence of f is defined as

of.  9fy , Of.

=
v or 9y | 02

Often the notation curlf = V x fand divf = V - f is used instead. Note that
the symbols“x” and “-” used in the notation for curl and divergence are not truly
representing the vector and scalar product but are more a convenient way to remember
the definitions. These quantities satisfy the following basic properties which can all be
proved by the basic calculation.

> Iff =VepthenV xf =0
> V- (Vxf)=0,
>V x(Vxf)=V(V-f)- Vi
The quantity defined as V¢ = V - (V) = 8:02 —|— + 5 is called the Laplacian

and occurs in many applications of physics and mathematlcs

Example. Iff(z,y,2) = (é) thenV xf=0,V . -f=3.

Example. Iff(z,y,2) = <_[a):y> thenV x f = (

NOO

),v-fzo.

Theorem 6.9. Let S C R? be convex. Then V X £ = 0on S if and only if f is
conservative on S.

The above result implies Theorem 5.7 (the 2D vector fields can be written as 3D
vector fields with a zero component).
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6.6. THEOREMS OF STOKES AND GAUSS

Theorem 6.10 (Stokes). Let S = r(T') be a parametric surface. Suppose that T' is
simply connected and that the boundary of T is mapped to C, the boundary of S. Let 3
be a counter clockwise parametrization of the boundary of T and ler a(t) = r(B(t)).

Then
//(fo)~ndS:/f-da.

S

z

f"L'
Sketch of proof. Write f = (;y) and suppose that f, = f, = 0. This effectively

reduces the full problem to the lower dimensional version that we previously consider.
As such, we can then apply Green’s theorem (Theorem s.5). Finally we conclude for
general f by linearity of the integral. O]

Just as Green’s Theorem holds for regions which can contain holes, as long as they
are correctly accounted for, we can extend Stokes’ theorem to more general surfaces
with the idea of “cutting and gluing” the surface. In particular this allows the extension
to surfaces with holes, cylinders, spheres, etc. On the other hand the theorem can’t be
extended to the M&bius band because the topology of this surface prevents a similar
process being completed.

Theorem 6.1x (Gauss). Let V' C R be a solid with boundary the parametric surface S
and let 11 be the outward normal unit vector. If £ is a vector field then

// V-fdxdydz://f-nds.
14 S

Sketch of proof. We start by writing

/// @L + %) drdydz = // (fonte + fyny + fon.) dS.
4 S

As such, it suffices to show that [[f;, (%) dzdydz = [[ (fane) dS.If we suppose
the solid V' is zy-projectable then we can explicitly write the integral (later to be
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extended to general solids). We then use basic calculus to express f; as the integral of
the derivative. 0

Stokes’ Theorem allows us to connect surface integrals (2D) to line integrals (1D).
On the other hand Gauss’ Theorem allows us to connect volume integrals (3D) to
surface integrals (2D). In this way they are similar to each other, the integral goes
decreases dimension and also there is the loss of a derivative. Indeed the fundamental
theorem of calculus for line integral also fits into this same pattern. The branch of
mathematics called “differential geometry” provides a framework in which all these
results can be described in a unified way by the statement

/w—/dw.
a0 Q

This result is called the “generalized Stokes theorem”.

Note that Gauss’ Theorem is often called the “divergence theorem”. We can use
this theorem for the following interpretation of divergence as a limit, similar to the
way other versions of derivatives are defined.

Theorem. Let V, be the ball of radiust > 0 centred at a & R? and let S, be its
boundary with outgoing unit normal vector n. Then

V- f_lg%\/olvt //f nds.

Proof. Using Gauss’ theorem. O

Curl can also be written as a similar limit. Given the similarity of all the terms, it is
not unexpected that there is a relation between curl and divergence with the Jacobian
matrix. Recall that

Ofs  Ofs Ofs
ox oy 0z

o8, Of O
Jac(f) = | 3 3

of: Of: 0Of:
ox oy 0z

We can immediately see that divergence is the trace of the Jacobian matrix. In order to

see the connection with curl, recall that every real matrix A can be written as the sum
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of a symmetric matrix 1 (A 4+ A”) and a skew-symmetric matrix 3 (A — A”). In this

case we have that

0 0k _ 0 9L _op

oy ox 0z ox

1 T of Ofe of, Of.

Yacl®) — Jaclt)") = | % - % 0 B
o o oL o

8z 0z dy 0z

and can see that the terms of the skew-symmetric part of the matrix are exactly the

terms of curl.
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APPENDIX A.

WORKED EXAMPLES

THI s chapter contains various examples from the different parts of the course and
the full calculations. Some of the examples come from the exercises, some from
past exams, some just because they are relevant to the material.

A.1. SEQUENCES & SERIES OF FUNCTIONS

Task A.x. Calculate the Taylor expansion of x cos® x or xsin® x about the point

xz = 0.
Solution. We recall or calculate that cos(z) =7, %x% and so
o . (_1)” 2n S (_4)” 2n
cos(2x) = ; @) (22)™ = nZ:O 2n)] "

0
Additionally we know that cos(2z) = cos? z — sin®  and hence

cos’z =1+ 1cos(2z) and sin’z =1 —1cos(22).

Combining the above we obtain

2, _ v X _Z r o~ (=4)" 4
Teos T = g +§cos(2x) = §+§7§:0 @n)l x

r T (—4)? (—4)

_ d 1 2 4 6
2+2<+2'x+ Py ST

1 2
_ .3 t5 7
=x ZE—|—3ZE 45x—|—
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On the other hand

L, T T T
x sin x—§—§cos(2m —5—522 i

x I G PR G

= 14—
5 2<+2'x+4x+(6)!x+
s Ly 20

=23 —-x®+ —2"

3 45

an—1
n!

Tointegrate we use the fact that f (z) = ) | a, 2" implies fo tydt =5,

(or simply integrate the above term-by-term) and so

T

1 1 1 1
teos2tdf — —p2 — St 6 T 8,
/COS 57 T TR Tt T
0
and

i 1 1 1

tsin?tdt = —a* — — —

/sm 4x 1835 +180x + -

0

The Taylor expansion for cos x converges for all x and consequently the Taylor expan-
sions for 3 (1 + cos(2x)) and for (1 — cos(2x)) also converge for all . O

Task A.r.2. Consider, form € {0, 1}, the linear differential equation’
22"+ zy + (22 —m?)y = 0.

Using the method of undetermined coefficients obtain a power series solution (centred
at x = 0) to this differential equation. Determine the radius of convergence r and
investigate convergence at v = X.

Solution. Substituting y(z) = > 07 aa™, y'(x) = Y o7 na,x" ' and y’(x) =

"This equation, for some constant m, is called Bessel’s differential equation and has various applica-
tions including: electromagnetic waves in a cylindrical waveguide; heat conduction in a cylindrical
object and the modes of vibration of a circular drum.
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S>> ,n(n — 1)a,az™ 2 one obtains the equation

n—=

o o0
7 E nn —1a,2"? | +x E na,x"
n=2 n=1
oo oo
2 n 2 n o
+x g anT —-m g anT =0

and so

WE

o oo [o.¢]
n(n — 1)a,z" + E na,x" + g anz"? — E m2a,xz™ = 0.
n=1 n=0 n=0

Shifting the index in the third sum

(o0} oo oo
n(n — 1)a,z" + E na,x" + E p_oT" — E m2a,z" = 0.
n=1 n=2 n=0

Consequently, separating the terms of x' and 20,

[|
N

n

K

Il
)

n

(o]
E n—lan+nan+an2—man}x + a1z — majx — m2ay = 0.

n=2
Equivalently

[(n* —m*)a, + an—] 2" + (1 — m*)ayz — m*ag = 0.
n=2

In the case that m = 0 this means that a; = 0 and, as an immediate consequence
of the given initial value, ay = 192. On the other hand, in the case that m = 1
this means that ay = 0 and, as an immediate consequence of the given initial value,
a; = 192. Considering the first sum in the above equation, we see that, for alln > 2,
(n? —m?)a, + a,_» = 0and so

Ap—2

Ay = — 5

n? —m?2’

The recurrence relation would allow us to determine the coeflicients of the power
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series solution to this differential equation. For the first few terms we calculate that

1
a2 =~ 500
1
U= g
1 1
as = — Ao = Qa
4 42 — 22 (42 — m2)(22 — m?) 05
1 1
a5 = — ag.

ag =
52 _ 2 (52 — m2)(32 — m?)
Using the ratio test on the recurrence relation shows that the radius of converge of the
power series solution is infinite. O]

In the next task we will use the following notation. For € R, n € N, let

() = w This quantity is called the binomial coefhicient.

Task A.1.3 (binomial series). Ler o € R. Show that, whenever |x| < 1,

(L+a)" =) (2
n=0
Solution. Using the ratio test we can confirm that the right hand side converges. Let
f(x) = (1 + ). We calculate that f'(z) = (1 + 2)* " and so f(z) is a solution
to the differential equation

(@) = (@)

and satisfies the initial condition f(0) = 1. To complete the proof we will show that

g(z) = 307 (%)a" satisfies the same differential equation and initial condition.

First observe that (n+1) (nil) = (a—n) (z) is equivalent to (n+1) (nil) +n (z) =

o (i) . We calculate that

e O

Consequently = "
(1+2)g () = 2 <(n +1) (n i 1) + n(z)> "
_ ag (2) 2" = ag(z)
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Additionally g(0) = 1. O

A.2. DIFFERENTIAL CALCULUS IN HIGHER
DIMENSION

Task Az.r. Letf : R? — R?, g : R® — R? bedefined as
f(z,y) = (" sin(y + 22))
g(u,v,w) = (u+ 2v* + 3w?, 2v — u?).
Leth = fog: R®* = R%and calculate Dh(1, —1,1).
Solution. We first calculate g(1, —1,1) = (6, —3) and
6x+2y 26x+2y
Df(w,y) = (2 cos(y +2x) cos(y + 2x)> ’

1 4v 9w?
Dg(u,v,w) = (—2u 5 0 ) .

Df(6,—3):( ! 2 )

Consequently

2co0s9 cos9

1 -4 9
Dg(l,—l,l):(_2 ) o)'

By the chain rule for Jacobian matrices (Theorem2.24), Dh(1, —1,1) = Df(6, —3) Dg(1
and so, multiplying the matrices, we obtain

-3 0 9
Dh(1,-1,1) = ( 0 —6cos9 18C089) '

A.3. EXTREMA & OTHER APPLICATIONS

Task A3.1. Let oo > 0and let, for (v,y, z) € R*\ {(0,0,0)},

flay,z) =@ +y>+2°)"
Find o > 0 such that

32f
Erel + By + 622 =0.
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Solution. We calculate the partial derivatives,

a—1

g£ (z,y) = —2ax(x® +y* +22)" ",
gif; (z,y) = 4a(a+ 1)2*(2® + y* + 22)_a_2
—2a(2® +y* + 22)_a_1

The partial derivatives with respect to y and z are similar, the only difference being that
the first 22 in the first term is replaced by y? or z2. Consequently ( oL+ dyf +2 2% f ) (z,y,
is equal to

dafo+ 1) +y° + )@y 24

— 62 +y* + 22)_a_1
=da(a+1)(2* +y* + 22)_a_1 — 6a(z? +y* + 22
= (dafa+1) — 6a)(2* +y* + 22)_a_1

)—a—l

Since 4a(a 4+ 1) — 6 = 4a? — 2a = 2a(2cr — 1) we see that this is zero, for all
(,y,z), when a = 0 or when o = 1. The latter is the required solution. O

Task A.3.2. Find the extrema of f(x,y) = xy under the constraint g(x,y) = x +
y—1=0.

Solution. We start by calculating that

Vir,y)=(%), Vg(z,y)=(1).

According to the Lagrange multiplier method there exists A € RsuchthatV f(z,y) =
AVg(z,y) at any extremum point (z, y). To proceed we must solve the system of
equations (3 equations and 3 unknowns),

(2)=x(1), g(z,y) =0;
Thatis,z = A\, y = A, 2+ y = 1. This has the solution (x,y) = (% %),
Task A.3.3. Find the points closest to the origin on the set defined by the intersection of

the two surfaces

2 —ay+y -2 =1 and 2°+y* =1
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Solution. For convenience we let
flz,y, 2) = 2% +9* + 22,
gz, y,2) =2 —xy +y* — 2% — 1,
go(,y, 2) = 2* + 97 — 1.
In the language of the Lagrange multiplier method, we are finding the extrema of f

subject to the constraints g; = 0 and g = 0. Applying the method leads us to the a
system of 5 equations and 5 unknowns,

Vi=MVg +XVg, ¢ =0 ¢ =0.

We proceed to solve this system of equations in order to obtain a set of points which
are the points where the extrema occur. We calculate that the gradients are

2x 20 —y
Vix,y,z) =2y ]|, Va(zr,y,z)=|2y—2],
2z —2z
2x
Vga(x,y,z) = | 2y
0

Consequently the 5 equations are
2 = A\ (2x — y) + Ao(27)
2y = M2y — 2) + A2(2y)
2z = M (—22),
?4yi=1, P —ay+yt - =1
If we combine the 4™ and 5™ equations we obtain that
zy + 22 = 0. (A1)

Consequently
xy < 0. (A.2)

If we multiply the r** by y, multiply the 2nd by « and combine we obtain that A\ (22 —
y)y = A1(2y — x)x. This means that

> =y* or A\ =0. (A3)
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For a moment we assume the first case and combined this with the 4 equation. This
means that 2 + 22 = landsoz = j:%. In general 22 = y? allows thaty = +x
but (A.2) means thaty = —x. Using (A.1) to calculate z we obtain 4 solutions,
AR N AR L A ARV AL v A Al

We check that these really are solutions by substituting into the 5 equations. Now we
need to consider the other case (A.3) which we previously ignored. Consider the 3™
equation we find that z = 0. Consequently, by (A.1), either z = 0 or y = 0. This
then means that, by the 4P equation that y?=1lorz? =1 respectively. Consequently
we have obtained another 4 solutions,

(—1,0,0),(1,0,0),(0,-1,0),(0,1,0).
Again we check that these really are solutions by substituting into the 5 equations.

Calculating the distance of the points to the origin we find that the first set are
equally the closest to the origin and the second set are equally the furthest. O

Task A.3.4. Investigate the stationary points of the scalar field,
fla,y,z) = e @ (y" = 8yz +22).
Solution. First, we compute the gradient,
—2(z — 1)e~ @D’ (y* — 8yz + 222)
Vi(x,y,z)= e~ (@07 (493 — 82)
e~ (=D (—8y + 42)

Consequently we know that the statement V f(z,y, 2) = 0 is equivalent to the
system of equations

(z — 1) (y* — 8yz + 22%) =0, (A.4)
y? =2z, (Ass)
z = 2y. (A.6)

We proceed to find all the solutions to this system of equations and in doing so we will
have found all the stationary points of f. Combining (A.s5) and (A.6) we obtain that
y> = 4y and so

y=0 or y?=4. (A7)
We will use this information later. From (A.4) we know that

y' —8yz+222=0 or z=1.
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We proceed considering this case by case. In the first case, using also (A.6), we obtain
that y* — 16y + 8y?> = 0. This means thaty = 0 or y> = 8. However the
second option is in contradiction with (A.7) and so y = 0 is the only solution. Using
also (A.6) we are left with the set of points
(a,0,0) foranya € R.
We check that this really does satisty the system of equations without further restric-
tions on the z-coordinate. Consequently each of these points is a stationary point. It
now remains to consider the case which previously we ignored, namely z = 1. Using
also (A.7) and (A.6) we obtain the points
(1,-2,—4) and (1,2,4)

(the point (1,0, 0) is already included in the previous set). Again we check that these
two points satisfy the system of equations and are therefore both stationary points.

In order to classify the stationary points we calculate the Hessian matrix. For
convenience we use the notation

hll h12 h13
Hf - h21 h22 h23
h31 h32 h33

We calculate (since the matrix is symmetric we only need at most 6 of the terms)
hay(z,y,2) = e~ @ b? (y* — 8yz + 22%) (=2 + 4(z — 1)),
—2(x — 1)@ b? (4y® — 82),
—2(z — 1)e~ @V (—8y + 42),
e~ (12¢7),
has(,y, 2 (o 1)2<_8>7

2
h33 z,Y, Z) = ei(xil) (4>
Evaluating the Hessian at two of the stationary points we obtain that (thatx = 1
means that several terms disappear and the others are easy to calculate),

h’lQ X, Y,z
his(z,y, 2

(2,9,2) =
(2,y,2) =

hoa(2,y, 2) =
(2,y,2) =
(

00 0

Hf(1,0,00=0 0 -8],
0 -8 4
32 0 0

Hf(1,2,4)=[0 48 -8
0 -8 4
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The first matrix has one positive and one negative eigenvalue so (1,0, 0) is a saddle
point. On the other hand, the eigenvalues of the second matrix are all positive and so
the function f(x,y, z) takes a minimum at the point (1, 2, 4). O

A.4. CURVES & LINE INTEGRALS

Task A.4.1. Determine if the following two vector fields are conservative on R?.

tto) = (MO0

2ze

g(z,y) = (;fﬁ :

h(z,y) (i’>y(:r2 + y2>:) '

3z(a? + y?)
Is the vector field h conservative on the domain {(x,y) : |y| > 0}? Is the vector field h
conservative on the domain {(z,y) : 1 < 2% + y? < 4}?
Let o denote the anticlockwise triangular path with three straight segments and
vertices (0,0), (1,0), (0,1). With g the vector-field defined above, calculate the line
integral [ g do.

For (x,y) # (0,0) ler

Solution. We see that f(z, y) is conservative because, if ¢(z,y) = 2zxye” then

Vo(z,y) = (zy(1 +f>€x) :

2ze

Comparing the y derivative of the first component and the x derivative of the second
component we see that the other two vector fields are not conservative on any domain.
Let’s calculate the line integral. It is convenient to divide the path « into three

pieces:

> al( ) = (t 0)’t [07 1]:

> as(t) = (1—t,t),t €0, ],

> ag(t) = (0,1 —t),t €
This in means that o/ (t) = (§ ) Lt) = (1), ab(t) = (%). Since g(z,y) =

2y?
( 4 ) we calculate that

gloa(t) = (02).  slen(t) = (12,), sles(t) = (20,7°).

t
t
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And so

(t) =0,

ah(t) - glan(t) =142 —t — 2%
() = —2.

9
=
i
L

Q
w
=
AN
Q
w

Finally

A.s. MULTIPLE INTEGRALS

A.6. SURFACE INTEGRALS
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