Callé6.
(1) Q1
Fill in the blanks with integers (possibly 0 or negative),
unless otherwise specified. If a fraction or a root appears, write
1

the simplified form (for example, 5 and 21/2 are accepted but

not % and v/8). If a fraction is negative, put the negative
sign on the numerator (5! but not =5).
Find a power series solution of the following differential equa-
tion.
(1—z)%y" — 2y =0.

By substituting y(z) = Y~ a,z", one has

Z [(n +[a)(n +|b)anis +[cnn +[d]))ans + (n +[e])(n + )an} " =0,

n=0

where [a] > [bl[e] > [f]. [al: [2 v |[b}: [T V|[c}:[-2 V]
@:’1 v el |1 \/‘:’—2 v |

From this we obtain (n—+[a])(n+/b)ano+[cn(n+d)an. +
(n +[e])(n +[f])a, = 0. This is equivalent to

(n+ D)[(n+[g)(anr2 — ang1) — (0 + b)) (ans1 — an)] = 0.
:’2 \/‘:’—2 \/‘

Let us put b, = a1 — a,. Then we have b, =

n

+bn.
n+
If y(0) = 1,/(0) = —2, then we have by =i}, by =[j], b, =
andagz,agz,a4:.
:\—3 \/\:\3 \/\:\—1 \/\:\1 v |[m] |0 v |
k[0 V]

In this case, the series Y -, converges for z:

—-10 v

-1 v

—-0.1 v

0 v

0.1 v

1 v

10 v

100 v/

If y(0) = 1,4/(0) = 1, similarly as above, as = [0],a3 =

@,(M:@.@:@;\l \/\@:\1 v |




In this case, the series >~ converges for x:
—10

—1

—-0.1 vV

0 v

0.1 v

1

10

100

Use ¢'(z) = >, na,z" ' and y’(z) = Yoo (N —

1)a,z" 2, and one obtains the equation
D [(n+2)(n+ Dangs — 2n(n + anpi+
n=0

(n+ 1)(n — 2)a,|z" =0,
and this must hold for all x, so it follows that
(n+2)(n+ a2 —2n(n+1)ay1+ (n+1)(n—2)a, =0

The factor n+1 is common and nonzero, so this is equiv-
alent to
0=(n+2)ay2 — 2na,41 + (n —2)a,
= (n+2)(ant2 — ny1) — (0 — 2)(Ant1 — an).
By putting b,, = a,,+1 — a,, we have a relation for b,,:
n—2
T n42
From the initial condition, we get the values of ag, a; and
hence of by. We can determine recursively the values of
b,, and also of a,,.
For the case y(0) = 1,¢4/(0) = —2, one has by = —3,b; =
3,bo = —1,b, = 0 for n > 3. Accordingly, ag = 1,a; =
—2,a9 = 1,a, = 0 for n > 3. This is a polynomial and
the radius of convergence is oo.
For the case y(0) = 1,4/(0) = 1, one has by = 0 and
b, = 0 for all n. Accordingly, a,, = 1 for all n. This has
the radius of convergence is 1, and for = +£1 the series
does not converge.

n+1

(2) Q1
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Fill in the blanks with integers (possibly 0 or negative),
unless otherwise specified. If a fraction or a root appears, write
1

the simplified form (for example, 5 and 21/2 are accepted but

not % and v/8). If a fraction is negative, put the negative
sign on the numerator (5! but not =).
Find a power series solution of the following differential equa-
tion.
(2—2)%" — 2y =0.
By substituting y(z) =Y~ a,z", one has

S [4(n + &) (1 + [b)ante + [cn(n + [d)ans + (n +[&])(n + )an] 2 =0,

n=0

where [a] > [bl.[e] > [f|. [} [2 v |[b: [T V][ [—4 V]
@:’1 Vel |1 \/‘:’—2 v |

From this we obtain (n—+[a])(n+{b)anso+[cn(n+d)an +
(n +[e])(n +[f])a, = 0. This is equivalent to

(n+ D)2(n +[g)(Rlant2 — anr) — (0 = 2)(hans — an)] = 0.
:]2 \/‘:]2 s/\

Let us put b, = anﬂ —ay. Then we have b, 1 = 2";2()71.
(n+)

If y(0) = 4,y/(0) = —4, then we have by = [i, by =[j], b2 =
and as :,agz,a4:.
: ’—12 \/‘: ’6 \/‘: ’—1 \/‘: ’1 \/‘:
[0 /i [0 7]
In this case, the series >~ converges for x:
e —10 vV
e —1 V
-0.1 v
0 v
0.1 v
1 v
10 v
100 v/
If y(0) = %,y’(O) = 1 similarly as above, ay = @,ag =

@,(M:@.@:yz& v [p}[16 vi[a}[32 V]

In this case, the series >~ converges for x:
e —10




-1 v
-0.1 v
0 v
0.1 v
1 v
10

100

This can be solved in a very similar way to the above,
with b, = 2a,.1 — a,.

(3) Q2
Fill in the blanks with integers (possibly 0 or negative),
unless otherwise specified. If a fraction or a root appears, write
the simplified form (for example, % and 24/2 are accepted but
not % and \/g)
Let us find the points that are nearest and fartherest from
(0,0,0) on the line defined by

r+y=1lLr—z=1

By applying Lagrange’s multiplier method, we find stationary
points of a function f(z,y,z) under the condition g(z,y,z2) =
r+y—1=0and h(z,y,2) =2 —2—-1=0.

Choose functions f(x,y, z) which are appropriate for this pur-
pose.

o rt+y+=z

o P+ y*+ 27 V

o 3+ yP 423

o (22 4+ 12+ 22)

o (¥ +y*+2%)

o exp(z?+y*+2%) v

o sin(z? + y* + 2?)

Compute the gradient Vg:

Vo(z.y.2) = (al[bl[c).
[k [T b [T Ve [0 V]

Vi(z,y,z) = (&}, [b][c)
k[T Vbl [0 V]E:[-1 V]

Choose an appropriate f. By Lagrange’s multiplier method,
introduce A, A\ € R and solve the equation Vf(x,y,z) =

v

W= N




>

+ M Vh(x,y, z). There is one solution (z,y, z) =

N

Vg(z,y,

1]

2 ek 3 V]l [T Vel [3 V] [=1 V]
if[3 V]

Choose a correct statement.

e This solution is a minimum. Vv
e This solution is a maximum.

e This solution is a saddle point.

)
=)-

—~

)

m
HIH

i
]
[}

The question asks to find the point nearest or far-
therst from (0,0,0). This is equivalent to minimize or
maximize the distance from (0,0,0) to (z,y, z), namely
V2 +y?+ 22, Actually, the minumal and maximal
points do not change if one compose it with a mono-
tonic function, so one can also consider f(z,y,z) =
V2 +y? + 22,22 + % + 22, exp(z? + y? + 22). But sin is
not monotonic.
The easiest choice is f(z,y,2) = 2% + y? + 2% To find
an extremal point of f under the condition g(z,y,z) =
h(z,y,z) = 0, by Lagrange’s multiplier method, intro-
duce A1, Ay and put Vf = A\iVg + A Vh. In this case, it
gives

(21’, 2y, 22) == ()\1, )\1, O) + ()\2, 0, —)\2)
together with x +y —1=0,2 —2—1=0.
This solution is a minumum, because the equation g =
h = gives a plane, and there is a nearest point from
(0,0,0), but no fartherest point or a saddle point.

(1) Q2
Fill in the blanks with integers (possibly 0 or negative),
unless otherwise specified. If a fraction or a root appears, write
the simplified form (for example, % and 2v/2 are accepted but
not % and \/g)

Let us find the points that are nearest and fartherest from
(0,0,0) on the line defined by

y+z=1lLy—xz=1

By applying Lagrange’s multiplier method, we find stationary
points of a function f(z,y,z) under the condition g(z,y,z) =
y+z—1=0and h(z,y,2) =y—x—1=0.



Choose functions f(z,y, z) which are appropriate for this pur-
pose.

e r+y+=z

o 2ty +2% v

o 13+ y3 + 23

° (1.2 + %+ Z?)% v

o (¥ + 93+ 2%)3

o exp(x? +y? +2%) v

o sin(x? + y? + 2?%)

Compute the gradient Vg:

Vg(z,y,z) = ([}, [bl,[c)
:’O /‘E:’l \/‘:’1 \/‘

Vh(z,y, z) = ([al,[bl.[c]).
[T v [B} [T 7]fek [0 V]

Choose an appropriate f. By Lagrange’s multiplier method,
introduce A, Ay € R and solve the equation Vf(x,y,z) =
MVy(x,y, z) + AaVh(z,y, z). There is one solution (z,y,2) =

][] )
e]” (8]
[d: (=1 [} [3 VItk [2 V[g} [3 V][h]: [T V]
0
Choose a correct statement.
e This solution is a minimum. v/
e This solution is a maximum.
e This solution is a saddle point.
5) Q2
Fill in the blanks with integers (possibly 0 or negative),
unless otherwise specified. If a fraction or a root appears, write
the simplified form (for example, % and 2/2 are accepted but
not 2 and /).
Let us find the points that are nearest and fartherest from
(0,0,0) on the line defined by

z+rx=1,z—y=1

By applying Lagrange’s multiplier method, we find stationary
points of a function f(z,y,z) under the condition g(z,y,z) =
z4+x—1=0and h(z,y,2) =2—y—1=0.
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Choose functions f(z,y, z) which are appropriate for this pur-
pose.

e r+y+=z

o 2ty +2% v

o 13+ y3 + 23

° (1.2 + %+ Z?)% v

° (x?’ + y3 + 23>§

o exp(x? +y? +2%) v

o sin(x? + y? + 2?%)

Compute the gradient Vg:

Vol 2) = (a}[b][c).
k[T Vbl [0 V][E:[T V]

Vh(z,y,2) = ([&}[bl.[c).
[} [0 v ][bl [=1 V[e}: [T V]

Choose an appropriate f. By Lagrange’s multiplier method,
introduce A, Ay € R and solve the equation Vf(x,y,z) =

MVy(x,y, z) + MaVh(z,y, z). There is one solution (z,y,z) =

1411 )
le]” (]
[k [T Vfer [3 VI [=1 V][e} [3 vV ][h[2 V]
B
Choose a correct statement.
e This solution is a maximum.
e This solution is a minimum. v’
e This solution is a saddle point.
(6) Q3
Determine which of the following is a parametrization of the
path

C={(z,y): 2+ (y—2°=4,y<2} CR’

starting at (—2,2) and finishing at (2,2) (1 point each):
e (2cost,2(1 +sint)), t € [-m,0] | is v
is not

e (2sint,2cost), t € [—m, 0] | is
is not v/
o (t,2—VI—1), te[-22[is v

1s not




o (At te[-2,2[is V
is not
o (Fh, A5, te 11 [is v
is not
o (2t,2—-2v1—1?),te[-1,1]|is vV
is not
o (—\/4—(t—2)%1),t€]0,2]]1is
is not v’
e (2cost,2(1 +sint)), t € [r,27] [ is v

s not

If C' is the path above and

f(z,y) = <y2 _42‘1”4)

x
is a vector field on R? calculate [ fda=|32 v /3. Fill
—32 (50%)
in the blank with the correct integer, possibly zero or negative
(2 points).
(7) Q3

Determine which of the following is a parametrization of the
path

C={(z,y):a®+(y—2)° =4,y <2} CR?

starting at (—2,2) and finishing at (2,2) (% point each):
o (—\/4—(t—2)%1),te]0,2]|is

is not v’
e (2cost,2(1 +sint)), t € [r,27] | is v
is not
o (t,2—V4—12),tc[-2,2]]is vV
is not
o (AN, te[-2,2[is v
is not
o (ph, A5, te 11 [is v
is not
o (2t,2—-2v1—1?),te|-1,1]|is vV
is not

e (2cost,2(1 +sint)), t € [-m,0] | is v
is not




e (2sint,2cost), t € [—m, 0] | is
is not v/

If C' is the path above and

f(z,y) = (yQ _42‘1”4)

T

is a vector field on R? calculate [, fda =[32 v /3. Fill

—32 (50%)
in the blank with the correct integer, possibly zero or negative
(2 points).
(8) Q3

Determine which of the following is a parametrization of the
path

C={(z,y): x2—|—(y—3)2 =9,y <3} CRQ’
starting at (—3,3) and finishing at (3,3) (1 point each):
e (3cost,3(1 +sint)), t € [-m,0] | is v

is not
e (3sint,3cost), t € [—m, 0] | is
is not v’
o (t,3—v9—12),te[-3,3]]|is vV
is not
o (A%, 85, te[-3,3][is V
is not
o (B, te[-1,1][is V
is not
o (3t,3—-3v1—1t?),te[-1,1]|is vV
is not
o (—/9—(t—3)%1t),te0,3]]1is
is not v’
e (3cost,3(1 +sint)), t € [m, 27 [is v
is not

If C' is the path above and

f(z,y) = (yz _6gy+9>

X

is a vector field on R? calculate [, f da={36 v . Fill
—36 (50%)
in the blank with the correct integer, possibly zero or negative
(2 points).
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(9) Q3
Determine which of the following is a parametrization of the
path

C={(z,y):2°+(y—3)°*=9,y<3} CR’

starting at (—3,3) and finishing at (3,3) (3 point each):
o (—/9—(t—3)%1t),te0,3]]1is
is not v’
e (3cost,3(1 +sint)), t € [m, 27 [is v
is not
o (t,3—9—12),tc[-3,3][is vV
is not
o (A%, 55, te[-3,3][is V
is not

2 N
o (24, 25), te[-1,1][is v
1S not

o 3t,3—-3v1—1t?),te[-1,1]|is vV
is not
e (3cost,3(1 +sint)), t € [-m,0] |is v
is not

e (3sint,3cost), t € [—m, 0] | is
is not v’

If C' is the path above and

is a vector field on R? calculate [, f da={36 v . Fill
—36 (50%)
in the blank with the correct integer, possibly zero or negative
(2 points).
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Let a = 2 or a = 3 depending on the alternative version
with curve C' = {(z,y) : 2> + (y — a)? = a*,y < a}.

The formula a(t) = (asint,acost), t € [—m,0] is not a
parametrization of C since (asint?) + (acost — a)? # a?.
The formula a(t) = (—y/a? — (t — a)?,t), t € [0,a] is not
a parametrization of C since a(0) = (0,0) but the path
is required to start at (—a, a).

Picking the parametrization

a(t) = (acost,a(l +sint)), t € [, 27]
we calculate that
1 [—asint

@) = (acost ) ’
y? — 2ay + a® = (y — a)? = a%sint, and also

2 o2 -

rpy (@7 sin“t) (—asint) 3 S o8

fla(t))a'(t) = (a2 cos? t) ( 4ot ) = a°(cos’ t—sin” t).

Consequently

2
/f do :ag/ cos®t — sin®t dt.
C lis

To proceed we note the indefinite integrals [ cos®¢ dt =
—ssin®t+sint + C and [sin®t dt = § cos®t — cost + C.
Consequently
a? . . 27
/ fda = 5 [—31n3t+ 3sint — cos3t+3cosﬂ7r
e,
a’ 4a3

:5((0+0—1+3)—(0+0+1—3)):?.
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(10) Q4
Fill in the blanks with the correct integer, possibly zero or
negative.
Let V be the solid bounded above by the sphere 22432+ 2% =
5 and below by the paraboloid 2% + y* = 42. We can write

2, .2
V:{(a:,y,z):(ac,y)eD,x Zy <z< 5—(3:2+y2)}C]R3

where D = {(z,y) : 2*+y*> <[4 v |} C R? (1 point). In order
to find the volume of V by evaluating the triple integral [[f,, dV
we change to cylindrical coordinates © = rcosf, y = rsin#,
z = z. The Jacobian |J(r,0, z)| is equal to (1 point)

e rcosf,

e r2sind,

e rsinf,

or. v

Complete the triple integral and show that the volume of V
is equal to ([10 v'|v5+[ =8 v |)Z (2 points each part).
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It can be helpful to sketch V. The disk D is the set of
(z,y) such that (z?+y?) < 44/5 — (22 + y?). This implies
that (2 +y?)? +4%(2? +y?) —42-5 < 0 and in turn that
(2 +y?) <4(V/4+5-2) =

In cylindrical coordinates the solid V' corresponds to the
set V where,

V= {(r,é’,z):re [0,2],0 € [0,27],7r*/4 < 2z < M}7

The volume integral is

2 2
///dV:27r/r(\/5—r2—r—> dr
1% 0 4
2 ) - 2
:27r/ r(5—r?)2 d’r——/ r3 dr.
0 2 Jo

Observe the indefinite integrals [ r(a— r2)z dr = —3(a—
r2)2 + C and [r3 dr = L' + C. This means that

///Vdvz —gw [(5-#)%2-% [
(o)

:(—2+— 5\/3—2> (10v5-3)

2
0

[E——T

Nl
M\c,o

T
3 3
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(1) Q4
Fill in the blanks with the correct integer, possibly zero or
negative.

Let V be the solid bounded above by the sphere 22432+ 2% =
12 and below by the paraboloid z? + y? = 4z. We can write

2+y2

Vz{(x,y,Z)r(m,y)GD,x SZS\/12—(x2+y2)}CR3

where D = {(z,y) : 2*+y*> <[8 v |} C R? (1 point). In order
to find the volume of V by evaluating the triple integral [[f,, dV
we change to cylindrical coordinates © = rcosf, y = rsin#,
z = z. The Jacobian |J(r,0, z)| is equal to (1 point)

e rcosf,

e r2sind,

e rsinf,

or. v

Complete the triple integral and show that the volume of V

is equal to ( V3+ /3)7 (2 points each part).
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It can be helpful to sketch V. The disk D is the set
of (z,y) such that (22 + y?) < 44/12 — (22 + y2). This
implies that (2 + y?)? + 42(2? + y?) —42-12 <0 and in
turn that (z? 4+ y?) < 4(V4+12—2) =38.

In cylindrical coordinates the solid V' corresponds to the
set V where,

V={(r0.2):r € 0.2v2).0 € 0,20, /4 < = < VIT— 1

The volume integral is

///Vdvzzr/omr(\/W—%Z) dr

2v2 ) T [2V2
= 27r/ r(12 — r2)2 dr — —/ r3 dr.
0 2 Jo

Observe the indefinite integrals [ r(a— r2)z dr = —3(a—
ﬂ)% +C and [ % dr = }lr‘l + C. This means that

oo 2

2
= ((12 _8)i 12%) . g64
2 2
—a(-2.8+2.3.8/3-8
7r< 3 —|—3 \/_ )
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(12) Q5
Fill in each blank with the correct integer, possibly zero or
negative.

Consider the surface S = {(z,y,2): 2> +y>*=2,2<9}. A
possible choice for the parametric form of the surface S is to let

T=A(r,0):re]0, ],0 € [0,2n]} (5 point) and
r:(r,0)— <rcos€,,@> .

For this parametric representation we calculate that

or or
or = 00 o]

The missing formulae are (% point each):

e rsinfd v ercosf er er2 ericosf e r’sind

(b} 2

rsinf ercos er e r>2 v er’cosf er’sinf

[c]:

e 2rsind o7 o 212 e —r2sinf o —2r2cosh v

E

e 2rsinf o7 o 12 e —2r2ginf v e —2r2cosf

[e]:

e 2rsin 6 o r Vv ° e —2r2ginf o —2r2cosf
Consider the vector field

f(x,y,2) = (?)

and let n be the unit normal to S which has negative z-

component. The surface integral [[,f-ndS =]63 v
—63 (50%)

% (3 points).
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We choose the parametric form of the surface S by letting
T ={(r,0):re][0,3],0 € [0,27]} and

r:(r,0) — (rcos®, rsinf,r?).

We calculate

or  or cosf —rsinf —2r2 cosd
o X 5= sinf | x | rcosf | = | —2r?sind
r 2r 0 r

We observe that this corresponds to the opposite normal
compared to the one that we want so we will need to add
a minus sign.

3 on [1rcosf —2r2 cosf
//f~ndS:—/ / 0 | =2r%sinf | dfdr
S o Jo 1 ,
33 27
= / / 213 cos® @ — r dbdr.
o Jo

We calculate that

3 27 1 3
/ / (—r) dodr = —2m {—73} = —3°x.
0 0 2 0

On the other hand, wusing the indefinite integral
[ cos?0 df = 1 (0 + sinfcosd) + C, we calculate that

2m 1
/ cos* 0 df = 5 [0 + sin 6 cos ] = .
0

This means that

3 2T 3 - 5 34
/ / 213 cos? 0 dfdr = 27r/ rddr == [rﬂo = .
0 Jo 0 2 2

Summing together the two parts of the integral we have

4
//Sf-ndS:(%—?P)W:%ﬂ.
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(13) Q5
Fill in each blank with the correct integer, possibly zero or
negative.
Consider the surface S = {(z,y,2) : 22 +9*> = 2,2 < 16}. A
possible choice for the parametric form of the surface S is to let

T=A{(r,0):re]0, ],0 € [0,2n]} (5 point) and
r:(r,0)— <rcos€,,@> .

For this parametric representation we calculate that

or or
or = 00 o]

The missing formulae are (% point each):

e rsinfd v ercosf er er2 ericosf e r’sind

rsinf ercos er e r>2 v er’cosf er’sinf

[c]:

e 2rsind o7 o 212 e —r2sinf o —2r2cosh v

E

e 2rsinf o7 o 12 e —2r2ginf v e —2r2cosf

[e]:

e 2rsin 6 o r Vv ° e —2r2ginf o —2r2cosf
Consider the vector field

f(x,y,2) = (?)

and let n be the unit normal to S which has negative z-

component. The surface integral [ f-ndS=]112 v
112 (50%)

7 (3 points).



19

We choose the parametric form of the surface S by letting
T ={(r,0) :r €[0,4],0 € [0,27]} and

r:(r,0) — (rcos®, rsinf,r?).

We calculate

or  or cosf —rsinf —2r2 cosd
o X 5= sinf | x | rcosf | = | —2r?sind
r 2r 0 r

We observe that this corresponds to the opposite normal
compared to the one that we want so we will need to add
a minus sign.

4 pon [rcos@ —2r2 cosf
//f~ndS:—/ / 0 | =2r%sinf | dfdr
S o Jo 1 ,
4 2
= / / 213 cos® @ — r dbdr.
o Jo

We calculate that

4 27 1 4
/ / (—r) dodr = —2m {—73} = —4°r.
0 0 2 0

On the other hand, wusing the indefinite integral
[ cos?0 df = 1 (0 + sinfcosd) + C, we calculate that

2m 1
/ cos* 0 df = 5 [0 + sin 6 cos ] = .
0

This means that

4 2 4 4
4

/ / 2r3 cos® @ dOdr = 27r/ el . [rﬂﬁ — =
0 Jo 0 2 2

Summing together the two parts of the integral we have

44
//f-ndS: <——42)7r=1127r.
e 2




