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<latexit sha1_base64="1Bh76qrKkk/Ho2LPz724iF8GptE=">AAACI3icbZDLSsNAFIYn9VbrLerSTbAILUhJSkVxVXXjRqhgL9CWMplO26GTTJg5EUvou7jxVdy4UIobF76LkzYLTf1h4Oc753Dm/G7AmQLb/jIyK6tr6xvZzdzW9s7unrl/0FAilITWieBCtlysKGc+rQMDTluBpNhzOW2645u43nykUjHhP8AkoF0PD302YASDRj3zsgP0CaKR8KaFq9O7nl3sgEgxJ2a5FCwXe2beLtlzWcvGSUweJar1zFmnL0joUR8Ix0q1HTuAboQlMMLpNNcJFQ0wGeMhbWvrY4+qbjS/cWqdaNK3BkLq54M1p78nIuwpNfFc3elhGKl0LYb/1dohDC66EfODEKhPFosGIbdAWHFgVp9JSoBPtMFEMv1Xi4ywxAR0rDkdgpM+edk0yiWnUjq7r+Sr10kcWXSEjlEBOegcVdEtqqE6IugZvaJ39GG8GG/GzPhctGaMZOYQ/ZHx/QNNNqNn</latexit>

is exact for every A in P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Exactness, projectivness, and acyclicity



P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Choose a collection

M0 ! M1 ! M2

<latexit sha1_base64="SbJWnJkSxnm6blvIwgx98rZQctU=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEE2kJRo9EL15IMBEwgabZLlvYsN02u1sNqfwULx40xqu/xJv/xgV6UPAlm315byYz84KEM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sKPiVBLaJjGP5X2AFeVM0LZmmtP7RFIcBZx2g/H1zO8+UKlYLO70JKFehIeChYxgbSTfLjd9p69j1PTdxVfz7YpTdeZAq8TNSQVytHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNpqZ8qmmAyxkPaM1TgiCovm68+RadGGaAwluYJjebq744MR0pNosBURliP1LI3E//zeqkOL72MiSTVVJDFoDDlyBw5ywENmKRE84khmEhmdkVkhCUm2qRVMiG4yyevkk6t6tar57f1SuMqj6MIx3ACZ+DCBTTgBlrQBgKP8Ayv8GY9WS/Wu/WxKC1Yec8R/IH1+QM7NJKy</latexit>

A sequence is called P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

exact if  

hom(A,M0) ! hom(A,M1) ! hom(A,M2)

<latexit sha1_base64="1Bh76qrKkk/Ho2LPz724iF8GptE=">AAACI3icbZDLSsNAFIYn9VbrLerSTbAILUhJSkVxVXXjRqhgL9CWMplO26GTTJg5EUvou7jxVdy4UIobF76LkzYLTf1h4Oc753Dm/G7AmQLb/jIyK6tr6xvZzdzW9s7unrl/0FAilITWieBCtlysKGc+rQMDTluBpNhzOW2645u43nykUjHhP8AkoF0PD302YASDRj3zsgP0CaKR8KaFq9O7nl3sgEgxJ2a5FCwXe2beLtlzWcvGSUweJar1zFmnL0joUR8Ix0q1HTuAboQlMMLpNNcJFQ0wGeMhbWvrY4+qbjS/cWqdaNK3BkLq54M1p78nIuwpNfFc3elhGKl0LYb/1dohDC66EfODEKhPFosGIbdAWHFgVp9JSoBPtMFEMv1Xi4ywxAR0rDkdgpM+edk0yiWnUjq7r+Sr10kcWXSEjlEBOegcVdEtqqE6IugZvaJ39GG8GG/GzPhctGaMZOYQ/ZHx/QNNNqNn</latexit>

is exact for every A in P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

B is called     projective if P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

hom(B,M0) ! hom(B,M1) ! hom(B,M2)

<latexit sha1_base64="2z5B/9gl3BhVOZu5wXpltD31cF8=">AAACJHicbZDLSgMxFIYzXmu9VV26CRahBSkzpaLgptSNG6GCvUA7DJk0bUMzkyE5I5ahD+PGV3Hjwgsu3PgsppeFtv0h8POdczg5vx8JrsG2v62V1bX1jc3UVnp7Z3dvP3NwWNcyVpTVqBRSNX2imeAhqwEHwZqRYiTwBWv4g+txvfHAlOYyvIdhxNyA9ELe5ZSAQV7mqg3sEZK+DEa5ytmtZ+fbINNz0FkGi3kvk7UL9kR40Tgzk0UzVb3MR7sjaRywEKggWrccOwI3IQo4FWyUbseaRYQOSI+1jA1JwLSbTI4c4VNDOrgrlXkh4An9O5GQQOth4JvOgEBfz9fGcFmtFUP30k14GMXAQjpd1I0FBonHieEOV4yCGBpDqOLmr5j2iSIUTK5pE4Izf/KiqRcLTqlwflfKliuzOFLoGJ2gHHLQBSqjG1RFNUTRE3pBb+jderZerU/ra9q6Ys1mjtA/WT+/j1+jfg==</latexit>

is exact for every      exact sequence  P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

M0 ! M1 ! M2

<latexit sha1_base64="SbJWnJkSxnm6blvIwgx98rZQctU=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEE2kJRo9EL15IMBEwgabZLlvYsN02u1sNqfwULx40xqu/xJv/xgV6UPAlm315byYz84KEM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sKPiVBLaJjGP5X2AFeVM0LZmmtP7RFIcBZx2g/H1zO8+UKlYLO70JKFehIeChYxgbSTfLjd9p69j1PTdxVfz7YpTdeZAq8TNSQVytHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNpqZ8qmmAyxkPaM1TgiCovm68+RadGGaAwluYJjebq744MR0pNosBURliP1LI3E//zeqkOL72MiSTVVJDFoDDlyBw5ywENmKRE84khmEhmdkVkhCUm2qRVMiG4yyevkk6t6tar57f1SuMqj6MIx3ACZ+DCBTTgBlrQBgKP8Ayv8GY9WS/Wu/WxKC1Yec8R/IH1+QM7NJKy</latexit>

Exactness, projectivness, and acyclicity



P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Choose a collection

M0 ! M1 ! M2

<latexit sha1_base64="SbJWnJkSxnm6blvIwgx98rZQctU=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEE2kJRo9EL15IMBEwgabZLlvYsN02u1sNqfwULx40xqu/xJv/xgV6UPAlm315byYz84KEM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sKPiVBLaJjGP5X2AFeVM0LZmmtP7RFIcBZx2g/H1zO8+UKlYLO70JKFehIeChYxgbSTfLjd9p69j1PTdxVfz7YpTdeZAq8TNSQVytHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNpqZ8qmmAyxkPaM1TgiCovm68+RadGGaAwluYJjebq744MR0pNosBURliP1LI3E//zeqkOL72MiSTVVJDFoDDlyBw5ywENmKRE84khmEhmdkVkhCUm2qRVMiG4yyevkk6t6tar57f1SuMqj6MIx3ACZ+DCBTTgBlrQBgKP8Ayv8GY9WS/Wu/WxKC1Yec8R/IH1+QM7NJKy</latexit>

A sequence is called P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

exact if  

hom(A,M0) ! hom(A,M1) ! hom(A,M2)

<latexit sha1_base64="1Bh76qrKkk/Ho2LPz724iF8GptE=">AAACI3icbZDLSsNAFIYn9VbrLerSTbAILUhJSkVxVXXjRqhgL9CWMplO26GTTJg5EUvou7jxVdy4UIobF76LkzYLTf1h4Oc753Dm/G7AmQLb/jIyK6tr6xvZzdzW9s7unrl/0FAilITWieBCtlysKGc+rQMDTluBpNhzOW2645u43nykUjHhP8AkoF0PD302YASDRj3zsgP0CaKR8KaFq9O7nl3sgEgxJ2a5FCwXe2beLtlzWcvGSUweJar1zFmnL0joUR8Ix0q1HTuAboQlMMLpNNcJFQ0wGeMhbWvrY4+qbjS/cWqdaNK3BkLq54M1p78nIuwpNfFc3elhGKl0LYb/1dohDC66EfODEKhPFosGIbdAWHFgVp9JSoBPtMFEMv1Xi4ywxAR0rDkdgpM+edk0yiWnUjq7r+Sr10kcWXSEjlEBOegcVdEtqqE6IugZvaJ39GG8GG/GzPhctGaMZOYQ/ZHx/QNNNqNn</latexit>

is exact for every A in P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

B is called     projective if P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

hom(B,M0) ! hom(B,M1) ! hom(B,M2)

<latexit sha1_base64="2z5B/9gl3BhVOZu5wXpltD31cF8=">AAACJHicbZDLSgMxFIYzXmu9VV26CRahBSkzpaLgptSNG6GCvUA7DJk0bUMzkyE5I5ahD+PGV3Hjwgsu3PgsppeFtv0h8POdczg5vx8JrsG2v62V1bX1jc3UVnp7Z3dvP3NwWNcyVpTVqBRSNX2imeAhqwEHwZqRYiTwBWv4g+txvfHAlOYyvIdhxNyA9ELe5ZSAQV7mqg3sEZK+DEa5ytmtZ+fbINNz0FkGi3kvk7UL9kR40Tgzk0UzVb3MR7sjaRywEKggWrccOwI3IQo4FWyUbseaRYQOSI+1jA1JwLSbTI4c4VNDOrgrlXkh4An9O5GQQOth4JvOgEBfz9fGcFmtFUP30k14GMXAQjpd1I0FBonHieEOV4yCGBpDqOLmr5j2iSIUTK5pE4Izf/KiqRcLTqlwflfKliuzOFLoGJ2gHHLQBSqjG1RFNUTRE3pBb+jderZerU/ra9q6Ys1mjtA/WT+/j1+jfg==</latexit>

is exact for every      exact sequence  P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

M0 ! M1 ! M2

<latexit sha1_base64="SbJWnJkSxnm6blvIwgx98rZQctU=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEE2kJRo9EL15IMBEwgabZLlvYsN02u1sNqfwULx40xqu/xJv/xgV6UPAlm315byYz84KEM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sKPiVBLaJjGP5X2AFeVM0LZmmtP7RFIcBZx2g/H1zO8+UKlYLO70JKFehIeChYxgbSTfLjd9p69j1PTdxVfz7YpTdeZAq8TNSQVytHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNpqZ8qmmAyxkPaM1TgiCovm68+RadGGaAwluYJjebq744MR0pNosBURliP1LI3E//zeqkOL72MiSTVVJDFoDDlyBw5ywENmKRE84khmEhmdkVkhCUm2qRVMiG4yyevkk6t6tar57f1SuMqj6MIx3ACZ+DCBTTgBlrQBgKP8Ayv8GY9WS/Wu/WxKC1Yec8R/IH1+QM7NJKy</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

free is P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

projective.Every

Exactness, projectivness, and acyclicity



P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Choose a collection

M0 ! M1 ! M2

<latexit sha1_base64="SbJWnJkSxnm6blvIwgx98rZQctU=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEE2kJRo9EL15IMBEwgabZLlvYsN02u1sNqfwULx40xqu/xJv/xgV6UPAlm315byYz84KEM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sKPiVBLaJjGP5X2AFeVM0LZmmtP7RFIcBZx2g/H1zO8+UKlYLO70JKFehIeChYxgbSTfLjd9p69j1PTdxVfz7YpTdeZAq8TNSQVytHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNpqZ8qmmAyxkPaM1TgiCovm68+RadGGaAwluYJjebq744MR0pNosBURliP1LI3E//zeqkOL72MiSTVVJDFoDDlyBw5ywENmKRE84khmEhmdkVkhCUm2qRVMiG4yyevkk6t6tar57f1SuMqj6MIx3ACZ+DCBTTgBlrQBgKP8Ayv8GY9WS/Wu/WxKC1Yec8R/IH1+QM7NJKy</latexit>

A sequence is called P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

exact if  

hom(A,M0) ! hom(A,M1) ! hom(A,M2)

<latexit sha1_base64="1Bh76qrKkk/Ho2LPz724iF8GptE=">AAACI3icbZDLSsNAFIYn9VbrLerSTbAILUhJSkVxVXXjRqhgL9CWMplO26GTTJg5EUvou7jxVdy4UIobF76LkzYLTf1h4Oc753Dm/G7AmQLb/jIyK6tr6xvZzdzW9s7unrl/0FAilITWieBCtlysKGc+rQMDTluBpNhzOW2645u43nykUjHhP8AkoF0PD302YASDRj3zsgP0CaKR8KaFq9O7nl3sgEgxJ2a5FCwXe2beLtlzWcvGSUweJar1zFmnL0joUR8Ix0q1HTuAboQlMMLpNNcJFQ0wGeMhbWvrY4+qbjS/cWqdaNK3BkLq54M1p78nIuwpNfFc3elhGKl0LYb/1dohDC66EfODEKhPFosGIbdAWHFgVp9JSoBPtMFEMv1Xi4ywxAR0rDkdgpM+edk0yiWnUjq7r+Sr10kcWXSEjlEBOegcVdEtqqE6IugZvaJ39GG8GG/GzPhctGaMZOYQ/ZHx/QNNNqNn</latexit>

is exact for every A in P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

B is called     projective if P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

hom(B,M0) ! hom(B,M1) ! hom(B,M2)

<latexit sha1_base64="2z5B/9gl3BhVOZu5wXpltD31cF8=">AAACJHicbZDLSgMxFIYzXmu9VV26CRahBSkzpaLgptSNG6GCvUA7DJk0bUMzkyE5I5ahD+PGV3Hjwgsu3PgsppeFtv0h8POdczg5vx8JrsG2v62V1bX1jc3UVnp7Z3dvP3NwWNcyVpTVqBRSNX2imeAhqwEHwZqRYiTwBWv4g+txvfHAlOYyvIdhxNyA9ELe5ZSAQV7mqg3sEZK+DEa5ytmtZ+fbINNz0FkGi3kvk7UL9kR40Tgzk0UzVb3MR7sjaRywEKggWrccOwI3IQo4FWyUbseaRYQOSI+1jA1JwLSbTI4c4VNDOrgrlXkh4An9O5GQQOth4JvOgEBfz9fGcFmtFUP30k14GMXAQjpd1I0FBonHieEOV4yCGBpDqOLmr5j2iSIUTK5pE4Izf/KiqRcLTqlwflfKliuzOFLoGJ2gHHLQBSqjG1RFNUTRE3pBb+jderZerU/ra9q6Ys1mjtA/WT+/j1+jfg==</latexit>

is exact for every      exact sequence  P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

M0 ! M1 ! M2

<latexit sha1_base64="SbJWnJkSxnm6blvIwgx98rZQctU=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEE2kJRo9EL15IMBEwgabZLlvYsN02u1sNqfwULx40xqu/xJv/xgV6UPAlm315byYz84KEM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sKPiVBLaJjGP5X2AFeVM0LZmmtP7RFIcBZx2g/H1zO8+UKlYLO70JKFehIeChYxgbSTfLjd9p69j1PTdxVfz7YpTdeZAq8TNSQVytHz7qz+ISRpRoQnHSvVcJ9FehqVmhNNpqZ8qmmAyxkPaM1TgiCovm68+RadGGaAwluYJjebq744MR0pNosBURliP1LI3E//zeqkOL72MiSTVVJDFoDDlyBw5ywENmKRE84khmEhmdkVkhCUm2qRVMiG4yyevkk6t6tar57f1SuMqj6MIx3ACZ+DCBTTgBlrQBgKP8Ayv8GY9WS/Wu/WxKC1Yec8R/IH1+QM7NJKy</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

free is P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

projective.Every
If every    projective is     free, then     is called acyclic.P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Exactness, projectivness, and acyclicity



Covers



Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Covers



Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Covers
A    cover of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M ! 0

<latexit sha1_base64="gzglIt7n5I4rc3mk2E8zhmTKayI=">AAACGnicbVA9T8MwEL2Ur1K+CowsFhUSU5WgIhgrurAgFYm2SG1UOY7TWnWcYDtIIervYGGAv8KGWFn4J4w4bQfa8iRbT+/d6e6eF3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVlEiCW2RiEfy3sOKciZoSzPN6X0sKQ49TjveqJH7nUcqFYvEnU5j6oZ4IFjACNZGcht9u6cjdJN/dr9csav2BGiZODNSgRma/fJPz49IElKhCcdKdR071m6GpWaE03GplygaYzLCA9o1VOCQKjebLD1GJ0bxURBJ84RGE/VvR4ZDpdLQM5Uh1kO16OXif1430cGlmzERJ5oKMh0UJByZE/MEkM8kJZqnhmAimdkVkSGWmGiT09wUzUZP0ytyxpknsUwz4o9LJipnMZhl0j6rOrXq+W2tUr+ahVaEIziGU3DgAupwDU1oAYEHeIZXeLNerHfrw/qclhasWc8hzMH6+gUvMqFX</latexit>

where         is     free       P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0

<latexit sha1_base64="1l0fY7xzqyyvKTh3xO+0f/KMvcM=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6LLYjcuK9gFtKJPJtB06mYSZGyGGfoIbF/or7sStf+CfuHTSZmFbD1w4nHMv997jRYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOowVZS0ailB1PaKZ4JK1gINg3UgxEniCdbxJI/M7j0xpHsoHSCLmBmQk+ZBTAka6bwzsQbliV+0Z8CpxclJBOZqD8k/fD2kcMAlUEK17jh2BmxIFnAo2LfVjzSJCJ2TEeoZKEjDtprNTp/jMKD4ehsqUBDxT/06kJNA6CTzTGRAY62UvE//zejEMr92UyygGJul80TAWGEKc/Y19rhgFkRhCqOLmVkzHRBEKJp2FLcAnT/MvMia4p4hKUupPSyYqZzmYVdK+qDq16uVdrVK/yUMrohN0is6Rg65QHd2iJmohikboGb2iN+vFerc+rM95a8HKZ47RAqyvX0ORnbg=</latexit>



Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     cover                  is minimal  if every its endomorphism:

is an isomorphism.

C0 C0

M

<latexit sha1_base64="eKQer0bQZxm2BMCcinN4thYVzOw="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M

<latexit sha1_base64="SF0RAwAyWMUE7b99PkO/r5Y6uPs=">AAACFXicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiL16ECvYD2lA2m227dLMJuxshhv4JLx70r3gTr579Jx7dtDnY1gcDjzczzLznRZwpbdvfVmFtfWNzq7hd2tnd2z8oHx61VRhLQlsk5KHselhRzgRtaaY57UaS4sDjtONNGlm/80ilYqF40ElE3QCPBBsygrWRuo2B3dchuhuUK3bVngGtEicnFcjRHJR/+n5I4oAKTThWqufYkXZTLDUjnE5L/VjRCJMJHtGeoQIHVLnp7N8pOjOKj4ahNCU0mql/N1IcKJUEnpkMsB6r5V4m/tfrxXp47aZMRLGmgswPDWOOjMXMPPKZpETzxBBMJDO/IjLGEhNtIlq4otnkae4iY5x5EsskJf60ZKJyloNZJe2LqlOrXt7XKvWbPLQinMApnIMDV1CHW2hCCwhweIZXeLNerHfrw/qcjxasfOcYFmB9/QLNNJ+W</latexit>

Covers
A    cover of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M ! 0

<latexit sha1_base64="gzglIt7n5I4rc3mk2E8zhmTKayI=">AAACGnicbVA9T8MwEL2Ur1K+CowsFhUSU5WgIhgrurAgFYm2SG1UOY7TWnWcYDtIIervYGGAv8KGWFn4J4w4bQfa8iRbT+/d6e6eF3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVlEiCW2RiEfy3sOKciZoSzPN6X0sKQ49TjveqJH7nUcqFYvEnU5j6oZ4IFjACNZGcht9u6cjdJN/dr9csav2BGiZODNSgRma/fJPz49IElKhCcdKdR071m6GpWaE03GplygaYzLCA9o1VOCQKjebLD1GJ0bxURBJ84RGE/VvR4ZDpdLQM5Uh1kO16OXif1430cGlmzERJ5oKMh0UJByZE/MEkM8kJZqnhmAimdkVkSGWmGiT09wUzUZP0ytyxpknsUwz4o9LJipnMZhl0j6rOrXq+W2tUr+ahVaEIziGU3DgAupwDU1oAYEHeIZXeLNerHfrw/qclhasWc8hzMH6+gUvMqFX</latexit>

where         is     free       P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0

<latexit sha1_base64="1l0fY7xzqyyvKTh3xO+0f/KMvcM=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6LLYjcuK9gFtKJPJtB06mYSZGyGGfoIbF/or7sStf+CfuHTSZmFbD1w4nHMv997jRYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOowVZS0ailB1PaKZ4JK1gINg3UgxEniCdbxJI/M7j0xpHsoHSCLmBmQk+ZBTAka6bwzsQbliV+0Z8CpxclJBOZqD8k/fD2kcMAlUEK17jh2BmxIFnAo2LfVjzSJCJ2TEeoZKEjDtprNTp/jMKD4ehsqUBDxT/06kJNA6CTzTGRAY62UvE//zejEMr92UyygGJul80TAWGEKc/Y19rhgFkRhCqOLmVkzHRBEKJp2FLcAnT/MvMia4p4hKUupPSyYqZzmYVdK+qDq16uVdrVK/yUMrohN0is6Rg65QHd2iJmohikboGb2iN+vFerc+rM95a8HKZ47RAqyvX0ORnbg=</latexit>



Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     cover                  is minimal  if every its endomorphism:

is an isomorphism.

C0 C0

M

<latexit sha1_base64="eKQer0bQZxm2BMCcinN4thYVzOw="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M

<latexit sha1_base64="SF0RAwAyWMUE7b99PkO/r5Y6uPs=">AAACFXicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiL16ECvYD2lA2m227dLMJuxshhv4JLx70r3gTr579Jx7dtDnY1gcDjzczzLznRZwpbdvfVmFtfWNzq7hd2tnd2z8oHx61VRhLQlsk5KHselhRzgRtaaY57UaS4sDjtONNGlm/80ilYqF40ElE3QCPBBsygrWRuo2B3dchuhuUK3bVngGtEicnFcjRHJR/+n5I4oAKTThWqufYkXZTLDUjnE5L/VjRCJMJHtGeoQIHVLnp7N8pOjOKj4ahNCU0mql/N1IcKJUEnpkMsB6r5V4m/tfrxXp47aZMRLGmgswPDWOOjMXMPPKZpETzxBBMJDO/IjLGEhNtIlq4otnkae4iY5x5EsskJf60ZKJyloNZJe2LqlOrXt7XKvWbPLQinMApnIMDV1CHW2hCCwhweIZXeLNerHfrw/qcjxasfOcYFmB9/QLNNJ+W</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Two minimal     covers of M are isomorphic    

Covers
A    cover of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M ! 0

<latexit sha1_base64="gzglIt7n5I4rc3mk2E8zhmTKayI=">AAACGnicbVA9T8MwEL2Ur1K+CowsFhUSU5WgIhgrurAgFYm2SG1UOY7TWnWcYDtIIervYGGAv8KGWFn4J4w4bQfa8iRbT+/d6e6eF3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVlEiCW2RiEfy3sOKciZoSzPN6X0sKQ49TjveqJH7nUcqFYvEnU5j6oZ4IFjACNZGcht9u6cjdJN/dr9csav2BGiZODNSgRma/fJPz49IElKhCcdKdR071m6GpWaE03GplygaYzLCA9o1VOCQKjebLD1GJ0bxURBJ84RGE/VvR4ZDpdLQM5Uh1kO16OXif1430cGlmzERJ5oKMh0UJByZE/MEkM8kJZqnhmAimdkVkSGWmGiT09wUzUZP0ytyxpknsUwz4o9LJipnMZhl0j6rOrXq+W2tUr+ahVaEIziGU3DgAupwDU1oAYEHeIZXeLNerHfrw/qclhasWc8hzMH6+gUvMqFX</latexit>

where         is     free       P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0

<latexit sha1_base64="1l0fY7xzqyyvKTh3xO+0f/KMvcM=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6LLYjcuK9gFtKJPJtB06mYSZGyGGfoIbF/or7sStf+CfuHTSZmFbD1w4nHMv997jRYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOowVZS0ailB1PaKZ4JK1gINg3UgxEniCdbxJI/M7j0xpHsoHSCLmBmQk+ZBTAka6bwzsQbliV+0Z8CpxclJBOZqD8k/fD2kcMAlUEK17jh2BmxIFnAo2LfVjzSJCJ2TEeoZKEjDtprNTp/jMKD4ehsqUBDxT/06kJNA6CTzTGRAY62UvE//zejEMr92UyygGJul80TAWGEKc/Y19rhgFkRhCqOLmVkzHRBEKJp2FLcAnT/MvMia4p4hKUupPSyYqZzmYVdK+qDq16uVdrVK/yUMrohN0is6Rg65QHd2iJmohikboGb2iN+vFerc+rM95a8HKZ47RAqyvX0ORnbg=</latexit>



�0
PM := �C0 : P ! N

<latexit sha1_base64="eGJQilAb6fB7hB+AZ5DsKOYU6VI="></latexit>

A minimal      cover of M leads to an invariant:

describing multiplicities:
C0 '

M

A2P
A�0

PM(A)

<latexit sha1_base64="Z14E8Y5liQotsYXf4z1ISHGGSSc="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     cover                  is minimal  if every its endomorphism:

is an isomorphism.

C0 C0

M

<latexit sha1_base64="eKQer0bQZxm2BMCcinN4thYVzOw="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M

<latexit sha1_base64="SF0RAwAyWMUE7b99PkO/r5Y6uPs=">AAACFXicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiL16ECvYD2lA2m227dLMJuxshhv4JLx70r3gTr579Jx7dtDnY1gcDjzczzLznRZwpbdvfVmFtfWNzq7hd2tnd2z8oHx61VRhLQlsk5KHselhRzgRtaaY57UaS4sDjtONNGlm/80ilYqF40ElE3QCPBBsygrWRuo2B3dchuhuUK3bVngGtEicnFcjRHJR/+n5I4oAKTThWqufYkXZTLDUjnE5L/VjRCJMJHtGeoQIHVLnp7N8pOjOKj4ahNCU0mql/N1IcKJUEnpkMsB6r5V4m/tfrxXp47aZMRLGmgswPDWOOjMXMPPKZpETzxBBMJDO/IjLGEhNtIlq4otnkae4iY5x5EsskJf60ZKJyloNZJe2LqlOrXt7XKvWbPLQinMApnIMDV1CHW2hCCwhweIZXeLNerHfrw/qcjxasfOcYFmB9/QLNNJ+W</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Two minimal     covers of M are isomorphic    

Covers
A    cover of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M ! 0

<latexit sha1_base64="gzglIt7n5I4rc3mk2E8zhmTKayI=">AAACGnicbVA9T8MwEL2Ur1K+CowsFhUSU5WgIhgrurAgFYm2SG1UOY7TWnWcYDtIIervYGGAv8KGWFn4J4w4bQfa8iRbT+/d6e6eF3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVlEiCW2RiEfy3sOKciZoSzPN6X0sKQ49TjveqJH7nUcqFYvEnU5j6oZ4IFjACNZGcht9u6cjdJN/dr9csav2BGiZODNSgRma/fJPz49IElKhCcdKdR071m6GpWaE03GplygaYzLCA9o1VOCQKjebLD1GJ0bxURBJ84RGE/VvR4ZDpdLQM5Uh1kO16OXif1430cGlmzERJ5oKMh0UJByZE/MEkM8kJZqnhmAimdkVkSGWmGiT09wUzUZP0ytyxpknsUwz4o9LJipnMZhl0j6rOrXq+W2tUr+ahVaEIziGU3DgAupwDU1oAYEHeIZXeLNerHfrw/qclhasWc8hzMH6+gUvMqFX</latexit>

where         is     free       P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0

<latexit sha1_base64="1l0fY7xzqyyvKTh3xO+0f/KMvcM=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6LLYjcuK9gFtKJPJtB06mYSZGyGGfoIbF/or7sStf+CfuHTSZmFbD1w4nHMv997jRYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOowVZS0ailB1PaKZ4JK1gINg3UgxEniCdbxJI/M7j0xpHsoHSCLmBmQk+ZBTAka6bwzsQbliV+0Z8CpxclJBOZqD8k/fD2kcMAlUEK17jh2BmxIFnAo2LfVjzSJCJ2TEeoZKEjDtprNTp/jMKD4ehsqUBDxT/06kJNA6CTzTGRAY62UvE//zejEMr92UyygGJul80TAWGEKc/Y19rhgFkRhCqOLmVkzHRBEKJp2FLcAnT/MvMia4p4hKUupPSyYqZzmYVdK+qDq16uVdrVK/yUMrohN0is6Rg65QHd2iJmohikboGb2iN+vFerc+rM95a8HKZ47RAqyvX0ORnbg=</latexit>



�0
PM := �C0 : P ! N

<latexit sha1_base64="eGJQilAb6fB7hB+AZ5DsKOYU6VI="></latexit>

A minimal      cover of M leads to an invariant:

describing multiplicities:
C0 '

M

A2P
A�0

PM(A)

<latexit sha1_base64="Z14E8Y5liQotsYXf4z1ISHGGSSc="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     cover                  is minimal  if every its endomorphism:

is an isomorphism.

C0 C0

M

<latexit sha1_base64="eKQer0bQZxm2BMCcinN4thYVzOw="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M

<latexit sha1_base64="SF0RAwAyWMUE7b99PkO/r5Y6uPs=">AAACFXicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiL16ECvYD2lA2m227dLMJuxshhv4JLx70r3gTr579Jx7dtDnY1gcDjzczzLznRZwpbdvfVmFtfWNzq7hd2tnd2z8oHx61VRhLQlsk5KHselhRzgRtaaY57UaS4sDjtONNGlm/80ilYqF40ElE3QCPBBsygrWRuo2B3dchuhuUK3bVngGtEicnFcjRHJR/+n5I4oAKTThWqufYkXZTLDUjnE5L/VjRCJMJHtGeoQIHVLnp7N8pOjOKj4ahNCU0mql/N1IcKJUEnpkMsB6r5V4m/tfrxXp47aZMRLGmgswPDWOOjMXMPPKZpETzxBBMJDO/IjLGEhNtIlq4otnkae4iY5x5EsskJf60ZKJyloNZJe2LqlOrXt7XKvWbPLQinMApnIMDV1CHW2hCCwhweIZXeLNerHfrw/qcjxasfOcYFmB9/QLNNJ+W</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Two minimal     covers of M are isomorphic    

Covers
A    cover of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M ! 0

<latexit sha1_base64="gzglIt7n5I4rc3mk2E8zhmTKayI=">AAACGnicbVA9T8MwEL2Ur1K+CowsFhUSU5WgIhgrurAgFYm2SG1UOY7TWnWcYDtIIervYGGAv8KGWFn4J4w4bQfa8iRbT+/d6e6eF3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVlEiCW2RiEfy3sOKciZoSzPN6X0sKQ49TjveqJH7nUcqFYvEnU5j6oZ4IFjACNZGcht9u6cjdJN/dr9csav2BGiZODNSgRma/fJPz49IElKhCcdKdR071m6GpWaE03GplygaYzLCA9o1VOCQKjebLD1GJ0bxURBJ84RGE/VvR4ZDpdLQM5Uh1kO16OXif1430cGlmzERJ5oKMh0UJByZE/MEkM8kJZqnhmAimdkVkSGWmGiT09wUzUZP0ytyxpknsUwz4o9LJipnMZhl0j6rOrXq+W2tUr+ahVaEIziGU3DgAupwDU1oAYEHeIZXeLNerHfrw/qclhasWc8hzMH6+gUvMqFX</latexit>

where         is     free       P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0

<latexit sha1_base64="1l0fY7xzqyyvKTh3xO+0f/KMvcM=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6LLYjcuK9gFtKJPJtB06mYSZGyGGfoIbF/or7sStf+CfuHTSZmFbD1w4nHMv997jRYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOowVZS0ailB1PaKZ4JK1gINg3UgxEniCdbxJI/M7j0xpHsoHSCLmBmQk+ZBTAka6bwzsQbliV+0Z8CpxclJBOZqD8k/fD2kcMAlUEK17jh2BmxIFnAo2LfVjzSJCJ2TEeoZKEjDtprNTp/jMKD4ehsqUBDxT/06kJNA6CTzTGRAY62UvE//zejEMr92UyygGJul80TAWGEKc/Y19rhgFkRhCqOLmVkzHRBEKJp2FLcAnT/MvMia4p4hKUupPSyYqZzmYVdK+qDq16uVdrVK/yUMrohN0is6Rg65QHd2iJmohikboGb2iN+vFerc+rM95a8HKZ47RAqyvX0ORnbg=</latexit>



�0
PM := �C0 : P ! N

<latexit sha1_base64="eGJQilAb6fB7hB+AZ5DsKOYU6VI="></latexit>

A minimal      cover of M leads to an invariant:

describing multiplicities:
C0 '

M

A2P
A�0

PM(A)

<latexit sha1_base64="Z14E8Y5liQotsYXf4z1ISHGGSSc="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     cover                  is minimal  if every its endomorphism:

is an isomorphism.

C0 C0

M

<latexit sha1_base64="eKQer0bQZxm2BMCcinN4thYVzOw="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M

<latexit sha1_base64="SF0RAwAyWMUE7b99PkO/r5Y6uPs=">AAACFXicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiL16ECvYD2lA2m227dLMJuxshhv4JLx70r3gTr579Jx7dtDnY1gcDjzczzLznRZwpbdvfVmFtfWNzq7hd2tnd2z8oHx61VRhLQlsk5KHselhRzgRtaaY57UaS4sDjtONNGlm/80ilYqF40ElE3QCPBBsygrWRuo2B3dchuhuUK3bVngGtEicnFcjRHJR/+n5I4oAKTThWqufYkXZTLDUjnE5L/VjRCJMJHtGeoQIHVLnp7N8pOjOKj4ahNCU0mql/N1IcKJUEnpkMsB6r5V4m/tfrxXp47aZMRLGmgswPDWOOjMXMPPKZpETzxBBMJDO/IjLGEhNtIlq4otnkae4iY5x5EsskJf60ZKJyloNZJe2LqlOrXt7XKvWbPLQinMApnIMDV1CHW2hCCwhweIZXeLNerHfrw/qcjxasfOcYFmB9/QLNNJ+W</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Two minimal     covers of M are isomorphic    

Covers
A    cover of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M ! 0

<latexit sha1_base64="gzglIt7n5I4rc3mk2E8zhmTKayI=">AAACGnicbVA9T8MwEL2Ur1K+CowsFhUSU5WgIhgrurAgFYm2SG1UOY7TWnWcYDtIIervYGGAv8KGWFn4J4w4bQfa8iRbT+/d6e6eF3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVlEiCW2RiEfy3sOKciZoSzPN6X0sKQ49TjveqJH7nUcqFYvEnU5j6oZ4IFjACNZGcht9u6cjdJN/dr9csav2BGiZODNSgRma/fJPz49IElKhCcdKdR071m6GpWaE03GplygaYzLCA9o1VOCQKjebLD1GJ0bxURBJ84RGE/VvR4ZDpdLQM5Uh1kO16OXif1430cGlmzERJ5oKMh0UJByZE/MEkM8kJZqnhmAimdkVkSGWmGiT09wUzUZP0ytyxpknsUwz4o9LJipnMZhl0j6rOrXq+W2tUr+ahVaEIziGU3DgAupwDU1oAYEHeIZXeLNerHfrw/qclhasWc8hzMH6+gUvMqFX</latexit>

where         is     free       P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0

<latexit sha1_base64="1l0fY7xzqyyvKTh3xO+0f/KMvcM=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6LLYjcuK9gFtKJPJtB06mYSZGyGGfoIbF/or7sStf+CfuHTSZmFbD1w4nHMv997jRYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOowVZS0ailB1PaKZ4JK1gINg3UgxEniCdbxJI/M7j0xpHsoHSCLmBmQk+ZBTAka6bwzsQbliV+0Z8CpxclJBOZqD8k/fD2kcMAlUEK17jh2BmxIFnAo2LfVjzSJCJ2TEeoZKEjDtprNTp/jMKD4ehsqUBDxT/06kJNA6CTzTGRAY62UvE//zejEMr92UyygGJul80TAWGEKc/Y19rhgFkRhCqOLmVkzHRBEKJp2FLcAnT/MvMia4p4hKUupPSyYqZzmYVdK+qDq16uVdrVK/yUMrohN0is6Rg65QHd2iJmohikboGb2iN+vFerc+rM95a8HKZ47RAqyvX0ORnbg=</latexit>

0-th Betti diagram of M



�0
PM := �C0 : P ! N

<latexit sha1_base64="eGJQilAb6fB7hB+AZ5DsKOYU6VI="></latexit>

A minimal      cover of M leads to an invariant:

describing multiplicities:
C0 '

M

A2P
A�0

PM(A)

<latexit sha1_base64="Z14E8Y5liQotsYXf4z1ISHGGSSc="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     cover                  is minimal  if every its endomorphism:

is an isomorphism.

C0 C0

M

<latexit sha1_base64="eKQer0bQZxm2BMCcinN4thYVzOw="></latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M

<latexit sha1_base64="SF0RAwAyWMUE7b99PkO/r5Y6uPs=">AAACFXicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkosdiL16ECvYD2lA2m227dLMJuxshhv4JLx70r3gTr579Jx7dtDnY1gcDjzczzLznRZwpbdvfVmFtfWNzq7hd2tnd2z8oHx61VRhLQlsk5KHselhRzgRtaaY57UaS4sDjtONNGlm/80ilYqF40ElE3QCPBBsygrWRuo2B3dchuhuUK3bVngGtEicnFcjRHJR/+n5I4oAKTThWqufYkXZTLDUjnE5L/VjRCJMJHtGeoQIHVLnp7N8pOjOKj4ahNCU0mql/N1IcKJUEnpkMsB6r5V4m/tfrxXp47aZMRLGmgswPDWOOjMXMPPKZpETzxBBMJDO/IjLGEhNtIlq4otnkae4iY5x5EsskJf60ZKJyloNZJe2LqlOrXt7XKvWbPLQinMApnIMDV1CHW2hCCwhweIZXeLNerHfrw/qcjxasfOcYFmB9/QLNNJ+W</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Two minimal     covers of M are isomorphic    

Covers
A    cover of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0 ! M ! 0

<latexit sha1_base64="gzglIt7n5I4rc3mk2E8zhmTKayI=">AAACGnicbVA9T8MwEL2Ur1K+CowsFhUSU5WgIhgrurAgFYm2SG1UOY7TWnWcYDtIIervYGGAv8KGWFn4J4w4bQfa8iRbT+/d6e6eF3OmtG1/W4WV1bX1jeJmaWt7Z3evvH/QVlEiCW2RiEfy3sOKciZoSzPN6X0sKQ49TjveqJH7nUcqFYvEnU5j6oZ4IFjACNZGcht9u6cjdJN/dr9csav2BGiZODNSgRma/fJPz49IElKhCcdKdR071m6GpWaE03GplygaYzLCA9o1VOCQKjebLD1GJ0bxURBJ84RGE/VvR4ZDpdLQM5Uh1kO16OXif1430cGlmzERJ5oKMh0UJByZE/MEkM8kJZqnhmAimdkVkSGWmGiT09wUzUZP0ytyxpknsUwz4o9LJipnMZhl0j6rOrXq+W2tUr+ahVaEIziGU3DgAupwDU1oAYEHeIZXeLNerHfrw/qclhasWc8hzMH6+gUvMqFX</latexit>

where         is     free       P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

C0

<latexit sha1_base64="1l0fY7xzqyyvKTh3xO+0f/KMvcM=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6LLYjcuK9gFtKJPJtB06mYSZGyGGfoIbF/or7sStf+CfuHTSZmFbD1w4nHMv997jRYJrsO1vq7C2vrG5Vdwu7ezu7R+UD4/aOowVZS0ailB1PaKZ4JK1gINg3UgxEniCdbxJI/M7j0xpHsoHSCLmBmQk+ZBTAka6bwzsQbliV+0Z8CpxclJBOZqD8k/fD2kcMAlUEK17jh2BmxIFnAo2LfVjzSJCJ2TEeoZKEjDtprNTp/jMKD4ehsqUBDxT/06kJNA6CTzTGRAY62UvE//zejEMr92UyygGJul80TAWGEKc/Y19rhgFkRhCqOLmVkzHRBEKJp2FLcAnT/MvMia4p4hKUupPSyYqZzmYVdK+qDq16uVdrVK/yUMrohN0is6Rg65QHd2iJmohikboGb2iN+vFerc+rM95a8HKZ47RAqyvX0ORnbg=</latexit>

0-th Betti diagram of M

M is P free if and only if its minimal P cover is an isomorphism.



Resolutions



ResolutionsChoose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>



Resolutions
A    resolution of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

· · · ! Cn ! · · · ! C1 ! C0 ! M ! 0

<latexit sha1_base64="RDlsmEfHF9G7Rpag56mMCknQe1o=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJiKgkqgrGiCwtSkehDaqLIcZzWquNEtoNURf0MFn6FhQGEWLvxNzhNBmi5kn2Pz7lX1/f4CaNSWda3UVlb39jcqm7Xdnb39g/Mw6OejFOBSRfHLBYDH0nCKCddRRUjg0QQFPmM9P1JO9f7T0RIGvNHNU2IG6ERpyHFSGnKMy8cHMRKOiqGbY/rVLxhQdhFsvJ0n1+WZ9athrUIuArsEtRBGR3PnDtBjNOIcIUZknJoW4lyMyQUxYzMak4qSYLwBI3IUEOOIiLdbLHYDJ5pJoBhLPThCi7Y3x0ZiqScRr6ujJAay2UtJ//ThqkKb9yM8iRVhONiUJgyqFfMXYIBFQQrNtUAYUH1XyEeI4Gw0l7WtAn28sqroHfZsJuNq4dmvXVb2lEFJ+AUnAMbXIMWuAMd0AUYPINX8A4+jBfjzfg0vorSilH2HIM/Ycx/ALXXnuc=</latexit>

where         is     free       Cd

<latexit sha1_base64="uPqlQuo76yFl0mSPcEDJQAwGt8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOxF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28GoPvPbT6g0T+SjGafox3QgecQZNVZ6qPfDfrniVt05yCrxclKBHI1++asXJiyLURomqNZdz02NP6HKcCZwWuplGlPKRnSAXUsljVH7k/mpU3JmlZBEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MdONPuEwzg5ItFkWZICYhs79JyBUyI8aWUKa4vZWwIVWUGZtOyYbgLb+8SloXVe+yenV/Wand5nEU4QRO4Rw8uIYa3EEDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK1o2m</latexit>

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>



Resolutions
A    resolution of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

· · · ! Cn ! · · · ! C1 ! C0 ! M ! 0

<latexit sha1_base64="RDlsmEfHF9G7Rpag56mMCknQe1o=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJiKgkqgrGiCwtSkehDaqLIcZzWquNEtoNURf0MFn6FhQGEWLvxNzhNBmi5kn2Pz7lX1/f4CaNSWda3UVlb39jcqm7Xdnb39g/Mw6OejFOBSRfHLBYDH0nCKCddRRUjg0QQFPmM9P1JO9f7T0RIGvNHNU2IG6ERpyHFSGnKMy8cHMRKOiqGbY/rVLxhQdhFsvJ0n1+WZ9athrUIuArsEtRBGR3PnDtBjNOIcIUZknJoW4lyMyQUxYzMak4qSYLwBI3IUEOOIiLdbLHYDJ5pJoBhLPThCi7Y3x0ZiqScRr6ujJAay2UtJ//ThqkKb9yM8iRVhONiUJgyqFfMXYIBFQQrNtUAYUH1XyEeI4Gw0l7WtAn28sqroHfZsJuNq4dmvXVb2lEFJ+AUnAMbXIMWuAMd0AUYPINX8A4+jBfjzfg0vorSilH2HIM/Ycx/ALXXnuc=</latexit>

where         is     free       Cd

<latexit sha1_base64="uPqlQuo76yFl0mSPcEDJQAwGt8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOxF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28GoPvPbT6g0T+SjGafox3QgecQZNVZ6qPfDfrniVt05yCrxclKBHI1++asXJiyLURomqNZdz02NP6HKcCZwWuplGlPKRnSAXUsljVH7k/mpU3JmlZBEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MdONPuEwzg5ItFkWZICYhs79JyBUyI8aWUKa4vZWwIVWUGZtOyYbgLb+8SloXVe+yenV/Wand5nEU4QRO4Rw8uIYa3EEDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK1o2m</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     resolution                  is minimal  if every its endomorphism:C ! M

<latexit sha1_base64="fjTlJM4taAAcDr5HwPA7XxYD7dQ=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZfFbtwIFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6NmXYW2nogcDjnXnLPCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvBpJH5nSeqNJPiwUxj6kd4JFjICDZWajf6RqK7QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJV9wqC5+nsjxZHW0yiwkxE2Y73sZeJ/Xi8x4bWfMhEnhgqy+ChMOLIRs+hoyBQlhk8twUQxeysiY6wwMbagki3BW468StoXVa9WvbyvVeo3eR1FOIFTOAcPrqAOt9CEFhB4hGd4hTdHOi/Ou/OxGC04+c4x/IHz+QPe+46t</latexit>

C C

M

<latexit sha1_base64="FYkhKJLuPsDX4ZIHxAV3Up1lO8o="></latexit>

is an isomorphism.

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>



Resolutions
A    resolution of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

· · · ! Cn ! · · · ! C1 ! C0 ! M ! 0

<latexit sha1_base64="RDlsmEfHF9G7Rpag56mMCknQe1o=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJiKgkqgrGiCwtSkehDaqLIcZzWquNEtoNURf0MFn6FhQGEWLvxNzhNBmi5kn2Pz7lX1/f4CaNSWda3UVlb39jcqm7Xdnb39g/Mw6OejFOBSRfHLBYDH0nCKCddRRUjg0QQFPmM9P1JO9f7T0RIGvNHNU2IG6ERpyHFSGnKMy8cHMRKOiqGbY/rVLxhQdhFsvJ0n1+WZ9athrUIuArsEtRBGR3PnDtBjNOIcIUZknJoW4lyMyQUxYzMak4qSYLwBI3IUEOOIiLdbLHYDJ5pJoBhLPThCi7Y3x0ZiqScRr6ujJAay2UtJ//ThqkKb9yM8iRVhONiUJgyqFfMXYIBFQQrNtUAYUH1XyEeI4Gw0l7WtAn28sqroHfZsJuNq4dmvXVb2lEFJ+AUnAMbXIMWuAMd0AUYPINX8A4+jBfjzfg0vorSilH2HIM/Ycx/ALXXnuc=</latexit>

where         is     free       Cd

<latexit sha1_base64="uPqlQuo76yFl0mSPcEDJQAwGt8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOxF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28GoPvPbT6g0T+SjGafox3QgecQZNVZ6qPfDfrniVt05yCrxclKBHI1++asXJiyLURomqNZdz02NP6HKcCZwWuplGlPKRnSAXUsljVH7k/mpU3JmlZBEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MdONPuEwzg5ItFkWZICYhs79JyBUyI8aWUKa4vZWwIVWUGZtOyYbgLb+8SloXVe+yenV/Wand5nEU4QRO4Rw8uIYa3EEDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK1o2m</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     resolution                  is minimal  if every its endomorphism:C ! M

<latexit sha1_base64="fjTlJM4taAAcDr5HwPA7XxYD7dQ=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZfFbtwIFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6NmXYW2nogcDjnXnLPCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvBpJH5nSeqNJPiwUxj6kd4JFjICDZWajf6RqK7QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJV9wqC5+nsjxZHW0yiwkxE2Y73sZeJ/Xi8x4bWfMhEnhgqy+ChMOLIRs+hoyBQlhk8twUQxeysiY6wwMbagki3BW468StoXVa9WvbyvVeo3eR1FOIFTOAcPrqAOt9CEFhB4hGd4hTdHOi/Ou/OxGC04+c4x/IHz+QPe+46t</latexit>

C C

M

<latexit sha1_base64="FYkhKJLuPsDX4ZIHxAV3Up1lO8o="></latexit>

is an isomorphism.
P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Two minimal     resolution of M are isomorphic    

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>



Resolutions
A    resolution of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

· · · ! Cn ! · · · ! C1 ! C0 ! M ! 0

<latexit sha1_base64="RDlsmEfHF9G7Rpag56mMCknQe1o=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJiKgkqgrGiCwtSkehDaqLIcZzWquNEtoNURf0MFn6FhQGEWLvxNzhNBmi5kn2Pz7lX1/f4CaNSWda3UVlb39jcqm7Xdnb39g/Mw6OejFOBSRfHLBYDH0nCKCddRRUjg0QQFPmM9P1JO9f7T0RIGvNHNU2IG6ERpyHFSGnKMy8cHMRKOiqGbY/rVLxhQdhFsvJ0n1+WZ9athrUIuArsEtRBGR3PnDtBjNOIcIUZknJoW4lyMyQUxYzMak4qSYLwBI3IUEOOIiLdbLHYDJ5pJoBhLPThCi7Y3x0ZiqScRr6ujJAay2UtJ//ThqkKb9yM8iRVhONiUJgyqFfMXYIBFQQrNtUAYUH1XyEeI4Gw0l7WtAn28sqroHfZsJuNq4dmvXVb2lEFJ+AUnAMbXIMWuAMd0AUYPINX8A4+jBfjzfg0vorSilH2HIM/Ycx/ALXXnuc=</latexit>

where         is     free       Cd

<latexit sha1_base64="uPqlQuo76yFl0mSPcEDJQAwGt8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOxF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28GoPvPbT6g0T+SjGafox3QgecQZNVZ6qPfDfrniVt05yCrxclKBHI1++asXJiyLURomqNZdz02NP6HKcCZwWuplGlPKRnSAXUsljVH7k/mpU3JmlZBEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MdONPuEwzg5ItFkWZICYhs79JyBUyI8aWUKa4vZWwIVWUGZtOyYbgLb+8SloXVe+yenV/Wand5nEU4QRO4Rw8uIYa3EEDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK1o2m</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     resolution                  is minimal  if every its endomorphism:C ! M

<latexit sha1_base64="fjTlJM4taAAcDr5HwPA7XxYD7dQ=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZfFbtwIFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6NmXYW2nogcDjnXnLPCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvBpJH5nSeqNJPiwUxj6kd4JFjICDZWajf6RqK7QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJV9wqC5+nsjxZHW0yiwkxE2Y73sZeJ/Xi8x4bWfMhEnhgqy+ChMOLIRs+hoyBQlhk8twUQxeysiY6wwMbagki3BW468StoXVa9WvbyvVeo3eR1FOIFTOAcPrqAOt9CEFhB4hGd4hTdHOi/Ou/OxGC04+c4x/IHz+QPe+46t</latexit>

C C

M

<latexit sha1_base64="FYkhKJLuPsDX4ZIHxAV3Up1lO8o="></latexit>

is an isomorphism.
P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Two minimal     resolution of M are isomorphic    

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A minimal      resolution of M leads to a sequence of invariants:

describing multiplicities: Cd '
M

A2P
A�d

PM(A)

<latexit sha1_base64="Pf0gSn49/o8AqRCH0kSnK0PUZRw="></latexit>

M 7!

8
>>>><

>>>>:

�0
PM : P ! N

�1
PM : P ! N

�2
PM : P ! N

...

<latexit sha1_base64="JAKlsTV9/ZrwNvMSybQ24hd6T4g="></latexit>

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>



Resolutions
A    resolution of M is a     exact sequence P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

· · · ! Cn ! · · · ! C1 ! C0 ! M ! 0

<latexit sha1_base64="RDlsmEfHF9G7Rpag56mMCknQe1o=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJiKgkqgrGiCwtSkehDaqLIcZzWquNEtoNURf0MFn6FhQGEWLvxNzhNBmi5kn2Pz7lX1/f4CaNSWda3UVlb39jcqm7Xdnb39g/Mw6OejFOBSRfHLBYDH0nCKCddRRUjg0QQFPmM9P1JO9f7T0RIGvNHNU2IG6ERpyHFSGnKMy8cHMRKOiqGbY/rVLxhQdhFsvJ0n1+WZ9athrUIuArsEtRBGR3PnDtBjNOIcIUZknJoW4lyMyQUxYzMak4qSYLwBI3IUEOOIiLdbLHYDJ5pJoBhLPThCi7Y3x0ZiqScRr6ujJAay2UtJ//ThqkKb9yM8iRVhONiUJgyqFfMXYIBFQQrNtUAYUH1XyEeI4Gw0l7WtAn28sqroHfZsJuNq4dmvXVb2lEFJ+AUnAMbXIMWuAMd0AUYPINX8A4+jBfjzfg0vorSilH2HIM/Ycx/ALXXnuc=</latexit>

where         is     free       Cd

<latexit sha1_base64="uPqlQuo76yFl0mSPcEDJQAwGt8M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WOxF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28GoPvPbT6g0T+SjGafox3QgecQZNVZ6qPfDfrniVt05yCrxclKBHI1++asXJiyLURomqNZdz02NP6HKcCZwWuplGlPKRnSAXUsljVH7k/mpU3JmlZBEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MdONPuEwzg5ItFkWZICYhs79JyBUyI8aWUKa4vZWwIVWUGZtOyYbgLb+8SloXVe+yenV/Wand5nEU4QRO4Rw8uIYa3EEDmsBgAM/wCm+OcF6cd+dj0Vpw8plj+APn8wcK1o2m</latexit>

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A     resolution                  is minimal  if every its endomorphism:C ! M

<latexit sha1_base64="fjTlJM4taAAcDr5HwPA7XxYD7dQ=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZfFbtwIFewD2qFk0kwbm0mGJCOUof/gxoUibv0fd/6NmXYW2nogcDjnXnLPCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvBpJH5nSeqNJPiwUxj6kd4JFjICDZWajf6RqK7QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJV9wqC5+nsjxZHW0yiwkxE2Y73sZeJ/Xi8x4bWfMhEnhgqy+ChMOLIRs+hoyBQlhk8twUQxeysiY6wwMbagki3BW468StoXVa9WvbyvVeo3eR1FOIFTOAcPrqAOt9CEFhB4hGd4hTdHOi/Ou/OxGC04+c4x/IHz+QPe+46t</latexit>

C C

M

<latexit sha1_base64="FYkhKJLuPsDX4ZIHxAV3Up1lO8o="></latexit>

is an isomorphism.
P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

Two minimal     resolution of M are isomorphic    

P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>

A minimal      resolution of M leads to a sequence of invariants:

describing multiplicities: Cd '
M

A2P
A�d

PM(A)

<latexit sha1_base64="Pf0gSn49/o8AqRCH0kSnK0PUZRw="></latexit>

M 7!

8
>>>><

>>>>:

�0
PM : P ! N

�1
PM : P ! N

�2
PM : P ! N

...

<latexit sha1_base64="JAKlsTV9/ZrwNvMSybQ24hd6T4g="></latexit>

How to calculate the obtained invariants?

Choose an independent  and acyclic collection P

<latexit sha1_base64="J8Rcc7iZTqtzPfNrEktWcyoLrhE=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvsn71cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBibGRbg==</latexit>



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Standard homological algebra on



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Standard homological algebra on

finite



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Standard homological algebra on

finite

S :=

(
K(v,�) : I ! vect | K(v, w) =

(
K if v  w

0 if v 6 w
for v and w in I

)

<latexit sha1_base64="hHBUjMihyIjNpYkbyeM6sR5Rjhc="></latexit>



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Standard homological algebra on

finite

S :=

(
K(v,�) : I ! vect | K(v, w) =

(
K if v  w

0 if v 6 w
for v and w in I

)

<latexit sha1_base64="hHBUjMihyIjNpYkbyeM6sR5Rjhc="></latexit>

= I

<latexit sha1_base64="1xavfe4A5WqdEWBWDM4TcfGOBI0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRJRdCMU3eiuon1AG8pkOmmHTiZh5kaIoZ/gxoX+ijtx6x/4Jy6dtFnY1gMXDufcy733eJHgGmz72yosLa+srhXXSxubW9s75d29pg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1vdJ35rUemNA/lAyQRcwMykNznlICR7i/xba9csav2BHiRODmpoBz1Xvmn2w9pHDAJVBCtO44dgZsSBZwKNi51Y80iQkdkwDqGShIw7aaTU8f4yCh97IfKlAQ8Uf9OpCTQOgk80xkQGOp5LxP/8zox+BduymUUA5N0usiPBYYQZ3/jPleMgkgMIVRxcyumQ6IIBZPOzBbgo6fpFxkT3FNEJSntj0smKmc+mEXSPKk6p9Wzu9NK7SoPrYgO0CE6Rg46RzV0g+qogSgaoGf0it6sF+vd+rA+p60FK5/ZRzOwvn4B+f+djA==</latexit>



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Standard homological algebra on

finite

S :=

(
K(v,�) : I ! vect | K(v, w) =

(
K if v  w

0 if v 6 w
for v and w in I

)

<latexit sha1_base64="hHBUjMihyIjNpYkbyeM6sR5Rjhc="></latexit>

= I

<latexit sha1_base64="1xavfe4A5WqdEWBWDM4TcfGOBI0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRJRdCMU3eiuon1AG8pkOmmHTiZh5kaIoZ/gxoX+ijtx6x/4Jy6dtFnY1gMXDufcy733eJHgGmz72yosLa+srhXXSxubW9s75d29pg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1vdJ35rUemNA/lAyQRcwMykNznlICR7i/xba9csav2BHiRODmpoBz1Xvmn2w9pHDAJVBCtO44dgZsSBZwKNi51Y80iQkdkwDqGShIw7aaTU8f4yCh97IfKlAQ8Uf9OpCTQOgk80xkQGOp5LxP/8zox+BduymUUA5N0usiPBYYQZ3/jPleMgkgMIVRxcyumQ6IIBZPOzBbgo6fpFxkT3FNEJSntj0smKmc+mEXSPKk6p9Wzu9NK7SoPrYgO0CE6Rg46RzV0g+qogSgaoGf0it6sF+vd+rA+p60FK5/ZRzOwvn4B+f+djA==</latexit>

- S is independent, 

- Exactness: is the standard exactness

- S is acyclic: all projective are free

- All representations admit a minimal resolutions



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Standard homological algebra on

finite

S :=

(
K(v,�) : I ! vect | K(v, w) =

(
K if v  w

0 if v 6 w
for v and w in I

)

<latexit sha1_base64="hHBUjMihyIjNpYkbyeM6sR5Rjhc="></latexit>

= I

<latexit sha1_base64="1xavfe4A5WqdEWBWDM4TcfGOBI0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRJRdCMU3eiuon1AG8pkOmmHTiZh5kaIoZ/gxoX+ijtx6x/4Jy6dtFnY1gMXDufcy733eJHgGmz72yosLa+srhXXSxubW9s75d29pg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1vdJ35rUemNA/lAyQRcwMykNznlICR7i/xba9csav2BHiRODmpoBz1Xvmn2w9pHDAJVBCtO44dgZsSBZwKNi51Y80iQkdkwDqGShIw7aaTU8f4yCh97IfKlAQ8Uf9OpCTQOgk80xkQGOp5LxP/8zox+BduymUUA5N0usiPBYYQZ3/jPleMgkgMIVRxcyumQ6IIBZPOzBbgo6fpFxkT3FNEJSntj0smKmc+mEXSPKk6p9Wzu9NK7SoPrYgO0CE6Rg46RzV0g+qogSgaoGf0it6sF+vd+rA+p60FK5/ZRzOwvn4B+f+djA==</latexit>

- S is independent, 

- Exactness: is the standard exactness

- S is acyclic: all projective are free

- All representations admit a minimal resolutions

M 7!

8
>>>><

>>>>:

�0M : I ! N
�1M : I ! N
�2M : I ! N
...

<latexit sha1_base64="UmZy0X4SCfQm727TdRQTYbF/aCw="></latexit>



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Standard homological algebra on

finite

�0M = dimM/radM

<latexit sha1_base64="mpimWyt6uO42TUIYSNKLscYzS6w="></latexit>

�1M = �0(ker(C0 ! M))

<latexit sha1_base64="Q8IASnSgxEtsPIM932rRcm7Hcrc="></latexit>

�2M = �1(ker(C0 ! M)) = �0(ker(C1 ! C0))

<latexit sha1_base64="sPWABaQw0MUdhBG5/mDU259pOeA="></latexit>

S :=

(
K(v,�) : I ! vect | K(v, w) =

(
K if v  w

0 if v 6 w
for v and w in I

)

<latexit sha1_base64="hHBUjMihyIjNpYkbyeM6sR5Rjhc="></latexit>

= I

<latexit sha1_base64="1xavfe4A5WqdEWBWDM4TcfGOBI0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRJRdCMU3eiuon1AG8pkOmmHTiZh5kaIoZ/gxoX+ijtx6x/4Jy6dtFnY1gMXDufcy733eJHgGmz72yosLa+srhXXSxubW9s75d29pg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1vdJ35rUemNA/lAyQRcwMykNznlICR7i/xba9csav2BHiRODmpoBz1Xvmn2w9pHDAJVBCtO44dgZsSBZwKNi51Y80iQkdkwDqGShIw7aaTU8f4yCh97IfKlAQ8Uf9OpCTQOgk80xkQGOp5LxP/8zox+BduymUUA5N0usiPBYYQZ3/jPleMgkgMIVRxcyumQ6IIBZPOzBbgo6fpFxkT3FNEJSntj0smKmc+mEXSPKk6p9Wzu9NK7SoPrYgO0CE6Rg46RzV0g+qogSgaoGf0it6sF+vd+rA+p60FK5/ZRzOwvn4B+f+djA==</latexit>

- S is independent, 

- Exactness: is the standard exactness

- S is acyclic: all projective are free

- All representations admit a minimal resolutions

M 7!

8
>>>><

>>>>:

�0M : I ! N
�1M : I ! N
�2M : I ! N
...

<latexit sha1_base64="UmZy0X4SCfQm727TdRQTYbF/aCw="></latexit>



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Standard homological algebra on

finite

�0M = dimM/radM

<latexit sha1_base64="mpimWyt6uO42TUIYSNKLscYzS6w="></latexit>

�1M = �0(ker(C0 ! M))

<latexit sha1_base64="Q8IASnSgxEtsPIM932rRcm7Hcrc="></latexit>

�2M = �1(ker(C0 ! M)) = �0(ker(C1 ! C0))

<latexit sha1_base64="sPWABaQw0MUdhBG5/mDU259pOeA="></latexit>

requires constructing differentials and their kernels 

S :=

(
K(v,�) : I ! vect | K(v, w) =

(
K if v  w

0 if v 6 w
for v and w in I

)

<latexit sha1_base64="hHBUjMihyIjNpYkbyeM6sR5Rjhc="></latexit>

= I

<latexit sha1_base64="1xavfe4A5WqdEWBWDM4TcfGOBI0=">AAACEHicbVDLSsNAFJ3UV62vqks3g0VwVRJRdCMU3eiuon1AG8pkOmmHTiZh5kaIoZ/gxoX+ijtx6x/4Jy6dtFnY1gMXDufcy733eJHgGmz72yosLa+srhXXSxubW9s75d29pg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1vdJ35rUemNA/lAyQRcwMykNznlICR7i/xba9csav2BHiRODmpoBz1Xvmn2w9pHDAJVBCtO44dgZsSBZwKNi51Y80iQkdkwDqGShIw7aaTU8f4yCh97IfKlAQ8Uf9OpCTQOgk80xkQGOp5LxP/8zox+BduymUUA5N0usiPBYYQZ3/jPleMgkgMIVRxcyumQ6IIBZPOzBbgo6fpFxkT3FNEJSntj0smKmc+mEXSPKk6p9Wzu9NK7SoPrYgO0CE6Rg46RzV0g+qogSgaoGf0it6sF+vd+rA+p60FK5/ZRzOwvn4B+f+djA==</latexit>

- S is independent, 

- Exactness: is the standard exactness

- S is acyclic: all projective are free

- All representations admit a minimal resolutions

M 7!

8
>>>><

>>>>:

�0M : I ! N
�1M : I ! N
�2M : I ! N
...

<latexit sha1_base64="UmZy0X4SCfQm727TdRQTYbF/aCw="></latexit>



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Koszul complexes



Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Assume it is an upper semilattice

Koszul complexes



This assumption means:

Fun(I, vect)

<latexit sha1_base64="6l+YqavaV2AsL9EvXq4hva0RIaE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lAm00k7dDIJMzfFEoIbf8WNC0Xc+hXu/BunbRZaPTBw5px7mTnHizhTYNtfRm5hcWl5Jb9aWFvf2Nwyt3caKowloXUS8lC2PKwoZ4LWgQGnrUhSHHicNr3h5cRvjqhULBR3MI6oG+C+YD4jGLTUNfc6QO8huYpFWro5nl1GlEB61DWLdtmewvpLnIwUUYZa1/zs9EISB1QA4ViptmNH4CZYAiOcpoVOrGiEyRD3aVtTgQOq3GQaIbUOtdKz/FDqI8Caqj83EhwoNQ48PRlgGKh5byL+57Vj8M/dhIkoBirI7CE/5haE1qQPq8ekjsvHmmAimf6rRQZYYgK6tYIuwZmP/Jc0TspOpXx6WylWL7I68mgfHaASctAZqqJrVEN1RNADekIv6NV4NJ6NN+N9Npozsp1d9AvGxzd/MJeA</latexit>

Assume it is an upper semilattice

Koszul complexes



This assumption means:

Fun(I, vect)
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�
d
M(v) = dim Hd(KvM)
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Koszul complexes





Grading on P



Grading on P Assume: Instead of a collection  P, we have a functor

                                               called gradingP : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>
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<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

poset



Grading on P Assume: Instead of a collection  P, we have a functor

                                               called gradingP : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

Pair of adjoin functors

poset



µa : K(a,�) ! RLK(a,�) = RP(a) = NatI(P(�),P(a))

<latexit sha1_base64="nhHW2GOi6OsysiFK9SeJ01UC808="></latexit>
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Every a in J leads to a natural transformation:

Grading on P Assume: Instead of a collection  P, we have a functor

                                               called gradingP : Jop ! Fun(I, vect)
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<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

Pair of adjoin functors

The functor is called thin if         is surjective for every a in Jµa

<latexit sha1_base64="CIm/43KTVVRP+Sfsps+DbLffibQ=">AAACEnicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKpi20oWw223bp7ibsboQY+hu8eNC/4k28+gf8Jx7dtDnY1gcDj/dmmJkXxIwq7TjfVmltfWNzq7xd2dnd2z+oHh61VZRITDwcsUh2A6QIo4J4mmpGurEkiAeMdILJbe53HolUNBIPOo2Jz9FI0CHFSBvJ6/NkgAbVmlN3ZrBXiVuQGhRoDao//TDCCSdCY4aU6rlOrP0MSU0xI9NKP1EkRniCRqRnqECcKD+bHTu1z4wS2sNImhLanql/JzLElUp5YDo50mO17OXif14v0cNrP6MiTjQReL5omDBbR3b+uR1SSbBmqSEIS2putfEYSYS1yWdhi6aTp/kXOWM0kEimGQ6nFROVuxzMKmlf1N1G/fK+UWveFKGV4QRO4RxcuIIm3EELPMBA4Rle4c16sd6tD+tz3lqyipljWID19QuEIJ74</latexit>

poset



µa : K(a,�) ! RLK(a,�) = RP(a) = NatI(P(�),P(a))

<latexit sha1_base64="nhHW2GOi6OsysiFK9SeJ01UC808="></latexit>

Every a in J leads to a natural transformation:

µa

<latexit sha1_base64="CIm/43KTVVRP+Sfsps+DbLffibQ=">AAACEnicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKpi20oWw223bp7ibsboQY+hu8eNC/4k28+gf8Jx7dtDnY1gcDj/dmmJkXxIwq7TjfVmltfWNzq7xd2dnd2z+oHh61VZRITDwcsUh2A6QIo4J4mmpGurEkiAeMdILJbe53HolUNBIPOo2Jz9FI0CHFSBvJ6/NkgAbVmlN3ZrBXiVuQGhRoDao//TDCCSdCY4aU6rlOrP0MSU0xI9NKP1EkRniCRqRnqECcKD+bHTu1z4wS2sNImhLanql/JzLElUp5YDo50mO17OXif14v0cNrP6MiTjQReL5omDBbR3b+uR1SSbBmqSEIS2putfEYSYS1yWdhi6aTp/kXOWM0kEimGQ6nFROVuxzMKmlf1N1G/fK+UWveFKGV4QRO4RxcuIIm3EELPMBA4Rle4c16sd6tD+tz3lqyipljWID19QuEIJ74</latexit>

P(b) ! P(b)

<latexit sha1_base64="zWdOUK0hlVTuhIc8eHQ3/I9o2gg=">AAACL3icbVBNS8NAEN3Ur1q/oh69LBahXkoiFT0WvXisYFuhCWWz2bRLN5uwuxFiyNVf48WD/hXxIl79Bx7dtDnY1gcDjzczzLznxYxKZVkfRmVldW19o7pZ29re2d0z9w96MkoEJl0csUjce0gSRjnpKqoYuY8FQaHHSN+bXBf9/gMRkkb8TqUxcUM04jSgGCktDU3ohEiNMWJZJ294p46KFpShWbea1hRwmdglqYMSnaH54/gRTkLCFWZIyoFtxcrNkFAUM5LXnESSGOEJGpGBphyFRLrZ1EkOT7TiwyASuriCU/XvRoZCKdPQ05PFl3KxV4j/9QaJCi7djPI4UYTj2aEgYVD7LWKBPhUEK5ZqgrCg+leIx0ggrHR4c1cUnTzOXBSMUU8gkWbYz2s6KnsxmGXSO2vareb5bavevipDq4IjcAwawAYXoA1uQAd0AQZP4Bm8gjfjxXg3Po2v2WjFKHcOwRyM71/lXqn6</latexit>

�P(a  b)

<latexit sha1_base64="De0+sh6wfhWdk3H/wXOmfXYPv6g=">AAACKnicbVA9TwJBEN3DL8Qv1JJmIzHBhtwZjJZEG0tMBEy4C5nb24MNex/u7pmcFwp/jY2F/hU7YuuPsHQPKAR8ySQv781kZp4bcyaVaU6Mwtr6xuZWcbu0s7u3f1A+POrIKBGEtknEI/HggqSchbStmOL0IRYUApfTrju6yf3uExWSReG9SmPqBDAImc8IKC31yxWb62YP7ADUkADPWuMa2Jw+YvesX66adXMKvEqsOamiOVr98o/tRSQJaKgIByl7lhkrJwOhGOF0XLITSWMgIxjQnqYhBFQ62fSJMT7Viof9SOgKFZ6qfycyCKRMA1d35rfKZS8X//N6ifKvnIyFcaJoSGaL/IRjFeE8EewxQYniqSZABNO3YjIEAUTp3Ba2KDZ6nn2RM85cASLNiDcu6ais5WBWSee8bjXqF3eNavN6HloRVdAJqiELXaImukUt1EYEvaBX9I4+jDfj05gYX7PWgjGfOUYLML5/ASJsqBQ=</latexit>

for some � 2 K

<latexit sha1_base64="gDoV/eZYzv/CA8DFHUas8UPIq9I=">AAACGXicbVDLSsNAFJ3UV62vqks3g0VwVRJRdFl0I7ipYB/QhDKZTNqhk0mYuRFq6G+4caG/4k7cuvJPXDpps7CtBwYO55zLvXP8RHANtv1tlVZW19Y3ypuVre2d3b3q/kFbx6mirEVjEauuTzQTXLIWcBCsmyhGIl+wjj+6yf3OI1Oax/IBxgnzIjKQPOSUgJFcV5hoQFwu8V2/WrPr9hR4mTgFqaECzX71xw1imkZMAhVE655jJ+BlRAGngk0qbqpZQuiIDFjPUEkipr1sevMEnxglwGGszJOAp+rfiYxEWo8j3yQjAkO96OXif14vhfDKy7hMUmCSzhaFqcAQ47wAHHDFKIixIYQqbm7FdEgUoWBqmtsCfPQ0+0XOBPcVUeOMBpOKqcpZLGaZtM/qznn94v681rguSiujI3SMTpGDLlED3aImaiGKEvSMXtGb9WK9Wx/W5yxasoqZQzQH6+sXjGShmw==</latexit>

is thin if for every              in J, every natural transformation                         is of the form:   a  b

<latexit sha1_base64="IeyOqS1kS3uAYVrfiF6jIM7R4JI=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUCabTbt0s4m7GyGG/ggvHvSveBOv3v0nHt20OdjWBwOP92aYmefFnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikex6oChngrY005x2Y0kh9DjteOOb3O88UqlYJO51GlM3hKFgASOgjdSBPqcP2BtUa3bdngIvE6cgNVSgOaj+9P2IJCEVmnBQqufYsXYzkJoRTieVfqJoDGQMQ9ozVEBIlZtNz53gE6P4OIikKaHxVP07kUGoVBp6pjMEPVKLXi7+5/USHVy5GRNxoqkgs0VBwrGOcP479pmkRPPUECCSmVsxGYEEok1Cc1s0Gz/NvsgZZ54EmWbEn1RMVM5iMMukfVZ3zusXd+e1xnURWhkdoWN0ihx0iRroFjVRCxE0Rs/oFb1ZL9a79WF9zlpLVjFziOZgff0CrEafjw==</latexit>

Grading on P Assume: Instead of a collection  P, we have a functor

                                               called gradingP : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>
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poset



µa : K(a,�) ! RLK(a,�) = RP(a) = NatI(P(�),P(a))

<latexit sha1_base64="nhHW2GOi6OsysiFK9SeJ01UC808="></latexit>

Every a in J leads to a natural transformation:

µa

<latexit sha1_base64="CIm/43KTVVRP+Sfsps+DbLffibQ=">AAACEnicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKpi20oWw223bp7ibsboQY+hu8eNC/4k28+gf8Jx7dtDnY1gcDj/dmmJkXxIwq7TjfVmltfWNzq7xd2dnd2z+oHh61VZRITDwcsUh2A6QIo4J4mmpGurEkiAeMdILJbe53HolUNBIPOo2Jz9FI0CHFSBvJ6/NkgAbVmlN3ZrBXiVuQGhRoDao//TDCCSdCY4aU6rlOrP0MSU0xI9NKP1EkRniCRqRnqECcKD+bHTu1z4wS2sNImhLanql/JzLElUp5YDo50mO17OXif14v0cNrP6MiTjQReL5omDBbR3b+uR1SSbBmqSEIS2putfEYSYS1yWdhi6aTp/kXOWM0kEimGQ6nFROVuxzMKmlf1N1G/fK+UWveFKGV4QRO4RxcuIIm3EELPMBA4Rle4c16sd6tD+tz3lqyipljWID19QuEIJ74</latexit>

P(b) ! P(b)

<latexit sha1_base64="zWdOUK0hlVTuhIc8eHQ3/I9o2gg=">AAACL3icbVBNS8NAEN3Ur1q/oh69LBahXkoiFT0WvXisYFuhCWWz2bRLN5uwuxFiyNVf48WD/hXxIl79Bx7dtDnY1gcDjzczzLznxYxKZVkfRmVldW19o7pZ29re2d0z9w96MkoEJl0csUjce0gSRjnpKqoYuY8FQaHHSN+bXBf9/gMRkkb8TqUxcUM04jSgGCktDU3ohEiNMWJZJ294p46KFpShWbea1hRwmdglqYMSnaH54/gRTkLCFWZIyoFtxcrNkFAUM5LXnESSGOEJGpGBphyFRLrZ1EkOT7TiwyASuriCU/XvRoZCKdPQ05PFl3KxV4j/9QaJCi7djPI4UYTj2aEgYVD7LWKBPhUEK5ZqgrCg+leIx0ggrHR4c1cUnTzOXBSMUU8gkWbYz2s6KnsxmGXSO2vareb5bavevipDq4IjcAwawAYXoA1uQAd0AQZP4Bm8gjfjxXg3Po2v2WjFKHcOwRyM71/lXqn6</latexit>

�P(a  b)

<latexit sha1_base64="De0+sh6wfhWdk3H/wXOmfXYPv6g=">AAACKnicbVA9TwJBEN3DL8Qv1JJmIzHBhtwZjJZEG0tMBEy4C5nb24MNex/u7pmcFwp/jY2F/hU7YuuPsHQPKAR8ySQv781kZp4bcyaVaU6Mwtr6xuZWcbu0s7u3f1A+POrIKBGEtknEI/HggqSchbStmOL0IRYUApfTrju6yf3uExWSReG9SmPqBDAImc8IKC31yxWb62YP7ADUkADPWuMa2Jw+YvesX66adXMKvEqsOamiOVr98o/tRSQJaKgIByl7lhkrJwOhGOF0XLITSWMgIxjQnqYhBFQ62fSJMT7Viof9SOgKFZ6qfycyCKRMA1d35rfKZS8X//N6ifKvnIyFcaJoSGaL/IRjFeE8EewxQYniqSZABNO3YjIEAUTp3Ba2KDZ6nn2RM85cASLNiDcu6ais5WBWSee8bjXqF3eNavN6HloRVdAJqiELXaImukUt1EYEvaBX9I4+jDfj05gYX7PWgjGfOUYLML5/ASJsqBQ=</latexit>

for some � 2 K

<latexit sha1_base64="gDoV/eZYzv/CA8DFHUas8UPIq9I=">AAACGXicbVDLSsNAFJ3UV62vqks3g0VwVRJRdFl0I7ipYB/QhDKZTNqhk0mYuRFq6G+4caG/4k7cuvJPXDpps7CtBwYO55zLvXP8RHANtv1tlVZW19Y3ypuVre2d3b3q/kFbx6mirEVjEauuTzQTXLIWcBCsmyhGIl+wjj+6yf3OI1Oax/IBxgnzIjKQPOSUgJFcV5hoQFwu8V2/WrPr9hR4mTgFqaECzX71xw1imkZMAhVE655jJ+BlRAGngk0qbqpZQuiIDFjPUEkipr1sevMEnxglwGGszJOAp+rfiYxEWo8j3yQjAkO96OXif14vhfDKy7hMUmCSzhaFqcAQ47wAHHDFKIixIYQqbm7FdEgUoWBqmtsCfPQ0+0XOBPcVUeOMBpOKqcpZLGaZtM/qznn94v681rguSiujI3SMTpGDLlED3aImaiGKEvSMXtGb9WK9Wx/W5yxasoqZQzQH6+sXjGShmw==</latexit>

is thin if for every              in J, every natural transformation                         is of the form:   a  b

<latexit sha1_base64="IeyOqS1kS3uAYVrfiF6jIM7R4JI=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUCabTbt0s4m7GyGG/ggvHvSveBOv3v0nHt20OdjWBwOP92aYmefFnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikex6oChngrY005x2Y0kh9DjteOOb3O88UqlYJO51GlM3hKFgASOgjdSBPqcP2BtUa3bdngIvE6cgNVSgOaj+9P2IJCEVmnBQqufYsXYzkJoRTieVfqJoDGQMQ9ozVEBIlZtNz53gE6P4OIikKaHxVP07kUGoVBp6pjMEPVKLXi7+5/USHVy5GRNxoqkgs0VBwrGOcP479pmkRPPUECCSmVsxGYEEok1Cc1s0Gz/NvsgZZ54EmWbEn1RMVM5iMMukfVZ3zusXd+e1xnURWhkdoWN0ihx0iRroFjVRCxE0Rs/oFb1ZL9a79WF9zlpLVjFziOZgff0CrEafjw==</latexit>

Grading on P Assume: Instead of a collection  P, we have a functor

                                               called gradingP : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

Pair of adjoin functors

The functor is called thin if         is surjective for every a in Jµa

<latexit sha1_base64="CIm/43KTVVRP+Sfsps+DbLffibQ=">AAACEnicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cKpi20oWw223bp7ibsboQY+hu8eNC/4k28+gf8Jx7dtDnY1gcDj/dmmJkXxIwq7TjfVmltfWNzq7xd2dnd2z+oHh61VZRITDwcsUh2A6QIo4J4mmpGurEkiAeMdILJbe53HolUNBIPOo2Jz9FI0CHFSBvJ6/NkgAbVmlN3ZrBXiVuQGhRoDao//TDCCSdCY4aU6rlOrP0MSU0xI9NKP1EkRniCRqRnqECcKD+bHTu1z4wS2sNImhLanql/JzLElUp5YDo50mO17OXif14v0cNrP6MiTjQReL5omDBbR3b+uR1SSbBmqSEIS2putfEYSYS1yWdhi6aTp/kXOWM0kEimGQ6nFROVuxzMKmlf1N1G/fK+UWveFKGV4QRO4RxcuIIm3EELPMBA4Rle4c16sd6tD+tz3lqyipljWID19QuEIJ74</latexit>

a  b

<latexit sha1_base64="IeyOqS1kS3uAYVrfiF6jIM7R4JI=">AAACFHicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUCabTbt0s4m7GyGG/ggvHvSveBOv3v0nHt20OdjWBwOP92aYmefFnClt299WaWV1bX2jvFnZ2t7Z3avuH7RVlEhCWyTikex6oChngrY005x2Y0kh9DjteOOb3O88UqlYJO51GlM3hKFgASOgjdSBPqcP2BtUa3bdngIvE6cgNVSgOaj+9P2IJCEVmnBQqufYsXYzkJoRTieVfqJoDGQMQ9ozVEBIlZtNz53gE6P4OIikKaHxVP07kUGoVBp6pjMEPVKLXi7+5/USHVy5GRNxoqkgs0VBwrGOcP479pmkRPPUECCSmVsxGYEEok1Cc1s0Gz/NvsgZZ54EmWbEn1RMVM5iMMukfVZ3zusXd+e1xnURWhkdoWN0ihx0iRroFjVRCxE0Rs/oFb1ZL9a79WF9zlpLVjFziOZgff0CrEafjw==</latexit>

In particular for every             in J, dim NatI(P(b),P(a))  1

<latexit sha1_base64="hJ8hK/oPwKxnRNAHwp1f7Ycjj90="></latexit>

poset



Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

To
we associate numerical invariants

describing 

multiplicities in 

the minimal 

P resolution of M.

8
>><

>>:

�0
PM : P ! N

�1
PM : P ! N

...

<latexit sha1_base64="HlNSuFVReYo/WPebblJBOZxtkr0="></latexit>



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

To
we associate numerical invariants

describing 

multiplicities in 

the minimal 

P resolution of M.

8
>><

>>:

�0
PM : P ! N

�1
PM : P ! N

...

<latexit sha1_base64="HlNSuFVReYo/WPebblJBOZxtkr0="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

To
we associate numerical invariants

describing 

multiplicities in 

the minimal 

P resolution of M.

8
>><

>>:

�0
PM : P ! N

�1
PM : P ! N

...

<latexit sha1_base64="HlNSuFVReYo/WPebblJBOZxtkr0="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

If C0 ! RM

<latexit sha1_base64="TlTe+p8PtVHLvrGZ9qRQbySx/x4=">AAACIXicbVDLSsNAFJ3UV62vWJdugkVwVRJRdFnsxo1QxT6gCWEymbZDJw9mbsQY+ituXOivuBN34o+4dNJmYVsPDBzOuZd75ngxZxJM80srrayurW+UNytb2zu7e/p+tSOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN27mfveBCsmi8B7SmDoBHoZswAgGJbl6temaNkR2gGFEMM/uJjeuXjPr5hTGMrEKUkMFWq7+Y/sRSQIaAuFYyr5lxuBkWAAjnE4qdiJpjMkYD2lf0RAHVDrZNPvEOFaKbwwioV4IxlT9u5HhQMo08NRknlEuern4n9dPYHDpZCyME6AhmR0aJNyAyMiLMHwmKAGeKoKJYCqrQUZYYAKqrrkrwMZPs1/kjDNPYJFmxJ9UVFXWYjHLpHNat87q57dntcZVUVoZHaIjdIIsdIEa6Bq1UBsR9Iie0St60160d+1D+5yNlrRi5wDNQfv+BTSapIs=</latexit>

is a standard minimal cover



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

To
we associate numerical invariants

describing 

multiplicities in 

the minimal 

P resolution of M.

8
>><

>>:

�0
PM : P ! N

�1
PM : P ! N

...

<latexit sha1_base64="HlNSuFVReYo/WPebblJBOZxtkr0="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

If C0 ! RM

<latexit sha1_base64="TlTe+p8PtVHLvrGZ9qRQbySx/x4=">AAACIXicbVDLSsNAFJ3UV62vWJdugkVwVRJRdFnsxo1QxT6gCWEymbZDJw9mbsQY+ituXOivuBN34o+4dNJmYVsPDBzOuZd75ngxZxJM80srrayurW+UNytb2zu7e/p+tSOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN27mfveBCsmi8B7SmDoBHoZswAgGJbl6temaNkR2gGFEMM/uJjeuXjPr5hTGMrEKUkMFWq7+Y/sRSQIaAuFYyr5lxuBkWAAjnE4qdiJpjMkYD2lf0RAHVDrZNPvEOFaKbwwioV4IxlT9u5HhQMo08NRknlEuern4n9dPYHDpZCyME6AhmR0aJNyAyMiLMHwmKAGeKoKJYCqrQUZYYAKqrrkrwMZPs1/kjDNPYJFmxJ9UVFXWYjHLpHNat87q57dntcZVUVoZHaIjdIIsdIEa6Bq1UBsR9Iie0St60160d+1D+5yNlrRi5wDNQfv+BTSapIs=</latexit>

is a standard minimal cover, then

its left adjoint LC0 ! M

<latexit sha1_base64="J9JDiTqXzJALX0bTK1kILSWc4N8=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKp6LLYjQuFCvYBTQiTyaQdOpmEmYkQQ77FjQv9FXfiSvBDXDpps7CtBy4czrmXe+/xYkqENM0vrbK2vrG5Vd2u7ezu7R/oh0d9ESUc4R6KaMSHHhSYEoZ7kkiKhzHHMPQoHnjTTuEPHjEXJGIPMo2xE8IxIwFBUCrJ1et2COUEQZrd5h3XtGVk3Ll6w2yaMxirxCpJA5TouvqP7UcoCTGTiEIhRpYZSyeDXBJEcV6zE4FjiKZwjEeKMhhi4WSz43PjVCm+EURcFZPGTP07kcFQiDT0VGdxqlj2CvE/b5TI4MrJCIsTiRmaLwoSaqgXiyQMn3CMJE0VgYgTdauBJpBDJFVeC1skmT7NvygYJR6HPM2Qn9dUVNZyMKukf960Ws2L+1ajfV2GVgXH4AScAQtcgja4AV3QAwik4Bm8gjftRXvXPrTPeWtFK2fqYAHa9y+P6aSv</latexit>

is a minimal P cover. 



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

To
we associate numerical invariants

describing 

multiplicities in 

the minimal 

P resolution of M.

8
>><

>>:

�0
PM : P ! N

�1
PM : P ! N

...

<latexit sha1_base64="HlNSuFVReYo/WPebblJBOZxtkr0="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

If C0 ! RM

<latexit sha1_base64="TlTe+p8PtVHLvrGZ9qRQbySx/x4=">AAACIXicbVDLSsNAFJ3UV62vWJdugkVwVRJRdFnsxo1QxT6gCWEymbZDJw9mbsQY+ituXOivuBN34o+4dNJmYVsPDBzOuZd75ngxZxJM80srrayurW+UNytb2zu7e/p+tSOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN27mfveBCsmi8B7SmDoBHoZswAgGJbl6temaNkR2gGFEMM/uJjeuXjPr5hTGMrEKUkMFWq7+Y/sRSQIaAuFYyr5lxuBkWAAjnE4qdiJpjMkYD2lf0RAHVDrZNPvEOFaKbwwioV4IxlT9u5HhQMo08NRknlEuern4n9dPYHDpZCyME6AhmR0aJNyAyMiLMHwmKAGeKoKJYCqrQUZYYAKqrrkrwMZPs1/kjDNPYJFmxJ9UVFXWYjHLpHNat87q57dntcZVUVoZHaIjdIIsdIEa6Bq1UBsR9Iie0St60160d+1D+5yNlrRi5wDNQfv+BTSapIs=</latexit>

is a standard minimal cover, then

its left adjoint LC0 ! M

<latexit sha1_base64="J9JDiTqXzJALX0bTK1kILSWc4N8=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKp6LLYjQuFCvYBTQiTyaQdOpmEmYkQQ77FjQv9FXfiSvBDXDpps7CtBy4czrmXe+/xYkqENM0vrbK2vrG5Vd2u7ezu7R/oh0d9ESUc4R6KaMSHHhSYEoZ7kkiKhzHHMPQoHnjTTuEPHjEXJGIPMo2xE8IxIwFBUCrJ1et2COUEQZrd5h3XtGVk3Ll6w2yaMxirxCpJA5TouvqP7UcoCTGTiEIhRpYZSyeDXBJEcV6zE4FjiKZwjEeKMhhi4WSz43PjVCm+EURcFZPGTP07kcFQiDT0VGdxqlj2CvE/b5TI4MrJCIsTiRmaLwoSaqgXiyQMn3CMJE0VgYgTdauBJpBDJFVeC1skmT7NvygYJR6HPM2Qn9dUVNZyMKukf960Ws2L+1ajfV2GVgXH4AScAQtcgja4AV3QAwik4Bm8gjftRXvXPrTPeWtFK2fqYAHa9y+P6aSv</latexit>

is a minimal P cover. 

for every a in J such that P(a) 6= 0

<latexit sha1_base64="m+gUewc394duIimw9Y7mZzkEcXU=">AAACJHicbVBNS8NAFNzU7/oVFU9eFougl5JIRS+C6MVjBVuFtpSX7dYu3WzC7otQQ36MFw/6V7yJBy/+Do9u2hy0OrAwzLzHm50glsKg5304pZnZufmFxaXy8srq2rq7sdk0UaIZb7BIRvo2AMOlULyBAiW/jTWHMJD8Jhhe5P7NPddGROoaRzHvhHCnRF8wQCt13e12CDhgINN6tg8HbRXhKfW6bsWremPQv8QvSIUUqHfdr3YvYknIFTIJxrR8L8ZOChoFkzwrtxPDY2BDuOMtSxWE3HTScfyM7lmlR/uRtk8hHas/N1IIjRmFgZ3Mw5ppLxf/81oJ9k86qVBxglyxyaF+IilGNO+C9oTmDOXIEmBa2KyUDUADQ9vYrysohg+TX+RMikCDHqWsl5VtVf50MX9J87Dq16pHV7XK2XlR2iLZIbtkn/jkmJyRS1InDcJISh7JM3lxnpxX5815n4yWnGJni/yC8/kNpi6lNQ==</latexit>

�0
PM(P(a)) = �0(RM)(a) = dim(RM/radRM)(a)

<latexit sha1_base64="Pndiw1tFa/9OhkAniQR6NTiAggo="></latexit>



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

To
we associate numerical invariants

describing 

multiplicities in 

the minimal 

P resolution of M.

8
>><

>>:

�0
PM : P ! N

�1
PM : P ! N

...

<latexit sha1_base64="HlNSuFVReYo/WPebblJBOZxtkr0="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

If C0 ! RM

<latexit sha1_base64="TlTe+p8PtVHLvrGZ9qRQbySx/x4=">AAACIXicbVDLSsNAFJ3UV62vWJdugkVwVRJRdFnsxo1QxT6gCWEymbZDJw9mbsQY+ituXOivuBN34o+4dNJmYVsPDBzOuZd75ngxZxJM80srrayurW+UNytb2zu7e/p+tSOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN27mfveBCsmi8B7SmDoBHoZswAgGJbl6temaNkR2gGFEMM/uJjeuXjPr5hTGMrEKUkMFWq7+Y/sRSQIaAuFYyr5lxuBkWAAjnE4qdiJpjMkYD2lf0RAHVDrZNPvEOFaKbwwioV4IxlT9u5HhQMo08NRknlEuern4n9dPYHDpZCyME6AhmR0aJNyAyMiLMHwmKAGeKoKJYCqrQUZYYAKqrrkrwMZPs1/kjDNPYJFmxJ9UVFXWYjHLpHNat87q57dntcZVUVoZHaIjdIIsdIEa6Bq1UBsR9Iie0St60160d+1D+5yNlrRi5wDNQfv+BTSapIs=</latexit>

is a standard minimal cover, then

its left adjoint LC0 ! M

<latexit sha1_base64="J9JDiTqXzJALX0bTK1kILSWc4N8=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKp6LLYjQuFCvYBTQiTyaQdOpmEmYkQQ77FjQv9FXfiSvBDXDpps7CtBy4czrmXe+/xYkqENM0vrbK2vrG5Vd2u7ezu7R/oh0d9ESUc4R6KaMSHHhSYEoZ7kkiKhzHHMPQoHnjTTuEPHjEXJGIPMo2xE8IxIwFBUCrJ1et2COUEQZrd5h3XtGVk3Ll6w2yaMxirxCpJA5TouvqP7UcoCTGTiEIhRpYZSyeDXBJEcV6zE4FjiKZwjEeKMhhi4WSz43PjVCm+EURcFZPGTP07kcFQiDT0VGdxqlj2CvE/b5TI4MrJCIsTiRmaLwoSaqgXiyQMn3CMJE0VgYgTdauBJpBDJFVeC1skmT7NvygYJR6HPM2Qn9dUVNZyMKukf960Ws2L+1ajfV2GVgXH4AScAQtcgja4AV3QAwik4Bm8gjftRXvXPrTPeWtFK2fqYAHa9y+P6aSv</latexit>

is a minimal P cover. 

for every a in J such that P(a) 6= 0

<latexit sha1_base64="m+gUewc394duIimw9Y7mZzkEcXU=">AAACJHicbVBNS8NAFNzU7/oVFU9eFougl5JIRS+C6MVjBVuFtpSX7dYu3WzC7otQQ36MFw/6V7yJBy/+Do9u2hy0OrAwzLzHm50glsKg5304pZnZufmFxaXy8srq2rq7sdk0UaIZb7BIRvo2AMOlULyBAiW/jTWHMJD8Jhhe5P7NPddGROoaRzHvhHCnRF8wQCt13e12CDhgINN6tg8HbRXhKfW6bsWremPQv8QvSIUUqHfdr3YvYknIFTIJxrR8L8ZOChoFkzwrtxPDY2BDuOMtSxWE3HTScfyM7lmlR/uRtk8hHas/N1IIjRmFgZ3Mw5ppLxf/81oJ9k86qVBxglyxyaF+IilGNO+C9oTmDOXIEmBa2KyUDUADQ9vYrysohg+TX+RMikCDHqWsl5VtVf50MX9J87Dq16pHV7XK2XlR2iLZIbtkn/jkmJyRS1InDcJISh7JM3lxnpxX5815n4yWnGJni/yC8/kNpi6lNQ==</latexit>

�0
PM(P(a)) = �0(RM)(a) = dim(RM/radRM)(a)

<latexit sha1_base64="Pndiw1tFa/9OhkAniQR6NTiAggo="></latexit>

Effective way of checking is M is a direct sum of  elements in P

and describing its components.



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

To
we associate numerical invariants

describing 

multiplicities in 

the minimal 

P resolution of M.

8
>><

>>:

�0
PM : P ! N

�1
PM : P ! N

...

<latexit sha1_base64="HlNSuFVReYo/WPebblJBOZxtkr0="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

If C0 ! RM

<latexit sha1_base64="TlTe+p8PtVHLvrGZ9qRQbySx/x4=">AAACIXicbVDLSsNAFJ3UV62vWJdugkVwVRJRdFnsxo1QxT6gCWEymbZDJw9mbsQY+ituXOivuBN34o+4dNJmYVsPDBzOuZd75ngxZxJM80srrayurW+UNytb2zu7e/p+tSOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN27mfveBCsmi8B7SmDoBHoZswAgGJbl6temaNkR2gGFEMM/uJjeuXjPr5hTGMrEKUkMFWq7+Y/sRSQIaAuFYyr5lxuBkWAAjnE4qdiJpjMkYD2lf0RAHVDrZNPvEOFaKbwwioV4IxlT9u5HhQMo08NRknlEuern4n9dPYHDpZCyME6AhmR0aJNyAyMiLMHwmKAGeKoKJYCqrQUZYYAKqrrkrwMZPs1/kjDNPYJFmxJ9UVFXWYjHLpHNat87q57dntcZVUVoZHaIjdIIsdIEa6Bq1UBsR9Iie0St60160d+1D+5yNlrRi5wDNQfv+BTSapIs=</latexit>

is a standard minimal cover, then

its left adjoint LC0 ! M

<latexit sha1_base64="J9JDiTqXzJALX0bTK1kILSWc4N8=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKp6LLYjQuFCvYBTQiTyaQdOpmEmYkQQ77FjQv9FXfiSvBDXDpps7CtBy4czrmXe+/xYkqENM0vrbK2vrG5Vd2u7ezu7R/oh0d9ESUc4R6KaMSHHhSYEoZ7kkiKhzHHMPQoHnjTTuEPHjEXJGIPMo2xE8IxIwFBUCrJ1et2COUEQZrd5h3XtGVk3Ll6w2yaMxirxCpJA5TouvqP7UcoCTGTiEIhRpYZSyeDXBJEcV6zE4FjiKZwjEeKMhhi4WSz43PjVCm+EURcFZPGTP07kcFQiDT0VGdxqlj2CvE/b5TI4MrJCIsTiRmaLwoSaqgXiyQMn3CMJE0VgYgTdauBJpBDJFVeC1skmT7NvygYJR6HPM2Qn9dUVNZyMKukf960Ws2L+1ajfV2GVgXH4AScAQtcgja4AV3QAwik4Bm8gjftRXvXPrTPeWtFK2fqYAHa9y+P6aSv</latexit>

is a minimal P cover. 

for every a in J such that P(a) 6= 0

<latexit sha1_base64="m+gUewc394duIimw9Y7mZzkEcXU=">AAACJHicbVBNS8NAFNzU7/oVFU9eFougl5JIRS+C6MVjBVuFtpSX7dYu3WzC7otQQ36MFw/6V7yJBy/+Do9u2hy0OrAwzLzHm50glsKg5304pZnZufmFxaXy8srq2rq7sdk0UaIZb7BIRvo2AMOlULyBAiW/jTWHMJD8Jhhe5P7NPddGROoaRzHvhHCnRF8wQCt13e12CDhgINN6tg8HbRXhKfW6bsWremPQv8QvSIUUqHfdr3YvYknIFTIJxrR8L8ZOChoFkzwrtxPDY2BDuOMtSxWE3HTScfyM7lmlR/uRtk8hHas/N1IIjRmFgZ3Mw5ppLxf/81oJ9k86qVBxglyxyaF+IilGNO+C9oTmDOXIEmBa2KyUDUADQ9vYrysohg+TX+RMikCDHqWsl5VtVf50MX9J87Dq16pHV7XK2XlR2iLZIbtkn/jkmJyRS1InDcJISh7JM3lxnpxX5815n4yWnGJni/yC8/kNpi6lNQ==</latexit>

�0
PM(P(a)) = �0(RM)(a) = dim(RM/radRM)(a)

<latexit sha1_base64="Pndiw1tFa/9OhkAniQR6NTiAggo="></latexit>

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

J is an uppersemilattice

Effective way of checking is M is a direct sum of  elements in P

and describing its components.



P := {P(a) | a 2 J,P(a) 6= 0}

<latexit sha1_base64="bsbrQvvaywRkoDUnJE0jXvvXMnU="></latexit>

The collection is

- Independent

- Acyclic

- All functors admit a P minimal resolution

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

To
we associate numerical invariants

describing 

multiplicities in 

the minimal 

P resolution of M.

8
>><

>>:

�0
PM : P ! N

�1
PM : P ! N

...

<latexit sha1_base64="HlNSuFVReYo/WPebblJBOZxtkr0="></latexit>

M NatI(P(�),M)

Fun(I, vect) Fun(J, vect)

P(a) K(a,�)

R

L

<latexit sha1_base64="d6Mn2wq0GenDt+51Kpvc3I9bWhg="></latexit>

If C0 ! RM

<latexit sha1_base64="TlTe+p8PtVHLvrGZ9qRQbySx/x4=">AAACIXicbVDLSsNAFJ3UV62vWJdugkVwVRJRdFnsxo1QxT6gCWEymbZDJw9mbsQY+ituXOivuBN34o+4dNJmYVsPDBzOuZd75ngxZxJM80srrayurW+UNytb2zu7e/p+tSOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN27mfveBCsmi8B7SmDoBHoZswAgGJbl6temaNkR2gGFEMM/uJjeuXjPr5hTGMrEKUkMFWq7+Y/sRSQIaAuFYyr5lxuBkWAAjnE4qdiJpjMkYD2lf0RAHVDrZNPvEOFaKbwwioV4IxlT9u5HhQMo08NRknlEuern4n9dPYHDpZCyME6AhmR0aJNyAyMiLMHwmKAGeKoKJYCqrQUZYYAKqrrkrwMZPs1/kjDNPYJFmxJ9UVFXWYjHLpHNat87q57dntcZVUVoZHaIjdIIsdIEa6Bq1UBsR9Iie0St60160d+1D+5yNlrRi5wDNQfv+BTSapIs=</latexit>

is a standard minimal cover, then

its left adjoint LC0 ! M

<latexit sha1_base64="J9JDiTqXzJALX0bTK1kILSWc4N8=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKp6LLYjQuFCvYBTQiTyaQdOpmEmYkQQ77FjQv9FXfiSvBDXDpps7CtBy4czrmXe+/xYkqENM0vrbK2vrG5Vd2u7ezu7R/oh0d9ESUc4R6KaMSHHhSYEoZ7kkiKhzHHMPQoHnjTTuEPHjEXJGIPMo2xE8IxIwFBUCrJ1et2COUEQZrd5h3XtGVk3Ll6w2yaMxirxCpJA5TouvqP7UcoCTGTiEIhRpYZSyeDXBJEcV6zE4FjiKZwjEeKMhhi4WSz43PjVCm+EURcFZPGTP07kcFQiDT0VGdxqlj2CvE/b5TI4MrJCIsTiRmaLwoSaqgXiyQMn3CMJE0VgYgTdauBJpBDJFVeC1skmT7NvygYJR6HPM2Qn9dUVNZyMKukf960Ws2L+1ajfV2GVgXH4AScAQtcgja4AV3QAwik4Bm8gjftRXvXPrTPeWtFK2fqYAHa9y+P6aSv</latexit>

is a minimal P cover. 

for every a in J such that P(a) 6= 0

<latexit sha1_base64="m+gUewc394duIimw9Y7mZzkEcXU=">AAACJHicbVBNS8NAFNzU7/oVFU9eFougl5JIRS+C6MVjBVuFtpSX7dYu3WzC7otQQ36MFw/6V7yJBy/+Do9u2hy0OrAwzLzHm50glsKg5304pZnZufmFxaXy8srq2rq7sdk0UaIZb7BIRvo2AMOlULyBAiW/jTWHMJD8Jhhe5P7NPddGROoaRzHvhHCnRF8wQCt13e12CDhgINN6tg8HbRXhKfW6bsWremPQv8QvSIUUqHfdr3YvYknIFTIJxrR8L8ZOChoFkzwrtxPDY2BDuOMtSxWE3HTScfyM7lmlR/uRtk8hHas/N1IIjRmFgZ3Mw5ppLxf/81oJ9k86qVBxglyxyaF+IilGNO+C9oTmDOXIEmBa2KyUDUADQ9vYrysohg+TX+RMikCDHqWsl5VtVf50MX9J87Dq16pHV7XK2XlR2iLZIbtkn/jkmJyRS1InDcJISh7JM3lxnpxX5815n4yWnGJni/yC8/kNpi6lNQ==</latexit>

�0
PM(P(a)) = �0(RM)(a) = dim(RM/radRM)(a)

<latexit sha1_base64="Pndiw1tFa/9OhkAniQR6NTiAggo="></latexit>

Assume                                            is thin.P : Jop ! Fun(I, vect)

<latexit sha1_base64="NFlabch6StOlBvh3dBQITvdZ27U="></latexit>

J is an uppersemilattice
For “many” a in J: 

�
d
PM(P(a)) = dimHd(Ka(RM))

<latexit sha1_base64="v+O9Ghrm/OBupb80P+GQLhAAVz0="></latexit>

Effective way of checking is M is a direct sum of  elements in P

and describing its components.



I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>



Lower hooks

I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>



Lower hooks

I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>

Relative homological algebra for multiparameter persistence

VERSION 180604

Graphic Profile Manual KTH

Non-free functors

i Instead of resolving with free functors, we can try recreating bars.

i When I = N2, we can try:

rectangles lower hooks
[BOO����]

single-source spread
modules
[BBH����]

kth.se Isaac Ren — The �nd Young Topologist Seminar, BIMSA ��/��

v
wP =

8
>>>>>><

>>>>>>:

| v < w in I [ {1}

9
>>>>>>=

>>>>>>;

<latexit sha1_base64="fTnlsK9a9BGPsS5klNCNMh8YwWQ="></latexit>



Lower hooks

I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>
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Non-free functors

i Instead of resolving with free functors, we can try recreating bars.

i When I = N2, we can try:

rectangles lower hooks
[BOO����]

single-source spread
modules
[BBH����]

kth.se Isaac Ren — The �nd Young Topologist Seminar, BIMSA ��/��

v
wP =

8
>>>>>><

>>>>>>:

| v < w in I [ {1}

9
>>>>>>=

>>>>>>;

<latexit sha1_base64="fTnlsK9a9BGPsS5klNCNMh8YwWQ="></latexit>

natural grading
J := {v  w | v 2 I, w 2 I [ {1}}

<latexit sha1_base64="k5kPNh8peEyG78yavvYti68dkgE="></latexit>

P(v  w) = coker(K(w,�) ⇢ K(v,�))

<latexit sha1_base64="3Oz+f1gBo0fkdi8GWgD+FYu10xE="></latexit>

P : Jop ! Fun(I, vect)

<latexit sha1_base64="bjL+UJTTv7ncFjauVHz/Ly52qzQ="></latexit>



Lower hooks

I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>
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Non-free functors

i Instead of resolving with free functors, we can try recreating bars.

i When I = N2, we can try:

rectangles lower hooks
[BOO����]

single-source spread
modules
[BBH����]

kth.se Isaac Ren — The �nd Young Topologist Seminar, BIMSA ��/��

v
wP =

8
>>>>>><

>>>>>>:

| v < w in I [ {1}

9
>>>>>>=

>>>>>>;

<latexit sha1_base64="fTnlsK9a9BGPsS5klNCNMh8YwWQ="></latexit>

P is thin.

natural grading
J := {v  w | v 2 I, w 2 I [ {1}}

<latexit sha1_base64="k5kPNh8peEyG78yavvYti68dkgE="></latexit>

P(v  w) = coker(K(w,�) ⇢ K(v,�))

<latexit sha1_base64="3Oz+f1gBo0fkdi8GWgD+FYu10xE="></latexit>

P : Jop ! Fun(I, vect)

<latexit sha1_base64="bjL+UJTTv7ncFjauVHz/Ly52qzQ="></latexit>



Lower hooks

I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>
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Non-free functors

i Instead of resolving with free functors, we can try recreating bars.

i When I = N2, we can try:

rectangles lower hooks
[BOO����]

single-source spread
modules
[BBH����]

kth.se Isaac Ren — The �nd Young Topologist Seminar, BIMSA ��/��

v
wP =

8
>>>>>><

>>>>>>:

| v < w in I [ {1}

9
>>>>>>=

>>>>>>;

<latexit sha1_base64="fTnlsK9a9BGPsS5klNCNMh8YwWQ="></latexit>

P is thin.

natural grading
J := {v  w | v 2 I, w 2 I [ {1}}

<latexit sha1_base64="k5kPNh8peEyG78yavvYti68dkgE="></latexit>

P(v  w) = coker(K(w,�) ⇢ K(v,�))

<latexit sha1_base64="3Oz+f1gBo0fkdi8GWgD+FYu10xE="></latexit>

P : Jop ! Fun(I, vect)

<latexit sha1_base64="bjL+UJTTv7ncFjauVHz/Ly52qzQ="></latexit>

�
d
PM(P(v < w)) = dimHd(Kv<w(RM))

<latexit sha1_base64="yRCYB1G8X2LctwmyjRsXETonU+E="></latexit>

v < w

<latexit sha1_base64="M72JLxsaMBi0g7aPl4DBhRrC800=">AAACEXicbVBNT8JAEN3iF+IX6tHLRmLiibQGowcPRC8eMREwgYZstwts2G6b3SmmNvwFLx70r3gzXv0F/hOPbqEHAV8yyct7M5mZ50WCa7Dtb6uwsrq2vlHcLG1t7+zulfcPWjqMFWVNGopQPXhEM8ElawIHwR4ixUjgCdb2RjeZ3x4zpXko7yGJmBuQgeR9Tglk0vjqEffKFbtqT4GXiZOTCsrR6JV/un5I44BJoIJo3XHsCNyUKOBUsEmpG2sWEToiA9YxVJKAaTed3jrBJ0bxcT9UpiTgqfp3IiWB1kngmc6AwFAvepn4n9eJoX/pplxGMTBJZ4v6scAQ4uxx7HPFKIjEEEIVN7diOiSKUDDxzG0BPnqafZExwT1FVJJSf1IyUTmLwSyT1lnVqVXP72qV+nUeWhEdoWN0ihx0geroFjVQE1E0RM/oFb1ZL9a79WF9zloLVj5ziOZgff0CMCCeOQ==</latexit>

For every M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

and in I



Lower hooks

I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>
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Non-free functors

i Instead of resolving with free functors, we can try recreating bars.

i When I = N2, we can try:

rectangles lower hooks
[BOO����]

single-source spread
modules
[BBH����]

kth.se Isaac Ren — The �nd Young Topologist Seminar, BIMSA ��/��

v
wP =

8
>>>>>><

>>>>>>:

| v < w in I [ {1}

9
>>>>>>=

>>>>>>;

<latexit sha1_base64="fTnlsK9a9BGPsS5klNCNMh8YwWQ="></latexit>

P is thin.

natural grading
J := {v  w | v 2 I, w 2 I [ {1}}

<latexit sha1_base64="k5kPNh8peEyG78yavvYti68dkgE="></latexit>

P(v  w) = coker(K(w,�) ⇢ K(v,�))

<latexit sha1_base64="3Oz+f1gBo0fkdi8GWgD+FYu10xE="></latexit>

P : Jop ! Fun(I, vect)

<latexit sha1_base64="bjL+UJTTv7ncFjauVHz/Ly52qzQ="></latexit>

�
d
PM(P(v < w)) = dimHd(Kv<w(RM))

<latexit sha1_base64="yRCYB1G8X2LctwmyjRsXETonU+E="></latexit>

v < w

<latexit sha1_base64="M72JLxsaMBi0g7aPl4DBhRrC800=">AAACEXicbVBNT8JAEN3iF+IX6tHLRmLiibQGowcPRC8eMREwgYZstwts2G6b3SmmNvwFLx70r3gzXv0F/hOPbqEHAV8yyct7M5mZ50WCa7Dtb6uwsrq2vlHcLG1t7+zulfcPWjqMFWVNGopQPXhEM8ElawIHwR4ixUjgCdb2RjeZ3x4zpXko7yGJmBuQgeR9Tglk0vjqEffKFbtqT4GXiZOTCsrR6JV/un5I44BJoIJo3XHsCNyUKOBUsEmpG2sWEToiA9YxVJKAaTed3jrBJ0bxcT9UpiTgqfp3IiWB1kngmc6AwFAvepn4n9eJoX/pplxGMTBJZ4v6scAQ4uxx7HPFKIjEEEIVN7diOiSKUDDxzG0BPnqafZExwT1FVJJSf1IyUTmLwSyT1lnVqVXP72qV+nUeWhEdoWN0ihx0geroFjVQE1E0RM/oFb1ZL9a79WF9zloLVj5ziOZgff0CMCCeOQ==</latexit>

For every M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

and in I

Fast and effective way of checking if 

M is a direct sum of hooks 

and describing its components



Lower hooks

I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>
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Non-free functors

i Instead of resolving with free functors, we can try recreating bars.

i When I = N2, we can try:

rectangles lower hooks
[BOO����]

single-source spread
modules
[BBH����]

kth.se Isaac Ren — The �nd Young Topologist Seminar, BIMSA ��/��

v
wP =

8
>>>>>><

>>>>>>:

| v < w in I [ {1}

9
>>>>>>=

>>>>>>;

<latexit sha1_base64="fTnlsK9a9BGPsS5klNCNMh8YwWQ="></latexit>

P is thin.

natural grading
J := {v  w | v 2 I, w 2 I [ {1}}

<latexit sha1_base64="k5kPNh8peEyG78yavvYti68dkgE="></latexit>

P(v  w) = coker(K(w,�) ⇢ K(v,�))

<latexit sha1_base64="3Oz+f1gBo0fkdi8GWgD+FYu10xE="></latexit>

P : Jop ! Fun(I, vect)

<latexit sha1_base64="bjL+UJTTv7ncFjauVHz/Ly52qzQ="></latexit>

�
d
PM(P(v < w)) = dimHd(Kv<w(RM))

<latexit sha1_base64="yRCYB1G8X2LctwmyjRsXETonU+E="></latexit>

v < w

<latexit sha1_base64="M72JLxsaMBi0g7aPl4DBhRrC800=">AAACEXicbVBNT8JAEN3iF+IX6tHLRmLiibQGowcPRC8eMREwgYZstwts2G6b3SmmNvwFLx70r3gzXv0F/hOPbqEHAV8yyct7M5mZ50WCa7Dtb6uwsrq2vlHcLG1t7+zulfcPWjqMFWVNGopQPXhEM8ElawIHwR4ixUjgCdb2RjeZ3x4zpXko7yGJmBuQgeR9Tglk0vjqEffKFbtqT4GXiZOTCsrR6JV/un5I44BJoIJo3XHsCNyUKOBUsEmpG2sWEToiA9YxVJKAaTed3jrBJ0bxcT9UpiTgqfp3IiWB1kngmc6AwFAvepn4n9eJoX/pplxGMTBJZ4v6scAQ4uxx7HPFKIjEEEIVN7diOiSKUDDxzG0BPnqafZExwT1FVJJSf1IyUTmLwSyT1lnVqVXP72qV+nUeWhEdoWN0ihx0geroFjVQE1E0RM/oFb1ZL9a79WF9zloLVj5ziOZgff0CMCCeOQ==</latexit>

For every M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

and in I

Fast and effective way of checking if 

M is a direct sum of hooks 
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<latexit sha1_base64="bjL+UJTTv7ncFjauVHz/Ly52qzQ="></latexit>

P(v  w) = rectangle between v and w

<latexit sha1_base64="vb8k7A0GL3d41vhJ9d/+hnPkGkA="></latexit>

P is thin.

For every M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

and v < w

<latexit sha1_base64="G9nA9ShMtfCI4lFn2ktmHW8qjwI=">AAACEHicbVC7TsNAEDyHVwivACWNRYREFdkoCAqKCBrKIMhDSqzofD4np5zP1t06yFj5BBoK+BU6RMsf8CeUnBMXJGGklUYzu9rdcSPOFFjWt1FYWV1b3yhulra2d3b3yvsHLRXGktAmCXkoOy5WlDNBm8CA004kKQ5cTtvu6Cbz22MqFQvFAyQRdQI8EMxnBIOW7sdXj/1yxapaU5jLxM5JBeVo9Ms/PS8kcUAFEI6V6tpWBE6KJTDC6aTUixWNMBnhAe1qKnBAlZNOT52YJ1rxTD+UugSYU/XvRIoDpZLA1Z0BhqFa9DLxP68bg3/ppExEMVBBZov8mJsQmtnfpsckJcATTTCRTN9qkiGWmIBOZ24LsNHT7IuMceZKLJOUeJOSjspeDGaZtM6qdq16fler1K/z0IroCB2jU2SjC1RHt6iBmoigAXpGr+jNeDHejQ/jc9ZaMPKZQzQH4+sX1JqeDw==</latexit>

for which the rectangle has a non zero area
�
d
PM(P(v < w)) = dimHd(Kv<w(RM))

<latexit sha1_base64="yRCYB1G8X2LctwmyjRsXETonU+E="></latexit>



Lower hooks

I = N2

<latexit sha1_base64="sO8sFs69Au3yML3o5aOabgErqUA=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwVZJS0Y1QdKMbqWAf0KZlMpm0QyeTMDMRYsh/uHGhv+JO3LrwT1w6abOwrQcGDufcyz1znJBRqUzz2yisrK6tbxQ3S1vbO7t75f2DtgwigUkLBywQXQdJwignLUUVI91QEOQ7jHScyXXmdx6JkDTgDyoOie2jEacexUhpaXB72feRGjtOcpcOasNyxayaU8BlYuWkAnI0h+WfvhvgyCdcYYak7FlmqOwECUUxI2mpH0kSIjxBI9LTlCOfSDuZpk7hiVZc6AVCP67gVP27kSBfyth39GSWUS56mfif14uUd2EnlIeRIhzPDnkRgyqAWQXQpYJgxWJNEBZUZ4V4jATCShc1d0XRydPsFxlj1BFIxAl205KuylosZpm0a1WrXj27r1caV3lpRXAEjsEpsMA5aIAb0AQtgIEAz+AVvBkvxrvxYXzORgtGvnMI5mB8/QIwD6J6</latexit>

Relative homological algebra for multiparameter persistence

VERSION 180604

Graphic Profile Manual KTH

Non-free functors

i Instead of resolving with free functors, we can try recreating bars.

i When I = N2, we can try:

rectangles lower hooks
[BOO����]

single-source spread
modules
[BBH����]

kth.se Isaac Ren — The �nd Young Topologist Seminar, BIMSA ��/��

v
wP =

8
>>>>>><

>>>>>>:

| v < w in I [ {1}

9
>>>>>>=

>>>>>>;

<latexit sha1_base64="fTnlsK9a9BGPsS5klNCNMh8YwWQ="></latexit>

P is thin.

natural grading
J := {v  w | v 2 I, w 2 I [ {1}}

<latexit sha1_base64="k5kPNh8peEyG78yavvYti68dkgE="></latexit>

P(v  w) = coker(K(w,�) ⇢ K(v,�))

<latexit sha1_base64="3Oz+f1gBo0fkdi8GWgD+FYu10xE="></latexit>

P : Jop ! Fun(I, vect)

<latexit sha1_base64="bjL+UJTTv7ncFjauVHz/Ly52qzQ="></latexit>

�
d
PM(P(v < w)) = dimHd(Kv<w(RM))

<latexit sha1_base64="yRCYB1G8X2LctwmyjRsXETonU+E="></latexit>

v < w

<latexit sha1_base64="M72JLxsaMBi0g7aPl4DBhRrC800=">AAACEXicbVBNT8JAEN3iF+IX6tHLRmLiibQGowcPRC8eMREwgYZstwts2G6b3SmmNvwFLx70r3gzXv0F/hOPbqEHAV8yyct7M5mZ50WCa7Dtb6uwsrq2vlHcLG1t7+zulfcPWjqMFWVNGopQPXhEM8ElawIHwR4ixUjgCdb2RjeZ3x4zpXko7yGJmBuQgeR9Tglk0vjqEffKFbtqT4GXiZOTCsrR6JV/un5I44BJoIJo3XHsCNyUKOBUsEmpG2sWEToiA9YxVJKAaTed3jrBJ0bxcT9UpiTgqfp3IiWB1kngmc6AwFAvepn4n9eJoX/pplxGMTBJZ4v6scAQ4uxx7HPFKIjEEEIVN7diOiSKUDDxzG0BPnqafZExwT1FVJJSf1IyUTmLwSyT1lnVqVXP72qV+nUeWhEdoWN0ihx0geroFjVQE1E0RM/oFb1ZL9a79WF9zloLVj5ziOZgff0CMCCeOQ==</latexit>

For every M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

and in I

Fast and effective way of checking if 

M is a direct sum of hooks 

and describing its components

Rectangles

P =

8
>>>>>><

>>>>>>:

| v < w in I [ {1}

9
>>>>>>=

>>>>>>;

<latexit sha1_base64="fTnlsK9a9BGPsS5klNCNMh8YwWQ="></latexit>

Relative homological algebra for multiparameter persistence

VERSION 180604

Graphic Profile Manual KTH

Non-free functors

i Instead of resolving with free functors, we can try recreating bars.

i When I = N2, we can try:

rectangles lower hooks
[BOO����]

single-source spread
modules
[BBH����]

kth.se Isaac Ren — The �nd Young Topologist Seminar, BIMSA ��/��

v

w

natural grading
J := {v  w | v 2 I, w 2 I [ {1}}

<latexit sha1_base64="k5kPNh8peEyG78yavvYti68dkgE="></latexit>

P : Jop ! Fun(I, vect)

<latexit sha1_base64="bjL+UJTTv7ncFjauVHz/Ly52qzQ="></latexit>

P(v  w) = rectangle between v and w

<latexit sha1_base64="vb8k7A0GL3d41vhJ9d/+hnPkGkA="></latexit>

P is thin.

For every M : I ! vect

<latexit sha1_base64="udFH5lyJB7dntImRIEnWMudirrQ=">AAACJ3icbVDLSgMxFM3UV62vUTeCm2ARXJUZqeiy6EYXQgX7gE4pmTRtQzOZIblTrEP9Gjcu9FfciS79C5dm2i5s64XA4Zz7yDl+JLgGx/myMkvLK6tr2fXcxubW9o69u1fVYawoq9BQhKruE80El6wCHASrR4qRwBes5vevUr02YErzUN7DMGLNgHQl73BKwFAt++DWS5dIfONBiD1gD5AMGIVRy847BWdceBG4U5BH0yq37B+vHdI4YBKoIFo3XCeCZkIUcCrYKOfFmkWE9kmXNQyUJGC6mYwdjPCxYdq4EyrzJOAx+3ciIYHWw8A3nQGBnp7XUvI/rRFD56KZcBnFwCSdHOrEAhuzaRy4zZVxK4YGEKq4+SumPaIIBRPazBXg/ceJixQJ7iuihgltj3ImKnc+mEVQPS24xcLZXTFfupyGlkWH6AidIBedoxK6RmVUQRQ9oWf0it6sF+vd+rA+J60Zazqzj2bK+v4FYD2nQA==</latexit>

and v < w

<latexit sha1_base64="G9nA9ShMtfCI4lFn2ktmHW8qjwI=">AAACEHicbVC7TsNAEDyHVwivACWNRYREFdkoCAqKCBrKIMhDSqzofD4np5zP1t06yFj5BBoK+BU6RMsf8CeUnBMXJGGklUYzu9rdcSPOFFjWt1FYWV1b3yhulra2d3b3yvsHLRXGktAmCXkoOy5WlDNBm8CA004kKQ5cTtvu6Cbz22MqFQvFAyQRdQI8EMxnBIOW7sdXj/1yxapaU5jLxM5JBeVo9Ms/PS8kcUAFEI6V6tpWBE6KJTDC6aTUixWNMBnhAe1qKnBAlZNOT52YJ1rxTD+UugSYU/XvRIoDpZLA1Z0BhqFa9DLxP68bg3/ppExEMVBBZov8mJsQmtnfpsckJcATTTCRTN9qkiGWmIBOZ24LsNHT7IuMceZKLJOUeJOSjspeDGaZtM6qdq16fler1K/z0IroCB2jU2SjC1RHt6iBmoigAXpGr+jNeDHejQ/jc9ZaMPKZQzQH4+sX1JqeDw==</latexit>

for which the rectangle has a non zero area
�
d
PM(P(v < w)) = dimHd(Kv<w(RM))

<latexit sha1_base64="yRCYB1G8X2LctwmyjRsXETonU+E="></latexit>

Fast and effective way of checking if 

M is a direct sum of non zero area rectangles  

and describing its components



Conclusion



TDA has brought a systematic study of homological properties of Fun(I, vect)

<latexit sha1_base64="KzIqwnZBI/PtLqZPLAJeZMiVUz8=">AAACKHicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lImk0k7dDIJMzfFGoJf48aF/oo76davcOn0sbDVAwPnnnMvd+5xI84U2PbIyCwtr6yuZddzG5tb2zvm7l5NhbEktEpCHsqGixXlTNAqMOC0EUmKA5fTutu/Hvv1AZWKheIBhhFtB7grmM8IBi11zIMW0EdIbmKRFu5Op8WAEkhPOmbeLtoTWH+JMyN5NEOlY363vJDEARVAOFaq6dgRtBMsgRFO01wrVjTCpI+7tKmpwAFV7WRyQmoda8Wz/FDqJ8CaqL8nEhwoNQxc3Rlg6KlFbyz+5zVj8C/bCRNRDFSQ6SI/5haE1jgPy2NSn8uHmmAimf6rRXpYYgI6tbktwPpP0yvGjDNXYjlMiJfmdFTOYjB/Se2s6JSK5/elfPlqFloWHaIjVEAOukBldIsqqIoIekYv6A29G6/Gh/FpjKatGWM2s4/mYHz9AGTdp8Y=</latexit>

relative to independent and acyclic collections P ⇢ Fun(I, vect)

<latexit sha1_base64="xnZhlCd3ThNJBXnfX7OzDw8QzeI="></latexit>

Conclusion



TDA has brought a systematic study of homological properties of Fun(I, vect)

<latexit sha1_base64="KzIqwnZBI/PtLqZPLAJeZMiVUz8=">AAACKHicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lImk0k7dDIJMzfFGoJf48aF/oo76davcOn0sbDVAwPnnnMvd+5xI84U2PbIyCwtr6yuZddzG5tb2zvm7l5NhbEktEpCHsqGixXlTNAqMOC0EUmKA5fTutu/Hvv1AZWKheIBhhFtB7grmM8IBi11zIMW0EdIbmKRFu5Op8WAEkhPOmbeLtoTWH+JMyN5NEOlY363vJDEARVAOFaq6dgRtBMsgRFO01wrVjTCpI+7tKmpwAFV7WRyQmoda8Wz/FDqJ8CaqL8nEhwoNQxc3Rlg6KlFbyz+5zVj8C/bCRNRDFSQ6SI/5haE1jgPy2NSn8uHmmAimf6rRXpYYgI6tbktwPpP0yvGjDNXYjlMiJfmdFTOYjB/Se2s6JSK5/elfPlqFloWHaIjVEAOukBldIsqqIoIekYv6A29G6/Gh/FpjKatGWM2s4/mYHz9AGTdp8Y=</latexit>

relative to independent and acyclic collections P ⇢ Fun(I, vect)

<latexit sha1_base64="xnZhlCd3ThNJBXnfX7OzDw8QzeI="></latexit>

Grading such collections by uppersemilatices enables fast and effective 

calculations of the relative Betti diagrams using Koszul complexes.

Conclusion



TDA has brought a systematic study of homological properties of Fun(I, vect)

<latexit sha1_base64="KzIqwnZBI/PtLqZPLAJeZMiVUz8=">AAACKHicbVDLSsNAFJ3UV62vqCtxEyxCBSmJVHRZFER3FewD2lImk0k7dDIJMzfFGoJf48aF/oo76davcOn0sbDVAwPnnnMvd+5xI84U2PbIyCwtr6yuZddzG5tb2zvm7l5NhbEktEpCHsqGixXlTNAqMOC0EUmKA5fTutu/Hvv1AZWKheIBhhFtB7grmM8IBi11zIMW0EdIbmKRFu5Op8WAEkhPOmbeLtoTWH+JMyN5NEOlY363vJDEARVAOFaq6dgRtBMsgRFO01wrVjTCpI+7tKmpwAFV7WRyQmoda8Wz/FDqJ8CaqL8nEhwoNQxc3Rlg6KlFbyz+5zVj8C/bCRNRDFSQ6SI/5haE1jgPy2NSn8uHmmAimf6rRXpYYgI6tbktwPpP0yvGjDNXYjlMiJfmdFTOYjB/Se2s6JSK5/elfPlqFloWHaIjVEAOukBldIsqqIoIekYv6A29G6/Gh/FpjKatGWM2s4/mYHz9AGTdp8Y=</latexit>

relative to independent and acyclic collections P ⇢ Fun(I, vect)

<latexit sha1_base64="xnZhlCd3ThNJBXnfX7OzDw8QzeI="></latexit>

Grading such collections by uppersemilatices enables fast and effective 

calculations of the relative Betti diagrams using Koszul complexes.

Conclusion

Thank you


