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Scattering amplitudes are functions Alf,,p→ .
. . ) of

the-spacet.mu#nta of n particles ,
and other data

,
that compute probabilities of

various outcomes in elementary particle
-

interactions
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Acp) = £ ) d"×
G- b. (D)

Feynman
=
"
#of loops

"

diagrams D
1124h

• possible diagrams and integrand ¥ depends
on which quantum field theory is studied

• perturbative expansion 2--0
, 1,2 , . . -

•

convergence
issues

.

• wildly successful comparison with experiments



Parke - Taylor Formula (1986)

A(It,2-,5
,

. . . .cn -15,n+)=

gluons (massless ) in Yang-Mills at tree - level

n 4 5 6 7 8 9

# Feynman
diagrams

4 25 220 2485 34300 559405



Planar
,
massless

,
tree - level 0/3 - amplitude j
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Definition ✗ : projective, normal, d-dim variety
IX. Xzo)

positive geometry
✗
zo

: closed semialgebraic subset
of XCIR)

X>o
-

- Intlxzo) open oriented

CP?y d-dim manifold .

DX IN> o
2X :-#o CX Zariski

closure

= GUGU . .
. Ucr ( U

. .
. )

d- I dim componentsCi
,
>→

= Cink:O
.

(Ci
,
Ci
, >o ) boundary components .



A ÉpH is

• d--0 Xzo=X=pt RCX,Xzo) -1=1

• d >0 (Pt ) Every boundary component (C,Go )
is a Cd -D- dim pos. geom .

( P2 ) There exists a unique nonzero
canonical

rational Cmeromorphic) d- form RCX
,

form

sit
. Reseda,Xzo)=R(c. Czo ) -40

V-CC.cz#
and no other singularities . #xzj-dgf-nrcc.ca

+ . .
-
.



Exampled-1 A- genus g curve

→

go ✗=P '

= union of closed intervals

RIP:[a.b) = d¥a - ¥b={¥×Ia,d×
ICP

'
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d--2 ✗=P
'

✗zoc PYR)

yes ¥ k
r=c*¥÷¥¥%⇒

No ④ §
D= 0

boundary is elliptic curve



theorem pcpd dump =D projective polytope
is a positive geometry

ion

'%)

p
no,

R=C(Y-4
✗ fly - ✗- 1) (2×5-4)

dxdy

Idea of proof . p=¥T; triangulation

Rp=%RTi



theorem P C IRD cpd

RpG) = Not ( (P -✗5) dx for ✗ c- Intcp)

= adjpv- adjoint of pv
dx

IT
facets F

LF
vanishes on F

-

Kohn -

Adjoint of PV = polynomial that vanishes on (Ramstad)
r÷Énnt y p

Warren

union of intersections of facet hyperplanes that
do not contain any face of P .
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There exists a kinematic associatedion Pcp)
Such that

103
ALPHA = An dx II ¥→

Feynman diagram formula :

Voltpcptxi) = § ④(p) - ✗Yncv

vertices of P cubic planar trees



Eyes
• (Xp ,(Xp), ) projective normal tonic variety

. r=d¥ -
. - - d¥d

• (Gillem)
,
Culkin)zo ) totally nonnegative Grassmann.im

• ( Mois
,
CMo.nl> o ) moduli space of n-pointed

rational curves

•

z&n*m
(Gllsktm)

,
2- ( Guam), ))

Gassmann polytope

( Grlk,k+m), An,k,m ) Aempdituhedion



T-ntegralfmctions.MCziy-JICAn.k.kz) ) 84kLY; Yo ) d"^¢
N=4 SYM planar treeamplitude

• I (5) = ) rldyo.nl> o ) [rationalfactor ]s
,

Susan)tdI-,(Moin )>o string amplitude 0
Beta function

• F- (f) = f Nack,>so ) e superpotential

Whittaker function
!%k+¥)d×

Grlkin)
> ☐

I

Bessel function
T

Grail>o



General problem :

IFmdformulaeforr.CI#7
-

• Topology ? Contractible
,
balls

,

?

• Face poset ?

• Can eviry positive geometry be triangulated into
simplex - like positive geometries ?

• Convexity ? Rpk) >0 for ✗ c- Intcp) polytope
conjectured for An,k,m m even




