1. QUESTIONS - CALL 4 - 07/07/2021
Solutions to each question are included at the end of this document.

Call 4.
(1) Q1
| CLOZE | [1 point] [0410 penalty]
(Fill in each of the following blanks with the correct integer, possibly zero
or negative.) We will find a power series solution to the differential equation

202y" + ay + 22y =0
under the assumption that f(0) = 336. By substituting y(z) = >~ ana"”
one obtains the equation

oo

Z [(2712 +[an)an + an,g] " 4+ a1z + an =0

n=2
where [a]:
| NUMERICAL [2 points]
-1 é \ |
| NUMERICAL | [2 points]
[0 v \ |
(1 point each). Using the above equation and also the given initial value
we know that ag =

| NUMERICAL | [1 point]
(336 v | |
and a; =

” NUMERICAL “ [1 point]

[0 v \ |

( % point each). Furthermore, the above equation implies a recurrence
relation between a,,_o and a,, which holds for all n > 2. Derive this recur-
rence relation and use it to calculate the following coefficients of the power
series solution: ag =

| NUMERICAL | [1 point]
[-56 v \ \
, a3 =

”W” [1 point]
[0 v | |
y A4 =

”m” [1 point]
[2 Y | |
, A5 =

| NUMERICAL | [1 point]
% | |
(% point each). The radius of convergence of the power series solution is

| MULTI | [2 points] [Single] Shuffle

1



0

1

336

infinite v
(1 point).

(2) Q2

| CLOZE | [1 point] [0.10 penalty]
Fill in the blanks with integers, possibly 0 or negative. Find all stationary
points of the function below, following the suggested steps.

flx,y,2) = Qe(z_l)Q(y4 — dyz +227).
First, we compute the gradient V f:
[a](x — 1)e@ V" (y* — dyz + 22?)
Vi@.y,2) = e 1* (el + [l
e (ely +[£)2)

[a]

| NUMERICAL | [1 point]

[4 E/ | |

” NUMERICAL “ [1 point]

% | |
[c]:

”m” [ 1 point ]

3 v | |
[d]

| NUMERICAL | [1 point]

-8 v | |
[e]:

”W” [1 point]

-8 v | |
[£]

| NUMERICAL | [1 point]

(8 v | |

The equation V f(x,y,z) = 0 has three solutions. They are (z,y,2) =

(&} 7 )7 (, —, —/[1) and (1,0,0) where B;
[yovericar || (1 point ]
1 v [ |

| NUMERICAL | [1 point]

[2 ¥ | |
i

| NUMERICAL | [1 point]




(2 Y | |

Y :
[ovement ]| (3 point)
[1 v | |

| NUMERICAL | [1 point]
(2 ¥ | |

i

” NUMERICAL “ [1 point]

2 ¢ | |

Consider the first of them (, , ) The determinant of the

Hessian at this point is
([ v ]| [1 point] [Single] Shuffle
e positive v/
e 0
e negative
At this point, the function f(z,y, z) takes a
”ﬁ“ [2 points] [Single] Shuffle
e local minimum
e saddle point
e local maximum v’
Consider the solution (1,0,0). The determinant of the Hessian at this
point is
” MULTI “ [1 point] [Single] Shuffle
e positive v’
o 0
e negative
At this point, the function f(z,y) has a
([ove | [2 points] [Single] Shuffle
e local minimum
e saddle point v/
e local maximum
(3) Q3
== [1 point] [oAlo penalty]

Determine which of the following is a parametrization of the path

C={(z,y) : 4% +y* = 4,y <0} CR?,

starting at (—1,0) and finishing at (1,0) (3 point each):
e (cost,2sint), t € [—m, 0]
([ || [1 point] [Single] Shuffle
is v/
is not
e (sint,2cost), t € [—m,0]

| MULTI | [1 point] [Single] Shuffle




is

is not v’

o (t,—2v1—1t2),te[-1,1]
([yovr ]| [1 point] [Single] Shuffle

is v

is not

27
o (Fq, %H) tel-1,1]

| MULTI | [1 point] [Single] Shuffle
is
is not v/

YY)
b (t22i1a 2t242rt1 )a t € [_L 1]

| MULTI | [1 point] [Single] Shuffle

is v

is not

o 2t,2—-2V1—2),te[-1,1]
| MULTI | [1 point] [Single] Shuffle

is

is not v/

If C' is the path above and

f(a,y) = <3y;2>

is a vector field on R? calculate fc fda =

o] (oo
16 v
-16 ( 50%)
/3. Fill in the blank with the correct integer, possibly zero or negative
(3 points).
(4) Q4
([croze || [1 point] [0410 penalty]

Let S be the the triangular region of the xy-plane which is bounded by
the three lines ¢ = 0, y = x and y = 2 — z. Let V be the solid under the
paraboloid z = x? + 32 and above the region S. The volume of V is
([ ~usmrica || [6 points]

E | |

/3. Fill in the blank with the correct integer, possibly zero or negative
(6 points).

(5) Q5
([croze || [1 point] [010 penalty]
Consider the the sphere S = {(x,9,2) : 22 + y*> + 22 = 1/4} and the
vector-field

223
flz,y,2) = | 24°
223



5

We wish to compute [ f-n dS where n is the outgoing unit normal on S.
If we let V = {(z,y,2) : 22 + y*> + 22 < 1/4} then, by Gauss, we know that

//f ndsS = ///V fdv

(V - f denotes the divergence of f). In this case V - f is equal to

([avr ]| [1 pomt] [Slngle] Shuffle

o 3(z° +y° +27),

o 6(z2 +y?+22), v

o 23 448 4 283,

o (¢t 4yt +24)/4

To evaluate the three-dimensional integral use spherical coordinates x =
rsinfcosp, y = rsinfsinp, z = rcosf. The Jacobian J(r,0, ) is equal
to
([avee )| [1 point] [Singlc] Shuffle

e rcosf,

o r2sinf, v

o 2r2siné,

o r3tan .

Consequently

27 pm p1l/2
///V-dez/ // [7] drdody
14 0 0 0

where the blank [ ?] should be
([ovre | [2 points] [Single] Shuffle
e 3rtsiné,
e 6rtsind, v
e 2rtsind,
e r3siné.

Evaluate the integral and hence calculate [[¢f -n dS =

”W” [1 point]

[6 | |
0+

”m” [1 point]

[0 v \ |
(fill in the blanks with the correct integers, possibly zero or negative).




Q1 Solution: We consider, the equation
22%y" + xy’ + 2%y = 0.

Substituting y(z) = > 0" anz™, ¥'(z) = Yoo nayz™ ! and v’ (z) = > 0o, n(n —
1)a,z™ 2 one obtains the equation

222 <i n(n — 1)anx"_2> +x (i nanx”_1> + 22 <i ana:") =0
n=1 n=0

n=2

and so

oo o o
Z 2n(n — 1)a,z"™ + Z nap,x” + Z anz"t? = 0.
n=2 n=1 n=0

Shifting the index in the third sum

i 2n(n — Dayz™ + i na,x" + i an—ox" = 0.
n=2

n=1 n=2

Consequently, separating the terms of 2! and 20,

Z 2n(n — Da, + na, + ap—2] 2" + a1z = 0.
n=2

Equivalently

NE

[(2n® — n)a, + an—s] ™ + a1z = 0.
n=2
This means that a; = 0 and, as an immediate consequence of the given initial
value, ag = 336. Considering the first sum in the above equation, we see that, for
all n > 2, (2n? — n)a, + a,_o = 0 and so
o Ap—2
2n2 —n’

Ap =

The recurrence relation would allow us to determine the coefficients of the power
series solution to this differential equation. For the first few terms we calculate that

1 1
2= Ty 500 T g
a3 = ‘ﬁ =0

1 1
My E g™ T R

1
as = —mag =0.

Using the ratio test on the recurrence relation shows that the radius of converge of
the power series solution is infinite.



Q3 Solution: Consider the vector field
2

fe = (4 ")

Picking the parametrization a(t) = (cost,2sint), t € [—n,0] we calculate that

0= (381) e = (e

and so f(a(t)) - &/ (t) = 2(4 — a) cos® t — 4asin® t. Consequently

0 0
/ fda=2(4—a)/ cos®t dt—4a/ sin®t dt.
C —7 —7

To proceed we note the indefinite integrals [ cos®t dt = —% sin®t + sint + C and
i sin®t dt = % cos®t — cost + C. Consequently
2(4 — 4
/ f da = M [— sin®t + 3Sint}0 _ [cos3t — 3cost]0
C 3 - 3 -
4a 16a

—0-—(1-3+1-3)=—.
g1=3+1-3 =7



8

Q5 Solution. Consider the the sphere S = {(z,y,2) : 22 +y? + 22 = 1/4} and the

vector-field
23
f(z,y,2) = | °
53
We wish to compute [ o f-n dS where n is the outgoing unit normal on S. If we
let V = {(x,y,2): 2% + y> + 22 < 1/4} then, by Gauss, we know that

ffens [ff 1

(V - f denotes the divergence of f). In this case V - f is equal to 3(z? + y2 + 22), To
evaluate the three-dimensional integral use spherical coordinates x = rsin 6 cos ¢,
y = rsinfsing, z = rcosf. The Jacobian J(r,0,¢) is equal to r2sinf, Conse-

quently
2 pm pl/2
///V~de:/ / / (7] drdgde
14 0 0 0

where the blank should be 3r%sinf, Evaluate the integral and hence calculate
If ¢f-ndS =3 (fill in the blanks with the correct integers, possibly zero or

negative).
2 pm pl/2
/// V-de:/ / / 3rtsin @ drdfdy
v o Jo Jo
™ 1/2
=27 </ sin § d9> (/ 3rt dr)
0 0

3 3

Te s T "
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