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Huge number of different partial differential equations — we consider a few types.

Example
Find all solutions of the partial differential equation 35 (x, y) + 23—;(X,y) =0. Fis xdr e POEs

Solution:
1. Equivalent to (3) - Vf(x,y) =0;
2. Directional derivative D, f(x,y) = 0 where v = (3);
3. This means that f is constant in the direction (g)

4. All solutions have the form f(x,y) = g(2x — 3y) for some g : R — R.

Theorem
Let g : R — R be differentiable, a, b € R, (a, b) # (0,0). If
f(x,y) = g(bx — ay) then

of

of
aa(xvy) + b@(xhy) =0.

Conversely, every f which satisfies this equation is of the form g(bx — ay).



PDE (cont.)

Proof.
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Cf f(X,y) = g(bX — a_y) ‘thenv by the chain rUIe, First order linear PDEs

O«f(x,y) = bg'(bx — ay) and 0, f(x,y) = —ag’(bx — ay).

. Consequently

adf(x,y)+ bo,f(x,y) = abg'(bx — ay) — abg’(bx — ay) = 0.

LoLet (4)=(25) () andso (3) = 3% (3 4) (4.
. Let h(u, v) — f(au—l—bv bu—aV)_
. Calculate

32+b2 9 32+b2

Ouh(u,v) = ﬁ (aOxf + bO,f) (au+ bv, bu — av) = 0.

. Namely, h(u, v) is a function of v only so take g(v) = h(u, v)

and so f(x,y) = g(bx — ay).
L]



1D wave equation

The 1D wave equation is

o2f o2f
ﬁ(x, t) = C2w(X, t)

» x — position along string

> t—time

» f(x,t) — displacement

» ¢ — constant depending on the string

Derived from the equation of motion F = ma where F is the tension in the
string, a is the acceleration from horizontal and m is the mass of a little piece
the string. Good for small displacement.

Boundary conditions: Are the ends fixed? Does it start moving?
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1D wave equation (cont.) T
differential calculus
Theorem
1. Let F be a twice differentiable function and G a differentiable function.

1D wave equation

Then

Flx, 1) = %(F(x +t) 4+ Flx —ct)) + 2i /XXM Gs)ds (1)

C Jx—ct

&1 (x,t) = *LL(x, ), f(x,0) = F(x) and % (x,0) = G(x).

. . 2 2 . e
Conversely, if a solution of %(x, t) = cz%(x, t) satisfies

satisfies

92f 92F
oxat D) = 55 0 )

then it has the above form (1).
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Proof of part 1.

1. Let f(x,t) be as defined (1) and calculate 10 wave sqstion
9 (x,t) = 3 (F'(x + ct) + F/(x — ct)) + 2 (G(x + ct) — G(x — ct))
r(x,t) = L (F"(x +ct) + F"(x — ct)) + & (G'(x + ct) — G'(x — ct))
Ge(x, 1) = 3 (cF'(x + ct) — cF'(x — ct)) + 5 (G(x + ct) + G(x — ct))
%f(x, t)=1 ( 2F"(x + ct) + ?F"(x ct)) + 5 (G'(x + ct) + G'(x — ct))
2. Observe that 2 f(x t) = ?;tg(x, t).

3. Observe that f(x,O) = F(x) and %(X,O) = G(x).



1D wave equation (cont.)
Proof of part 2.

1. Introduce u = x + ct, v = x — ct and observe that x = ”+" b= 1LY

2. Define g(u,v) = f(x,t) = f(45%, %52);

3. By the chain rule

0, of — of —
aluv) = 35 (55 45) + 2 g (M5 45)
(o *f — oad —
8v8gu(u’ V) = %7 u-gv, u2cv) - Tlcaxat(ugv’ u2cv)
2 _ 2 —
+ de e (“F ) — g g (U5 ) = 0
4. So % (u,v) = go(u) and g(u,v) = p1(u) + a(v). le.,

fxt) = 901(X +ct) + pa(x — ct);
5. Let F(x) := ¢1(x) + ¢a(x);
6. F'(x) = @1 (x) + ¢h(x) and Fi(x, t) = cpr(x + ct) — cpa(x — ct);
7. Let G(x) := gi(x 0) = cp1(x) — cpa(x).
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Minima, maxima and saddle points

Let SCR" beopen, f:S—Rbea
scalar field and a € S.

Definition (absolute min/max)
If f(a) < f(x) (resp. f(a) > f(x)) for
all x € S, then f(a) is said to be the

absolute minimum (resp. maximum) of
f.

Definition (relative min/max)

If f(a) < f(x) (resp. f(a) > f(x)) for
all x € B(a, r) for some r > 0, then
f(a) is said to be a relative minimum
(resp. maximum) of f.
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Terminology: “absolute” = “global”;
“relative” = "local”.

; . R 1,y
Figure: f(x,y) := xe= ) 4 7€’
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Theorem
If f : S — R is differentiable and has a 1y £(x)
relative minimum or maximum at a,
then Vf(a) — 0 05 Stationary point:
Proof. ; ; ; X
1. Suppose f has a relative minimum 0.5 1
at a (or consider —f);
2. For any unit vector v let
g(u) =f(a+uv);

o h lati o _
3 g, Oas:e;-tlve minimum at v = 0 so Figure: VF(a) = 0 doesn’t imply

u'(0) = 0; minimum or maximum at a as seen for the
4. This means that D,f(a) = 0 for function f(x) := x5.

every v and so Vf(a) = 0. O



Stationary points (cont.)

Definition (stationary point)

If Vf(a) =0 then a is called a
Stationary point.

Figure: If f(x,y) = x? + y? then

V(x.y) = (

2x
2y

) and V£(0,0) = (3). The

point (0, 0) is an absolute minimum for f.

Definition (saddle point)
If Vf(a) =0 and a is neither a

minimum nor a maximum then a is said

to be a saddle point.

990%,)
Wk
i

Figure: If f(x,y) = x?> — y? then
Vf(x,y) = (%,) and V£(0,0) = (§).
The point (0,0) is a saddle point for f.
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Definition (Hessian matrix)
Let f : R" — R be twice differentiable. The Hessian matrix at a € R” is defined

& (a) 0*f a 0f a
aX]? aXl 8X2 aXl axn Second order Taylor formula
82 f 82 f 82 f and Hessian matrix
(a) ——(a) XX (a
Hf‘(a) — 8X2 aXl 8X2 8X2 8Xn
0f 02 f 92f
Oxp Ox1 (a) Oxp 02 (@) - @(a)

» The Hessian matrix Hf(a) is > Ifyv— <V1> then vt Hf(a) v € R.

symmetric; Vn



Vt H f(a) V Aaﬂpﬁia;i:na;to? 1;16

differential calculus

Vn

%1
Letv= < : > We use the notation 0;0«f(a) = %(a).
Then

Second order Taylor formula
and Hessian matrix

6181 f(a) cee Blanf(a) %1
thf(a)v:<v1 v,,) : : :
Opo1f(a) -+ 0p0nf(a) Vn
= Z ajé)kf(a)vjvk.

J,k=0



Hessian matrix (cont.)

Example
Let f(x,y) = x> — y2. The gradient is

oo (57)- ()
X,y)= = .
’ixy)) ¥

o f 0°f

The Hessian is

Hf(x,y) =
e o f

— z° 0 -2

The point (0,0) is a stationary point since V£(0,0) = (§).

W(X’y) m(xa)’) :<2 0)
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Second order Taylor formula for scalar fields

Recall first order Taylor approximation: If f is differentiable at a then
f(a+v)—f(a)=Vf(a)-v+|v| E(a,v). If ais a stationary point then this
only tells us that f(a + v) — f(a) = ||v|]| E(a,v) but we want better information.

Theorem (second order Taylor)
Let f be a scalar field twice differentiable on B(a,r). Then, if |v| <'r,

fla+v)="f(a)+ Vf(a) v+ %vt Hf(a) v + ||v|* Ex(a, v)

and Ex(a,v) — 0 as ||v|]| — 0.
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Proof of second order Taylor formula.
1. Let g(u) = f(a+ uv);
2. Taylor's expansion g(1) = g(0) + g’(0) + 2g”(c) for some c € (0, 1);
3. Since g(u) = f(a1 + uvi,...,an + uvy), by the chain rule,

() = 35 (ar + s an b vy = TF(a av) v

j=1
4. Similarly

g"(u) =Y 0j0kf(ar+uw,...,an+ uvp)vjvk =V Hf(a+uv) v

jk=1
5. Consequently f(a+v) = f(a) + Vf(a) v+ vt Hf(a+cv) v
6. We define Ex(a,v) = %HVH vi(Hf(a + cv) — Hf (a))v.
7. |Ex(a,v)| < 3T heo “‘/v‘ﬁ (0;0kf(a+ cv) — 0;0«f(a)).
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Classifying stationary points Applicstions of the

differential calculus

Theorem
Let A be a real symmetric matrix and let Q(v) = vtAv. Then

» Q(v) > 0 for all v # 0 if and only if all eigenvalues of A are positive;
» Q(v) <0 for all v # 0 if and only if all eigenvalues of A are negative.

Proof. A

1. A can be diagonalised by matrix B which is orthogonal (Bt = B™1)

M - 0

D=B'AB= | : oo
0 - A\

2. Q(v) = v'B'BAB'Bv = w'Dw = 3_; \;w? where w = By;

3. If all Aj > 0 then Zj )\jWJ? > 0;

4. Q(Bugk) = Ak so, if Q(v) > 0 for all v # 0 then ¢ > 0 for all k. O
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Let f be a scalar field twice differentiable on B(a,r). Suppose Vf(a) = 0. Then
» All eigenvalues of Hf (a) are positive then f has a relative minimum at a;
» All eigenvalues of Hf (a) are negative then f has a relative maximum at a;

» Some eigenvalues positive and some negative then a is a saddle point.

Proof. Clssting satorarypins
1. Let Q(v) = vtHf(a)v, w = Bv and let A := min; \j;
2. Observe that |lw|| = ||v|| and that Q(v) = }_; )\jo2 >N WJ-2 = Alv|?;
3. 2"_order Taylor
flat+v) — F(a) = v H(a) v+ v Ex(a.v) > (4~ Ex(a.v)) v

4. Since Ex(a,v) — 0 as |lv|| — 0, |Ex(a,v)| < & when ||v|| is small.

Analogous argument for the second part. For final part consider v; which is
eigenvector for \; and apply the argument of first or second part. Ol



Extreme value theorem for continuous scalar fields

The argument will be in two parts:

1. Continuity implies boundedness;

2. Boundedness implies that the maximum and minimum are attained.

Notation: Intervals / rectangles / etc...If a=(a1,...,a,) and b = (by,...

then we consider the n-dimensional closed cartesian product
[a,b] = [a1, b1] X -+ X [an, bn).

We call this set a rectangle.
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Theorem (Bolzano—Weierstrass)

If {x,}, is a sequence in [a, b] there exists a convergent subsequence {x,, }

Proof.

1. Divide [a, b] into sub-rectangles of
size half the original;

2. Choose a sub-rectangle which
contains infinite elements of the
sequence and choose the first of
these elements to be part of the
sub-sequence;

3. Now divide again this sub-rectangle
by half and repeat to give the
subsequence.

[Insert: illustration of proof]

i
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Boundedness

Theorem (boundedness of continuous scalar fields)

Suppose that f is a scalar field continuous at every point in the closed rectangle
[a,b]. Then f is bounded on [a,b] in the sense that there exists C > 0 such that

|f(x)| < C for all x € [a,b].

Proof.

1. Suppose the contrary: for all n € N there exists x,, € [a, b] such that
|f(xn)| > n;

2. Bolzano—Weierstrass theorem means that there exists a subsequence {x,,j}j

converges to x € [a, b];

3. Continuity of f means that f(x,,) converges to f(x). This is a
contradiction.
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Attaining extreme values Applicstions of the

differential calculus

Theorem (extreme value theorem)

Suppose that f is a scalar field continuous at every point in the closed rectangle
[a,b]. There there exist points x,y € [a,b] such that

f(x)=inff and f(y)=supf.

Extreme value theorem for
continuous scalar fields

Proof.

» By the boundedness theorem sup f is finite and so there exists a sequence

{xn}, such that f(x,) converges to sup f;
» Bolzano—Weierstrass theorem implies that there exists a subsequence {x,,j}j
which converges to x € [a, b];

» By continuity f(x,) — f(x) =supf.



The geometric idea of Lagrange multipliers

Figure: Extrema of f under constraint g

Problem: Minimise (or maximise)
f(x,y) under the constraint
g(x,y) =0
> At “touching point” the gradient
vectors are parallel,

> le., Vf = AVg for some A € R.
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Lagrange multipliers

Method of Lagrange's multipliers
If a scalar field f(xi,...,xp) has a relative extremum when it is subject to m

constraints
gl(xlv"‘axn) = 07-",gm(X17~-aXn) = 07

where m < n, then there exist m scalars A1, ..., Ay such that
Vf=MVg + -+ AnVgm

at the extremum point.

MA2 — Part 3 —
Applications of the
differential calculus

Lagrange multipliers



Lagrange multipliers (cont.) Applicstions of the

differential calculus

Example
Find the extrema of f(x,y) = xy subject to the constraint
gx,y)=x+y—-1=0.

> Vf(x,y) = (X) and Vg(x,y) = (1 );

» According to the Lagrange multiplier method there is A € R such that
Vf(x,y) = AVg(x,y) at the extremum point (x, y);

» We must solve the simultaneous equations

( ):A(%)v g(Xay):O;

> le,x=X\ y=X\ x+y=1,
> This has the solution (x,y) = (1,3), f(3,3) = 1.

Lagrange multipliers

X<



MA2 — Part 3 —
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Example

Find the points closest and furthest from the origin on the curve defined by the
intersection of the two surfaces

xX2—xy4+y?—z>=1 and x>+y?>=1.

> Let Flx.y.2) = VE T2 T 2
> Let gi(x,y,2) = x> —xy +y* =22 — 1, go(x,y,2) = x> + y* — 1;

> Calculate Vf, vg]_ and vgz, Lagrange multipliers
>

Solve the system of 5 equations (and 5 unknowns):
Vf(X,y, Z) = A1vg1(xaya Z) + AZVgZ(Xaya Z):

gl(X,y,Z):O, g2(X7y7Z):O;

v

Check which are closest to and which are furthest from the origin.
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