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Abstract

A set of fast real transforms including the well known Hartley transform is fully investi-
gated. Mixed radix splitting properties of Hartley-type transforms are examined in detail. The
matrix algebras diagonalized by the Hartley-type matrices are expressed in terms of circulant
and (—1)-circulant matrices.
© 2002 Elsevier Science Inc. All rights reserved.

1. Introduction

The principal aim of this paper is to give a taxonomy for a set of fast Hart-
ley-type (Ht) transforms and for the corresponding algebras of matrices diagonal-
ized by Ht matrices. This taxonomy completes previous partial lists considered in
[1,3,12,17,18,20,24-27] and is here proposed as the Hartley counterpart of the known
classification of Jacobi transforms/algebras in [6,9,28,30,37].

One can reasonably expect that this set of Ht algebras has applications analogous
to the Jacobi set. Some Ht algebras have been already used in displacement and
Bezoutian theory, and in the preconditioning technique for conjugate gradient type
methods [1,3,17,18,24-26]. Moreover, a class of new quasi-Newtonian methods for
unconstrained minimization problems (recently introduced in [8,19,20]) consists in an
iterative approximation of the Hessian involving algebras of matrices diagonalized
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by fast transforms. In fact, these methods have been initially implemented in terms of
Ht transforms. Some of the quoted applications are further developed in [21]. Finally
the Ht transforms could be visually attractive, as required in image processing [32].

Four Ht matrices, here denoted by H, K, K T and G, have already appeared in
literature [27]. By H we mean the matrix defining the well known discrete Hartley
transform [10,11,36]. The algebra ## = SDH of all matrices diagonalized by H is
obtained in [3]. In [25,26] the matrices H, K, KT and G are named H', HY, H™ and
H', respectively, and are used to represent Toeplitz-plus-Hankel Bezoutians. The
same matrices are pointed out in [12] as particular instances in a set of generalized
discrete Fourier matrices. The skew-Hartley transforms defined by K or KT appear
in the context of displacement formulas [1,17,18]. The optimal preconditioners in-
troduced in [24] are chosen in algebras of matrices defined in terms of H, K, K T
and G. The matrix algebras #" = SDK and y = SDG, together with other two
Ht algebras n and p and the corresponding Ht transforms, are studied in [1,17,18,24].

Here it is shown that H, K, KT and G can be obtained by a recursive doubling
technique applied, initially, to the Hartley matrix H (Section 2). In other words, the
same radix-2 splitting formulas which lead to fast Ht transforms, are used to define
the Ht matrices. The results of Section 2 are then generalized in Section 3 where, on
the basis of Ht radix-n, splitting formulas for Uy, ,,, we obtain factorizations of U,
corresponding to a suitable factorization of n, in terms of sparse orthogonal matrices.
So numerically stable Ht algorithms can be conceived which are fast whenever # is
a highly composed integer. Finally, in Section 4 the partial lists of Ht algebras/trans-
forms present in literature are easily completed through slight modifications of the
unitary matrices defining the fast transforms or of the explicit expression—in terms
of circulant or (—1)-circulant matrices—of the related algebras. Thus eight Ht fast
transforms together with their corresponding Ht algebras are described in a table at
the end of the paper.

2. Radix-2 fast Hartley-type transforms

The basic Hartley-type (Ht) matrices, H,, K,, K nT and G, are orthogonal matri-
ces U, of order n whose generic entry (i, j) has the form

U e
Wl = ﬁcasf(l)i(m

where cas denotes the function cas x = cosx + sinx. By H,, we denote the matrix
defining the well known discrete Hartley transform [10]. The other matrices, K,,,
K,T and G, have appeared in more recent articles [1,12,18,20,24-27]; in [18] the
transforms associated with K, and K| are called skew-Hartley transforms. In this
section it is shown that the same Ht recursive doubling property, on which fast Ht
algorithms are based, leads to the successive definition of H,, K, K nT and G,,. Other
four Ht matrices will be obtained in Section 4. Two of them are new.

. 0<ij<n—1, @1
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First introduce the following notations. The even—odd or 2-stride (cf. [33, pp.
43-53] and [36, p. 12]) matrix of order 2n and the counteridentity of order n are
permutation matrices defined, respectively, by

T 2
Onnz =Ilz022- - 22n—22123 - Zon—11", Z € C™",

Jz=zp—1---7120]", zeC".

The modified shift cyclic matrix of order n is defined by
0 1

Py = , &eC.

3 0
Note that if z € C", then
Pez =z zp-1820]".
The diagonal matrix with z;, as (h, k) entry is
d(z) = diag(zp, h =0,...,n—1).
Given ¢j, € R, denote by ¢ and s the vectors of R" with entries ¢, = cos ¢, s =

sinpp, h=0,...,n—1.
Also observe that the function cas verifies the identities

cas(x + y) = cos ycasx + sin ycas(—x), cas(x 4+ m) = —casx,

cas(x + y) + cas(x — y) =2cosycasx.

Let H,, be the n x n matrix
1 2ijm
[Hnlij = 7 cas ——, 0
The matrix H, is symmetric and orthogonal, i.e. H, = H,;F =H 1 Moreover H,
can be expressed in terms of H, by the formula

1 [1 R, ][H,
Hyy, = ﬁ |:I —Ry/:| |: Hni| Qn,Za (2.3)

where I = I, is the identity matrix and Ry = (R ), is the cross shaped matrix
d(c) +d(s)J Py withgp = hn/n,0 < h<n-—1.

The matrix—vector product H,z, z € C", is referred to as a discrete Hartley trans-
form (DHT) of length n [10,11]. From (2.3) it follows that a DHT of length 2" can
be computed in O(2"m) flops. In fact a repeated application of (2.3), n = 2"~!,

N

i,j<n—1. (2.2)

2m=2_ ..., 1, yields the decomposition of Hon,
1
Hon = ——LiL2 Ln Q. 2.4)
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where L ; is a block diagonal matrix whose diagonal blocks are

i (Ry)pm-j
Izm—j _(R,){')szj

and Q is the bit reversing permutation matrix. This decomposition proves the desired

result since each product L ;z requires O(2™) flops. Notice that the coefficient of 2™

can be reduced by exploiting certain symmetries of the R, -matrices [10,13,31].
Now the equality (2.3) can be rewritten as

U [Hy RyHy

Hy, = 7 |:Hn _R,H, On,2- (2.5)
Moreover, Ry = (R4)" = (Ry)~!. Thus the matrix

Ko = Ror 2.6)
appearing in (2.5) is orthogonal. Since

in 2T in  2(m—i)jn i(2j + Dn
Ry Hylij = cos 2 eas™LE 4 sin = cas (n=0)j = casl( J+1) )
' n n n n n

the generic entry of K| is

1 2i+1)j
n n

The matrix KzTn can be expressed in terms of K ,T by a formula analogous to (2.3) and
(2.5). In fact we have

1 [KT  R,KT
kT — n n ), 2.8)
2n ﬁ |:K;{ —Ry KT Qn, (

where R, = d(c) +d(s)J withg, = 2h + )n/2n,0 < h < n — 1. Notethat R, =
(R,)T = (R)). So the matrix

, 0<i,j<n—1. 2.7

Gn=R/K, (2.9)
appearing in (2.8) is orthogonal. As

2i + 1 2i +1)j
VA[R, K], =cos HE DT o L DI

2n n
. Qi+ Dm Qn—i—-1)+Djmn
+ sin cas ,
2n n
we have
1 2i + 125+ 1
[Gulyj = —= cas HEDGIHDT g i1, (2.10)

Jn 2n ’

The matrix G, is symmetric, like H,,. Moreover G, is persymmetric, i.e. [G,];,j =
[Gulu—j—1,n—i—1. The following equality holds:
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1 R, G, R_G,
G2n = 75 |:—R_JG,1 R+JG” Qn,Z’ (211)
where Ry = d(¢) £ d(s)J withg, = 2h + 1)7t/4n,0 < h < n — 1. Now RiRl =
I £ J and therefore no block in the 2 x 2 block matrix in (2.11) is orthogonal.

A decomposition analogous to (2.11) holds for the K matrix:

1 i2j+ Dn
as

(Kl = eas =55 ==, 0<ij<n—1. 2.12)
More precisely, as a Corollary of Theorem 3.3, U = K (see Section 3), we have
1 R K, R_K,
Ky, = — - - , 2.13
n= [—R_JP_lKn RLJP_\K, On.2 213

where ﬁi =d(c) £d(s)J P_1 with ¢, = hn/2n,0 < h < n — 1. Again, since the
matrices ﬁi are singular, no block in the 2 x 2 block matrix in (2.13) is orthogo-
nal. So the above procedure cannot be further utilized to generate new orthogonal
matrices.

Clearly (2.8), (2.11), and (2.13) yield decompositions of Kg,,, , Gom and Kom anal-
ogous to (2.4) and hence corresponding algorithms of complexity O(m2™) for the
computation of discrete KT, G and K transforms (respectively DKTT, DGT and
DKT) of length 2. The efficiency of these Cooley—Tukey algorithms can be im-
proved by exploiting certain symmetries of the R-matrices. Moreover, the R, -sym-
metries are similar to the R, -symmetries. Therefore to each fast DHT algorithm
known in the literature [10,13,31] corresponds a fast DK Tr algorithm with an es-
sentially identical complexity [7].

Of course further algorithms computing the DHT, the DKT, the DGT and the
DKTT are derived by exploiting the decompositions of Uy», U = H, K, G, K T
obtained by transposing (2.5), (2.8), (2.11) and (2.13), respectively. In particular the
algorithm for the DKT so derived appears to be more convenient with respect to the
algorithm based on (2.13).

Notice that decompositions of the form (2.4) may suggest a quite unusual strat-
egy of constructing fast transforms. In fact the “information content” of U(U €
{H,KT,G,K})) essentially consists in the matrices R (apart the block-diagonal struc-
ture of the factors L). Thus a suitable choice of R may generate new fast trans-
forms under the only conditions that the blocks of L be unitary and have minimal
complexity.

Formulas (2.5), (2.8), (2.11) and (2.13) are collected in the following:

Theorem 2.1
(i) ForU = H, KT, we have
1 [1 X U,
U2n = ﬁ |:I _X:| [ " U :| Qn,2» (214)
n

whereX:Ry/forU:HandX:RyforUzKT.
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(i) For U = K, G, we have

1 X Y U,
U2n = E |:—YW XW1| |: Un:| Qn,2 (215)

where X =Ry, Y =R_,W=1J for U=G and X=R.,Y=R_,W =
JP_yforU =K.

The Ht radix-2 splitting property, expressed through the identities (2.14) and
(2.15), was already known for U = H, K T G (see respectively [36, pp. 224-228],
[18] and [24]). For U = K it is a new result. In fact, in [27] are considered fast
algorithms where U, transforms of length n, U € {K, K T G}, are reduced to U, ,’l P
transforms of length n/2 with U’ # U. In Section 3 we prove decompositions of
Uniny,» U =H, KT, G, K, where ni, ny are arbitrary positive integers (n; > 2). In
this way fast algorithms computing U,z can be derived for any highly composed
integer n. For U = KT, G, K, the Ht radix-n, splitting property is a new result.

In the following the matrices /, J, P;, P_; of dimension r # n are denoted by I,
Jrs (P1)r, (P—1),, respectively.

3. Mixed-radix fast Hartley-type transforms

Let U, be one of the n x n Ht matrices H,, K,, K,T , G, of Section 2 and call
the matrix—vector product U, z, z € C", a discrete U transform (DU T) of length n.
Then a DUT of length n1ny can be computed by no DUTs of length n.

This result, which is the Ht analogous of the DFT radix-n; splitting property [36,
p. 791, is an obvious consequence of the decomposition formula for U, ,, obtained
in Theorem 3.3. Clearly it leads to a fast algorithm for the computation of DUTs
whose length 7 is a highly composed integer (see Corollary 3.4). If n is a big prime
or the product of big primes, then the same tricks adopted in the DFT case may be
applied to develop fast algorithms. This is surely true for U = H [29].

Theorem 3.3 is proved in detail only for U = G. However, suggestions for prov-
ing the remaining cases are given.

The proof of Theorem 3.3 is based on two preliminary lemmas where the DUT
of vectors obtained by shifting (P{,z) or by stretching (1"*z) the entries of a given
vector z are written in terms of the DUT of z and of suitable “shift” or “stretch” cross
matrices (see Lemmas 3.1 and 3.2).

Letz € C",z = [20z1 - - - zn—1] ', and let z also denote the (infinite) antisymmetric
periodic extension of z, i.e.

ae”, j=0,...,n—1.

_{Zj, j'=j+2an,
Zj/_

—zj, J' =j+Qa+ Dn,

Observe that P9,z = [z424+41 - - Zagn—11T,a € Z. Set also x; = 25 + 1.
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Lemma 3.1 (Shift). Letz € C" and a € Z.

(i) ForU = H, K, we have

d(c*) —d(s)J P,
d(c®) +d(s?)J P_y,

H,
:K’

U, Pi'z=X,Uyz, X,= { Z

with go,(la) =h2an/n, 0 < h<n—1.
@i1) For U = KT, G, we have

d(c®) —d(s®J, U=KT,

a — —
UnP_lz = XaUnZ, Xa - {d(ca) +d(sa).], U = G,

with 9\ = 2h + 1an/n, 0 <h <n— 1.

Proof. Since [P?,z]; = z4+j, we obtain

—1+
JnlG, P4 2l —nZaz-/ cas (LXT _ 24T
e " / 2n 2n
Jj'=a

n—1+a

T
=cosgol.(a) E zjr cas Xl;(]
n

j'=a

n—l+a

o vem
+sin<pl.(“) Z zjr cas %

Jj'=a
The index change j = j’ — a yields the assertion:

[Gn P 2], = cos ¢V [Gpzli +sing”[Gpzly—i1. O

71

Notice that the proof of Lemma 3.1 for H and K differs from the proof for KT
and G by the sole fact that the vector z € C" is extended symmetrically, i.e. z;; =
zj, j'=j+an,a€Z,0< j <n—1 In this way, P’z = [ZaZat1 """ Zatn—11",

acl.
Now let z € C"! and let "2 be the njny x ni matrix

(1] = 1, i=kny, j=kk=0,...,n—1,
7710  otherwise.

Then Iz € C"'"2 and

./ ..
na1., — Zjs ji=n2j,j=0,...,n1—1,
[zl = {O otherwise.
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Lemma 3.2 (Stretch). Let z € C"'. We have

U,
. I Un,
Unll’lzl 2z = \/—n_zMnlnz . z,
U,
where
In1n29 U=H, KT,
Mnlnz = d(c) + d(S)an ® Jn| (P—l)n] ) U= Ka
d(c) + d(8)Jnn,, U =aG,
with
th+in)n,—DHm | . _
p S +im, U=K,
ih = . .
2(h +m12) + D(np — D tin. U=G,
niny
O0<hsm—1, 0<i<m—1, (3.1
taken in lexicographic order.
Proof. Fori’ =h+in;,h=0,...,n1 —1,i =0,...,ny — 1, we obtain
l’l[—l . “TC
A Gy "2l = Y 2 cas Kt Xeai T
- 2nina
j=0
l’ll—l
Z XhXjT  Xhting(n2 — D
= Zj cas — —in
° 2n1 2niny
j=0
ni—1 XAXiT
hXj
=COoS @ i Z zj cas p
j=0
np—1 X KT
o0 ) m—h—-1Xj
+ s g; p ,Zo Zj cas 2

=4/ni (COS (pi,h[GmZ]h + sin (Pi,h[Gan]n]—h—l) . O

Notice that, by Lemma 3.2, forU = HorU = KT the vector Upin,I"z,2 € C"1,
is directly expressed in terms of U, z, i.e. the stretch cross matrix M, ,, is the iden-
tity. This is the reason why the proof of Theorem 3.3 is much easier in the cases
U=HK".

In Theorem 3.3 the discrete U transform Uy, ,,z, z € C"'"*2, is reduced to n, DUTs
of length n1. The result is obtained as follows. First rewrite z as the sum of ny vec-
tors, each obtained by shifting the entries of the n»-stretched version of the vector
W/ = [2;Zj4ny *** Zj+(n;—1yn, ]| - Then apply the shift/stretch Lemmas 3.1 and 3.2.
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Theorem 3.3 (Ht radix-n, splitting property). Let z € C""2 and set, for 0 < i, j <

ny — 1,
d(c) +d(s)Jn,(P1)n,, U=H,
R ;= 14©+d© . U=KT, (32)
b d©) +d(8)Jn, (P-1)n,, U=K, '
with the following corresponding values of ¢p:
2j(in +h)n
%, U=H,
0 ](2(ln1 +h) + D7 U=kT
_ ) _ ’ ’ _
Ph= Qi = (h+ln1)((n2;1)—2])1t+ln U—K. OShs<n—1
QU +in) + D((p =D =2)T , ;0 _
2ninyp ’ -
Then
Ro,0 Ro,1 v Rony—1
U 1 R0 Ry o Ripp—1
zZ=——
ninz \/’1—2 .
Ruy—1,0 Rmp—1,1 -+ Ruy—1np—1
Uy,
Up,
X . in,nzzy

U,

where Qy, n, is the na-stride [33, pp. 43-53] permutation matrix of order niny,
[in,nzz]h+in1 = Zhny+i- 3.3)

Proof. Notice that z = 272:61 P__lj I">w/ . Therefore, by Lemmas 3.1 and 3.2 we

have
1 G
1 2 Gn1 .
G2 = —m Z X_jMyyny | . | W, (34
j=0 )
Gy,
where
P 0 4 N B
X_j —dlag(dlag(COSQ.h,h—O 1),i=0,...,np—1)
— diag(diag(sin8.7), h =0, ...,y — 1),i =0, ..., n2 — 1) Juyn,
and

My, n, = diag(diag(cos g p, h=0,...,n1 —1),i =0,...,np — 1)
+ diag(diag(singip, h =0, ...,n1 = 1),i =0,...,n2 — 1) Jyn,
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with ¢; 5 as in (3.1) and 6% = 2 xin, 4470/ (20112). Observe that @, i1y —h—1 =
—@i.n + 2(np — 1)7. Therefore

COS Yy —i—1,nj—h—1 = COS Qi h,  SINPny—i—1n—h—1 = —SiNQ;p,
and, as a consequence, the following expression for X _; My, ,, holds:

. G) .
X_jMy,, =diag(C;”, i =0,...,ny— 1)
. 0 . _
+d1ag(Si ,i=0,...,ny)— l)Jnl,,z,

where

C;”’ = diag(cos (¢ i’h), =0,...,n — 1),

S\ = diag(sin (¢in — 6.3). h =0, ....n1 — 1).
Moreover, since ¢; , — Gi(J,;) = 90:‘(]2 we have that C l.(j ) + Si(j )J,,] is just the matrix
R;, j defined in (3.2). Thus (3.4) becomes

RO,A/Gnl
Gnlnzz = § . w
/N2~
J=0 )
Rny—1,jGn,

and the assertion is proved. [J

A repeated application of Theorem 3.3 leads to a decomposition of U,, n =
p1DP2 -+ Pm, Which can be used to derive a fast algorithm computing the DUT for a
generic highly composed integer n. This decomposition is stated in Corollary 3.4.

Corollary 3.4. Let n = p1pa--- pm. Setnix = pik+1--+ Pm, N2,k = pk and, for
0<i,j<nyp—1, let Rl(k]) be obtained from R; j in (3.2) by replacing ny and n;
withny i and ny . Then

1
Un = ﬁLlLZ"'Lm—lsts (3.5
where Ly is a block diagonal matrix of order p1 - - - px—1 whose diagonal blocks are
all equal to

(k) (k) (k)
Ro.0 Rol,cl e 021
(k) (k) (k)
A Rio Ry Ry -1
Ly =
R® Rr® ... R®

nax—1,0 na—1,1 nak—1L,ng k—1
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k=1,...,m—1), Sy, is a block diagonal matrix of order p1p>--- pm—1 Whose
diagonal blocks are all equal to \/pmUp,,, and Q is the index-reversal [36, p. 87]
permutation matrix

1

0= [] diag(Qporpupi-d =0.-opiepeo1 — 1).
k=m—1

As a consequence of (3.5), if ¢(x) denotes the number of complex multiplications
required to compute the vector X, then

¢ (VnUnz) <2n(p1+ p2+ -+ pm—1)

m—1
+¢WPuUp,Y) [[ Prr 2T yeCrm.
k=1

Notice, however, that this operation count does not take into account all possible
symmetries of R; ;. Moreover, since the matrices L; defined in Corollary 3.4
are sparse orthogonal matrices, a good numerical stability of algorithms based
on the decomposition (3.5) is assured. In some applications it is useful to have
at disposal such algorithms, implementing directly the K, the KT and the G trans-
forms [21,25-27]. In particular, among the Ht displacement formulas for the
inverse of a Toeplitz matrix T listed in [21], the one in terms of G and K,
ignoring their relation to H, appears to be very efficient for the computation of
T~ 'b.

In Section 4 we study the matrix algebras # = SDH, # = SDK, § = SDKT,
y = SDG where SDU denotes the n-dimensional space

SDU = {Ud@)U* :z € C"}

of all matrices diagonalized by the n x n unitary matrix U. We also study other four
Ht transforms/matrix algebras of type Uly/¥ = SD(Uly), U = H, K, KT, G,
where I & are suitable orthogonal n x n matrices with entries in the set {0, 1, +1/+/2}.
Pairs of columns of U in (2.1) are combined so to obtain a matrix Ul¢ = [U;|U3],
where the entries of U; have the form ¢;; (s;;), whereas the entries of U, have the
form s;; (c;j) with

2 fg(n 2 fieln
Cij =4/ —cos ————— and s;; =,/ —sin ———.
n n n n

Notice that both Ht algebras and the more widely known &-circulant algebras be-
long to the same class of SDU spaces and, as a consequence, both share the properties
of SDU spaces (see Section 4).
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4. Hartley-type matrix algebras

One of the possible representations of the Ht algebras considered in this section
utilizes the well known &-circulant matrices. A &-circulant matrix is a Toeplitz matrix
of the form

n—1
Ce(@) =) u(Po)l. (4.1)
k=0

For the class ¢ of &-circulant matrices, we have
s = SDFg = {Fzd(2)Ff :z.€ C"},
[Felyy = S (e erim/mik, i = =T,

whenever &€ = e ¢ € [0, 2n) (to prove (4.2) simply note that P¢ Fz = Fg Dp, with
Dp, diagonal). Thus, if [§] = 1, then ¢ belongs to the class of SDU spaces. As a
consequence, ¢ is closed under sum, product, inversion and conjugate transposi-
tion; moreover matrices from %¢ commute. For £ = 1, a £-circulant matrix is called,
more simply, circulant. In a circulant matrix 6(z) we have [4(Z)];; = Zj—i mod n>
that is each row is derived from the row above by shifting right cyclically [15,16].

Properties first obtained for circulants were then observed to hold for any SDU
space Z. In particular, a result which is fundamental to justify the introduction of
the minimization .Z QN methods in [8,19-21], was first derived for .¥ = € [34] and
then extended to any SDU space [35]. It states that the eigenvalues of a hermitian
matrix A are related to the eigenvalues of its best least squares fit ¥ 4 [24,34] by the
following inequalities

VI(A) + i (A) S V(La) + o+ 0 (L),

Vi j+1(ZLa) + -+ (L a) < v jr1(A) + - + v, (A),
where v;(X) denote the eigenvalues of X in nondecreasing order. In [24] the im-
portant case j = 1 has been extended to spaces ¥ more general than SDU: as a
consequence, matrices from noncommutative group algebras could be exploited, in
principle, in preconditioning techniques and in QN methods. We guess that an
analogous extension could be obtained for all j.

Now consider the space

4.2)

(4.3)

2 . k+D@G+Dn
sin
n+1 n+1

, 0<kj<n-—1L.

4.4)
One easily shows that XS = SDy where X = Py + POT and Dx = 2d(c), withc; =
cos((j + Dn/(n +1)),0 < j < n — 1, and therefore—since X is nonderogatory—rt

is the set of all matrices of form
n—1

(@) =) uXi. 4.5)
k=0

WhereX():I,X1:X,XjH:XjX—Xj_l,l<j<n—1.
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The space 7 is the prototype of a set of eight Jacobi matrix algebras ¥ = SDU,
which are all generated by a symmetric tridiagonal matrix. These algebras and the
corresponding real Jacobi transforms U have been extensively studied. In particular,
it is known that the product Uz can be performed in O(n logn) flops, as in the case
U = F¢. Itis mainly by this property that the Jacobi algebras turn out to be compet-
itive with the algebra % in several applications, such as preconditioning techniques
of positive definite systems and matrix displacement formulas. For example, in sev-
eral cases matrices from Jacobi algebras outperform &-circulants as preconditioners
of Toeplitz linear systems [2,6,14,24,28,30]. Moreover, whereas one of the most ef-
ficient Gohberg-Semencul type representations of the inverse of a Toeplitz matrix
involves circulant and (—1)-circulant matrices (see for example [21,22]), displace-
ment formulas based on Jacobi algebras are more suitable to represent 7 + H-like
matrices [1,4,5,9,22,23].

The matrix algebra »# diagonalized by the Hartley matrix H is defined in [3] by

# = SDH, [Hly = ——cas 2% o<k, j<n—1. (4.6)

N n

Whereas both % and 7 are Hessenberg algebras [22] and then spanned by 7 poly-
nomials in a single nonderogatory Hessenberg matrix, there is no Hessenberg matrix
generating . In fact, tridiagonal matrices in 2 have necessarily some entry (i, i +
1) equal to zero, and therefore are derogatory. Notice that 2 includes the matrix
Tol,b I _ P+ PlT , but Tol”ol is not sufficient to define J# since it is derogatory. In [18]
it is shown that

H={AeC™" AT, =T,y Aand AK (e,_1) = H (en—1)A},

where # (e,_1) is the matrix of # whose first row is ezfl =[0---0 1]. Similar
characterizations hold for other four algebras named 7", n, i [18] and y [24] (for y
this is not true Vn). Of course, any matrix X = Hd(z)H with z; # z;,i # j,is such
that # = {A : AX = XA}, however it is not known a vector z for which X has (in
some sense) a nice form.

In the following we define and study the set of eight Hartley-type (Ht) alge-
bras ¥ = SDU, which includes the five algebras considered in [3,18,24]. We shall
see that the matrices from Ht algebras are easily described in terms of circulant
and (—1)-circulant matrices. Moreover, all the related Ht matrices U are defined in
terms of the matrices H, K, KT, G and thus (see Section 2) the matrix-vector
products Uz are all fast real transforms computable in O(n logn) flops. As for the
Fourier matrix Fg, these are really fast when 7 is just a power of 2. On the contrary,
for U in the set of the Jacobi transforms the optimal value of n depends upon U
[37].

One expects that this set of new algebras can have applications analogous to the
Jacobi set. Some applications in Toeplitz systems preconditioning and in displace-
ment or Bezoutian representations of Toeplitz-plus-Hankel-like matrices have been
already studied in [1,3,18,21,24-26]. Moreover, these algebras . immediately lead
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to eight different new QN minimization algorithms of complexity O(n logn) per
step [8,19-21]. Finally, some of the new transforms could be visually attractive, as
required in image processing [32].

The Ht algebras can be defined in terms of symmetric and skew-symmetric (£1)-
circulant matrices

¢ ={Acb:A=AT}, ¢ ={Aecbr:A=-AT}. (4.7)

For n = 3, 4, the generic elements of (gi] and %i’f are matrices of form:

ao aj ar aq 0 b] 0 —b1
ap ay ar a s by 0 by 0 SK
a a1 ay ai €ty 0 —b 0 by e,
a1 a2 ar ao by 0 —b 0
B ap al 0 —d] 0 b1 bz b1
a a a 0 s by 0 by b SK
0 a a a | |k b 0 b | €%
|—a1 0 a ap —by —-by —-b1 O
[y a1 Fa; 0 by  Fb;
aj ap ai € (gil’ —b1 0 bl (S (gill(
=2 ap by —by 0

From the definition (4.7) one immediately realizes that (gi | isanalgebra,i.e. A1A; €
4 il whenever A, Ap € € il . On the contrary, ¥ ilf is only a linear subspace of €'+ 1:
for example

0 b FhP [-20F b B
bi#0 = [—b1 0 b | =|+p} 207 b7 |¢GH.
+by —b 0 bt b7 207

Obyious bgsis for fﬁil and ‘gill( are, respectively, the sets {Pi1 + (Pil)T} and
{Pj]El — (Pil)T}. Since :I:Pj’;l = PL = P;ll, this remark yields the following:
Proposition 4.1. We have

dimef = [, dimefK = | 251,
4.8)
dim@s, = | 21|, dimeSK =[251].
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Moreover, the set

1, PL+Pl =pl 4P/

1 +1
+1
—|! St
1
+1

L +1 1 i

is a basis for ‘gi |» Whereas the set
J n—j _ pJj =J
PoyF Py =Py — Py
- | =1 -
F1
- NPt
1
+1

B +1 -1 |

is a basis for %i’l{ Finally (511 is the set of all polynomials in
0 1 +1
1 0 1
Toy ™ = Pu+ Pl = IR : 4.9)
0 1
+1 1 0

Proof. Only the last assertion needs a proof. Let ¥ be the space of all polynomials
in Toiol’il. Clearly ¥ C (éi]. Moreover, the dimension of . is the number of the

- . +1,£1 1,1 —1,—1 .
distinct eigenvalues of 7jj ;"= Since the spectraof T, {y and T, , ~ are, respectively,

2cos(2jn/n),j=0,...,n—l,and2cos((2j 4+ )n/n),j =0,...,n — 1,wehave
dim¥ = dim%?,. Therefore ¥ = %5,. O
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Now set

H =6 +IPeK, a =65 +IP 6K,
n=%f+]%s, Mz(gil'i‘](gi]-

The algebras »# and %" are diagonalized, respectively, by the Hartley and by the
skew-Hartley transforms, i.e.

# =SDH, A =SDK.

The algebra 5 is introduced and shown to coincide with SD H in [3]. The algebras
A", n and w are introduced in [1,18]: " as the (—1)-circulant version of J; n
and p© as new examples of matrix algebras—made up with matrices simultaneously
symmetric and persymmetric—which can be involved in efficient displacement for-
mulas. S, A", n, ;u are particular examples in a class, characterized in [18], of sym-
. . . +1,+1

metric (non Hessenberg) algebras including 7jj ).
For the algebras 1 and u, we have

n=S8DU,, wn=SDU,,

where
1, j=0,
Uyl = — cas (524 5). 1< [t (4.10)
kj = —= :
[V KCA b j=4% (neven),
k+1)j +1 .
cas(in ”—%), IV"T—‘QJSH—L
cas ((2k+l)2(3j+l)rr . %) L 0<j< L%J ’
1 o
[Uulkj = N (= Dk, j =" (nodd), (4.11)
cas <4(2k+1)(2j+1)” + E) |_ﬂ-| <j<n—-1
2n i) 21T s ’

0 < k < n—1(see [24]). Notice that these are exactly the matrices obtained in [24]
since cas (x + %) = +/2cosx and cas(x — %) = +/2sinx. The use of the function

cas and the equality cas (x + %) + cas (x — %) = /2 cas x makes clearer the follow-
ing relations among the transforms U,), K, U, and G,

U, =K"I, (4.12)

U,=Gly, (4.13)
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where
V2
R
=17 V2 ’
_J{%J 1{%‘J (4.14)
1 Iy —J14]
IM = E \/E
T3] I)s

(the presence of the central row and column including +/2 depends on the oddness
of n).
In [24] the algebra of all matrices diagonalized by G is called y. More precisely,

y =45, +J6% =5DG.
Now the space

§ =47 +J%K
is naturally introduced as the circulant version of y. The following result is obtained
by using the shift Lemma for K (see Lemma 3.1).

Theorem 4.2. The space § = ‘615 +J ‘6‘19 K is the algebra of all matrices diagonal-
ized by KT, that is 8§ = SDKT.

Proof. Since the dimension of § is #,

dim(%} + J67X) = dim(%7) + dim(J%7X) — dim(%} N JE7¥)

RN R

it is sufficient to prove that KAKT is diagonal if A € %5 U J%;X. Let A € 47.
Then A = p(Tol’Ol) for some polynomial p(x), and KAKT = Kp(Toly’Ol)KT =
p(K Tol”ol KT). We claim that the matrix K TOI,’O1 KT is diagonal. To prove this claim it
is sufficient to observe that

2k
TOI,’OIKT = KTdiag (200s TTE,k =0,...,n— 1)_

In fact, one easily calculates

2i+1)j 2j 2i +1)j 2j

VAT K], = cas (ﬂ n ﬂ) +cas (ﬂ _ ﬁ)
’ n n

2jn i+ 1jn
as———

=2cos —c¢ , i=1,...,n—2
n
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(we left to the reader the cases i =0 and i =n — 1). Now let A € J%fK. As the
matrices E; = P{ — P/, j=1,..., L%J, form a basis of the space 45X, let us
show that KJE; K T is diagonal. We have

KE;K"=KP/ K" —KP /K" = X; — X_j =2d(s))J P_4,

where X, X_; are shift cross matrices and s,{ =sin(2kjn/n), k=0,...,n— 1.
Finally, the identity K J = —J P_1 K yields the assertion:

KJE;K' = —JP_\KE;K" = —JP_12d(s’)JP_; =2d(s)). O

Notice that KT diagonalizes %f whereas, as is shown in [18], K diagonalizes (gfl.

Now the next step consists in defining a fast transform Uy, related to an algebra
a = SDUy, that has, mutatis mutandis, the same relation with H as U, and U, have
with KT and G, respectively (see (4.12) and (4.13)):

1, =0,
1 cas(y;j“—i-ﬁ), lgjgl%J,
[Ualkj = ﬁ (1), j =1 (n even), (4.15)
cas(@—%), {%—‘gjgn—l.
We have precisely
Uy = Hly (4.16)

where I, = InT . The relation between U, and the space
a=%+JIP%
is defined by the following:

Theorem 4.3. The space a = (615 + J P (éls is the algebra of all matrices diagonal-
ized by Uy, that is « = SDU,,.

Proof. Since the dimension of « is n,
dim(%] + J P%}) = dim(%}) + dim(J P167) — dim(%} N J P167)
B 2(% + 1) —2, neven,
208y -1, n odd,
it is sufficient to prove that Ul AU, is diagonal if A € 5 U J P\ 5. If A € 65,

by exploiting the equalities HTO{’OIH =2d(c), ¢y = cos(2hn/n),0 < h <n—1[3]
and d(¢)l, = I,d(c), we obtain
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T _ 4T 1,1 _ T _
Uy AUy = Iy Hp(Ty g ) H Iy = 1 p(2d(©) 1y = p(2d(c)).
If A e JP%3, the identity HJ P; = J Py H yields
Uy AUy = Iy HJ Py p(Ty ) H o = 1o J Py p(HTy ) H)I,
Ll—‘ 0

T
=1, JPilepQde) =| '

o, |pede). O

n—1

Now the space
B=%%+IP1%°,

is naturally introduced as the (—1)-circulant version of «. In the following theorem
it is proved that the matrix Ug defined by

Ug = Klg, 4.17)
where Ig = III, i.e.

cas (ML ) o<y |222],
Uy = 5 1D j="5 nodd), 19
n
cas(k(zjrizﬂ)n*'%)’ [FI<jsn—1

is just the matrix diagonalizing all matrices of B. Notice that the equality (4.17),
involving the K transform, completes the list of equalities (4.12), (4.13) and (4.16)
stating reciprocal links among the previous 8 Ht algebras/transforms.

Theorem 4.4. The space B = €5 1+ J P_1%5 | IS the algebra of all matrices dia-
gonalized by Ug, thatis f = SDUg.

Proof. Proceed as in Theorem 4.3 by exploiting the equalities K TTOTOI’71 K =2d(c),
cp =cos((2h + Dr/n), h =0,...,n—1 [18], d(c)Ig = Igd(c) and the fact that
ifAe ‘651 then A is a polynomial in TO_Ol’_l. g

The Table 1, that is the analogous of the eight Jacobi algebras in [28], resumes
the eight Hartley algebras ¢, ¢, u, n, v, 8, o, 8. Here the Hartley algebra 5 is the
prototype, as all transforms K, Uy, Uy, G, K T Uy, Ug can be reduced to the only
transform H. However, suitable procedures for each transform may be preferable to
a systematic reduction to the Hartley transform. A good evidence of this fact is given
by the possible applications of the Ht fast transforms in the theory of displacement
formulas [21] and of Bezoutian representations [25,26].
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Table 1

The eight Hartley-type algebras: #, 4", o, B, 8, y, n,

(+1)-circulant type (—1)-circulant type

A =SDH =€} + P43k A =SDK =¢5 +JP_145K
a=SD(Hly) =65 +JP %5 B=SD(KIg)=%5 +IP_165,
§=SDKT =4 + 65K y=SDG =¢5, + 165K
n=SDK"Iy) =% + I w=SD(GIl)=%5 +J%5,

The basic Hartley-type transforms: H, K T K G

NG n n
K=RyH G=R/KT Iy=1IT Ig=1:
Ry and R, are defined in Section 2. I;; and [, are defined in (4.14).

[H];; = L g 2in [K1ij = ﬁcas@, [Glij = \}_Casw
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