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January 1, 1801: Giuseppe Piazzi discovers
the first 'asteroid' (now dwarf planet) Ceres

(Anjuntoa)
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Solar System Architecture...
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Asteroids' nice pictures...
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Asteroids (inner SS top view...)
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Orbital elements

Celestial body Kepler's Laws and Equation

. h=\/GMa(1—ez)=const
en'a’=GM=u , n=2znlP

True anomaly
Argument of periapsis

a = semi-major axis
v €= eccentricity
F;eiizziir;cne 1 = inclination (rel. to plane of ref.)
Q = long. of the ascending node
@ = arg. of perihelion
v = true anomaly

Longitude of ascending node

Plane
of refe"ence
Inclination
£3

Ascending node

[=n(tt)= E- esinE | mean anomaly

(or M)

We prefer longitudes, so we define the mean longitude, A=l+o+Q, and
the longitude of perihelion, w=w+£.

Ignoring gravitational perturbations from other bodies, all ellipses
are fixed in inertial space and [a,e,1,Q,®, tp] are constants.
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Orbital and Spectral Distribution of Asteroids
Asteroid distribution
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NEAs — MB dynamical connection
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Dynamics I: Secular precession
GM

A 2-body: p=—
/\/_\ A r

i=-VV-or= f(t,C,, .., C,)

Y 7 \\\
4 Z
S v u= g(t,C,,..,C,)
/ .
\ v with(C,,....C.)=(a,e,i,Q,w,t,)
\ /
v /

Adding a small disturbing force

Sun

= = (e.g. Jupiter's gravity)
N ‘//\@)7
» g P +VV=¢cAF E%
(C,y,....,C.)=(C,(t),....,C.(t) — » r= fEt,Clgt;,...,QEt g
| u= g(t,C(t),.., C.lt

In the linear approximation and averaging over the fast (orbital) time-
scale, we obtain long-periodic variations

» secular precession with periods ~ O(1/ ¢

N




Dynamics II: Resonances

eccentricity, e

0.40T Resonances occur when two (or
0.35 more) frequencies become
0.30 commensurate:
0.25 [ )
oaof - Mean motion resonances
- (MMRs, also 3-B MMRs):
0.15
E].1[l‘ n/n=p/q
0.05 J
0 50 22 24 26 28 30 32 aa as - Secular Resonances (SRs):
0.7 r '
1 .} I | 1 1 | I dm .
L
dt ’
> dQ
B - = <Q S> —» V
g dt 16
S
=
£
[*] . .
£ - Kozai, mixed, secondary...
* SRs can occur inside MMRs

2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6
semi-major axis, a (AU)



Dynamics III: ~ Close encounters (NEAS)
L e e
NN MB — NEA via
= N powerful resonances
% :é HR\\H_ o i (outer region, t <IMy)
- E \x _‘-"/&.—-"—’;f /_’Efﬁ g |
“E ,‘>< AT f’fﬂf vg B 3:1 528
o YN S -
1 1.5 2 2.5 3
D | | . Outer NEA — 'Evovled’
! x\ (b) HHHM 1 NEAwitht>10 My
0.8 - ]
= F ___———1 (close encounters +
£°°F ——— 1 temporary trapping in
g o ?\\ fff—f-“‘i SRs, MMRs ...)
LR T .
I ° - 2.5 I | I I ;

Repeated encounters with a planet ~ conserve the Tisserand parameter:

a

T=2e, 2\/(1—e2)

a .
— COS!1

ap

N ——

— diffusion along T =const (encounters with
>1 planets at ~same time break this...
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Bodies can be extracted even from the core regions of the 2:1 MMR
< 1% can penetrate the evolved region (a<2 AU) and live >20 My

Mean t of 2:1 escapers that become NEAs ~ 1.3 My




Sketch of MMR dynamics

In the restricted 3-body problem (m, — 0) the Harnultonian takes the form:

2 GM .
H=%— = —Gm, 1 _r:p
2 r r—r ) r
N v J o ~ %
HKelo disturbing function : R(r, rp) — R(a,e,1, Q,a),A,Ap)
GM un o
H = — 2aS —Gmpk}qZI:)’rAk’q’p,r(a,e,z;ep)cos(\lci—(k+q)/lp+pw+r8)

@ = critical angle
and the resonant condition for period ratio k/(k+q) is:

2/3
dp

_k
k+gq

{0 N\kn—(k#—q)npj—l— O(mP/MSun) ~ O ’ lvi aResN(
Y

*yla t=T>> P (~100 y), the net effect of each term containing A's:

1 o7
(A, cos gok>=?f0 A, cosg, dt ~0 Unless a~a, —> Dominant!/!

pier R e i et




Sketch of MMR dynamics:

In 2-D (planar elliptic r'TBP) — for each resonance ratio k/(k+q) there are

q+1 terms ¢ and
k,q H :%IBJf—ch—g%AP<J2)COS<(91+p(92>

(18>|cl~0le) . 0,=ka—(k+q)2, , 0,=w)

A single term (e.g. p=q) gives P(J ,J )=const

8 dot, in degrees per second

— pendulum-like dynamics

8, in degrees

Resonance
overlapping

Chaotic
motions

a7

\ o,




Dynamics 1V: Chaotic Diffusion
o In celestial mechanics we (ab)use

| this term to describe irregular,

4 long-term, small-scale variations of

1 'proper' elements that build-up in time

| 1 In the single-resonance approximation
-~ 1 [(e.g. circular r'TBP) a 2nd integral of
motion exists, and thus

- CDp(Jl,JQ) = cpp(a,e) = const

I.de-r T T [ T T T [ T T T [ T T T ] T T 1 |.ae-uy
1.2e-07 — 2 31207
= (4J,7)-(1) {12
1e-07 - ~ 1e-07
i .. : 8e-08 - — 8e-08
This is no longer true in the i ]
elliptic rTBP. Depending on 6e-08 |- — 6e-08
MMR, this appears as B ]
4e-08 [ — 4e-08
Chaotic diffusion ) 208 — 2¢-08
pl—L—1 1 B oge wpe oy B o owe sy BB owe upe o wy B o oo 0
0 Ye+06 1e+06 6e+06 Re+06 1e+07

time (vrs)
- - e e
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* The Yarkovsky effect

Finite thermal conductivity and dimensions +
rotational motion of a body, absorbing solar
radiation, — a recoil force that has a tangential
component

— da/dt=f(D, ®, @) ~[ 3x10* /D] (AU/My)

] r I 2 T3 For non-spherical shapes (non-zero torque) the
ﬂ ~ wansversal foree componens. TOtational state can be strongly affected (YORP)
e e * very important for bodies, D<1 0 lérq !
0.7 _ _
1 :
0.6 1 ECOs * E -
Supplies “fresh” material . s
into the 'powerful’ o 3 5 |
| resonances Z oaf a(1-e)<1 AU =2 :
= : u
. o
— continuous production of § °° | @ Fora | 2 i
NEAs that leave the Main nz B ejecta 3 ;
Belt A
91§ Yarkovsky drift = 1o My |
@ Earth o |
0
1 1.5 2 2.9 3

semimajor axis a/ Al

\—_ —— - e




We can simulate the long-term motion of MBs and keep track of the

* Models of NEA orbital and size distribution

main sources of MCs and NEAs (and their relative contribution)

Compute the mean residence time of orbits in each (a,e,?) cell (g<1.3AU)

70
o
@
= 50
-
9O
= 30
2
= 10
0.9
£ 07 |
€ 05
3
'S 03
0.1
1 1.5 2 2.5 3 3.5
Semimajor axis [au]
0.005 0.01 0.015 0.02

Fraction of total time spent on indicated orbit

N(<H)

+ combine with observations
(biases, efficiency etc.)

Impact Energy, MT

. 10°! 10 10° 10°
10 P T 1 |q L}
k o  Estimated, 2012
;c\ Annual bolide event
10° ooo 2 — = Constant power law
o - Discovered to August, 2012
RN :
C o
10° t30\
C o
o
E %\
L 00
10 fpme °%
107
F Absolute Magnitude, H
UIIIIIIIIIIIIIII IIIIIIIIIIIIIIIIIIIII

31302928272625242322212019181716151413121110 9

Diameter, Km

Impact Interval, years



Ancient Bombardments

There is evidence that the
Earth (inner SS) has suffered
intense bombardment period(s)
during its youth...

3.9 Gy ago the Late Heavy
Bombardment was ending.

— Impact rate ~ 1000x
current!/!!

Requires a total mass of small
bodies ~1.000x larger than
current estimates

— where was all this mass
'hidden' and why did the
cataclysm come so late?




Planet migration believed to be the answer

Initial planetary orbits were likely very different (circular, closer to Sun)

Angular momentum exchange with “heavy” belts — radial migration

— >
Ejected planetesimals
>

Hot population
®

® o
. s
Cold population
o 0 & '
® ® ..’ '.. ® o L .0 .
>10 ® ® o %e ® nvariant
Uranus Neptune Kuiper belt gl
Distance from Sun —>




.  The 'Nice model' explains

- main LHB constraints
- mass loss and orbital KBO
distribution

N

Two migration models
smooth
30 |
25 |
- 20 |- Uranus
=)
< %/wwwwwww
o 15
. _ Jupiter
5x10 1x10° 2x10°
Time (yr)

- the current orbits of the planets

Cumuative .unar impact mass (g)

chaotic
S L I L
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o
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Can the MB structure be a good criterion ?
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asteroids with
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Outer SS - evolution (t
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T — s,

semi-major axis(Al)

eccentricity
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Chaotic capture

- upon “encountering” a
resonance (MMR)

- not similar to resonant
encounters in the
adiabatic problem

The planet's eccentricity
decreases, until the MMR

becomes regular

- works well for Trojans
and irregular satellites

Capture of a Neptune Trojan




End of Part I...
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Celestial Mechanics: some Theory and Tools

 2BP and 3BP
- Newtonian formalism — Lagrangean perturbation eqgs.
- Hamiltonian formalism

e The disturbing function
- 3BP and Satellite problem
- examples

» Canonical transformations - Perturbation theory
- Generating functions
- Lie series method

» Applications
- derive a simpler model for our problem
- build a symplectic integrator




Perturbed 2BP

We start from the 2BP Newtonian equation for relative motion:
L r
..f.' + ;-—? e 0,
ol — >

I' = TIplanet — Fsun

N T df dc;
F+ — —=AF
o and g+ Z dC; dr
Choosing the following gauge:
— the perturbed orbit is osculating
d*r dg dg dC;  O*f dg dC;
- = _|_ =
ds? (it Z dC; dr 0>t " Z aC; dr
FPr ou f dg dC; dg dC;
Ty T oC, dr Z 9C, dr )




N

Perturbed 2BP — Lagrange egs.

Multiply (1) by -6g/0C_and (2) by of/0C and sum up:
dC;  af
C,C]—2L=—"AF
zj: [ ] dt  0C, - o
) ) /,
the Lagrange brackets being defined as: [Cy C/] r;(_‘"}; r,;(i - r';é f;(i

For a conservative force 4 F =—V R(r)and for the usual Keplerian
elements:
da _ 2 OR aM _  (1-¢) 0R , 2 OR
dt na oM ’ dt nate Oe na Oa
de _ (1-¢°) 3R N (1—-e*)"* 8R do _ cosi oR (1-¢)" oR
dt na‘e OM na’e 0w dt  na’(1—e’)sini Oi na‘e Oe
di _ Cosi 8R+ 1 OR a _ 1 OR
dt na’(1—e’)?sini 00  na’(1—e*)'*sini 092 dt na(1—e*)?sini 0i

* beware of different sign conventions for R(r) in various books...

— S S,




Perturbed 2BP in Lagrangean / Hamiltonian form

The principle of d'Alembert gives the equations of motion for a
(un)constrained mechanical system:

d|oT
—m;r;].or;=0 = : =0, =2 F;
2( ) dt\0q, 8q] ; 8q]
- for conservative forces (F,=—V,V (r,,t)), we can write the equations
using the Lagrangean, L :
d|oL)| OL 1
1 =0 (j=1,... L=T-V T==) mu
) dt(aq] dq, [J=Lein) ! 7 2

The Hamiltonian, H, of the system can be defined by the Legendre

transform of L:
oL

04q;
pj's being the generalized momenta. Hamilton's principle dictates that:

q]’p] Zq]p] qj,q],t> , p]:

15

(2) |o fL(qj,q'j,t) dt =0

4

and Euler's theorem in calculus of variations ensures that those orbits
that satisfy (2) are in fact the solutions of (1).




Perturbed 2BP equations

In the perturbed 2-body problem, if the perturbation is conservative,
AF ==V R(r)
the functions L and H take the form:

L=T-V=(T-Ug,)-R=Ly,—R and H=T(p)+V(q)=H,,+R

With H,, = %—% , and the Lagrange equations are:
S [c,c) 5Ok
A e in any set of (osculating) elements

R is called the disturbing function®. To use in the above equations we
need to know the transformation q — CJ

Check the Lagrange brackets to see that the Delaunay elements
[ =M, g=0w, h=Q, L= (ua)'’?, G= L(1-&’)"? , H=G cos i]

greatly simplify the equations, since: [LL] = [®,G] = [Q,H] =1 and all
other brackets give zero...
* can be really disturbing ...




dl  OR dlL  OR ™

Delaunay elements

The equations dt oL =~ dt ol clearly they are canonical
become dg _ OR dG _ _OR . elements, as this system
d o0G ~ dt 0g has the symplectic structure
dh _ OR dH _  OR of a Hamiltonian system of
dt O0H ' dt  0h—  canonical equations

the same holds for the modified Delaunay (or Poincaré elements):

A =
r=1L-
Z=G~—

L A= I+g+h
G y = —(g+h)=-w

and, for small (e,), [~Ae&’/2and Z=Ai°/2

In these elements, the Hamiltonian reads:

H=-—

2

£f+RMy[MLRZW):HM+R




Q

Hamiltonian formalism

Hamilton's canonical equations of motion are given by:

_oH . _0H | (dH_oH _ oL
1) op, ' P 0q, dt 0Ot Ot

For an autonomous* system H = const = T+V . Also, any ignorable variable
(0H/ 8qj =0) gives that pj=const.

. : of Og of Og
Using the Poisson brackets |f,g!|= Z —
7 0q; Op; Op; 04,

. . L . AN
we re-write the equations as: g, = {qj,H} , D= {pj, H} also \{\% D) = 51-,//{/

—

and, for any functionﬂqj,pj): %:{f,[{}:{ JH} f=D, f

whose formal solution is the Lie series of f under the t-flow of H:

£(6)=explt D,17(0)= 140D, + S D%+ .| (0)= 80,1

* a non-autonomous system can be amended by i =1, -H = — oH to become autonomous in

an the extended phase space ot
** forces and constraints (transformation from r, — q ) have to be time-independent as well

pier R e i et

— e -




Canonical Transformations

Any time-independent transformation (qj , pj) o (Qj ,Pj) is canonical if it preserves
the symplectic form of Hamilton's equations, i.e.
: OH' : OH'
Ci=%p, 7T
J Qj
with H' (Qj ,Pj )=H|( qj(Qj,P ,) , pj(Qj,P ,) ). Hamilton's principle gives:

o [(X,4, pH|dat=0=5[3 0 P~H)d

From which we can find 4 basic types of generating functions, F , that define

canonical transformations, e.g.

oF, _O0F,
oq. j_GPj

J

F2:F2(q]"Pj) = pP;=

Simple geometrical transformations are easily obtained through this (well-known
F''s). It can be proven that if a generating function y(q’, p’') and a parameter ¢
exist, such that:

p=p'+| p'di=p'(e) . q=q'+] q'di=q'(c)
Then, the Lie series: | g = S;q’ , H'= S;H define a canonical
aE transformation
p=9S,p




An interesting example...

Let's make a transformation (g,p) — (Q,P) to the Hamiltonian of the simple
pendulum: >

H—%—Acosq —> {p B

Using the generating function F,=¢q p'+tH (g, p')we get:

— A sing (1)

oH , :

p=p'+t—=p'+ 17 Asing
0q

= |p'=p—1 Asing

: }

q'=q 7 ;= |9 =qttp’ 2)

op

To O(7), these equations are a modified Euler method for integrating (1). Hence
(q',p') can be interpreted as the evolution of (g,p) for time t=t.

Since the transformation (mapping) is by construction symplectic, it constitutes a
symplectic integrator of O(t).

This method has been used in asteroid dynamics to build simple mappings for
resonant problems

Note: the pendulum is integrable (1 d.o.f autonomous Hamiltonian). The 2-D
mapping (2) is the well-known standard map (has chaos!)




Constructing Symplectic Integrators

Find a canonical transformation ( q,p ) — ( q,p’) that approximates the formal
solution ( q(t),p(t)) for 6t=t, up to some order in t.

£(e) = exple D,17(0) =1+ D, + 503+ .| £(0) (1

For H=T(p)+V(q) the operator is D, =D, + D, and it is easy to see that the
application of D_(or D ) alone would give an explicitly solvable symplectic mapping

(as the sub-system has only half the variables...)
oT

“op,
similarly p,;(t)=exp[r D,] p,(0)

qj:DTQj:{Qj’T} QJ(T):GXP[T D;] qj(())

— the composition of these two mappings ( exp[t D | exp[t D ] f) is also a
symplectic mapping but it does not give (1), as the BCH formula tells us:

exp(tZ)=exp(tX ) exp(tY) —»

2 3 4

7 =1(X+Y)+ %[X,Y] + %([X,[X, Y] +[7,[Y, X]]) + 5—4[)(,{}/, v, X))+ ...

For two operators that (in general) do not commute and [X,Y] =X Y-Y X




However, you can show* that for X=D_and Y=D , Z corresponds to the exact
solution of a Hamiltonian

-

"
—

H=T+V + %{V, T) + % ((r, v, vi+{v,T).T}) + .

that is O(t) close to H, and whose value is conserved to machine precision.

— Higher-order integrators can be found by finding suitable coefficients so that
a multiple composition of elementary mappings:

k

z(r)=exp[r(DT+DVﬂZ(0)=(HFlexp(c?r D.)expld,t DV))Z(O) + o7

'kills' the commutators up to O(t"), i.e. pushes towards H = H —I—O(t")

— If the Hamiltonian of a near-integrable problem can take the form
H=H,q, p;)+¢Hlq,) with H integrable, then:

2
h T Ty \ 2 Ty \ 1 L[] ) ) 33

12

i.e. the error is much smaller!
— This is the case with many codes built for solar system dynamics

* start from the BCH formula and apply T, Vand [T,V]=(TV -V T)onqgandp ...

Q mm—— | ————
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Long-term behavior
of the error

The SyMBA integrator
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| o o Lunar longest

| R in the satellite problem et

Lunar Satellite
Orbit

The potential of the central body is:

00 non A

'u: R .....
' _ Pum ¥ + Spm Sin mkl o
1=0 |

| (please..) see e.g. Kaula (1966)

l

a
Vi = z”l ZFlm(z)qg;mG,,pq(e)Slmm(a) M,Q, 9) (here, 6 = GST)

l—-m even
Simpa = [ Cim :l cos [(I — 2p)w + (I—-2p+9M + m() — 6)]

S Im.J I-m odd

l-m even
I + [SW} sin [(Il — 2p)w + (I — 2p + @M + m(Q — 6)]

Clm I--m odd

with F and G being the 'inclination function' and 'eccentricity function'
resp. (notorious expansions!)

N e -
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The J, problem (J =-C_ )

u> €l , ‘
The Hamiltonian of the J problem is: H=\—5 — — )+ —FPo(sing) ‘
2 2 r r

=

with € = J2R? and Py(sing) = (3sin®¢ — 1)/2 and is 'averaged' w.r.t the
'fast' angle, M=l

2 4 4172
- = depn™H
It can be re-written in the form: | H = — ’iﬁ + 4G§L3 — Mﬁ 3 ny H
(rotating frame) = 4G°L
..and the equations of motion are:
_ . ep? 5 H?
i = dH/oL §=0H/IGC=—T~= |1 -3
L =—0H/ol =0 G=—-0H/dg=0
4
ﬁzgﬁfaH:_”_M_ii;LE — [ a, e, 1] are constant !
H = —dH/dh =0 and dg/dt= 0 at the critical inclination

I = 63°43 (Molniya & Tundra orbits)




S — — —— e mrr———

r
| MR=GMmvGmm
. = m.— m.—=
l = in the '3BP' lr? / ri.
) r, (r,—r,)
mR,=—GMm,—+Gmm,~———=
I"l. rij
. l’j (l’i—l’J)
mR,=—GMm,—+Gmm, 3
I’j rl.j
Fi=R—R = #=-V(U,+R)
F,=R,—R
G(M+m. Gm, rer.
( mz) and Ri__ J mj 13J
r ‘I’j—l’l r;
So, in the restricted problem, the Hamiltonian takes the form:
I w GM 1 rer,
H = — —Gm - — . . . .
. ro P\ | r—rp| ) in heliocentric coordinates and
A R(r, rp)—> R(a,e, i,Q,w,A,Ap,...)
erp ~- U R (r,rp)
1
( see Murray & Dermott 2000, start from: |r—rp|2 =7+ - 2rr, cosy = —r) =...)
P

N




R in the N-planets (+1 small guy) problem

The Hamiltonian of the test-particle (asteroid), written in elements, reads:

GM,,
H - — > — ZGm] Z Ck.,l.,n,,p,,q,,r.(a’aj> Fj(e’ eJ> GJ(S’SJ)
2a Jj kj,lj,nj,pj,qj,rj VAR L VA VAR
X cos(k, A+ 1,4, +nw+pw +q,Q+rQ)
~ S -
Q.

J---
* It's a Fourier series in the angles, c 's are conveniently expressed with

the help of Laplace coefficients, while P} and GJ are power series in e, e,s,S.
[s = sin(i/2) ]

Fj:(eﬂef’+...) , sz(sésj.’-l—...)

* Not all combinations of angles and not all values of 8's and §'s are
permissible. Symmetries and analytic properties of R — d' Alembert rules




The d'Alembert rules

GMg,
2aS B Zijj Z ckj’lj’nj’pj’qj’rj(a’aj) Fj(e’ ej) Gj(S: Sj)

kil p;q;r,
X cos(k, A+l +nw+pw +q,2+rQ)

— only cosine terms, real coefficients (inv. under simultaneous change
of sign in angles)

— Sum of all integer coefficients in cos = O (inv. under rotation around
Z-axis)

— 6+6j must be even (inv. under simultaneous change of sign in all
inclinations)

— Qﬁ—lnjl , Qﬁj—lpjl , 20-|qg| and 25j—|rj| must be positive and even

(for the elimination of apparent singularity at e,i — O to be possible by
introducing suitable Cartesian coordinates)

X =+V2[ siny~ecosw and Y= V27 sin{

* these are :
y =+21I cosy~esinw v=+2Z cos{




Example: the 3:1 MMR

We want to have terms corresponding to 3n'—n=31"— A~ 0
— k=-1, [= 3 and the order of the MMR is [+k = 2

— sum of the rest of integers should be = 2 . Then, the permissible
arguments are:

AV —A—2w , 3N —A-2w' , 3 —A-2Q , 3A'—1-2Q'
AN —A—w—w' , 3N —1—-0Q—-Q'

and their e,i dependence, to lowest degree, is given respectively by:

(ez—l—...) , (e'2+...) , (Sz-l—...) , (S'2+...)
(ee'+...) , (ss'+...)

The following arguments cannot appear in R :
AV —A—w—-Q , 3A—A—-w'-Q" 3\ -A-w'-Q , 3N —-A-w—-Q'

Since they violate the 3™ rule (even combinations of Q's)




End of Part I1




Celestial Mechanics (cont.)

» Asteroid long-term dynamics
- Canonical derivation of an average Hamiltonian
- Secular theory and proper elements

- The MMR problem
- Resonance overlapping, chaos and diffusion

» Satellite long-term dynamics
- Beyond the J, problem

- Secular motion
- The 1:1 resonance




Derivation of an average Hamiltonian

We start with a near-integrable Hamiltonian (e.g. perturbed 2bp)
H(q.p) = Ho(p)+€H1(q,p) and we seek a new set of (q,p): H(q,p)=H(qg,p)

2
The Lie series of H gives: H' = Hy+eHy + ¢{Ho, x} +*{Hy, x} + %{{HO. v} + O()

Let's say we ask for a generating function, y, such that, to O(¢) the Hamiltonian
is averaged over the angle g. Then,

;/ Hydg;  and this will hold ift: | H, +{ H,, x| =H,
i D

Hy =

If we Fourier-expand H and ask for a similar solution for y, then:

H(’, '): kc(')ex(zk- ')
q'.p')=2., clp')exp q}{

——zz d,(p') kw,exp(ik-q')

Z d.(p')explik-q') 6H
with o,= P
and the coefficients are given by: P
ci(p')
dy=0 , dy\p')=—1—"F7—=
0 k(l’ ) k'a)o(p )

If we want to average over all angles this holds for every k and —

leco(P,):F[1(P’)




Secular Theory (linear)

(3BP) - we ask for y such that — to O(e) - H'is independent (averaged) of
both A and A" From the remaining part (secular) we keep only the lowest-

degree terms:

N 2.{':1 2

2
rHsec — !Lil _|_ 'TE-',;’F — !U, |:f‘11(1r1) F _|_ 41‘12(1!1) f:-'!\/FCC]S(’-}") -+ 41‘13(11)Z:|

(x = VI cosy , y=Isinv)

A fixed point exists: (i.7) = (0.0) — (20.40) = (—€'c2/c1,0)

Performing a translation (X = x2—zy. Y = v — vo)

Hsee = L—l(XQ +Y?) + const
-
X =V2dcosg

Switching back to polar coordinates; il
Y =42 Dsing

:> IHSEC — Cli_p ...t Czy/

which describes a harmonic oscillation with constant
frequency g = c,.

N

Hsee = —ptA1 I — 1As €'V cos(y) — Hsec

esinw |

* y =relative pericenter longitude and Z=conjugate to mutual node

Clearly, A=const and Z=const — constant a and H__reduces to:

1, «
S+ ) + e

s




Secular Theory (linear / N-body)

(N-BP) — We first need to solve the problem for the planets! Same initial
steps, more sums in the perturbation. The solution is:

iy = const
e; exp(tm;) = Zj“?i-,j exp t(g;t + i ;)
1 exp(Ld2;) = Zj'fi-,j exp t(s;jt + 0; 5)

( g, sj) — fundamental frequencies of the planetary system.

Now, the solution for a test-particle gives: R

a = COLS
ep (_‘_Kp(_-it,:.'p) 1 Z
iexp(t2) = ipexp(if2y) + ZJ

15

e exp(tw)

PXp (st + 5}.‘)

i.e. the sum of forced oscillations, plus
a proper mode — linear proper elements

10

They can be used to identify asteroid
families, but they are not of the desired
accuracy

Proper Inclination i, (degrees)
5

— we need a better approximation!

25 3
* Note that MJ, NJ contain small divisors... Proper Semimajor Axis a, (AU)

o




High-degree secular theories

First steps as before — derive a secular Hamiltonian but keep higher-degree
terms (e.g. 4™ in the expansion. Then. define a new canonical transformation

2
H' = Hy+ eHy + e{Ho, x} + {Hy, x} + ={{Ho. X}, x} + O(€°)

€
to eliminate all angles and get an H__that depends only on the

2
new momenta ) the new (more accurate) proper elements

* Don't forget to check if some term eliminated to O(g) gives an important effect
at O(&%) — true for the 2:1 MMR (it's O(m’e) strong)

- Can be done massively

red=Tlyap<20,000; green=rms{e,sinl)>0.003
T T T T T T

04— . 1

- Also numerically (synthetic pr.el.)

we e g - good for identifying asteroid
SRR R families

1 - degraded accuracy near MMRs

Proper eccentricity

and SRs
Tl - Other expansions needed e.g. for
SEEL L . ey .
2Rt high inclinations
0 S e * Resonant proper elements can be defined

Proper semimajor axis (ALU)

(e.g. Trojans)




Secular Satellite Theory

o g A
1 Rwm . _
Remember: Y =~ Z (T) Z Pym(sing) [Cpyy cosmA + Spy sinmA|

4 n=0 M= .|j
:> H = Hﬂ + ZHJH + Z z Hfum T Z Z ngum T Hﬂ#f
i=2 m=I i=2 m=1
We average* over the orbital period and ¢ =dH/IG, G =—0H/og

look for the secular evolution of the orbit itself — h=aoH/aH, H=—dH/dh

If we add only J_, Hi, =25K (—4+ 552) ssing and the equations give

) 3nyda(1 —5¢2) £ R\ .
=TT a0 — &) —) Nie.l.g) and i = const, where
3 Ja R 1 52 — e2c?\ sin g

: 3.5 M R\ 3 N (e, ."g}—]+—(—)( 2)( )

g — 3 (]_EE}E E 5{1—55}{;[}53 2J |l —e 5 €
There are fixed points for |g| =m/2
and e=e_ at every inclination

fr

=) frozen orbits *higher-degree approximations can be

obtained by averaging (over h) the
Hamiltonian of the O(n) problem

——— e —————




* In more complex gravity models, we can use frequency analysis on numerically
integrated orbits to obtain a global view of the dynamics (maps of f, A )

0.10 - | 7DM, o =R_+200 km, g =90, h =0 | 0.10 ?:;..-;R.H:T:: ﬂ::?‘. h,:ﬂ ;:;ﬂl:u:u;:;n
0.08 - 0.08 i
0.06 - 0.06 &
o *
0.04 - 0.04 23 ] .
: we can find e.g. a
0.02 0.02 p minimal model
- o for our system (Moon)
- 0 1I5 3Iﬂ 4I5 &0 75 a0 - TIS a0 105

i, [deg] i, [deg]

For orbits starting near the FO: a
Harne = Ho+ Z M, +He, . +He,, + Hi, +Hny,

=Wy & Hilikre, gy = =8P, k=3 §= 00, = 03T =2

03D

The long-periodic libration can lead to
collision (for low a's).

P RlElgg

LiRirL]

We can filter out this term from our
decomposition and see if we get closer to
the 'true' center of the motion

03D




Successive iterations give
improved i.c.'s:

0030

O02s

[l

A very accurate approximation

of P.Os at all inclinations can
be found - |

e By e IO, g P D - POCLEE, ), TR ]
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1
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1
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1
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1
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1
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e
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i d e s
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i
|
-
1
I
1
I
il
|
|
1

" | i
o 15 C 1] &5 21
Inilial mclisasion, [, [deges |

—~0.02 ___."2-.,_____________'____________ﬁ.-_":.___
... and an initial condition leading to -

collision can be corrected, to save
the 'satellite'...

e = coslg)
\\_——l— — e — S SRR




The MMR problem (2-bp and 3-bp)

Now, let's ask for y(q'p') such that the new Hamiltonian has the following
structure:

- we retain the lowest-degree secular terms as before (but in 2-D)
- we average all short-period terms (i.e. both A,A') , except a certain
resonant module (k, q):

H=— W +n'A—p Ap(A) I+ As(A) e f?cohg(«-}.-)

—pd o Ap(A ") TP/2 cos[kA — (k+ ¢)N — py]

There are g+1 terms, satisfying the d'Alembert rules. This is frequently called
the resonant multiplet of the k:(k+gq) MMR. If we apply the same series of
transformations as in H_, we get

| 2 5
H= b+ A — 1@ =y dp®¥'? coslkh — (k + )N = pg]

p—0

I can define the resonant angle ©» = kA — (k + ¢)\" and its conjugate
momentum ¥ = A/k and expand the Keplerian part about ¥/,., = U"',{.I.-lf_'!.-resf k
to O2)in .J, = & — Wpes

N




The 2-D MMR Hamiltonian

q
_J;:?q}'??} 3 {:'1{3} E— ‘IIZ D.p C\DS("L{{? — j’_}{f}) where Dp — (fp r/2
p=0

1

0D |

* Bare with me on the following very simplistic approximations...

If I could view each sub-resonance separately, and expand around a constant
& value* Dy, . = d,, »"'? the exact resonance would be defined by:

) —pod=0= Jyres = pc1/ i.e. sub-resonances are 6.Jy, = c1//3 apart

and the width of the resonance is given by 4.y ~

Chirikov's criterion suggests that for

AT, p+ AT,
267, ,

K ~ > ]

we should expect chaotic motion

) o Zh
‘ * the 1-res approx is a pendulum modulated by a harmonic oscillator...

— S S,




Chaotic diffusion

Depending on the size of each resonance, you have:

¢y

f—— —

1 W

D ~1 — AJ~ O(u'’?) D ~u — AJ~ O

The 1% case can be approximated by a slowly-modulated pendulum

; L, : . - - s
H = EJ’IE — uBcos(v — Q) B=By"¥"), O0=0(y"¥"

in which we freeze' the 'slow’d.o.f and for each set of frozen values (t,uo’ SPO)
we compute the solutions of the frozen pendulum

— can give an approximation of the borders of the chaotic domain

N

— o Lo S,




* the u”” - law
1st-order MMRs are located at a, =ala'=[;/(j+1)]"”
and their distance in Ais given by dd=4,—4,, ,=[;j/(j+ D=1+ 1D)1(+2)]""
and each is described by a Hamiltonian of the form
1

cha,BJz—cch—,ufl V& cos (y—0)

Wisdom applied Chirikov's criterion to find that a region of size
Aa ~ 1 .5:.’.&!;_;.-”? ~ 1 AU

around the orbit of Jupiter o {=0.0009 ep=0.1
should be empty (and it is...) | | 1] E | I
|

|

R -

0.2 | |||'|| '||' ! '| .ll | .
L[ |

|I I| ' || | || ll. .°® - .:| . .:5“ o

IR AR ®ae 8% Ne o || - ® P e
0.1 II I“| |II | - | I.. . S el o * s

| | |II I|I TI: »* 2e% ll*' °° .....

q IR » - \ ‘. bt
l ., 4 L ] .j a




W e
Three-body resonances (3b-MMRs)

Defined by: k1Al + kaAz + kzAz ~ () (3 bodies involved, e.g. A-J-S)

The Hamiltonian is very similar to the one found for MMRs — they essentially
differ in the formal size of the coefficients

- a bit more difficult to derive though...

Start from the asteroid's Hamiltonian, but with two perturbing planets
N N |

Zﬂjf\j +eHy e gHy = Zﬂjﬂ[ﬁ}

j=I —

H=HD+€H[=—E+. 2

Perform the averaging over all A's to O(g)

N N

— 1 2x plm : _

(o) +H=Fa= s Y [ [T Uy where  ex = 3 eix?)
1] 1]

(2r)? & Far

..but, now, compute the O(s’) terms:

2

H' = Ho+ e + 5 ({Hix) + {H1x)
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An important (and strange..) result

2 . 2
L= i <o j
L i |
L 1 4
| | I _
i i - & ]
o | i S| i
| 1
| | ]
I I
"L : _ =
=4 ! S ]
i I
I
T ! e
@ T, 1 ] F
[ 3 i f)
I
1
2 i =
o 1 = 7]
| 1
1
[ [
LN | : 1 3
o | : i . S
i |
| | N N U S
o | :Il e ——
= [ L i 1 TH| ] = \
.0 20 &0 40 0 mwa 5 50

(a-3. 171+10000 (a-2.75)x10000

Low-order 3b-MMRs and high-order MMR have similar 'strength'
D ~e— AJ?[t_~ O)

T they all have a diffusion time-scale of ~ 1 Gy (and this is true!!l)




Veritas ( ... in vino)

L

10

)

Proper Inclination i, (degrees)

2.5 3

Proper Semimajor Axis ap (AU)

Lyapunov times are comparable

... but their long-term diffusion
properties are not...

The asteroid family of (490) Veritas
(a~3.17 AU) is cut through by several

MMRs, most notably:

the 3b-MMR (5, -2, -2) at 3.173 AU
the 3b-MMR (3, 3, -2) at 3.168 AU

: ] o | Ll ] L ] ] :
8. @ ee »e L )
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: e w (] " -
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2 g III. . “ :
] " | X ]
3 [ Rl ]
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! g & lie 1
o 9 B
e L e ) e -
5 2. W . 5
; [ ] )
. [ ]
! ° i .
3 . j' k-
; 1 L ] . | 3 | 1 1
3.160 3.165 3.170 3.175 3.180

a, (AU)
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Asteroid (8726)
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Veritas long-term dynamics

Clear chaotic diffusion for the (5,-2,-2)
group

— a reasonable post-break-up
configuration can extend to its current
size within 8.7 +/- 1.7 My

— chaotic chronology possible for
relatively young families with sizable
chaotic components...

- D(J) ~ 2-3 orders of magnitude
smaller in the (3,3,-2) — looks like 1-
res approximation...

— not all MMRs lead to appreciable
long-term diffusion of chaotic orbits (??)

m=)> Stable Chaos ...
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The 1:1 Resonance for Satellites

This is a resonance between the orbital period of the satellite and the rotational
period of the primary. The critical angle for the 1:1 case is:

c=(2+g+M)—0

Finding the terms that contain o, we obtain the Hamiltonian. If we expand to
O(e’), to get:

H=—0L — T B ConR?p*(—2 + 3sin’ i) B 3R%p*(1 + cos? i) .

>

+G' goa(Caa cos (20) + Saasin (20)) + CaogaoV —G'sing

E ,2 13 4
X (1 = ”; + 1; - ) [C2 cos (20) + Sao sin (20)]

3CsoR3pSesini (—4 + 5sin® i) sing
N 8(1 — e2)5/2 L8

Following the same set of canonical transformations as in the rTBP, we find:
H=—eE 4+ eal’'Y el + (cq + e X))V =2I

% {Cas[sin (w — 20) + sin (w + 20)] 4 Sas[cos (w — 20) — cos(w + 20)]}

+ [eg + 7 + (eg + eo") X [Cao cos (2a) + Soq sin (2a))]




u_na-‘
002 4
004 4
w000 ff |
=004
.02

=0.03 +

The 1-d.o.f. system:

044

02 4

The 2 d.o.f. system:

-0.03

0.03 Jammmem="" " Bt Sl - —

] el — g -
n.n2-y ade, NIt :-.:\Q
- '-JI- o Mk
/

Y, v N
0.01 .;"1||r ) \.. "'",. }:}- J ‘-. I'd-l-i_
J '-.'?t? J.'. [ ."..-E-E' 4 II" j‘ /\-1 H l"l."l.-":a
oo | { L l. i }“'g
i, e B [ =4
NS FEANS ]
001 L 1','_ L ] H \ ! i
] | L 2% -'yf
0.0z \ __II:'I

We can use the frozen-pendulum
approximation to find approximately
the limits of the chaotic domain

analytically
>

(-1} sin{w)

H'=-0.85, e=0.4, 6 =n/2,C_/C_=3 3

w

112

(-T) " cos(w)



The End

(hopefully I made it ...)
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