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Goals of the talk

e The problem of Arnold diffusion consists in studying in which
Hamiltonian systems the effects of perturbations can accumulate over time
to produce effects much larger than the size of the perturbations.
Specially in integrable systems.
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Goals of the talk

e We will describe a recent mechanism based on the presence of Normally
Hyperbolic Invariant Manifolds with stable and unstable manifolds which
intersect.

e The mechanism is rather robust.

e It does not need that the perturbations are Hamiltonian (applies to small
dissipation problems or for space craft maneuvers that involve burns).

e Can be applied to concrete problems

e Enjoys remarkable genericity properties since it does not require
non-generic assumptions (for instance convexity).
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Background

Normal hyperbolicity

o Normally hyperbolic invariant manifold
(NHIM):

f:M— M, C'-smooth, r > ry, m = dimM.

f(N) C A, n. = dimA.

T™=TAN®E"®E®

ns = dimE?®, n, = dimE".

m=n.+ ns+ n,

3C>00<A<put<l st.VxeA

v € E3 & || DFA(v)| < CA|lv],Vk >0

v € EY & |[DEA(vV)]| < CAH||v]|, ¥k < 0

ve TA& ||DEF(V)| < Culkl|v|,Vk € Z

In this case W**(A) = U ep W*5(x)

© ©6 ©6 06 0 o
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Background

Scattering map: homoclinic channel

o Assume that f has a
Normally Hyperbolic
Invariant Manifold
(NHIM) A

o Assume WY(A)
intersects transversally
W=*(A) along a
homoclinic manifold I
satisfying certain extra
transversality conditions
(I is transverse to the
foliation).

o We call ' an homoclinic
channel.
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Definition
o Wave maps: Qi : T — A,
Qi(x)=xx & xe Wa¥(xg)NT
o Restrict I so that Q. diffeomorphisms
o Scattering map: s: Q_(IN) — Q,(IN)
given by s = Q. o (Q_)!

. RN ¢S
Properties e

o s is symplectic, if M, A, f are symplectic
[Delshams,de la Llave,Seara,2008]

s(x2) = xq e~ d(f~™(x),f~™(x=)) = 0, d(f"(x), f"(x+)) — 0, as
m,n — 0o




Shadowing lemmas for NHIM'’s

A general Shadowing Lemma for NHIM's

Theorem 1 [Gidea, de la Llave, S.]

Given f : M — M, isa C'™-map, r > rp, A € M NHIM, I' € M homoclinic
channel. s =s": Q_(I') — Q. (I) is the scattering map associated to .
Assume that A and I are compact.

Then, for every 6 > 0 there exists m* € N and a family of functions

n* : N2+l N, j > 0, such that, for every pseudo-orbit {y;};>o in A of the form

Yier = ™ os0 7 (y;),

for all i > 0, with m; > m* and n; > n(ng, ..., ni_1,n;, mg, ..., m;_1), there
exists an orbit {z}i>¢ of f in M such that, for all i > 0,

Zit1 = ]cm,'+n,'(zl_)" and d(Z,‘,y,‘) < 0.

n* and m} also depend on the angle between (WY, W*) along I
Related result: Gelfreich, Turaev Arnold Diffusion in a priori chaotic symplectic maps, Commun.
Math. Phys., 2017, talk of A. Clarke
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Shadowing lemmas for NHIM'’s

A general Shadowing Lemma for NHIM's: Proof

The result is true if we use several scattering maps to build the
pseudo-orbit: yj 1 = f™ o sy, o f"i(y;)

We have two proofs, one uses the topological method of correctly aligned
windows.

The one we present here uses the obstruction argument.

We build a nested sequence of closed balls B;11 C B C Bs(yo) (v is the first
point of the pseudo-orbit), such that:

if zp € By = mogigk B;,

0 zp € Bs(yo)
0z =fMT(z) € Bs(yiy1) for i=0,1...,k, for any k € N.

Moreover, taking zo € B = (), B # (), one has that:
Zjiy1 € B()'(}/H—l) for any i € N.

o The argument will be done by induction.

o At every step of the process we will have several choices which give us
different orbits
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Shadowing lemmas for NHIM'’s

Choice of m*

o We will take § > 0 and consider V), and V| contained in neighborhoods of
size 0 of the compact manifolds A and I

o We define m* = m*(0) such that: given any point p € I', for any m > m*,
one has that f=™(p) € Vj.

o Moreover, this property also holds for points in W“*(A) N Vi when iterating
them backwards or forward respectively.

o We will give an extra condition to m*.

A X/
/
Vv

A A\
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Shadowing lemmas for NHIM'’s

General step

e Assume we have p € I and let p~, p™ € A, such that s(p~) = p* e
x € WE(f~%(p~)), B = B,(x), p > 0 small enough
B C Bs(f~%(p7)) C Vi,
e W*(p™) intersects transversally W¥(A) at the homoclinic point p
e Lambda Lemma: there exists k* > 0 such that:
if k > k*, there exists a point X € W*(p") N Vr such that f*(x) € B.
e By continuity, 3 V C V} centered at X such that f *(x) € F~%(V) C B.

&/

A(-k)(V),

A(-k)(p_) p_ P+
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Shadowing lemmas for NHIM'’s
o The value of k* depends on p (and d) and also on the angle of intersection

of the stable and unstable manifolds of A along I".

@ The point X and its neighborhood V' depend on the k > k™ we choose.

&/

FA(-k)(V)

(k) (p_) p_ P+
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Shadowing lemmas for NHIM'’s

Inductive construction

e We construct the shadowing orbit {z;} once the pseudo-orbit {y;} is
given.

e Remember y; 11 = fm"(S(fn"(y,'))), then zj 1 = fm"(fn"(Z,')).

e The required values of n;, and m* do not depend of the given
pseudo-orbit, but only on the numbers n;, m;.
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Shadowing lemmas for NHIM'’s

Inductive construction. First step

Fisrt step: p~ = ™(yo), p* = s(f™(y0))

o Choose xg € W*(yo) and By = B,,(xo) of radius pg > 0:

By C Bg(yo) C Vh, x0 € Byn Ws(yo) # 0.

o There exists m* = k*(pg, 0) such that, taking k = ng > n§ = m*,
Ixo € We(s(f™(y))) N Vi and a a ball V5 C Vr:

such that fﬁno()_q)) S fﬁno(\/o) C By C B(s(yo) C V.

fA(-n_0(V_0)
B_O

y_o0

Tere M-Seara (UPC)

A(n_0)(y_0)

s(f~(n_0)(y_0))
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The value of pg and therefore the value of m* will be fixed from now on.
Remember:

o y1 = f™(s(f™(y0)).
0 Xo € W2(s(f™(y0)))
Therefore f™(xp) € W*(f™(s(f™(yo))) = W*(y1).




Shadowing lemmas for NHIM'’s

Inductive construction. Intermediate step

@ We know that, if mg > m*,
F™ (%) € W (™ (s(f*(y0))) = W*(n) € V.
@ By continuity there exists a ball U; centered at f™(Xp) such that:
Uy C Bs(y1) C Va, f™(X0) € Uy F~™(U,) C Vo C VWt

fA(-m_o)(u_1)

v_o

slf~n_0(y_o)) Y1 fAn_1)y_1)

uU. Ron?; Tor V;rgata, I:=eb|'uar)TE 5—8,20\
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Shadowing lemmas for NHIM'’s

Inductive construction. Second step

@ We use the general step with p= = " (y), p™ = s(f™(y1)) and k = ny.
@ We have x; = fmo()_(o) e U, C 85(_)/1) C Va, x €U N Ws(yl) #@ .

Taking n; > nf = k* which depends on the size of U; (and 6)
There is point x; € W*(s(f™(y1))) and a ball V; centered at X; such that:

f_nl()_(l) S f_nl(\/l) c U C Bg(yl),

Vv_0
A(-m_0(U_1))
V_1
FA(-n_1-m_0(V_1))
A(-n_1)(V_1)
u_1,
fA(-m_0)(y_1) y_1 fAn_1)y_1)  s(fr(n_1)(y_1)
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Shadowing lemmas for NHIM'’s

‘ B= [ (V) € fU) C f 0 C Bu|
- T Vi
™) Chh ‘
y
r
n(g) € (V) C Uy ‘
(@) € £ () € By e
@
J (@)
By A
T (o) a(f"(w)) u ) o(f™ ()
f*m(y(yl) f*ml(yi))

B = £—(no+mo+n1) (V).
o = = = = <
U. Roma Tor Vergata, February 5-8, 019
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Shadowing lemmas for NHIM'’s

Conclusions of the first two steps of the induction process

@ If we now take By = £~ (m+tmotm) (1) we have:

B, = f—(no+mo+n1)(\/l) — f—(not+mo) f—(nl)(\/l)

1
c £ o Fm(Uy) ¢ £ (V) € Bo. W

Moreover, if we take zp € B; it satisfies:

7y € BO C 85()/0)7
fFrotm(z) e fm(Vy) C Uy C Bs(y).

And we proceed by induction
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Shadowing lemmas for NHIM'’s

Remarks on the shadowing

©

The results just needs the existence of a NHIM with stable and
unstable manifolds which intersect transversally

(+]

The system does not need to be Hamiltonian

©

The more homoclinic channels, the better.

(]

No assumptions on the dynamics on the manifold A.
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Shadowing lemmas for NHIM'’s

Shadowing Lemma for pseudo-orbits of the scattering map

If we deal with a concrete system we can build the pseudo-orbit, if not we can use
the following:

Theorem 2 [Gidea, de la Llave, S.]
f: M — M smooth map, A C M NHIM, I C M homoclinic channel,

s scattering map.

o f preserves a measure u absolutely continuous with respect to the Lebesgue
measure on A,

@ s sends positive measure sets to positive measure sets.

i=0,..., N—-1 N2>1,

o {Xj}i=0....n CU € N\, U open set, almost every point of I/ recurrent for f,.

Then, for every 6 > 0 there exists an orbit {z};—o ..y of f in M, with

711 = 4(z) for some k; > 0, such that d(z;,x;) < 6 forall i =0,...,N.
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Shadowing lemmas for NHIM'’s

Shadowing Lemma for pseudo-orbits of the scattering map

The result is true if we use several scattering maps to build the
pseudo-orbit: xj11 = s,,(X;)
Proof:

o Choose a small ball By C U/ C A centered at xp such that
B; :=s'(By) C U, and diam(B;) < §/2, forall i =0,..., N.

o As xj11 = s(x;), one has x; € B; for all /.

o We will use the recurrence hypothesis to produce a new pseudo-orbit
{yi}, with yi;1 = f™ oso f"(y;), where mj, n; are as in Theorem 1,
such that y; € B; for all i, and hence d(y;, x;) < /2.

o The shadowing theorem (Theorem 1) will provide us with a true
orbit {z} with zj 1 = f™*"(z), such that d(z;,y;) < &/2, hence
d(Z,',X,') < 9.
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Shadowing lemmas for NHIM'’s

Inductive construction of pseudo-orbits.

Starting with By, we construct inductively a nested sequence of subsets ¥; C By
of positive measure of By, such that each set is carried onto a positive measure
subset of B;, i =1,..., N, via successive applications of some large powers of f
interspersed with applications of s.

Consider the value n§ provided by the previous theorem for /2.

0 Let Ag := By, let ng > ng and Uy C Ag of positive measure, such that
Y9:=Uy C Ay C By
Has positive measure and its points return to By after ng iterates.
Consider the set Vo = f™(Up) C By, which has positive measure.
o Then consider the set A] := s(V4) C By, which has positive measure in Bj.

o Consider the value m* given by previous Theorem for §/2.
There exists a set of positive measure U; C A} such that its points return to
A} C By after mg > m* iterates.

o Then the set A; = f™(Uj) C By also has positive measure in B;.
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Shadowing lemmas for NHIM'’s

Inductive construction of pseudo-orbits.

©

Each point y; € A; = ™ (U;) is of the form

y1 = f™(x’), for some x" € U]

o Such x" is of the form x’ = s(x) for some x € Vp; and each such x is
of the form x = f™(yy) for some yp € Uy = Xp.

©

Each y; € A; can be written as
1= fmo OoOSo fno(yo)

for some yg € o, no > ngj and mg > m™.

©

Denote by ¥ ; the set of points yp € 2o which correspond, to some
point y1 € Aj.
o We obviously have ¥; C ¥ and is a positive measure subset of By.
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Shadowing lemmas for NHIM'’s

e Proceeding by induction we will find subsets A; C B;, which have
positive measure in B;, such that each point y; € A; is of the form

yj=fM"1osof1o...0f™osof™(y), (2)

some yy € Ag C By,

e Y is the set of points yg for which the corresponding y; given by (2) is
in Aj.

e Then we have that >; C ¥ ; 1 C... C Yo, and that X is a positive
measure subset of By.

e Starting with any yp € X, and taking y;r1 = 7 (s(f"(y;))),
i=1,...,N, Theorem 1 gives a true orbit {z} with z1 = f™"(z),
such that d(z;,y;) < /2, hence d(z;, x;) < .
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©

©

©

©

©

©

©

Shadowing lemmas for NHIM'’s

Theorem 2 tell us that, if the system has recurrence, we can follow
any heteroclinic connexion between points in A

It is not necessary to know the dynamics of the base points
No need of invariant tori, periodic orbits. Aubry-Mather sets etc

The only thing to verify is that the system has a NHIM with stable
and unstable manifolds which intersect transversaly.

Now we will give conditions (easy to verify and generic) to ensure
that, in the perturbative setting, a System satifies the Hypotheses of
Theorem 2.

The conditions are verifiable for concrete systems and are satisfyied
by generic perturbations for “lots” of systems.

In particular, in the Hamiltonian case, the Hamiltonian does not need
to be convex.

U. Roma Tor Vergata, February 5-8, 2019
Tere M-Seara (UPC) A general mechanism for instability in Hamil / 34



Perturbative results

A Perturbative result

Theorem 3 [Gidea, de la Llave, S.]

Given H., and f. the time 1 map. Assume for all 0 < € < g there exist
o NHIM A..
o Homoclinic channel I..

Scattering map s. = Id + cJVS + O(c?)

Consider the vector field X = JVS5(x).

Suppose that JVS(xp) # 0 at some point xg € A..
take v : [0,1] — A. be an integral curve through xo.

©

©

©

@ Suppose that:y.([0,1]) C &/ C A, and a.e. point in U/ is recurrent for £, _.

Then for every § > 0, there exists an orbit {z;}i=o,.. , of fz in M, with
n= O(c7!), such that forall i =0,...,n—1,

Ziy1 = fEk’(z,-), for some k; > 0, and
d(zi,7:(t)) < 0+ Ke, for t; =i e,

where0=ty< t; <...<t, <Ll
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Perturbative results

A perturbative result

Proof:
e The scattering map is given by s. = Id +cJVS + O(£?)
e Its orbits are close to the orbits obtained by applying the Euler method of step ¢

to the vector field
x = JVS(x)
o If we take:
x0 =7:(0), x41=s:(x) €U CA,
one has
d(v:(t),x;) < Ke, i=0,...,n, n=0(1/¢)

e Apply Theorem 2 and obtain an orbit z;,; = FX(z) in M, for some k; > 0,
s.t. d(z;,x;)) <dforalli=0,...,n
e Clearly d(zj,7-(t;)) <0+ Keforalli=0,...,n
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Perturbative results

A Perturbative result

Analogously, if
o Scattering map s. = Id + pu(e)JVS + g(u(e)), g(p(e)) = o(u(e)), 1(0) =0
(u(e) = ¢, g(u(€)) = 2 previous case)
Then for every § > 0, there exists an orbit {z;}i=o,.. ., of fz in M, with
n= 0O(¢7!), such that forall i =0,...,n—1,

Ziy1 = 7"5""(2,-)7 for some k; > 0, and

d(zi,7(t)) < 0+ K(u(e) + [g(u(e))/m(e)l), for ti =i p(e),
where0=tr< t1 <...<t, <1

This can be useful when the size of the transversality is not the “standard” one (a
priori stable)
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A general diffusion result

A general diffusion result

Corollary [Gidea, de la Llave, S.] H. = Hy + £H;. Assume for all
0 < & < g¢ there exist

o NHIM A,
o Homoclinic channel I..

o Scattering map s.:
s =Id +eJVS + O(?),

o In A. we have some coordinates (/,¢) € R x T9
If JVS(/,¢) is transverse to some level set {/ = .} of /,
then Je; < g, 3C > 0, s.t. Ve < &7 Ix(t) with

[1(x(T)) —1(x(0))|| > C, for some T > 0.

o Remark:

o There are no requirements on the inner dynamics, except of being

conservative
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A general diffusion result

A general diffusion result

Proof:
o JVS(I,¢) transverse to {/ = Ip} = JVS(I,¢) transverse to {/ = I}
with [|/x — lp]| < C, for some C > 0 independent of ¢
= there is a strip S of ¢-size O(1) consisting of trajectories of the
Hamiltonian system x = JV S(x) along which / changes O(1) =
there are orbits of the map s. along which / changes O(1).
o We have two possibilities

o There is a bounded domain through the inner dynamics, then we have
Poincaré recurrence and Theorem 3 applies and we have orbits of f.
whose action / changes O(1)

o There are orbits of f.15_ whose action / changes O(1).

o In both cases we have diffusion: combining outer and inner dynamics
or only by the inner dynamics
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Application: Diffusion in a priori unstable systems

Application

Diffusion in an a priori unstable system

n
1
He(p.q,l,6,t) = ho(I)+> =+ <2p,2 + v,-(q,-)) +eHi(p,q. 1, ¢, tie),
i=1

Ho
(p,q,1,0,t) € R" x T" x RY x T9 x T*

Theorem 4 [Gidea, de la Llave, S.]
Under the earlier assumptions,
there exists £g > 0, and C > 0 such that, for each € € (0,¢p), there exists

a trajectory x(t) such that

|11(x(T)) — I(x(0))|| > C for some T > 0.
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©

Application: Diffusion in a priori unstable systems

We make no asumptions on the dynamics of hy. No need of KAM
tori, Aubry Mather sets etc, do not require any property on

0?hg/01? # 0

No convexity of the unperturbed Hamiltonian; the argument works
even if 9%hy/01? degenerate or non-positive definite (e.g., non-twist
maps)

We allow strong resonances etc.

Any dimension.

Works for perturbations in an open and dense set satisfying explicit
non-degeneracy conditions
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Application: Diffusion in a priori unstable systems

Proof of Theorem 4:

©

Penduli ~ homoclinic orbit (p%(c), ¢%(c)) to (0,0)
Consider the Poincaré function
Lt l,¢,5) = — [ [Hi(P°(T +0),q°(T + o), 1,0+ w(l)o,s + &;0)
—H;(0,0, /.¢+w( )0 s+ 0;0)] dt
For generic Hy, the equation 8— L(7,1,¢,s) =0 has a non degenerate
solution 7 = 7%(/, ¢, s)

Define L(/, ¢,s) = L(7*(/, ¢,s),1,¢,s) and L*(I,0) = L(/,0,0)
Then: s.(I,¢) =1d(1,¢) +eJVL*(I, ¢ — w(l)s) + O(?)
For generic Hy, VL* is transverse to some level set {/ = Iy}

©

©

© © o o

Apply Theorem 3 and Corollary.
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