The intersection cohomology of Schubert

varieties is a combinatorial invariant

Francesco Brenti^1 Dipartimento di Matematica Universitá di Roma “Tor Vergata” Via della Ricerca Scientifica, 1 00133 Roma, Italy brenti@mat.uniroma2.it

Dedicato ad Alain Lascoux

Facesti come quei che va di notte, che porta il lume dietro e sé non giova, ma dopo sé fa le persone dotte Dante, Divina Commedia Purg. XXII 67-69

Abstract

We give an explicit and entirely poset-theoretic way to compute, for any permutation v, all the Kazhdan-Lusztig polynomials P_{x,y} for x, y ≤ v, starting from the Bruhat interval [e, v] as an abstract poset. This proves, in particular, that the intersection cohomology of Schubert varieties depends only on the inclusion relations between the closures of its Schubert cells.

1 Introduction

In their fundamental paper [13] Kazhdan and Lusztig defined, for every Coxeter group W , a family of polynomials {P_{x,y}}_{x,y∈W} , indexed by pairs of elements of W , which have become known as the Kazhdan-Lusztig polynomials of W (see, e.g., [12], Chap. 7). These polynomials are intimately related to the Bruhat order of W (see, e.g., [16]) and to the algebraic geometry of Schubert varieties (see, e.g., [2]), and have proven to be of fundamental importance in representation theory (see, e.g., [1]).

1Partially supported by EU grant # HPRN-CT-2001-00272, “Algebraic Combinatorics in Europe”.

One of the most outstanding and intriguing open problems, especially from a combinatorial point of view, concerning Kazhdan-Lusztig polynomials is the so-called combinatorial invariance problem. This problem, first posed by Lusztig ([17]) in the early 1980’s and then independently by Dyer in [9], asks whether the polynomial P_{x,y} depends only on the Bruhat interval [x, y] as an abstract poset. See, e.g., [5], [8], and [6] for partial results on, and further information about, this problem.

The purpose of this paper is to give an affirmative answer to this problem in the case that W is the symmetric group and x = e (the identity element). More precisely, we give a simple, explicit, entirely poset-theoretic way to compute, for any v ∈ S_n, all the polynomials {P_{x,y}}_{x,y∈[e,v]}, starting from the Bruhat interval [e, v] as an abstract poset. This proves, in particular, that the intersection cohomology of Schubert varieties depends only on the adjacency relations between its Schubert cells.

The organization of the paper is as follows. In the next section we collect some notation and background that are used in the sequel. In section 3 we prove some preliminary results, mainly on Bruhat intervals, that are needed in later sections. In section 4 we introduce the concept of a special matching of a partially ordered set, and prove some basic results about them, particularly for Bruhat intervals. In section 5 we prove the main result of this work, namely a classification of all the special matchings of a lower Bruhat interval (Theorem 5.1). This implies an entirely poset-theoretic way of computing the Kazhdan-Lusztig and R-polynomials (Theorem 5.2), and hence their combinatorial invariance and so that of the intersection cohomology vector spaces (Corollary 5.3). Finally, in section 6, we give an example of our combinatorial procedure.

2 Notation and Background

In this section we collect some definitions, notation and results that will be used in the rest of this work. We let N^{def}= {0, 1, 2, 3, . . .}, and for a ∈N we let [a]^{def}= {1, 2, . . . , a} (where [0]^{def}= ∅). We write S = {a_1, . . . , a_r}_< to mean that S = {a_1, . . . , a_r} and a_1 < . . . < a_r. The cardinality of a set A will be denoted by |A|, for r ∈ N we let (_A r )_{def} = {S ⊆ A : |S| = r}. Given a set T we let S(T ) be the set of all bijections π : T → T , and S_n^{def}= S([n]). If σ ∈ S_n then we write σ = σ_1 . . . σ_n to mean that σ(i) = σ_i, for i = 1, . . . , n. We will also write σ in disjoint cycle form (see, e.g., [19], p.17) and we will usually omit writing the 1-cycles of σ. For example, if σ = 365492187 then we also write σ = (9, 7, 1, 3, 5)(2, 6).

Given σ, τ ∈ S_n we let στ^{def}= σ ∘ τ (composition of functions) so that, for example, (1, 2)(2, 3) = (1, 2, 3).

We will follow [19], Chap. 3, for notation and terminology concerning partially ordered sets. In particular, given a finite graded poset P and S ⊆ N we let P_S^{def}= {v ∈ P : ρ(v) ∈ S}, where ρ : P → N is the rank function of P , and P_i^{def}= P_{{i}} if i ∈ N. We say that a finite graded poset P as above is Eulerian if P has a ^0 and ^1 and μ(v, u) = (−1)^{ρ(u)−ρ(v)} for all v, u ∈ P , v ≤ u. Given x, y ∈ P we say that x covers y if x ≥ y and there is no z ∈ P \ {x, y} such that y ≤ z ≤ x. We then write y ⊲ x (or x ⊳ y). The Hasse diagram of P is the graph H(P ) = (P, E) where E^{def}= {{x, y} ∈ (_P 2 ) : either x ⊲ y or y ⊲ x}. Given any graph G = (V, E) a matching of G is a subset M of E such that every element of V belongs to exactly one element of M. If {x, y} ∈ M then we also write M(x) = y or M(y) = x.

We will follow [12] for general Coxeter groups notation and terminology. Given a Coxeter system (W, S) and σ ∈ W we denote by l(σ) the length of σ in W , with respect to S, and we let D(σ)^{def}= {s ∈ S : l(σ s) < l(σ)} , and D_L(σ)^{def}= {s ∈ S : l(sσ) < l(σ)} = D(σ^{−1}).

We call D(σ) (respectively, D_L(σ)) the right (respectively, left) the descent set of σ. We denote by e the identity of W , and we let T^{def}= {σsσ^{−1} : σ ∈ W, s ∈ S} be the set of reflections of W . We will always assume that W is partially ordered by (strong) Bruhat order. Recall (see, e.g., [12], §5.9) that this means that v ≤ u if and only if there exist r ∈ N and t_1, . . . , t_r ∈ T such that t_r . . . t_1 v = u and l(t_i . . . t_1 v) > l(t_{i−1} . . . t_1v) for i = 1, . . . , r. There is a well known characterization of Bruhat order on a Coxeter group (usually referred to as the subword property) that we will use repeatedly in this work, often without explicit mention. We recall it here for the reader’s convenience. By a subword of a word s_1s_2 . . . s_q we mean a word of the form s_{i1} s_{i2} . . . s_{ik} , where 1 ≤ i_1 < . . . < i_k ≤ q. Theorem 2.1 For u, w ∈ W the following are equivalent:

(i) u ≤ w;

(ii) every reduced expression for w has a subword that is a reduced expression for u.

A proof of the preceding result can be found, e.g., in [12, §5.10]. In the case of the symmetric groups there is another characterization of Bruhat order, which we will also use (see, e.g., [18], Chap. 1, for a proof). For σ ∈ S_n, and i ∈ [n], let {σ^{i,1}, . . . , σ^{i,i}}_<^{def}= {σ(1), . . . , σ(i)} . (1) Theorem 2.2 Let σ, τ ∈ S_n. Then σ ≤ τ if and only if σ^{i,j} ≤ τ^{i,j} for all 1 ≤ j ≤ i ≤ n − 1. Given u, v ∈ W we let [u, v]^{def}= {x ∈ W : u ≤ x ≤ v}. We consider [u, v] as a poset with the partial ordering induced by W . In particular, we will use notation such as [u, v]_S or [u, v]_i (S ⊆ N, i ∈ N) to denote the rank-selected subposets of [u, v]. It is well known (see, e.g., [3], Corollary 1) that intervals of W (and their duals) are Eulerian posets.

For J ⊆ S let W_J be the parabolic subgroup of W generated by the set J, and W^{J def}= {w ∈ W : D(w) ⊆ S \ J}. (2) The following result is well known and a proof of it can be found, e.g., in [12].

Proposition 2.3 Let J ⊆ S. Then

(i) Every w ∈ W has a unique factorization w = w^J · w_J such that w^J ∈ W^J and w_J ∈ W_J .

(ii) For this factorization: ℓ(w) = ℓ(w^J ) + ℓ(w_J ).

There is of course a left version of the above definitions and results. Namely, if we let

JW^{def}= {w ∈ W : D_L(w) ⊆ S \ J} = (W^J )^{−1}, (3)

then every w ∈ W can be uniquely factorized w = w_J ·^Jw, where w_J ∈ W_J and Jw ∈^J W , and then l(w) = l(w_J ) + l(^Jw). Furthermore, an element w belongs to^JW if and only if no reduced expression for w begins with a letter from J.

We denote by H(W ) the Hecke algebra associated to W . Recall (see, e.g., [12], Chap. 7) that this is the free Z[q, q^{−1}]-module having the set {T_w : w ∈ W } as a basis and multiplication such that

T_wT_s = { T_{ws}, if l(ws) > l(w), qT_{ws} + (q − 1)T_w, if l(ws) < l(w), (4) for all w ∈ W and s ∈ S. It is well known that this is an associative algebra having T_e as unity and that each basis element is invertible in H(W ). More precisely, we have the following result (see, [12], Proposition 7.4).

Proposition 2.4 Let v ∈ W . Then

(T_v−1 )^{−1} = q^{−l(v)} ∑ u≤v (−1)^{l(v)−l(u)} R_{u,v}(q) T_u ,

where R_{u,v}(q) ∈ Z[q].

The polynomials R_{u,v} defined by the previous proposition are called the R-polynomials of W . It is easy to see that deg(R_{u,v}) = l(v) − l(u), and that R_{u,u}(q) = 1, for all u, v ∈ W , u ≤ v. It is customary to let R_{u,v}(q)^{def}= 0 if u ≰ v. We then have the following fundamental result that follows from (4) and Proposition 2.4 (see [12], §7.5).

Theorem 2.5 Let u, v ∈ W and s ∈ D(v). Then R_{u,v}(q) = { R_{us,vs}(q), if s ∈ D(u), qR_{us,vs}(q) + (q − 1)R_{u,vs}, if s ∉ D(u). (5) Note that the preceding theorem can be used to inductively compute the R-polynomials since l(vs) < l(v). Once again, there is a left version of Theorem 2.5.

The R-polynomials can be used to define the Kazhdan-Lusztig polynomials. The following result is not hard to prove (and, in fact, holds in much greater generality, see [20], Corollary 6.7 and Example 6.9) and a proof can be found, e.g., in [12, §§7.9-11], or [13, §2.2].

Theorem 2.6 There is a unique family of polynomials {P_{u,v}(q)}_{u,v∈W} ⊆ Z[q], such that, for all u, v ∈ W :

i) P_{u,v}(q) = 0 if u ≰ v;

ii) P_{u,u}(q) = 1;

iii) deg(P_{u,v}(q)) <^1_2 (l(v) − l(u)), if u < v; iv) q^{l(v)−l(u)} P_{u,v} ( 1 q ) = ∑ u≤z≤v R_{u,z}(q) P_{z,v}(q) , (6) if u ≤ v. The polynomials P_{u,v}(q) defined by the preceding theorem are called the Kazhdan- Lusztig polynomials of W . Note that parts iii) and iv) of Theorem 2.7 actually yield an inductive procedure to compute the polynomials P_{u,v}(q) for all u, v ∈ W , taking parts i) and ii) as initial conditions.

Kazhdan-Lusztig polynomials have been first defined in [13] and play a prominent role in several branches of mathematics including representation theory (see, e.g., [1], and the references cited there), and the algebraic geometry and topology of Schubert varieties (see, e.g., [13], [14], and [2]). Of interest for us here is mainly their connection to the topology of Schubert varieties. For a permutation v ∈ S_{n+1} let Ω_v be the Schubert cell indexed by v, and Ω_v (Zariski closure) be the corresponding Schubert variety (we refer the reader to, e.g., [18], [10], or [2] for the definition of, and further information about, Schubert cells and varieties). It is well known (and not hard to see) that Ω_v = ⊎ u≤v Ω_u so that u ≤ v if and only if Ω_u ⊆ Ω_v. We denote by IH^∗(Ω_v, C)_{Ωu} the (middle perversity) local intersection cohomology of Ω_v at a (equivalently, any) point of Ω_u. This is a graded vector space, and we denote by IH^i(Ω_v, C)_{Ωu} (i ∈ N) its graded pieces (we refer the reader to, e.g., [11], or [15], for further information about intersection (co)homology). The following result was first proved by Kazhdan and Lusztig in [14, Theorem 4.3].

Theorem 2.7 Let u, v ∈ S_{n+1}, u ≤ v. Then P_{u,v}(q) = ∑ i≥0 q^i dim_C(IH^{2i}(Ω_v, C)_{Ωu} ).

Note that it is known that dim_C(IH^i(Ω_v, C)_{Ωu} ) = 0 if i ≡ 1 (mod 2).

3 Preliminary lemmas

In this section we prove some preliminary results, mostly on the Bruhat order of S_n, that are used in the proof of the main theorem, and in the next section.

Our first result is crucial for the understanding of special matchings (defined in the next section) of Bruhat intervals.

Proposition 3.1 Let v, u ∈ S_{n+1}, v ≠ u. Then |{z ∈ S_{n+1} : z ⊲ v, z ⊲ u}| ≤ 2. (7) Proof. If {z ∈ S_{n+1} : z ⊲ v, z ⊲ u} is empty then the result is clear, so assume that it is not. Then v(a, b) = u(c, d) for some a < b and c < d such that v(a) > v(b) and u(c) > u(d). Note that, since v ≠ u, 3 ≤ |{a, b, c, d}| ≤ 4 and v(i) ≠ u(i) for i ∈ {a, b, c, d}. Now, if z ⊲ v and z ⊲ u then z(i) = v(i) = u(i) for i ∈ [n + 1] \ {a, b, c, d} (for if z(i) ≠ v(i) = u(i) for some i ∈ [n + 1] \ {a, b, c, d} then |{j ∈ {a, b, c, d} : z(j) ≠ u(j)}| ≥ |{j ∈ {a, b, c, d} : z(j) = v(j)}| ≥ |{a, b, c, d}| − 1 and hence z differs from u in at least three positions, which contradicts z ⊲ u). This shows that {z : z ⊲ v, z ⊲ u} ⊆ {v(a, b), v(a, c), v(a, d), v(b, c), v(b, d), v(c, d)}. (8) Assume first that |{a, b, c, d}| = 3. Let {a_1, a_2, a_3}_<^{def}= {a, b, c, d}.Then we have from (8) that {z : z ⊲ v, z ⊲ u} ⊆ {v(a_1, a_2), v(a_2, a_3), v(a_1, a_3)}, and (7) follows in this case since if v(a_1, a_2), v(a_2, a_3), v(a_1, a_3) ≤ v then necessarily v(a_1) > v(a_2) > v(a_3) and so v(a_1, a_3) ⋪v.

Assume now that |{a, b, c, d}| = 4. Let {a_1, a_2, a_3, a_4}_<^{def}= {a, b, c, d} and σ be the (unique) permutation in S_4 such that

v(a_{σ(1)}) < v(a_{σ(2)}) < v(a_{σ(3)}) < v(a_{σ(4)}). (9)

Let 1 ≤ i < j ≤ 4 be such that v(a_{σ(i)}, a_{σ(j)}) ⊲ v. Then a_{σ(i)} > a_{σ(j)} and there is no k ∈ [4] such that v(a_{σ(i)}) < v(a_{σ(k)}) < v(a_{σ(j)}) and a_{σ(j)} < a_{σ(k)} < a_{σ(i)}. Therefore σ(i) > σ(j) and there is no k ∈ [4] such that i < k < j and σ(j) < σ(k) < σ(i) so σ(i, j) ⊲ σ. Similarly, let τ be the unique permutation in S_4 such that

u(a_{τ (1)}) < u(a_{τ (2)}) < u(a_{τ (3)}) < u(a_{τ (4)}). (10)

Then u(a_{τ (i)}, a_{τ (j)}) ⊲ u implies τ(i, j) ⊲ τ, for all 1 ≤ i < j ≤ 4. Note that by (9) and (10), v(a_{σ(r)}) = u(a_{τ (r)}) for r ∈ [4].

We claim that there is an injective map {z ∈ S_{n+1} : z ⊲ v, z ⊲ u} → {z ∈ S_4 : z ⊲ σ, z ⊲ τ}. In fact, let z ∈ S_{n+1} be such that z ⊲ v and z ⊲ u. Then z = v(a_{σ(i)}, a_{σ(j)}) for some 1 ≤ i < j ≤ 4, and z = u(a_{τ (k)}, a_{τ (l)}) for some 1 ≤ k < l ≤ 4. Hence σ(i, j)⊲σ and τ(k, l) ⊲ τ. Let u^{def}= στ^{−1}. Then vũ = u where ũ(a_r)^{def}= a_{u(r)} for r ∈ [4] and ũ(r)^{def}= r for r ∈ [n+1]\{a, b, c, d} (since vũ(a_{τ (r)}) = v(a_{u(τ (r))}) = v(a_{σ(r)}) = u(a_{τ (r)}) for all r ∈ [4]. Therefore ũ = (a_{σ(i)}, a_{σ(j)}) (a_{τ (k)}, a_{τ (l)}) and hence u = (σ(i), σ(j))(τ(k), τ(l)). There follows that (σ(i), σ(j))σ = (τ(k), τ(l))τ and therefore that σ(i, j) = τ(k, l). Note that this map z → σ(i, j) is injective for if σ(i, j) = σ(i_1, j_1) then (i, j) = (i_1, j_1) and hence (a_{σ(i)}, a_{σ(j)}) = (a_{σ(i1 )}, a_{σ(j1)}). Therefore |{z ∈ S_{n+1} : z ⊲ v, z ⊲ u}| ≤ |{z ∈ S_4 : z ⊲ σ, z ⊲ τ}|.

But it is easy to check that |{z ∈ S_4 : z ⊲ σ, z ⊲ τ}| ≤ 2 for any σ, τ ∈ S_4, σ ≠ τ, so the result follows. □

The following three technical lemmas are needed in the next section. For a, b ∈ S let J(a, b)^{def}= {s ∈ S : d(s, a) < d(s, b)} (where, for x, y ∈ S, d(x, y) is the distance, in graph theoretic terms, between x and y in the Dynkin diagram of S_{n+1}).

Lemma 3.2 Let v ∈ S_{n+1}, a, b, c ∈ S, b ≠ c, be such that m(a, b) = m(a, c) = 3, cab ≰ v, and J^{def}= J(a, c). Then {s ∈ S : s ≤^J v} ⊆ S \ (J \ {a}). Proof. Let^J v = t_1 . . . t_r be reduced and suppose that {t_1, . . . , t_r} ∩ (J \ {a}) ≠ ∅. Let t_i be the leftmost letter of t_1 . . . t_r such that t_i ∈ J \ {a}. If a ∉ {t_1, . . . , t_{i−1}} then t_it_j = t_jt_i for all j ∈ [i − 1] and hence t_i ∈ D_L(^J v) which is a contradiction since t_i ∈ J. So a ∈ {t_1, . . . , t_{i−1}}. Let t_k be the leftmost letter of t_1 . . . t_{i−1} that is equal to a. Then {t_1, . . . , t_{k−1}} ⊆ S \ J. But t_i = b (for if t_i ∈ J \ {a, b} then t_it_j = t_j t_i for all j ∈ [i − 1] and hence t_i ∈ D_L(^J v), which is a contradiction). Hence c ∉ {t_1, . . . , t_{k−1}} (else cab ≤ v, which is a contradiction). Therefore {t_1, . . . , t_{k−1}} ⊆ S \ (J ∪ {c}) and hence t_ja = at_j for all j ∈ [k − 1], which implies that a ∈ D_L(^J v) which is a contradiction since a ∈ J. So {t_1, . . . , t_r} ∩ (J \ {a}) = ∅, and the result follows. □

Lemma 3.3 Let a, b, c ∈ S, b ≠ c, be such that m(a, b) = m(a, c) = 3, and v = v_1v_2 ∈ S_{n+1} be such that {s ∈ S : s ≤ v_1} ⊆ J(a, c), {s ∈ S : s ≤ v_2} ⊆ J(a, b). Then

v_J = { v_1, if a ∉ D_L(v_2), v_1a, if a ∈ D_L(v_2), and Jv = { v_2, if a ∉ D_L(v_2), av_2, if a ∈ D_L(v_2),

where J^{def}= J(a, c). In particular, v_J a^Jv = v_1av_2.

Proof. Suppose first that a ∉ D_L(v_2). Then D_L(v_2) ⊆ J(a, b) \ {a} = S \ J and hence v_2 ∈^J(S_{n+1}).

Since, clearly, v_1 ∈ (S_{n+1})_J , we conclude from the (left version) of Proposition 2.3 that the result holds in this case. If a ∈ D_L(v_2) then a ∉ D_L(av_2). Hence D_L(av_2) ⊆ J(a, b) \ {a} = S \ J and hence av_2 ∈^J(S_{n+1}). But, clearly, v_1a ∈ (S_{n+1})_J , so the result again follows. □

Lemma 3.4 Let v ∈ S_{n+1}, a, b, c ∈ S, b ≠ c, be such that m(a, b) = m(a, c) = 3, cab ≰ v, and J^{def}= J(a, c). Suppose u ⊲ v, and u_J a^Ju ≠ v. Then u_J a^Ju ≤ v_J a^Jv. Proof. Let v_J = s_1 . . . s_p,^Jv = t_1 . . . t_r be both reduced expressions. Then {s_1, . . . , s_p} ⊆ J and by Lemma 3.2 we have that {t_1, . . . , t_r} ⊆ S \ (J \ {a}) = J(a, b). Since u ⊲ v there follows that u = u_1u_2 with {s ∈ S : s ≤ u_1} ⊆ J, {s ∈ S : s ≤ u_2} ⊆ J(a, b) and either u_1 = v_J , u_2 ⊲^Jv or u_1 ⊲ v_J , u_2 =^Jv. Therefore either u_1a = v_J a and u_2 ≤^Jv, or u_1a ≤ v_J a and u_2 =^J v (for if u_1a = v_J then u_1au_2 = v_J^Jv = v and hence, by Lemma 3.3, u_J a^J u = v, which is a contradiction). Let v_J a = r_1 . . . r_k be a reduced expression (so k = p ± 1). Since v_J a ∈ W_J there follows that r_1 . . . r_kt_1 . . . t_r is a reduced expression for v_J a^Jv. This implies that either r_1 . . . r_ku_2 ≤ r_1 . . . r_k^Jv and u_1a = v_J a or u_1at_1 . . . t_r ≤ v_J at_1 . . . t_r and u_2 =^Jv. Therefore u_1au_2 ≤ v_J a^Jv, and the result follows from Lemma 3.3. □

We conclude with the following two observations that will be used in the proof of the main theorems (Theorems 5.1 and 5.2).

Lemma 3.5 Let v ∈ W and a, b, c ∈ S be such that m(a, b) = m(a, c) = 3, m(b, c) = 2, aba ≤ v, and aca ≤ v. Then either abca ≤ v or cabac ≤ v. Proof. Let ξ^{def}= (r_1, . . . , r_q) be a reduced expression for v. Let r_i (respectively, r_j) be the leftmost (respectively, rightmost) letter of ξ that is equal to a (1 ≤ i ≤ j ≤ q). Since aca ≤ v there is a letter equal to c to the left of r_j . Similarly, there is a letter equal to c to the right of r_i. Therefore, there is either a letter equal to c between r_i and r_j, or there are (at least) two letters equal to c, one to the left of r_i and one to the right of r_j . Since aba ≤ v we conclude similarly that there is either a letter equal to b between r_i and r_j, or (at least) two letters equal to b, one to the left of r_i and one to the right of r_j. Therefore, either abca = acba ≤ v, or bacab ≤ v, or cabac ≤ v, or bcacb = bcabc = cbacb = cbabc ≤ v, as desired. □ Lemma 3.6 Let σ ∈ S_{n+1} and i ∈ [n]. Then s_{i+1}s_is_{i−1} ≰ σ if and only if σ([i − 1]) ⊆ [i + 1].

Proof. Let, for brevity, τ^{def}= s_{i+1}s_is_{i−1} (so τ(i − 1) = i + 2, τ(j) = j − 1 if j ∈ {i, i + 1, i+2}, and τ(j) = j if j ∈ [n+1]\[i−1, i+2]). Let {τ_{j,1}, . . . , τ_{j,j}}_<^{def}= {τ(1), . . . , τ(j)} for j ∈ [n + 1]. Then (τ_{j,1}, . . . , τ_{j,j}) = (1, 2, . . . , j) for j ∈ [n + 1] \ {i − 1, i, i + 1} and (τ_{j,1}, . . . , τ_{j,j}) = (1, 2, . . . , j − 1, i + 2) for j ∈ {i − 1, i, i + 1}. Hence τ ≤ σ if and only if max{σ(1), . . . , σ(j)} ≥ i + 2 for j ∈ {i − 1, i, i + 1}, namely if and only if max{σ(1), . . . , σ(i − 1)} ≥ i + 2, and the result follows. □

4 Special matchings

In this section we introduce the concept of a special matching of a partially ordered set, and study some of its basic properties, particularly in regard to Bruhat intervals.

Let P be a partially ordered set. We say that a matching M of the Hasse diagram of P is a special matching if, for all x, y ∈ P , such that M(x) ≠ y, we have that x ⊲ y ⇒ M(x) ≤ M(y). Note that this implies, in particular, that if x ⊲ y and M(x) ⊳ x then M(y) ⊳ y and M(y) ⊳ M(x), and dually that if x ⊲ y and M(y) ⊲ y then M(x) ⊲ x and M(x) ⊲ M(y). As pointed out by the referee, a concept equivalent to this one, for Eulerian posets, has been introduced also in [7].

The motivation for this definition is given by the next result.

Proposition 4.1 Let (W, S) be a Coxeter system, u, v ∈ W , u ≤ v, and s ∈ D(v) \ D(u). Let M(x)^{def}= xs for all x ∈ [u, v], then M is a special matching of [u, v]. In particular, [e, v] has a special matching.

Proof. This follows immediately from the definition of a special matching and the Lifting Lemma (see, e.g., [12, §5.9]). □

There is of course a left version of the preceding result. Note that the converse of Proposition 4.1 is not true. Namely, there are special matchings which are not given by right or left multiplication by a simple reflection. For example, let (W, S) be a Coxeter system such that |S| ≥ 3 and there are a, b, c ∈ S such that m(a, b), m(b, c) ≥ 3. Then M = {{e, b}, {a, ab}, {c, bc}, {ac, abc}} is a special matching of [e, abc]. Notice that this matching is combinatorially indistinguishable from the two special matchings given by right multiplication by c and left multiplication by a.

Probably the most fundamental property of special matchings is the following one, which is an analogue, for any partially ordered set, of the well-known “Lifting Lemma” which holds for the Bruhat order of a Coxeter group.

Lemma 4.2 Let P be a graded poset, M be a special matching of P , and x, y ∈ P , x < y, be such that M(x) ⊳ x and M(y) ⊲ y. Then M(x) ≤ y and x ≤ M(y).

Proof. We proceed by induction on ρ(y) − ρ(x), ρ being the rank function of P . If x ⊲ y then, by the definition of special matching, M(x) = y and the result holds. So assume ρ(y) − ρ(x) ≥ 2. Let z ∈ P be such that x < z ⊲ y. If M(z) ≠ y then, by the definition of special matching, M(z) ⊲ M(y) and hence M(z) ⊲ z. Therefore, by the induction hypothesis, M(x) ≤ z and x ≤ M(z) and the result follows in this case. We may therefore assume that z = M(y). Let w ∈ P be such that x ⊲ w < y. If M(x) ≠ w then, by the definition of special matching, M(x) ⊲ M(w) and w ⊲ M(w), so by induction M(w) ≤ y and w ≤ M(y), and the result again follows. If M(x) = w then the result trivially holds. □

In the important special case of Eulerian lattices, more can be said.

Proposition 4.3 Let L be an Eulerian lattice, M be a special matching of L, and x, y ∈ L, x < y, be such that M(x) ⊳ x and M(y) ⊲ y. Then M(x) ≰ M(y).

Proof. Let ρ be the rank function of L. We proceed by induction on ρ(y) − ρ(x). The result is clear if ρ(y) − ρ(x) ≤ 2. So suppose r^{def}= ρ(y) − ρ(x) ≥ 3, and assume, by contradiction, that M(x) ≤ M(y). Let M(x) = x_1 ⊲ x_2 ⊲ . . . ⊲ x_{r−1} = M(y) be a saturated chain from M(x) to M(y). Since L is Eulerian, there is a unique y_{r−1} ∈ L, y_{r−1} ≠ x_{r−1}, such that x_{r−2} ⊲ y_{r−1} ⊲ y. This, since M is a special matching, implies that M(y_{r−1}) ⊲ x_{r−1} and hence, since L is a lattice, that M(y_{r−1}) = x_{r−2}. Therefore M(y_{r−1}) ≥ M(x) and this, by our induction hypothesis, is a contradiction. This concludes the induction step and hence the proof. □

Proposition 4.4 Let P be a graded poset, M be a special matching of P , and x ∈ P be such that M(x) ⊲ x. Then M restricts to a special matching of {y ∈ P : y ≤ x}.

Proof. Let y ≤ x. It follows immediately from Lemma 4.2 that M(y) ≤ x, so M restricts to a matching of {y ∈ P : y ≤ x}. It is clear that this is still a special matching. □

We now turn to the study of special matchings of Bruhat intervals. The next three results are fundamental for this work.

Lemma 4.5 Let v ∈ S_{n+1} and M, M^′ be two special matchings of [e, v] such that M(u) = M^′(u) for all u ∈ [e, v] with l(u) ≤ 1. Then

M(u) = M^′(u) (11)

for all u ∈ [e, v].

Proof. We prove (11) by induction on l(u). So let u ∈ [e, v] be such that l(u) ≥ 2, and assume that M(b) = M^′(b) for all b ∈ [e, v] such that l(b) < l(u). If M(u) ⊲ u then by induction u = M(M(u)) = M^′(M(u)) and so M^′(u) = M(u). Similarly if M^′(u) ⊲ u.

So assume that M(u) ⊳ u and M^′(u) ⊳ u. Let {c_1, . . . , c_r} be the elements covered by u. Then M(c_1), . . . , M(c_r) ≠ u. We claim that {M(c_i) : l(M(c_i)) = l(u)} = {z ⊲ M(u) : z ≠ u}. Indeed, it is clear from the fact that M is a special matching that M(c_i) ⊲ M(u) if l(M(c_i)) = l(u). Conversely, if z ⊲M(u), z ≠ u, then, because M is a special matching, M(z) ⊲ z and M(z) ⊲ u. So M(z) is covered by u and l(M(M(z))) = l(u). Of course, the same reasoning holds for M^′. Therefore, by our induction hypothesis, {z : z ⊲ M(u)} = {u} ⊎ {M(c_i) : l(M(c_i)) = l(u)} = {u} ⊎ {M^′(c_i) : l(M^′(c_i)) = l(u)} = {z : z ⊲ M^′(u)} and hence, since l(M(u)) ≥ 3, we conclude from Proposition 3.1 that M(u) = M^′(u), as desired. □

One can show that the preceding lemma actually holds for any (not necessarily lower) Bruhat interval of S_n.

Lemma 4.6 Let v ∈ S_{n+1}, a, b, c ∈ S be such that m(a, b) = m(a, c) = 3, cab ≰ v, J^{def}= J(a, c), and M be a special matching of [e, v] such that M(u) = u_J a^J u for all u ∈ [e, v] with l(u) ≤ 1. Then M(u) = u_J a^J u for all u ∈ [e, v].

Proof. We proceed by induction on l(u). Let u ∈ [e, v] be such that l(u) ≥ 2. If M(u) ⊲ u then by induction we have that u = M(M(u)) = M(u)_J a^JM(u) Hence u_J = M(u)_J a,^J u =^J M(u) and therefore M(u) = M(u)_J^J M(u) = u_J a^Ju. Similarly, if u_J a^Ju ⊲ u then by induction M(u_J a^Ju) = (u_J a)a^J u = u so M(u) = u_J a^Ju. So suppose that M(u) ⊳ u and u_J a^Ju ⊳ u. Let {c_1, . . . , c_r} be the elements covered by u. Then M(c_1), . . . , M(c_r) ≠ u and, as we have seen in the proof of Lemma 4.5, {M(c) : c ⊲ u, l(M(c)) = l(u)} = {z ⊲ M(u) : z ≠ u}. We claim that {z ⊲ u_J a^J u : z ≠ u} = {c_J a^Jc : c ⊲ u, l(c_J a^Jc) = l(u)}. In fact, it follows from Lemma 3.4 that c_J a^Jc ≤ u_J a^Ju (for if c_J a^Jc = u then u_J a^Ju = (c_J a)a^Jc = c which contradicts u_J a^Ju ⊳ u) and therefore that c_J a^Jc ⊲ u_J a^Ju if l(c_J a^Jc) = l(u). Conversely, since cab ≰ u_J a^J u (for if cab ≤ u_J a^Ju then cab ≤^J u and hence cab ≤ u ≤ v, which is a contradiction) if z ⊲ u_J a^J u, z ≠ u, then by Lemma 3.4 we have that z_J a^Jz ⊲ u_J^Ju = u and z_J a^Jz ⊲ z. So c^{def}= z_J a^Jz is covered by u and c_J a^Jc = z. Therefore, by our induction hypothesis, {z : z ⊲ M(u)} = {u} ⊎ {M(c) : c ⊲ u, l(M(c)) = l(u)} = {u} ⊎ {c_J a^Jc : c ⊲ u, l(c_J a^Jc) = l(u)} = {z : z ⊲ u_J a^Ju} and hence, since l(M(u)) ≥ 3, we conclude from Proposition 3.1 that M(u) = u_J a^J u, as desired. □

There is, of course, a right version of Lemma 4.6.

The same reasoning used to prove the previous lemma also proves the following result.

Lemma 4.7 Let v ∈ S_{n+1} and M be a special matching of [e, v] such that M(u) = uM(e) for all u ∈ [e, v] with l(u) ≤ 1. Then

M(u) = u M(e) (12)

for all u ∈ [e, v]. □

Note that Lemma 4.7 is not a special case of Lemma 4.5 since in Lemma 4.7 we do not assume that M^′(u)^{def}= uM(e) is a special matching of [e, v]. Once again, there is of course a left version of Lemma 4.7.

We conclude this section by mentioning one more property of special matchings of lower intervals of symmetric groups. Namely that they (seen as involutions on the elements of the interval) generate a Coxeter group, having them as Coxeter generators. This surprising fact, which is a non-trivial consequence of one of the main results of this paper (Theorem 5.1), will be proved elsewhere.

5 Main Results

In this section we prove the main results of this work. Namely, we classify all the possible special matchings of lower intervals in the Bruhat order of the symmetric groups. This implies a poset-theoretic way of computing the Kazhdan-Lusztig and R-polynomials, and hence their combinatorial invariance and so that of the local intersection cohomology of Schubert varieties.

Theorem 5.1 Let v ∈ S_{n+1}, and M be a special matching of [e, v]. Then either

M(u) = ua (13)

for all u ∈ [e, v], or M(u) = au (14) for all u ∈ [e, v], or M(u) = u_J a^Ju (15) for all u ∈ [e, v], where a^{def}= M(e), b is a neighbor of a in the Dynkin diagram of S_{n+1}, and J^{def}= J(a, b).

Proof. Let b be a neighbor of a in the Dynkin diagram of S_{n+1}.

If there is no c ∈ [e, v]_1 \{b} such that m(c, a) = 3 then ca = ac for all c ∈ [e, v]_1 \{b} and therefore M(c) = ca = ac for all c ∈ [e, v]_1 \ {b}. Hence either (14) holds for all u ∈ [e, v] with l(u) ≤ 1 (if M(b) = ab, or if b ≰ v) or (13) holds for all u ∈ [e, v] with l(u) ≤ 1 (if M(b) = ba, or if b ≰ v). This, by Lemma 4.7, implies that either (14) or (13) holds, as desired.

We may therefore assume that there is a (necessarily unique) c ∈ [e, v]_1 \ {b} such that m(a, c) = 3, and that b ≤ v. Then m(b, c) = 2 so bc = cb ≤ v.

Since M is a special matching we have that M(b) ∈ {ab, ba} and M(c) ∈ {ac, ca}. Assume first that cab ≤ v and bac ≤ v. We claim that then either M(c) = ca and M(b) = ba, or M(c) = ac and M(b) = ab. In fact, suppose that M(b) = ba and M(c) = ac. Then, since M is a special matching, M(ab) ⊳ ab and M(ab) ⊳ M(b) = ba which implies that M(ab) = aba. Similarly, M(ca) = aca. But then, since M is a special matching, M(bc) ⊳ M(b) = ba and M(bc) ⊳ M(c) = ac, which implies that M(bc) = bac. But then, since M is a special matching, M(cab) ⊳ M(ca) = aca, M(cab) ⊳ M(cb) = bac, and M(cab) ⊳ M(ab) = aba, and this, by Lemma 3.5, is impossible. The case M(b) = ab, M(c) = ca is exactly analogous. This proves our claim. Hence either M(u) = ua for all u ∈ [e, v], with l(u) ≤ 1, or M(u) = au for all u ∈ [e, v], with l(u) ≤ 1, and this, by Lemma 4.7, implies that either (13) or (14) holds as desired.

Assume now that either cab ≰ v or bac ≰ v. Suppose that bac ≰ v. If either M(c) = ca and M(b) = ba, or M(c) = ac and M(b) = ab, then either M(u) = ua for all u ∈ [e, v], with l(u) ≤ 1, or M(u) = au for all u ∈ [e, v], with l(u) ≤ 1, and this, by Lemma 4.7, implies that either (13) or (14) holds as desired. If M(c) = ac and M(b) = ba then, since M is a special matching, M(bc) ⊳ M(b) = ba and M(bc) ⊳ M(c) = ac, which implies that M(bc) = bac, and this is a contradiction since bac ≰ v. If M(c) = ca and M(b) = ab then M(u) = u_J a^Ju for all u ∈ [e, v] with l(u) ≤ 1 and hence, by Lemma 4.6, (15) holds. Similarly, if cab ≰ v then we conclude that either (13), (14), or (15) holds, as desired. □

Using the preceding result we can show that the Kazhdan-Lusztig R-polynomials satisfy the following poset-theoretic recursion.

Theorem 5.2 Let v ∈ S_{n+1}, and M be a special matching of [e, v]. Then

R_{u,v}(q) = q^cR_{M(u),M(v)} + (q^c − 1) R_{u,M(v)}, (16)

for all u ∈ [e, v], where c^{def}= 0 if M(u) ⊲ u and c^{def}= 1 if M(u) ⊳ u.

Proof. Let a^{def}= M(e). We proceed by induction on l(v), the result being easy to check if l(v) ≤ 2. So assume that l(v) ≥ 3. Since M is a special matching of [e, v] it follows from Theorem 5.1 that there are three possibilities for M. If M(u) = ua for all u ∈ [e, v] or M(u) = au for all u ∈ [e, v] then (16) clearly holds.

Suppose that M(u) = u_J a^Ju for all u ∈ [e, v], where b is a neighbor of a in the Dynkin diagram of S_{n+1}, and J^{def}= J(a, b). Note that it follows from the proof of Theorem 5.1 that this can only happen if there is a (necessarily unique) c ∈ [e, v]_1 \ {b} such that m(a, c) = 3, b ≤ v, and bac ≰ v.

Let s_i^{def}= a (i ∈ [2, n − 1]), and suppose that b = s_{i+1} and c = s_{i−1}. Let u ≤ v. Then, by Lemma 3.6, u([i − 1]) ⊆ [i + 1]. There follows that there are (unique) indices j, k ∈ [i, n + 1], j < k, such that u(j), u(k) ∈ [i + 1], and it is easy to check that

M(u) = u_J s_i^Ju = u(j, k). (17)

Let l, m ∈ [i, n + 1] be such that M(v) = v(l, m) (note that we do not assume that l < m). If {l, m} = {i, i + 1} then v([i + 1]) = [i + 1] and therefore, by Theorem 2.2, u([i + 1]) = [i + 1] for all u ≤ v. This, by (17), forces M(u) = us_i for all u ≤ v, so (16) clearly holds in this case.

We may therefore assume, without loss of generality, that m ≥ i + 1 and m − 1 ≠ l. Let s^{def}= (m−1, m). Then s ∈ D(v), s ∈ D(M(v)), and M(vs) = M(v)s, so M(vs)⊲vs. In particular, by Proposition 4.4, M restricts to a special matching of [e, vs]. Let u ≤ v, and let j, k have the same meaning as in (17). Note that M(us) = M(u)s. There are now two cases to distinguish.

Suppose first that M(u) ⊲ u. Then, by (17), u(j) > u(k). If s ∈ D(u) and s ∈ D(M(u)) then M(us) ⊲ us. So by our induction hypothesis we have that R_{u,v} = R_{us,vs} = R_{M(us),M(vs)} = R_{M(u)s,M(v)s} = R_{M(u),M(v)} as desired. If s ∈ D(u) and s ∉ D(M(u)) then necessarily s = (j, k). So M(u) = us and M(us) ⊳ us and we obtain, using induction, that R_{u,v} = R_{us,vs} = qR_{M(us),M(vs)} + (q − 1)R_{us,M(vs)} = qR_{M(u)s,M(v)s} + (q − 1)R_{us,M(v)s} = qR_{M(u)s,M(v)s} + (q − 1)R_{M(u),M(v)s} = R_{M(u),M(v)} and (16) follows. If s ∉ D(u) then, since u(j) > u(k), s ∉ D(M(u)) and hence M(us) ⊲ us so, by induction and Lemma 4.2, R_{u,v} = qR_{us,vs} + (q − 1)R_{u,vs} = qR_{M(us),M(vs)} + (q − 1)R_{M(u),M(vs)} = qR_{M(u)s,M(v)s} + (q − 1)R_{M(u),M(v)s} = R_{M(u),M(v)}, (note that, if us ≰ vs, then by Lemma 4.2 M(us) ≰ M(vs), so R_{us,vs} = R_{M(us),M(vs)} also in this case) and (16) again follows.

Suppose now that M(u) ⊳ u. Then, by (17), u(j) < u(k). Therefore, if s ∈ D(u) then s ∈ D(M(u)) and hence M(us) ⊳ us, so we obtain R_{u,v} = R_{us,vs} = qR_{M(us),M(vs)} + (q − 1)R_{us,M(vs)} = qR_{M(u)s,M(v)s} + (q − 1)R_{us,M(v)s} = qR_{M(u),M(v)} + (q − 1)R_{u,M(v)}, as desired. If s ∉ D(u) and s ∉ D(M(u)) then M(us) ⊳ us and we obtain that R_{u,v} = qR_{us,vs} + (q − 1)R_{u,vs} = q(qR_{M(us),M(vs)} + (q − 1)R_{us,M(vs)}) + (q − 1)(qR_{M(u),M(vs)} + (q − 1)R_{u,M(vs)}) = q(qR_{M(u)s,M(v)s} + (q − 1)R_{us,M(v)s}) + (q − 1)(qR_{M(u),M(v)s} + (q − 1)R_{u,M(v)s}) = qR_{M(u),M(v)} + (q − 1)R_{u,M(v)}, so (16) again holds. If s ∉ D(u) and s ∈ D(M(u)) then s = (j, k). Therefore M(us) = u ⊲ us and we conclude that R_{u,v} = qR_{us,vs} + (q − 1)R_{u,vs} = qR_{M(us),M(vs)} + (q − 1)(qR_{M(u),M(vs)} + (q − 1)R_{u,M(vs)}) = qR_{M(u)s,M(v)s} + (q − 1)(qR_{us,M(v)s} + (q − 1)R_{u,M(v)s}) = qR_{M(u),M(v)} + (q − 1)R_{u,M(v)}, and (16) holds.

The case c = s_{i+1}, b = s_{i−1} is analogous. □ One may conjecture that Theorem 5.2 holds for any Coxeter group, and any Bruhat interval (not necessarily lower).

Theorem 5.2 immediately implies, by Theorems 2.6 and 2.7, the combinatorial invariance of the Kazhdan-Lusztig and R-polynomials, and hence of the local intersection cohomology spaces of Schubert varieties.

Corollary 5.3 Let v ∈ S_{n+1} and v^′ ∈ S_{m+1} (n, m ∈ P) be such that [e, v] ∼= [e, v^′] (as posets). Then R_{u,z} = R_{f(u),f(z)}, P_{u,z} = P_{f(u),f(z)}, and dim_C(IH^i(Ω_z, C)_{Ωu} ) = dim_C(IH^i(Ω_{f(z)}, C)_{Ωf (u)} ) for all u, z ∈ [e, v], i ∈ N, and all poset isomorphisms f : [e, v] → [e, v^′]. □

The preceding result has also been proved, independently, by F. Du Cloux in [8]. Du Cloux’s proof is different from ours: his method is nonconstructive (i.e., does not yield an algorithm for computing the polynomials from the poset [e, v], see [8, §1.3]) but applies to a more general class of Coxeter groups.

6 An example

We illustrate Theorem 5.2 with an example. Let P = [e, w] be the lower interval whose Hasse diagram is depicted in Figure 1^2. Identify, for convenience, the elements of P with the integers from 1 to 18 by numbering the elements of P from bottom to

2We do not give w since the point of the example is exactly to show how one can compute the polynomials from the poset rather than from the permutation.

top and from left to right (so, for example, 12 is the third element, from the left, of rank three of P ). According to Theorem 5.2, we need to find a special matching M of P . Suppose M(1) = 2. We have two possible choices for M(3), namely 7 and 8, and two for M(4), namely 5 and 6. Suppose we choose M(3) = 7 and M(4) = 5. According to Lemma 4.5, if there is a special matching M of P such that M(1) = 2, M(3) = 7, and M(4) = 5 then it is unique. Indeed, in this case these choices force M = {{1, 2}, {3, 7}, {4, 5}, {6, 11}, {8, 10}, {9, 12}, {13, 15}, {14, 16}, {17, 18}}.

Figure 1.

Applying Theorem 5.2 we obtain that

R_{1,18} = q R_{M(1),M(18)} + (q − 1)R_{1,M(18)} = qR_{2,17} + (q − 1)R_{1,17}

(as well as R_{2,18} = R_{1,17}, R_{3,18} = qR_{7,17} + (q − 1)R_{3,17}, R_{4,18} = qR_{5,17} + (q − 1)R_{4,17}, R_{5,18} = R_{4,17}, R_{6,18} = qR_{11,17} + (q − 1)R_{6,17}, R_{7,18} = R_{3,17}, R_{8,18} = qR_{10,17} + (q − 1)R_{8,17}, R_{9,18} = qR_{12,17} + (q − 1)R_{9,17} = (q − 1)R_{9,17}, and similarly R_{10,18} = R_{8,17}, R_{11,18} = R_{6,17}, R_{12,18} = R_{9,17}, R_{13,18} = (q − 1)R_{13,17}, R_{14,18} = (q − 1)R_{14,17}, R_{15,18} =

R_{13,17}, R_{16,18} = R_{14,17}, R_{17,18} = (q − 1)R_{17,17}). We therefore need to compute the polynomials R_{u,17} for all u ≤ 17. Since M does not restrict to a special matching of [1, 17] (= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 17} we need to repeat the above procedure to find a special matching, N, of [1, 17]. Suppose that N(1) = 2. This forces N(3) ∈ {7, 8} and N(4) ∈ {5, 6}. Suppose we choose N(3) = 7 and N(4) = 6. Then by Lemma 4.5 the rest of N is uniquely determined and indeed our choices force N = {{1, 2}, {3, 7}, {4, 6}, {5, 11}, {8, 10}, {9, 14}, {13, 17}}. Applying Theorem 5.2 we get R_{1,17} = q R_{2,13} + (q − 1)R_{1,13}, R_{2,17} = R_{1,13},

(as well as R_{3,17} = (q − 1)R_{3,13}, R_{4,17} = (q − 1)R_{4,13}, R_{5,17} = (q − 1)R_{5,13}, R_{6,17} = R_{4,13}, R_{7,17} = R_{3,13}, R_{8,17} = (q − 1)R_{8,13}, R_{9,17} = (q − 1)R_{9,13}, R_{10,17} = R_{8,13}, R_{11,17} = R_{5,13}, R_{13,17} = (q − 1)R_{13,13}, R_{14,17} = R_{9,13}). We now need to compute the polynomials R_{u,13} for all u ∈ [1, 13] (= {1, 2, 3, 4, 5, 8, 9, 13}). The poset [1, 13] is a Boolean algebra of rank 3, so R_{u,13} = (q − 1)^{l(u,13)} for all u ≤ 13 (e.g., by Theorem 6.3 of [5], and also directly in this case). However, since no outside result is needed by the procedure in Theorem 5.2, and for completeness, we conclude the example using only Theorem 5.2. We need a special matching, L, of [1, 13]. Suppose L(1) = 4, then this forces L = {{1, 4}, {2, 5}, {3, 9}, {8, 13}}. So by Theorem 5.2 R_{1,13} = (q − 1)R_{1,8}, R_{2,13} = (q − 1)R_{2,8},

(as well as R_{3,13} = (q − 1)R_{3,8}, R_{4,13} = R_{1,8}, R_{5,13} = R_{2,8}, R_{8,13} = (q − 1)R_{8,8}, R_{9,13} = R_{3,8}). Now, a special matching of [1, 8] (= {1, 2, 3, 8}) is {{1, 2}, {3, 8}}, and from Theorem 5.2 we get R_{1,8} = (q − 1)R_{1,3}, R_{2,8} = R_{1,3}, R_{3,8} = (q − 1)R_{3,3}, and {{1, 3}} is a special matching of [1, 3] (= {1, 3}) and so again by Theorem 5.2 we obtain R_{1,3} = (q − 1)R_{1,1}. Putting all these relations together we then get R_{1,18} = q R_{2,17} + (q − 1)R_{1,17}

= q R_{1,13} + (q − 1)(q R_{2,13} + (q − 1)R_{1,13}) = q(q − 1)R_{1,8} + q(q − 1)^2R_{2,8} + (q − 1)^3R_{1,8} = q(q − 1)^2R_{1,3} + q(q − 1)^2R_{1,3} + (q − 1)^4R_{1,3} = 2q(q − 1)^3 + (q − 1)^5, and similarly for all the other polynomials R_{u,18}. Clearly, in the same way (and in fact without much additional effort since we already have a special matching of [e, v] for all v ∈ P ) we may compute all the polynomials R_{u,v} for u, v ∈ P , u ≤ v. The computation of the Kazhdan-Lusztig polynomials P_{u,v} for u, v ∈ P , u ≤ v, now proceeds using Theorem 2.6 and induction on l(v) − l(u).

Acknowledgements: Some of the computations for this research have been carried out using a Maple package for handling posets developed by J. Stembridge.

References

[1] H. H. Andersen, The irreducible characters for semi-simple algebraic groups and for quantum groups, Proceedings of the International Congress of Mathematicians, Zürich, 1994, 732-743, Birkhäuser, Basel, Switzerland, 1995.

[2] S. Billey, V. Lakshmibai, Singular loci of Schubert varieties, Progress in Math., 182, Birkhäuser, Boston, MA, 2000.

[3] A. Björner, Orderings of Coxeter groups, Combinatorics and Algebra, Contemporary Math. vol. 34, Amer. Math. Soc. 1984, 175-195.

[4] A. Björner, Face numbers of complexes and polytopes, Proceedings of the International Congress of Mathematicians, Berkeley, 1986, 1408-1418, American Mathematical Society, Providence, U.S.A., 1987.

[5] F. Brenti, A combinatorial formula for Kazhdan-Lusztig polynomials, Invent.

Math., 118 (1994), 371-394.

[6] F. Brenti, Kazhdan-Lusztig and R-polynomials from a combinatorial point of view, Discrete Math., 193 (1998), 93-116.

[7] F. Du Cloux, An abstract model for Bruhat intervals, Europ. J. Combinatorics, 21 (2000), 197-222.

[8] F. Du Cloux, Rigidity of Schubert closures and invariance of Kazhdan-Lusztig polynomials, Advances in Math., to appear.

[9] M. Dyer, Hecke algebras and reflections in Coxeter groups, Ph. D. Thesis, University of Sydney, 1987.

[10] W. Fulton, Young tableaux. With applications to representation theory and geometry. London Mathematical Society Student Texts 35, Cambridge University Press, Cambridge, 1997.

[11] M. Goresky, R. MacPherson, Intersection homology theory, Topology, 19 (1983), 135-162.

[12] J. E. Humphreys, Reflection Groups and Coxeter Groups, Cambridge Studies in Advanced Mathematics, no.29, Cambridge Univ. Press, Cambridge, 1990.

[13] D. Kazhdan, G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math. 53 (1979), 165-184.

[14] D. Kazhdan, G. Lusztig, Schubert varieties and Poincaré duality, Geometry of the Laplace operator, Proc. Sympos. Pure Math. 34, Amer. Math. Soc., Providence, RI, 1980, pp. 185-203.

[15] F. Kirwan, An introduction to intersection homology theory, Research Notes in Math., 187, Pitman, 1988.

[16] A. Lascoux, Ordonner le groupe symétrique: pourquoi utiliser l’algèbre de Iwahori- Hecke?, Proceedings of the International Congress of Mathematicians, Berlin, 1998, 355-364, Doc. Math., 1998, Extra Vol. III.

[17] G. Lusztig, private communication, September 1993.

[18] I. G. Macdonald, Notes on Schubert Polynomials, Publ. du LACIM 6, Univ. du Québec, Montréal, 1991.

[19] R. P. Stanley, Enumerative Combinatorics , vol.1, Wadsworth and Brooks/Cole, Monterey, CA, 1986.

[20] R. P. Stanley, Subdivisions and local h-vectors, J. Amer. Math. Soc., 5 (1992), 805-851.