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Abstract

Two spectral triples are introduced for a class of fractals in RY.

The definitions of noncommutative Hausdorff dimension and noncom-
mutative tangential dimensions, as well as the corresponding Hausdorff
and Hausdorff-Besicovitch functionals considered in [7], are studied for
the mentioned fractals endowed with these spectral triples, showing in
many cases their correspondence with classical objects. In particular, for
any limit fractal, the Hausdorff-Besicovitch functionals do not depend on
the generalized limit w.

0 Introduction.

In this paper we extend the analysis we made in [7] to fractals in RY, more pre-
cisely we define spectral triples for a class of fractals and compare the classical
measures, dimensions and metrics with the measures, dimensions and metrics
obtained from the spectral triple, in the framework of A. Connes’ noncommu-
tative geometry [2].

The class of fractals we consider is the class of limit fractals, namely fractals
which can be defined as Hausdorff limits of sequences of compact sets obtained
via sequences of contraction maps. This class contains the self-similar fractals
and is contained in the wider class of random fractals [12]. On any limit frac-
tal, the described limit procedure produces also a family of limit measures i,
a > 0. Among limit fractals, we consider in particular the translation frac-
tals, namely those for which the generating similarities of a given level have the
same similarity parameter. It turns out that for translation fractals all the limit
measures [, coincide.

For limit fractals we introduce spectral triples which generalise the one con-
sidered by Connes in [2] for Cantor-like fractals, namely are based on an ap-
proximation of the fractal with sequences of pairs of points. In the first spectral
triple, the sequences consist of all descendants, via the generating similarities,
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of one (or finitely many) ancestral pair. In the second triple, among the de-
scendants of a single ancestor via the generating similarities, we consider all
parent-child pairs.

In both cases, when translation fractals are considered, we prove that the
noncommutative Hausdorff dimension and tangential dimensions defined in [7]
coincide with their classical counterparts computed in [9, 10]. Let us recall
that the noncommutative tangential dimensions are the extreme points of the
traceability interval, namely of the set of (singular) traceability exponents for
the inverse modulus of the Dirac operator. Therefore any of these exponents
gives rise to a singular trace 7,, which in turn defines a trace on the algebra A
of the spectral triple, hence, by Riesz theorem, a measure on the fractal. For
translation fractals all these measures coincide with the limit measure. In the
case of the parent-child triple, an analogous result holds for any limit fractal,
i.e. the measure coming from the traceability exponent a coincides with the
limit measure p,. As a consequence, the measure generated by a singular trace
T, is well defined, namely does not depend on the generalised limit procedure
w.

Finally we study the distance on the fractal induced a la Connes by the spec-
tral triple. In the case of the parent-child triple, the noncommutative distance
is always equivalent to the Euclidean distance, namely they induce the same
topology. Then we compare the noncommutative distance with the Euclidean
geodesic distance, namely with the distance defined in terms of rectifiable curves
contained in the fractal (when they exist). We prove that the identity map from
the fractal endowed with the geodesic distance to the fractal endowed with the
noncommutative distance is Lipschitz. As a consequence, when the Euclidean
distance and the geodesic distance are bi-Lipschitz, this holds for the noncom-
mutative distance too.

1 Classical aspects

We start this Section by recalling known results on self-similar fractals, then we
introduce the class of limit fractals and their limit measures, and give some ex-
amples. We then introduce an open set condition which allows us to characterise
the limit measures on the fractal (Theorem 1.7), and to compute them in case
of translation limit fractals, under a mild assumption (Theorem 1.8). Finally,

we recall the notions of tangential dimensions for metric spaces and measures
from [9, 10].

1.1 Preliminaries

The general reference for this Subsection is [4].

Hausdorff measure and dimension. Let (X,p) be a metric space, and
let h : [0,00) — [0,00) be non-decreasing and right-continuous, with h(0) =
0. When E C X, define, for any § > 0, H}(E) := inf{} ;2 h(diam 4;) :
U;A; D E,diam A; < ¢}. Then the Hausdorff-Besicovitch (outer) measure of E
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is defined as
HME) = lim HI(E).

If h(t) = t*, H* is called Hausdorff (outer) measure of order a > 0.
The number

dp(E) :==sup{a >0: H*(F) = +oo} = inf{a > 0: H*(E) =0}

is called Hausdorff dimension of E.

there are A; € (0,1) such that |jw;(z) — w;(®)|| = Ajllz — yll, =,y € RV,
Denote by X(RY) the family of all non-empty compact subsets of RY, endowed
with the Hausdorff metric, which turns it into a complete metric space. Then
W: K eXRY) — Ul w;(K) € X(RY) is a contraction.

Definition 1.1. The unique non-empty compact subset F of RV such that
P
F=W(F) =] w;(F)
j=1

is called the self-similar fractal defined by {w;},=1,.. p-

If we denote by Proby (RY) the set of probability measures on RY with com-
pact support endowed with the Hutchinson metric, i.e. d(u,v) := sup{| [ fdu—
J fav| || fllLip < 1}, then the map

T: Proby(RY) — Proby (RY)
po o Y Xuow;!

is a contraction, where s > 0 is the unique real number, called similarity di-
mension, satisfying Ele A7 = 1. We then observe that if 1 has support K,
then T'p has support W(K). Since the sequence W™ (K) is convergent, it turns
out that it is bounded, namely there exists a compact set Ky containing the
supports of all the measures T" . But on the space Prob(Kjy) the Hutchinson
metric induces the weak* topology, and this space is compact in such topology,
hence complete in the Hutchinson metric. Therefore there exists a fixed point
of T in Proby (RY), which is of course unique.

Open Set Condition. The similarities {w;};=1,.. , are said to satisfy the
open set condition if there is a non-empty bounded open set V' C RN such
that UY_ w;(V) C V and w;(V) Nw;(V) =0, i # j. In this case dy(F) = s,
the similarity dimension, and the Hausdorff measure H® is non-trivial on F.
Therefore H*|r is the unique (up to a constant factor) Borel measure p, with
compact support, such that u(A) = 1;7:1 /\ju(wj_l (A)), for any Borel subset A

of RV,
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1.2 Limit fractals.

Several generalisations of the class of self-similar fractals have been studied.
Here we propose a new one, that we call the class of limit fractals. For its
construction we need the following theorem.

Theorem 1.2. Let (X, p) be a complete metric space, Ty, : X — X be such that
there are A, € (0,1) for which p(Thx, Thy) < Anp(z,y), for z,y € X. Assume
Some1 [Ij—1 Aj < 00, and there is x € X such that sup,,ey p(Tpa, ) < 00. Then

(1) sup,en p(Tny,y) < oo, for any y € X,
i) lim,, ,oo Th0T50---0Tpx =29 € X for any x € X.
Y

Proof. (i) p(Tny,y) < p(Tny, Toz) + p(Thz, ) + plz,y) < (1 + An)p(z,y) +
p(Thx, ), so that sup, ey p(Tny, y) < 2p(x,y) + sup,en p(Tha, ) < o0

(i1) Set M := sup,cyp(The,x) < oo, and S, := Ty oTho---0T,, n €
N. As p(Sny12,502) < MAo- - App(Th1z,2) < MAiAg -+ Ay, there follows,
for any p € N, p(Sn1px, Sn) < p(Snsp®, Snip-12) + ... + p(Snt12, Spz) <
MYt H?:l ANe < MY 02 H?:l Ae — 0, as n — oo, that is {S,z} is
Cauchy in X. Therefore there is zg € X such that S,z — xg.

Let us prove that ¢ is independent of z. Indeed, if y € X, then p(Spz, Spy) <

Az - App(z,y) — 0, a8 n — oo, so that S,,x and S,y have the same limit. [
Remark 1.3. A sufficient condition for 3°7° T[j_; A; < oo to hold is

sup A, < 1.
neN

We now describe the class of limit fractals. Let {wp;}, n €N, j=1,...,p,,
be contracting similarities of RY, with contraction parameter Anj € (0,1). Set,
forany n e N, ¥, :=={o:{1,...,n} > N:o(k) e {1,...,pr},k=1,...,n},
Y = UpenZn, Yo := {0 : N = N:o(k) € {1,...,p},k € N}, and write
Wo 1= Wig(1) OW25(2) O " O Wng(n)s Ag 1= Ala(l)/\2a(2) T AnU(n)a for any o € Y-
Assume \ := sup,, ; Anj < 1 and {w,(z) : o € ¥} is bounded, for some (hence
any) z € RY. Then, by Theorem 1.2, the sequence of maps W,, : K € X(RY) —
Ul wn i (K) € K(RYN) is such that {W0Wyo- - -oW,(K)} has alimit in K(RY),
which is independent of K € K(RY).

Definition 1.4. The unique compact set F' which is the limit of {WW; 0Wso-- -0
Wy (K ) }nen is called the limit fractal defined by {wy,;}. In the particular case
that Ay = An, j=1,...,pn, n € N, F is called a translation (limit) fractal.

Example 1.5. As an example we mention some fractals considered in [11].
They are constructed as follows. At each step the sides of an equilateral triangle
are divided in ¢ € N equal parts, so as to obtain ¢? equal equilateral triangles,
and then all downward pointing triangles are removed, so that @ triangles
are left. The corresponding map W can therefore be described as the map
which contracts the original triangle (or any of its subsets) by a factor 1/¢, and
then puts a copy of it in each of the upward pointing triangles. Setting ¢; = 2
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if (k—1)2k—-1)<j<(2k—-1)kand ¢gj =3if k(2k—-1) < j < k(2k+ 1),
k=1,2,..., we get a translation fractal with dimensions given by (see Theorem

1.14)
log 3 — logl8 ~ log6
9BY cg=d=-22C5=28

é:

log 2 log 6 ~ log3’

where 6,6, d, d denote the lower tangential, the upper tangential, the lower local
and the upper local dimensions. The first four steps (¢ = 2,3,3,2) of the
procedure above are shown in Figure 1.
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Figure 1: Modified Sierpinski

The procedure considered above can, of course, be applied also to other
shapes. For example, at each step the sides of a square are divided in 2¢q + 1,
q € N, equal parts, so as to obtain (2¢ + 1)? equal squares, and then 2q(q + 1)
squares are removed, so that to remain with a chessboard. In particular, we
may set ¢; =2 if k(2k+1) <j < (2k+1)(k+1)and ¢; =1if k(2k—-1) <j <
k(2k+1),k=0,1,2,..., getting a translation fractal with dimensions given by
(see Theorem 1.14)

1 - 1 - logl
og5<d:d: og65<57 ogl3

0= = .
~  log3 log 15 logb

The first three steps (¢ = 1,2,1) of this procedure are shown in Figure 2.
As before, we may consider the action of the similarities on measures, besides
that on sets. Given a > 0 we set
T, : Proby(RY) — Probg (RV)
-1

1 p «
H = sP e Zj:l Anjlh © Wy,

j=1"nj
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Figure 2: Modified Vicsek

and consider the sequence {17 0 T 0 - -+ 0 Ty, i }nen. As before the supports of
all such measures are contained in a common compact set, therefore Theorem
1.2 applies and we get a unique limit measure o, depending on the chosen «.
As a consequence, if pg is a probability measure and a > 0, p,, :=Ty1 0Ts 0
-0 Typuo satisfies
(4) = Co,atto(wy ' (A)) (1.1)
Hn o,a M0 (W, ) :

lo|=n

where
)\a

P (ed
Coq i= 72 o
|0’ |=|o| Ao

(1.2)

In particular, if F' is a translation (limit) fractal,

1

=—— Va>0,
Pip2 - Plo|

Co,a
so that the limit measures u, all coincide, and will be denoted by pijim.

1.3 Hausdorff dimension and limit measures

Assumption 1.6. Open Set Condition: There is a bounded open set V' such
that wy (V) C Vioranyn € N, ¢ € {1,...,p,} and wy, ;V Nw, ;V =0 if i # 5.
We also assume that V' is regular, namely the Lebesgue measure of V is equal
to the Lebesgue measure of its closure C' and V is equal to the interior of C.
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OSC implies that w,;C C C for any n € N, i € {1,...,p,} and
SN+1O =Wi---Whn - WN+1C CcWi---WnC = SNO,

namely Cny = SyC is a decreasing sequence of compact sets converging to F,
NCy = F. Now set

VU:wa"/a
CO':w(TC7
F,=w,CNF=C,NF.

Then
()
U Fo= |J wosCNF=SyCNF=CyNF=F,
lo|=N lo|=N

(it) if o > o', namely o’ is a truncation of o, then V, C V,/,
(iii) if 0,0’ are not ordered, V, NV, = ().

Moreover, in this case, C, NV,» = 0. In fact, if x € C, NV, x € OV, hence
there is a sequence z,, — x, x,, € V,, therefore x,, is eventually in V-, against
the hypothesis.

Theorem 1.7. Let F be a limit fractal satisfying OSC, with vol(V) = vol(C).
Then the limit measure e s the unique probability measure satisfying the fol-
lowing property: for any subset J of ¥,

Moz(%) S an’,a S Na(cﬂ)u (13)
o€l

where we set C5 = UyegCy, Vi equal to the interior of Cy relative to C, and
Co U8 defined in (1.2).

Proof. Let p, converging to p, be as described in (1.1). Since p, does not
depend on the starting measure, we may set po as the normalized Lebesgue
measure on V. Then pu, eventually satisfies pn(Vy) = pn(Cs) = €4,qa, therefore
ln converges as a sequence of functionals on the vector space generated by
continuous functions and step functions constant on the V,’s, giving rise to a
positive bounded functional & on such space.

Then 114(V5) may be defined as the supremum of [ f du, with support of f
contained in V5, hence is majorised by fi(V3) = > _j ¢o,a- The second inequality
of (1.3) is proved analogously. Now we show that these inequalities determine i,
uniquely. Let p be a probability measure satisfying (1.3). We observe that, for
any continuous function f, [ f du is well approximated by the lower Riemann
sums with step functions constant on the V,’s, as soon as |o| is big enough, since
diam(V,) < diam(V)(X)l?l. Let us now consider the set {ming, f : ¢ € £,}
and denote its elements by f1,... fr in increasing order. Then define J; as the
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set of o € 3, such that min¢c, f > f;, C; as the union of the C, for o € J;, V;
as the interior of C;. Then

k
f1+z — fis)u )<f1+Z(fi—fi1)<ch,a>

The second term may be rewritten as

Z Irélnf CO’OU

o

oeX,
therefore
/f dp = hm Z mlnf Coas
UGE
hence there is only one probability measure satisfying (1.3). O

Let now F be a translation fractal (A, ; independent of 7), and, to avoid triv-
iality, assume p,, > 2 for any n € N. The OSC condition implies vol(S,_1C) =
S vol(wyiSn—1C) = ppAN vol(S,—1C), so that 2N < 1,ie. A, < 27V/N,

We set . .
=[x  P.=]]p- (1.4)
i=1 i=1

Theorem 1.8. Let F be a translation fractal, with the notation above, and
assume p = sup,, pn, < co. Then

log P,
du(F) = hnnigéf log1/A,°

Moreover the Hausdorff measure corresponding to d := dy(F) is non trivial if

and only if liminf(log P,, — dlog1/A,,) is finite.

Proof. Let us consider the family P of finite coverings of F, the subfamily P(X)
of coverings made from sets of {Cy, : 0 € X}, and the subfamily P'(%), whose
coverings consist of Cy, 0 € X, |o| = const. If P € P, | P| denotes the maximum
diameter of the sets in P. Clearly, for any a > 0, we have

Ho(F) = lim inf (diam F)* < lim  inf Z (diam E)*

e—0 |P|<e =0 |P|<e
pep FeP pPep(s) FEP
<lim inf E (diam E)“.
e—0 |P|<e

pep/(z) FEP
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We shall show that the last two terms are indeed equal, and that the second
term is majorised by a constant times the first, from which we derive
Ho(F) < liminf P, A%,
n—oo
hence the required equality and the last statement.

We may assume without restriction that the diameter of V' is equal to one.
Then set a := 7\/01\'8;((‘67)2)), where vol denotes the Lebesgue measure. Then the
number of disjoint copies of V' intersecting a ball of radius 1 is not greater than
the number of disjoint copies of V' contained in a ball of radius 2 which is in
turn lower equal than a~'.

As a consequence, for any z € F

#{ce¥,: ConNBp(z,A,) #0} <at. (1.5)

For any € > 0, let P = U?:l E; € P, diamFE; = r; <e. Let now z; € E;,
Ani—i-l <r < AnZ

Since the set I,, C ¥ of multi-indices of length n; such that |J
-1

o€l,. O‘T )
B(z;, Ap,) has cardinality majorised by a~*, and any such C, contains :;t most
p elements C,/, with |o’'| = n; + 1, then the set of multi-indices I,,,+1 C X of
length n; + 1 such that | J C, D Br(z;i, Ay,) has cardinality majorised by
p/a. Therefore

o€ln;+1

n
U u e
i=10€ln, 41

is a covering of F' of diameter less than € and

Z Z (diam C,) is Ap 1 <

=1 0€ln;+1

@I’U

Z . (1.6)

As a consequence

. ) o D . . Y

< = L .
ahn% \Igll; E (diam E) . ;11% \Igll; (diam E)* = afH (F)
PeP(X) EeP EcP

Now, for any n; < ng, let P be the optimal covering of F' made of C,’s, with
n1 < |o| < ng, namely minimizing ) . »(diam Cy)®, and choose Cy,, € P with
|oo| = no. This means that there is a Cy, |0] = ng — 1, which is optimally
covered by some C,/’s of diameter A,,. Therefore this should be true for all
other ¢ of length ng, namely the optimal covering is made of C,’s of the same
size. This shows the equality

Iy jnf, D (diamB)* =l ot > (diom B)"
PGT(E) EeP PE?/(E) EeP

hence concludes the proof. o
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Remark 1.9. Let F be a translation fractal, with the notation above, and assume
p = sup,, pp < 0o. Let G C F be closed. Then, with P(X) denoting the family
of finite coverings of G made from sets in {V, : o € 3}, for any a > 0

HYG) < 1i inf diam E)°.
(@)= lim inf > (diam E)
pep(z) PEP
It is clear that if the Fi,’s with o € ¥,, are essentially disjoint w.r.t. pq, then
ta(Fo) = €oa. Now we will discuss some conditions implying the vanishing of
lhe, ON the intersections of the F,’s.

Theorem 1.10. Let F be a translation fractal for which p := sup,, pn, < 00, G
a closed subset of F' s.t. du(G) < du(F). Then, pim(G) = 0.

As a consequence, if dg(wn,C Nw,;CNF) < du(F), for any n, i # j, then
Nlim(FU) = ﬁ

Proof. Let o be s.t. dy(G) < a < dg(F), and € > 0. Then, from Theorem 1.8
and the Remark following it, there is ng € N, s.t. P,A% > 1, for all n > ny,
and there is J C ¥ s.t. |o| > ng, forall 0 € J, and ) ;AT < g, and G is
contained in the interior of UyegF,. By Urysohn’s lemma, there is f € C(F),
0< f<1, f(x) =1,z € G, supp f C UyegFy. Then, with py as in (1.1), and
1o the normalised Lebesgue measure,

i (G) < / fdp= lim / fdpi < lim gi(UperFy)

. 1 1 @
< klingoZuk(Fa) =3 e > WA\U\

o€l = Rl B lo|

<Y AR <e

oeld

The thesis follows. O

1.4 Tangential dimensions

Let (X, d) be a metric space, E C X. Let us denote by n(r, E) = n,(E), resp.
n(r, E) = n,(F), the minimum number of open, resp. closed, balls of radius r
necessary to cover F, and by v(r, E) = v,.(E) the maximum number of disjoint
open balls of E of radius r contained in F.

Definition 1.11. [9] Let (X, d) be a metric space, F C X, z € E. We call
upper, resp. lower tangential dimension of F at = the (possibly infinite) numbers

e Jdogn(Ar, EN B(z,r))
D) = gt = g 1/
- ) ) logn(Ar, E N B(z,7))
] =1 1
ele) = spplimeny Sy

)
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Tangential dimensions are invariant under bi-Lipschitz maps, and satisfy
properties which are characteristic of a dimension function.

Let i be a locally finite Borel measure, namely g is finite on bounded sets.

Let us recall that the local dimensions of a measure at = are defined as

log u(B(x, 7))
d,(z) = limipf ==
_ logpu(B(x,r)
d =1 A
wle) = limsup ==

Now we introduce tangential dimensions for u.

Definition 1.12. [10] The lower and upper tangential dimensions of p are
defined as

,09),

log ( H((BB((I; )))>)
.. .. " T, A\
0, (w) = lim inflim inf —= 7 =73=—= € [0

log (24822 )
0, (z) := limsup lim sup C\BE@AD)) [0

, 0Q].
A—0 r—0 10g 1/A ]

Theorem 1.13. [10] Let p be a locally finite Borel measure on X. Then the

following holds. 3 B
0,(x) <d,(x) < du(x) < 0,(x).

Tangential dimensions are invariant under bi-Lipschitz maps.

Theorem 1.14. [10] Let F be a translation fractal with the notations above,
b= fim, and assume p := sup,, pn < 0. Then

. log P,
d,(x) = dp(F) = lim inf Tog 1A,

— . log P,
dy(z) = hflnjogp m,

o log Py, — log Py
dp(x) =6,(x) oy ey log1/Apqr —log1/Ay’

- - . log Pk — log P,
1) =4 =1 .
P(@) = 0u(@) =T sup o Tog 1/A,

2 Noncommutative aspects

2.1 Singular traces on the compact operators of a Hilbert
space.

In this section we recall the theory of singular traces on B(H) as it was developed
by Dixmier [3], who first showed their existence, and then in [13], [1] and [5].
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A singular trace on B(H) is a tracial weight vanishing on the finite rank
projections. Any tracial weight is finite on an ideal contained in X(H) and may
be decomposed as a sum of a singular trace and a multiple of the normal trace.
Therefore the study of (non-normal) traces on B(H) is the same as the study of
singular traces. Moreover, making use of unitary invariance, a singular trace of
a given operator should depend only on its eigenvalue asymptotics, namely, if A
and B are positive compact operators on H and pp, (A) = pn(B) +0(un(B)), tin
denoting the n-th eigenvalue, then 7(A) = 7(B) for any singular trace 7. The
main problem about singular traces is therefore to detect which asymptotics
may be “resummed” by a suitable singular trace, that is to say, which operators
are singularly traceable.

In order to state the most general result in this respect we need some nota-
tion. Let A be a compact operator. Then we denote by {u,(A)} the sequence of
the eigenvalues of |A|, arranged in non-increasing order and counted with mul-
tiplicity. We consider also the (integral) sequence {S,,(A)} defined as follows:

- =
S%(A) = E;o:n-l-l :uk(A) A € le
where L1 denotes the ideal of trace-class operators. We call a compact operator
singularly traceable if there exists a singular trace which is finite non-zero on |A|.
We observe that the domain of such singular trace should necessarily contain
the ideal J(A) generated by A. A compact operator is called eccentric if

Sany (4)
m -1 (2.1)

for a suitable subsequence ng. Then the following theorem holds.

Theorem 2.1. [1] A positive compact operator A is singularly traceable i f f it is
eccentric. In this case there exists a sequence ny such that both condition (2.1)
is satisfied and, for any generalised limit Lim,, on €°°, the positive functional

7u(B) = {Limw ({3=@m}) Benas
T e B¢I(A), B>0,

is a singular trace whose domain is the ideal J(A) generated by A.

The best known eigenvalue asymptotics giving rise to a singular trace is
L ™~ %, which implies S,, ~ logn. The corresponding logarithmic singular
trace is generally called Dixmier trace.

Definition 2.2. [7] If A is a compact operator, set f(t) = —logua(e?), t € R,
where p4 is the extension of u,(A) to a piecewise constant right continuous
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function on [0, 00). Then define

pa(a) \ 7

-1
N (T ren v A R AR ft+h) = f(1)
st o= (Jim imwp =2 ) = (i timp HE5
-1

_ log NH(A) _ —1
0(A) := [ lim liminf = txnl(d) = | lim liminf fe+h) = f)

k—oo n—oo log k h—oo t—oo h
- log fin (A)\ O\
d(A) := ( liminf log ptn(4) = ( liminf ) .

n—oo logl/n t—oo ¢

Moreover, we say that o > 0 is an exponent of singular traceability for A if | A|*
is singularly traceable.

Theorem 2.3. [7] Let A be a compact operator. Then, the set of singular trace-
ability exponents of A is the relatively closed interval in (0,00) whose endpoints
are §(A) and 6(A). In particular, if d(A) is finite nonzero, it is an exponent of
singular traceability.

Note that the interval of singular traceability may be (0, 00), as shown in [6].
In [8] the previous Theorem has been generalised to any semifinite factor, and
some questions concerning the domain of a singular trace have been considered.

2.2 Singular traces and spectral triples

In this section we shall discuss some notions of dimension in noncommutative
geometry in the spirit of Hausdorff-Besicovitch theory.

As is known, the measure for a noncommutative manifold is defined via a
singular trace applied to a suitable power of some geometric operator (e.g. the
Dirac operator of the spectral triple of Alain Connes). Connes showed that such
procedure recovers the usual volume in the case of compact Riemannian mani-
folds, and more generally the Hausdorff measure in some interesting examples
[2], Section IV.3.

Let us recall that (A, X, D) is called a spectral triple when A is an algebra
acting on the Hilbert space H, D is a self adjoint operator on the same Hilbert
space such that [D, a] is bounded for any a € A, and D has compact resolvent.
In the following we shall assume that 0 is not an eigenvalue of D, the general
case being recovered by replacing D with D|kcr( py+- Such a triple is called dt-

summable, d € (0,00), when |D|~¢ belongs to the Macaev ideal L1 = {a :
T
%;T@v? < oo}

The noncommutative version of the integral on functions is given by the
formula Tr,(a|D|~%), where Tr, is the Dixmier trace, i.e. a singular trace
summing logarithmic divergences. By the arguments below, such integral can
be non-trivial only if d is the Hausdorff dimension of the spectral triple, but even
this choice does not guarantee non-triviality. However, if d is finite non-zero,

we may always find a singular trace giving rise to a non-trivial integral.
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Theorem 2.4. [7] Let (A, H, D) be a spectral triple. If s is an exponent of
singular traceability for |D|~%, namely there is a singular trace T which is non-
trivial on the ideal generated by |D| ™%, then the functional a — 7(a|D|™%) is a
trace state (Hausdorff-Besicovitch functional) on the algebra A.

Remark 2.5. When (A, H, D) is associated to an n-dimensional compact mani-
fold M, or to the fractal sets considered in [2], the singular trace is the Dixmier
trace, and the associated functional corresponds to the Hausdorff measure. This
fact, together with the previous theorem, motivates the following definition.

Definition 2.6. [7] Let (A, X, D) be a spectral triple, Tr,, the Dixmier trace.
(1) We call a-dimensional Hausdorff functional the map a +— T'r,(a|D|~%);

(1) we call (Hausdorff) dimension of the spectral triple the number
d(A,H,D) =inf{d>0:|D|~% e Ly™} =sup{d > 0: |D|~¢ ¢ L1},

;
where L5 = {a: —“?gg(fl) — 0}.

(i4i) we call minimal, resp. maximal dimension of the spectral triple the quantity
§(ID|7Y), resp. 8(|D|71), hence |D|* is singularly traceable iff o € [d,6] N
(0, +00).

(iv) For any s between the minimal and the maximal dimension, we call the

corresponding trace state on the algebra A a Hausdorff-Besicovitch functional
on (A, H, D).

Theorem 2.7. [7]
(i) d(A, 3, D) =d(|D|~").

(1i) d .= d(A,H, D) is the unique exponent, if any, such that the d-dimensional
Hausdorff functional is non-trivial.

(11) If d € (0,00), it is an exponent of singular traceability.

Let us observe that a singular trace, hence in particular the a-dimensional
Hausdorff functional, depends on a generalized limit procedure w, however its
value is uniquely determined on the operators a € A such that a|D|~? is mea-
surable in the sense of Connes [2]. By an abuse of language we call measurable
such operators.

As in the commutative case, the dimension is the supremum of the a’s
such that the a-dimensional Hausdorff measure is everywhere infinite and the
infimum of the o’s such that the a-dimensional Hausdorff measure is identically
zero. Concerning the non-triviality of the d-dimensional Hausdorff functional,
we have the same situation as in the classical case. Indeed, according to the
previous result, a non-trivial Hausdorff functional is unique (on measurable
operators) but does not necessarily exist. In fact, if the eigenvalue asymptotics
of D is e.g. nlogn, the Hausdorff dimension is one, but the 1-dimensional
Hausdorff measure gives the null functional.
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However, if we consider all singular traces, not only the logarithmic ones,
and the corresponding trace functionals on A, as we said, there exists a non
trivial trace functional associated with d(A,H, D) € (0,00), but d(A,H, D) is
not characterized by this property. In fact this is true if and only if the minimal
and the maximal dimension coincide. A sufficient condition is the following.

Proposition 2.8. [7] Let (A,H, D) be a spectral triple with finite non-zero

dimension d. If there exists lim%i;?) € (1,00), d is the unique exponent of

singular traceability of D1.

2.3 A spectral triple for fractals

In this Subsection we introduce a spectral triple on limit fractals, by extending
an idea of Connes for Cantor-like fractals. We compute its various dimensions,
and recognise the noncommutative Hausdorff functional as the one arising from
the limit measure on the fractal. Little can we say on the metric defined by this
spectral triple, so in the next Subsection we propose a different spectral triple.

Let F' be a limit fractal which satisfies OSC (se Assumption 1.6) with respect
to the open set V, and let C' be the closure of V. Choose two points x,y € C,
and denote with r their distance. Also, construct the sequences z, = wyz,
Yo = Wey, 0 € 3 and note that

|z — Yol = 16 = 1A

Then let J{ be the ¢? space on the points 25, y,, and consider the natural
representation of the Borel functions on C' as multiplication operators on the
elements of . Then let

1 0 1
P=D = (1 0)
ocEY

Now we consider the spectral triple (A, H, D) where H and D are defined
as above, and A is the algebra of continuous functions on C such that [D, f] is
bounded.

Remark 2.9. We may generalise the construction of the spectral triple by consid-
ering a finite number of ancestral pairs {z;,y;}, e.g., for a Sierpinski like fractal
as in Figure 1, the pairs of extreme points of the three sides of the original
triangle.

Theorem 2.10. Let F be a limit fractal, (A,F(, D) the spectral triple de-
scribed above, o a singular traceability exponent for |D|=1. Then the Hausdorff-
Besicovitch functional coincides, via Riesz Theorem, with the limit measure .

Proof. Let us first assume that the ancestral pair {x,y} is contained in V. Then
the proof can be done as in Proposition 2.15 and Theorem 2.16.

Now take a generic pair {2/, y'}, with |2’ — ¢/|| = 7/, and the correspond-
ing spectral triple (A,J,D’), where the Hilbert spaces are naturally identi-
fied. While the family of eigenvalues (with multiplicity) of |D|~! is given by



2 NONCOMMUTATIVE ASPECTS 16

{r\s : 0 € £}, each with multiplicity 2, the family of eigenvalues (with multi-
plicity) of |D’|~1 is given by {r'\, : o € ¥}, each with multiplicity 2. Therefore
the spectral triples have the same set of traceability exponents, and if « is one
of them, 7 is a singular trace such that 7(|D|~%) = 1, then 7/(|D’|~%) = 1, with
=)

Now let f be a Lipschitz function on C, with Lipschitz constant L. f|D|~®
is a multiplication operator, with eigenvalues (with multiplicity)

(rONF (20), PN f(yo) s 0 € 2.
Then
—a "\ Cu
o= (2) o r,
where R is a selfadjoint operator with eigenvalues (with multiplicity)

{(r) "N (f (@) = f(z0)), (r)* NG (f(ys) — f(yo)) : 0 € B}

Since |f(xl) — f(z5)| < L||zl, — zs|| = LAs||2" — ||, the operator |R| can be
majorised by a positive operator S with eigenvalues {LM (r")*AeH! : 0 € X},
each with multiplicity 2, where M = max(||2’ — z||,||y’ — y||). Clearly the
operator S is infinitesimal w.r.t. |D|~%, hence

/

P = (L) D+ 7 R) = (DI = [ ] da

Since Lipschitz functions are dense, we get the thesis. o

Remark 2.11. (i) When F' is a translation fractal, and the Hausdorff dimension
of the sets F,NFy is strictly lower than the Hausdorff dimension of F', |o| = |¢'|,
then Theorem 1.10 applies, giving

Nlim(FU) = P‘;‘l
(7) Let us observe that for self-similar fractals, there is only one exponent of

singular traceability, namely the similarity dimension s, and the corresponding
limit measure coincides with .

Theorem 2.12. Let (A, D, H) be the spectral triple associated with a translation
fractal F' where the similarities wy, ;, ¢ = 1,...,py have scaling parameter Ay,.
Then the Hausdorff dimension is given by the formula

. 2711 log pi;
d=1 e
P S log 1/

Proof. The eigenvalues of |D|~! are given by r with multiplicity 2, rA; with
multiplicity 2pi, 7A1 A2 with multiplicity 2pip2, and so on. Therefore, with
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po:=1, A :=1,and A,, P, as in (1.4),

co k
Tr(|D|™%) = 2r" ZH(pk)\k)a

k=0 i=0
— 9pe Z elog P,—alogl/A,
n=0
o log1/A,,
=2r nngXp <1ngn <1 - Oélogi‘Pn)) .
s log1/A,, -1 .
Denote by d := (hm inf, o0 oz P, ) . Then, if o > d, we get
logl/A,
liminfoz% -2 >1

n—o0 log P, d

which implies that, for any sufficiently small € > 0 there is n. € N such that,
for all n > ne,
log1/A,

log P,

Since P, ¢ < 27" the series converges. Whereas, if @ < d, as there is a

subsequence {n} such that % — d~, we get
Mg
log1/A, !
l—a—">"-"*—>1-=>0
“ogh,,  d
and the series diverges. Therefore d(A, D, H) = d. O
Theorem 2.13. Let (A, H, D) be the spectral triple associated with a translation
fractal F', where the similarities wy;, 1 = 1,...,p, have scaling parameter \,.
Then
n+k
" "logp;
B(AL9C, D) = liminf =1 5P
nk Zj:n log1/A;
n+k
_ Ej;rn log p;

6(A,H,D) =limsup ———.
( ) nhe Y log 1/,

Proof. The eigenvalues of |D|~! are the numbers rAj, each with multiplicity
2P;,. Therefore, the quantity +(log1/u(e"t") —log1/u(e')), may be rewritten
as
log1/Ax —log1/A,,
log (o Py = i) —log (X720 Py = Vi P

for suitable constants Uy, ¥ in [0, 1).

(2.2)
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Let us observe that, since p; > 2,

k k
P
log ZPj — 4P, | —log Py < log%
=0 b
koK
= log Z H — | <log2.
j=0i=j+1 P

Since the denominator goes to infinity, additive perturbations of the numerator

and of the denominator by bounded sequences do not alter the lim sup, resp.
liminf, and the ratio above may be replaced by

log1/Ar —log1/Ap,

log P, — logP,,

(2.3)

Finally, since the denominator log P, — log P,, goes to infinity if and only if
k —m — oo, the thesis follows. o

Remark 2.14. As in Connes’ book, we may introduce on F' the metric defined
by D, namely

d(x,y) == sup{|f(x) — f(y)| : | € C(F), [I[D, ]l <1}.

However it is not true, in general, that ¢ : (F,||-||) — (F,d) is a homeomorphism.
For example, let F' be the Sierpinski gasket, z,y € F' being two vertices of the
enveloping triangle. Then the metric d gives value +oo to any pair of points
in F sitting on a line which is not parallel to the side z,y. Nevertheless, if
we consider three ancestral pairs for F' as in remark 2.9, we get the Euclidean
geodesic distance in F' (cf. Theorem 2.23).

2.4 A different spectral triple

In this final Subsection we construct a spectral triple on a large subclass of limit
fractals. We recognise the noncommutative Hausdorff functionals as the ones
arising from the limit measures, and compare the “noncommutative metric” with
the Euclidean geodesic distance. In case of translation fractals, we compute the
various dimensions associated to the spectral triple.

Let F be a limit fractal satisfying OSC (see Assumption 1.6). Let z,; be
the fixed point of w,;, and assume that the set W of all z,;’s is not dense in V.
Fix zyp € V' \ W, then there is ¢ > 0 s.t. ||zg — z,i|| > ¢, for all n,4, and

diam(C) > [lag = wniag| > |Il2 = aill = l2as = wasoll|
= (1= Xi)llwg — Tpil| > (1 = Ne. (2.4)
Set x, 1= wyxp, and define

Plo|+1 1 0 1
D=0 D (1 0)

ce¥ i1=1



2 NONCOMMUTATIVE ASPECTS 19

acting on
Plo|+1

H= @ @ 2y, 4.4}

cex =1

In the following we shall consider the spectral triple (A, H, D) with 3 and
D defined as above, and A consisting of continuous functions f on C, acting on
H as

(fg)a,i(xo) = f(xo)ga,i(xa)
(fg)a,i(xa'-i) = f(xavi)ga,i(xavi)a
and for which [D, f] is bounded.

2.4.1 Measures and dimensions

For o > 0, a singular traceability exponent of |D| ™1, set

/ fdul = 7(f1D]~)

for any Borel function f, where 7 is a singular trace such that 7(|D|~%) = 1.

Proposition 2.15. With the above notation, ud(V,) = p2(Cy) = ¢ya, for any
oecX.

Proof. Let 0,0’ € %, then
Hxa-p - xU'p'iH = ||w0'px(7) - wo'p'ixtb” = /\gHw;le.px@ - w;lwa-p-ixO)H'

As w;'w,., is independent of o, the operators A\ *xv, |D|~* and A_“xv., | D[~
have the same eigenvalues (with multiplicity) up to finitely many. Therefore,

—a —a /\g’ —a
L=7(D]"") = > 7l [DI™) = Y S57(xv, D),

o'ex, o'ex, 7

so that ug, (Vo) = 7(xv, | D) = Co.a- Since Y 5 Coa = 1, we get 1o (Co) =
Co,on- O

The set function p? is not o-additive, however its restriction to continuous

functions gives rise to the Hausdorff-Besicovitch functional on C(F) = A. The
following holds:

Theorem 2.16. Let o be a traceability exponent. Then the measure associated
with the Hausdorff-Besicovitch functional via the Riesz Theorem, coincides with
the limit measure po. In particular it does not depend either on xy or on the
generalised limit.
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Proof. Let us show that the regularization 7, of ul satisfies the inequalities
(1.3). Indeed

Tio (Vo) < pd (Vi) <D (Co) =D Coan

o€l o€l
Moreover,
Ti0(Cr) > 10(Co) > Y 1S (Vo) = Y oa
ocd o€d
Then, by the uniqueness proved in Theorem 1.7, i, coincides with piq. o

Theorem 2.17. Let (A, D, H) be the spectral triple associated with a translation
fractal F', where the similarities wy;, 1 = 1,...,py have scaling parameter A,
and sup,, pn, < +00. Then

2711 log pr
21 log 1/ Ak
n+k
lo
B(A, 96, D) = limminf == 1252
n.k Z » log1/X;

d(A,H, D) = lim Sup

n+k
— lo
0(A,H, D) = limsup w
nk o i log /A

Proof. The eigenvalues of |D|~! are the numbers Ay, = Ag|zg — wit1i79],
each with multiplicity 2P. It follows from (2.4) that there are 0 < ¢1 < ¢2 s.t.
c1Ag < Agi < oAy, for all £ € N. Therefore

Prk+1
GRS ED DD BEED B A S
keN =1 k

and the first equality follows as in Theorem 2.12. As for the others, the same
computation in the proof of Theorem 2.13 can be performed. o

From Theorems 1.14, 2.17 we get

Corollary 2.18. Let F be a translation (limit) fractal, p its limit measure,
(A,F, D) its associated spectral triple. Then, for any x € F,

d(A, H, D) = d,,(x),
4(A, 3, D) =4,(x),
5(A,H, D) =3,(x).

2.4.2 Metrics

Let us now introduce on F' the metric defined by D as in Connes’ book, namely

d(x,y) == sup{|f(x) — f(y)| : | € C(O), I[D, f]I < 1}.
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Lemma 2.19. ||z —y|| < d(x,y), for all z,y € F.

Proof. Let f be a Lipschitz function on C with Lipschitz constant < 1. Then
D, f]ll < 1, therefore |z — y|| < d(x,y). O

Let us observe first that this distance and the Euclidean distance induce the
same topology.

Lemma 2.20. (i) Let 0 € 5, x € F,. Then d(z,z,) < di"iril(xc) Ao-

(11) Let o,0’ € ¥y be s.t. FyNFy 0. Then d(zy,xqr) < dialril(xc) (Mo + Aor).

Proof. (i). Thereis p € ¥ s.t. =z, and the n-th truncation p" of p is equal
to o, i.e., p"(i) =0(i), i=1,...,n. Then

o0

d(:v,;vg) < Z d(xpk,;vpkH)
k=|o|
diam(C)

< D2 A diam (0) € ——5

k=|a]

Ao

(i) Let © € F, N Fyp. Then d(zy,24) < d(z,24) + d(x,25) < dialrf(xc)()\g +

Aor). O

Theorem 2.21. Let F be a limit fractal. Then ¢ : (F,|| - ||) — (F,d) is a

homeomorphism.

Proof. Assume ¢ is discontinuous in « € F, so that there are ¢ > 0, {z,} C F
st. |lzn —z|| — 0, and d(zp,z) > ¢, n € N. From Lemma 2.20 we obtain
k € N s.t., for 0 € X, we have diam(F,) < §. As Ugex, Fy = I, there is
o€ X, st. A:={n € N:ux, €F,} is infinite, hence x € F,. Therefore

c < d(zn,r) < diam(F,) < §, which is absurd. O

The map ¢ is not bi-Lipschitz in general. This is true however when the
FEuclidean distance and the Euclidean geodesic distance in F' are bi-Lipschitz.

Lemma 2.22. Let A C RY be a bounded open set, p > 1. Then there are k € N,
¢ > 0, such that, given similarities 1, . .., i such that o;(A)Ng;(A) = 0,1 # j,
with similarity parameters \y < --+ < A\, satisfying A\, < pA1, and a rectifiable
curve y such that v N @;(A) # 0, Vi =1,...,k, we have () > cAy.

Proof. Possibly rescaling, it is not restrictive to assume that A\; = 1. Let k € N
be s.t. the infimum length of a rectifiable curve intersecting the closure of
k dilated copies of A with disjoint interior is 0. Then, for any n € N, we
get sequences of dilations @1, ..., @k, such that ¢, (A4) N e;n(A) = 0, and a
rectifiable curve ~,, with £(v,) < % such that v N @i (A) # 0, i = 1,...,k,
n € N. Clearly it is not restrictive to assume that all curves ~,, start from the
same point xg, which implies that all the curves and copies of A are contained
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in some compact set. By the assumptions above, all dilations lie in a compact
set. Hence, possibly passing to a subsequence, we may assume that, for any
i=1,...k, pi, converges to a dilation ¢; of RV and +, — 7 in the Hausdorff
topology. Let us remark that in this way A_m — A; in the Hausdorff topology,
where A; := ¢;(A), Ain = pin(A), i = 1,...,k, n € N. As diam(y) = 0, v
consists of a single point, indeed the point zg. Moreover yNA; # 0, for all 4,
ie. xo €Nk A

We claim that Ay, ..., Ay are disjoint. By contradiction, assume that A; N A;
is not empty, namely that there exist points z;,z; € A with ¢;(x;) = ¢;(z;),
and let r > 0 be s.t. B(z;,r), B(z;,r) C A. Since the ¢;’s are dilations, this
implies that B(g;(x;),r) C A;, and the same for j. We have that ¢, (z;) and
@;n(z;) converge to the same point, hence, for a sufficiently large n, ||@in (z;) —
wjn(z;)|| <r, so that A;, N Aj, # 0, which is absurd.

Since zg € N¥_, A;, so that A; C B(xo, pdiam(A)), we obtain

k
wyp (diam(A))N = vol(B(z, p diam(A Z ) > kvol(A),

with wy the volume of the unit ball in RY. Therefore, if we take the con-
N N
stant k greater than %, the infimum length of a rectifiable curve

intersecting k dilated copies of A with disjoint interior cannot be 0. O

Theorem 2.23. Let F be a limit fractal in RY, dg, the Euclidean geodesic
distance in F, namely the distance defined in terms of rectifiable curves con-
tained in the fractal (when they exist). Assume A :=inf, ; Ap; > 0. Then there
isc>1 st ||z —yl| <d(x,y) < cdgeo(,y), x,y € F.

Proof. The first inequality was proved above, let us prove the second. For any
e > 0, consider the set X(g) consisting of the multi-indices o such that A\, < e
but A,n-1 > &, where n = |o| and o® denotes the k-th truncation of o (as
in the proof of Lemma 2.20). Then A\, = A, o(n)Agn—1 > Ae. It is clear that
Uses(e)Fo = F, and Vo NV, =0 if o # o' are in X(¢).

Now let z,y € F, € > 0. Choose a rectifiable curve + in F connecting = and
y, with £(7y) < 2dgeo(x,y), and let o1, ...0x be the elements of X(g) such that
Cy, Ny # 0, ordered in such a way that x € Cy,, y € Cy,, and C5, N Cy,,, # 0,
i=1,...,k—1

By Lemma 2.20 we get

k—1
d(z,y) < d(z,vs,) + Z d(ro, IUiJrl) + d(xgk )

i=1

2 dlam Z A 2 dlam(C)ks
o > Y .

Let us notice that k — oo, when ¢ — 0.
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Now let ky € N, ¢y > 0 be the constants associated to V' and to 1/A in
Lemma 2.22. Then

0(v) = [k/kv]evAe

Passing to the limit for ¢ — 0, we get d(z,y) < %dgco(x,y% i.e. the

thesis. O

Remark 2.24. For many fractals, as Sierpinski gasket and carpet, Vicsek, Lind-
strom snowflake etc., dgeo and the Euclidean distance are biLipschitz, hence also
d and the Euclidean distance are.

References

[1] S. Albeverio, D. Guido, A. Ponosov, S. Scarlatti. Singular traces and com-
pact operators. J. Funct. Anal., 137 (1996), 281-302.

[2] A. Connes. Non Commutative Geometry. Academic Press, 1994.

[3] J. Dixmier. Existence de traces non normales. C.R. Acad. Sci. Paris, 262
(1966), 1107-1108.

[4] K. J. Falconer. The geometry of fractal sets. Cambridge University Press,
1986.

[5] D. Guido, T. Isola. Singular traces and Novikov-Shubin invariants, in Oper-
ator Theoretical Methods, Proceedings of the 17th Conference on Operator
Theory Timisoara (Romania) June 23-26, 1998, A. Gheondea, R.N. Golo-
gan, D. Timotin Editors, The Theta Foundation, Bucharest 2000.

[6] D. Guido, T. Isola. Fractals in Noncommutative Geometry, in the Pro-
ceedings of the Conference ”Mathematical Physics in Mathematics and
Physics”, Siena 2000, Edited by Roberto Longo, Fields Institute Commu-
nications, Vol. 30 American Mathematical Society, Providence, RI, 2001

[7] D. Guido, T. Isola. Dimensions and singular traces for spectral triples, with
applications to fractals. Journ. Funct. Analysis, 203, (2003) 362-400

[8] D. Guido, T. Isola. On the domain of singular traces. Int. J. Math., 13
(2002), 667-674.

[9] D. Guido, T. Isola. Tangential dimensions I. Metric spaces. To appear in
Houston J. Math., preprint math.FA /0305091.

[10] D. Guido, T. Isola. Tangential dimensions II. Measures. To appear in Hous-
ton J. Math., preprint math.FA /0405174.



REFERENCES 24

[11] B. Hambly. Brownian motion on a homogeneous random fractal. Prob. Th.
Rel. Fields, 94, (1992), 1-38.

[12] R.D. Mauldin, S.C. Williams. Random recursive constructions: asymptotic
geometric and topological properties. Trans. Amer. Math. Soc. 295 (1986),
325-346.

[13] J.V. Varga. Traces on irregular ideals. Proc. A.M.S., 107 (1989), 715.



