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Abstract

The theory and the practice of optimal preconditioning in solving a linear system by iter-
ative processes is founded on some theoretical facts understandable in terms of a class V of
spaces of matrices including diagonal algebras and group matrix algebras. The V-structure
lets us extend some known crucial results of preconditioning theory and obtain some useful
information on the computability and on the efficiency of new preconditioners. Three precon-
ditioners not yet considered in literature, belonging to three corresponding algebras of V, are
analyzed in detail. Some experimental results are included. © 2001 Elsevier Science Inc. All
rights reserved.
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1. Introduction

This paper is chiefly devoted to the study of preconditioners in solving a lin-
ear system Ax = b by the conjugate gradient (CG) method, taking especially into
account the case where the n x n matrix A has Toeplitz form. In fact Strang [35],
Strang and Edelman [36] and Chan [18] were the first to show how the use of pre-
conditioners makes the CG a suitable method to solve linear Toeplitz systems.
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It is well known that a good preconditioner is a matrix S which approximates A
and can be inverted by efficient algorithms, usually based on fast transforms (FFT,
sine or cosine transforms, Hartley transform). The preconditioner approximating A
is then regularly chosen in a space of matrices which can be put simultaneously in
diagonal form through unitary matrices defining the above efficient transforms.

Among the algebras of matrices simultaneously diagonalized by unitary trans-
forms considered in preconditioning literature we have the following:

. C = {circulant matrices};
Cg = {B-circulant with |B] = 1};
. T = {matrices diagonalized by the sine transform};

A = {matrices diagonalized by the Hartley transform};

. Hessenberg (or Jacobi) algebras = { matrices diagonalized by trigonometric trans-
forms}.

The “good” preconditioners S of a positive definite matrix A, chosen among the
previous “diagonal” spaces or algebras (algebras of matrices simultaneously diagon-
alizable) also satisfy the further conditions:

e The spectrum of S is “contained” in the spectrum of A, i.e., min A(S) > min A(A)
and max A(S) < max A(A).

e Computing S and solving Sz = f has complexity at most k®(n), where ®(n) is the
amount of operations to calculate the matrix—vector product Af and & is constant.

e The eigenvalues of S~! A are clustered around 1.

It is clearly important to make the preconditioned algorithm substantially fast-
er than the unpreconditioned, and to this aim the application of the preconditioner
(computing S and solving Sz = f) should be faster than the multiplication Af (i.e.,
k < 1). Typically one tries to solve Sz = f by two fast n-transforms, whereas, when
A is Toeplitz, two fast 2n-transforms (FFT or, for a;; = aj;, Hartley transform) are
required to compute Af.

One aim of this paper is to approach, from a more general point of view, some
theoretical facts that justify the theory and the practice of optimal preconditioning, so
that good preconditioners may be chosen, in principle, in a class of algebras of matri-
ces including, as a proper subset, the spaces of matrices simultaneously diagonalized
by unitary transforms (SDU).

This class of algebras is defined by a specific property (x) and includes, as sig-
nificative instances, all spaces SDU and all group algebras (GAs). The property (x)
is better understandable if it is related to a class V of n-dimensional spaces of ma-
trices (defined in Section 2) generalizing the notions of Hessenberg algebra (HA)
[10,23,24] and of h-space [3,4,21] exploited in solving “structured” linear systems
by the displacement rank technique (although the concept of V-structure has its last
root in a previous task of looking for the explicit form of closed and/or commutative
n-dimensional spaces spanned by (0, 1) matrices [4,5,26,43]).
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The most interesting result concerning a space ¥ of class V satisfying () is
explained in Theorem 2.11 of Section 2: if ¥4 is the best fit to a positive definite
matrix A from % (in the Frobenius norm || - ||r), then £ 4 is positive definite; more-
over, min A(Z 4) > min A(A) and max A(% 4) < max A(A). This theorem extends
some previous results holding for % = diagonal algebra U DUY, where U is a fixed
unitary matrix [14,28,33,38].

In Sections 3-6, is studied the more concrete possibility of exploiting some spe-
cial algebras of class V in preconditioning technique. We consider a class of sym-
metric 1-spaces which contains, besides the Hartley algebra s [8], four other al-
gebras of matrices simultaneously diagonalizable by Hartley-type transforms. These
algebras—denoted, respectively, by the symbols 1, i, #°, y—have not yet been con-
sidered in preconditioning literature (only three of them have been recently used in
displacement-rank decompositions of Toeplitz-like matrices in [21]). Notice that y
is not always, i.e., for all n, a 1-space, but it is, in any case, a space of class V.

The most promising preliminary result regards the algebras n and u: n4 and @4,
the best fits to A (symmetric and persymmetric) from n and u, are approximations to
A better than the corresponding best fits, respectively, from C, # and C_1, A~ (see
Theorem 3.6). This result applies, in particular, to A = T, where T is a symmetric
Toeplitz matrix.

In Section 4, £ 4, for £ € {n, u}, is effectively computed. Some formulas are
first indicated for a generic A, then the case where A = T is analyzed in detail.

In Section 5 (Theorem 5.1), it is proved that the algebras n, i, 4  are compet-
itive candidates for preconditioning in iterative processes: if A = T, where T is a
symmetric Toeplitz matrix belonging to the Wiener class, with positive generating
function, and #7 is the best fit to T from ¥ € {n, u, 4}, then the eigenvalues of
& }1 T are clustered around 1. In Section 6 (Theorem 6.1), the explicit formulas of
1ZLr — T||12: are written for & = n, #, C, t, C_y, A", . These formulas are useful
for a sharper comparison between different optimal preconditioners, and some of
them give further information regarding the problem risen in Theorem 3.6.

Obviously, the efficiency of the new preconditioners 14, 4, # 4 depends upon
the complexity of the transforms Q,, O, Q » diagonalizing, respectively, n, u, A .
O » has the same complexity of the Hartley transform [21]; Q,, is reduced to Q 4 via
formula (3.16) and Q,, can be defined in terms of the new fast transform G = Q,,
diagonalizing y (see (3.18) and (3.20)). It would be useful to develop fast algorithms
to calculate n and u transforms directly, i.e., without reference to other transforms.

Some experimental data confirm the theoretical results.

2. Best least-squares fit to a matrix from spaces of class V
Given a square matrix A of dimension » and a space of matrices .# we are interest-

ed to elements of ¥ which best approximate A in some given norm. We show that if
the norm is the Frobenius norm, then there is only one element in ¥, % 4, with such
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property. An explicit formula for 4 is found in Theorem 2.2 (in terms of a basis
of Z and a;;). Under suitable conditions on &, it is shown that % 4 inherits some
properties from A (&4 is Hermitian if A = AH and .#, is positive definite if A is
positive definite), and that the coefficient matrix of the linear system whose solution
defines £ 4 (see Theorem 2.2) is an element of #. In particular, in Theorem 2.11,
we state that if A is Hermitian and .# satisfies a special condition (x) holding for both
GAs and spaces of matrices simultaneously diagonalized by a unitary transform, then
the greatest (smallest) eigenvalue of ¥ 4 is smaller (greater) than the greatest (small-
est) eigenvalue of A. These results, which were previously known under less general
conditions, will be exploited in Sections 4 and 5 in order to calculate .# 4 for some
special spaces . (studied in Section 3), and then to study Z 4 as a preconditioner of
positive definite linear systems Ax = b. The most significant results of this section
are obtained assuming that % is a space of class V satisfying the condition (x).
The notion of class V is a significant generalization of the previous notions of HA
[10,23,24] and of h-space [3,4,21]. An important feature of V, with respect to HAs
and h-spaces, is that it includes any space of simultaneously diagonalizable matrices.
In fact, any space consisting in all the polynomials in a nonderogatory matrix is an
element of V (Theorem 2.5).

Let M,,(C) be the set of all n x n matrices with complex entries. Let & be a
(linear) subspace of M,,(C) of dimension m. Let A € M, (C) be fixed, and consider
the minimum problem

min || X — A, (2.1)
Xey

where || - || is a matrix norm on M,,(C).

Proposition 2.1. Problem (2.1) has always at least one solution.

Proof. Let Ji,k =1, ..., m, be m matrices spanning .#. Then

m m
ZZka —A ZZka
k=1 k=1

for a constant b > 0. Set ¢ = inf{|| > ;__; zk Jk — A|l: zx € C}. By (2.2) we have

m
c= inf{ sz.lk —A
k=1

= min{

As it is stated in the following theorem (Theorem 2.2), if the norm in (2.1) is
the Frobenius norm || X||g = (szzl |xi 1%)1/2 (as it will be throughout the paper),
then problem (2.1) has a unique solution. This result follows from the well-known

> — Al > llzll2b — [All, - VzeC™,  (2.2)

c+ 1+ [|A]

Nz, £ ——
lIzll2 5 }

szl <

m
ZZka — A
k=1

1
c+ +||A||}. -
b
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projection theorem [11,32] for Hilbert spaces. In fact M, (C) is a Hilbert space with
the inner product

n
(A, A=) ana),. A A €M, Q). (2.3)

rt=1

the norm induced by (2.3) is just the Frobenius norm and ¢ is a closed (with respect
to || - ||r) subspace of M, (C).

Theorem 2.2. If the norm in (2.1) is the Frobenius norm, then there exists a unique
matrix L 4 of & solving problem (2.1). The matrix £ 4, which is referred to as the
best least-squares (l.s.) fit to A from ¥, is equivalently defined by the condition

(A—Z4,X)=0 VXeZ, (2.4)

i.e., & 4 is the unique element of & such that A — £ 4 is orthogonal to .
If & is spanned by the matrices Jr, k=1,....,m, then L4 =
ZZ’ZI [B;le,A]k Jk, where By is the m x m Hermitian positive definite matrix

[Bolij= D Uidpldjlee = (i Jp), isj=1,....m, (2.5)

r,t=1

and cg 4 is the m x 1 vector

leoali =Y Uiluarn =i, A), i=1,....m (2.6)

rt=1

(notice that By and ¢ g 4 depend upon the choice of the Ji’s).

Remark 1. A direct proof of Theorem 2.2 is obtained by using the identity

m 2
ZZka —A
k=1

= ZHBg)Z -2 Re(ZHCy’A) + HA|
Identity (2.7) with A = 0 and the linear independence of the J; imply that zH B oz =
[y Zka||% > 0Vz e C", z+# 0. Thus, By is positive definite and the matrix
La= Zle [Bn;)le,A]k Ji is well defined. Moreover, by (2.7) we have, for an “in-
crement” Y ;" zk Jk,

i, zeC". (2.7

F

2
= |4~ AL +2Bo2
F

> | 24— AL YzeCm, z#o0.

m
HewaLZZka —A
k=1

Remark 2. If A is real and there exist real matrices J; spanning .%, then also %4

is real. In fact Re(%4) € £ and ||.$A — AH; = ||Re($A) — AHi + ||Im($A)| é;
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thus, Im(Z 4) # 0 would imply that Re(.Z 4) approximates A better than & 4, which
is absurd. If A is real, but not all the J;’s are real, then ¥ 4 may be not real, as in the
following example:

a a
A= [ 12\ aij € R,
a1 axn

Y = {(.Zl Zz): k € C}
122 21

1 (a1 +a ap —ia
= Pi=- 1+ an 12 21
2 \az1 +1app ajl+axn
If || - || is a matrix norm different from the Frobenius norm, minimum problem
(2.1) can have more than one solution. For example, in case || - | is the matrix

n
l_norm9 ”X” = man Zi:] Ixij|7

1 0 1/2 21 22 3
A=10 1 0 and =1z zu1 z2|:ze€Ci, (28
12 0 1 22 23 2

we have || X — A > % VX € &, and therefore besides the Strang preconditioner of
A (which is the identity matrix, see [12,35,36]) any other Hermitian matrix of &,
wherez1 =1, =23=p e R, 0< p < %, solves problem (2.1).

In the following when we refer to minimum problem (2.1) we assume that the
norm in (2.1) is the Frobenius norm. Also, the symbol J is used to denote the rever-
sion matrix [J];; = 8 py1—j, i, j=1,...,n.

The uniqueness result in Theorem 2.2 implies that possible symmetries of A are
inherited by its best L.s. fit £ 4 under suitable assumptions on Z, as is stated in the
following proposition (Proposition 2.3). Proposition 2.3 will be especially useful in
Section 3 for comparing best L.s. fits from different spaces Z.

Proposition 2.3. The following implications hold:
() XT € VX € & (& closed under transposition), AT = £A = ,ffg =3Py,
(i) JXTJ € VX € & (& closed under transposition through the secondary di-
agonal), AT = £JAJ = ¥ =472, J;
(i) XH e ¥ VX € & (& closed under conjugate transposition), A= +A =
M=+,

Proof. Use the equalities | £ — AT||p = |24 — Allr = | £ — AH|lg. In par-
ticular, if A = AT, we have | Z] — Allp = ||£4 — Allp. This identity implies
PN = P4 because £ € £. The remaining assertions follow from analogous
arguments. [J
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The following definition is essential in the general approach, here developed, con-
cerning the best fitting and its possible applications. The main application considered
in this paper regards the preconditioning technique in CG methods. Other applica-
tions, in iterative methods for minimum problems have been investigated in [22].

Definition 1. Define a space of class V, a space ¢ of dimension n such that there
exists v € C" satisfying vIJ, = ez, k=1,...,n,for n matrices J; € &.

As the Ji’s span &, the conditions VTJIE = ez, Ji € & imply J; = Ji Vk, and
thus the matrices J; are uniquely determined. The matrix %v(z) = ZZ:] zx Ji for
which vI %, (z) = 2T is referred to as “the matrix of ¥ whose v-row is z! =
[z1z2 - - - z4]” (notice that two matrices of ¥ with the same v-row are equal). In
particular, Zy(ex) = Ji. If v is one of the vectors of the canonical basis of C", say
e;,, then £ is called h-space as in [3,21] and %), (z) = Ze, (z) is just the matrix of
% whose hth row is zT.

In more intuitive terms, in a space of class V, the generic matrix is determined
by a linear combination of its rows, whereas only one row (the row #) is sufficient to
define the generic matrix of a h-space.

The HAs and the group matrix algebras considered, respectively, in [23] and [25]
in displacement decompositions of Toeplitz-like matrices, are 1-spaces, and therefore
they are subclasses of V (for other examples of 1-spaces see [3]). Also the space &
of all symmetric Toeplitz matrices, which is not a matrix algebra, is a 1-space and
therefore ¥ € V.

There are spaces of V which are not A-spaces for any value of 4. One example
is the algebra y introduced in Section 3 (see formula (3.19)). A simple example

is the set of all diagonal matrices d(z) = diag(z;, i =1,...,n), z € C". In fact
[1 1 --- 1]d(ex) =€,k =1,...,n, while the conditions e d(zx) = e],z € C",
k=1,...,n, cannot be verified. Both y and {d(z): z € C"} are spaces of matrices

simultaneously diagonalizable or diagonal spaces (see [9]). In the following propo-
sition we prove that V includes any diagonal space.

Proposition 2.4. If ¥ = {Md(z)M~": z € C"} for a nonsingular matrix M, then
L € V. More specifically, for any fixed vector v such that [MTV]j # 0V}, the ma-
trix Lv(z) is well defined and can be represented as

PLy@) = Md(M z)d(M™v) "' M1, 2.9)
Moreover, & is a h-space iff [M1,j # 0 V.
Proof. The matrices Jy = Md(MTe)d M ™v)"'M~', k=1,...,n, be-
long to %, satisfy the identities v!J; = viIMdMTe)dMTv) 1M~ =

e MdM™V)d(M™v)"'M~' =€, k=1,...,n, and span #. For the last
assertion in Proposition 2.4, notice that if % is a h-space, then 3z; € C" such that
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e, =e/Mdz )M =z]d(M e, )M~ k =1,...,n, and thus d(M"e;) must be
nonsingular. [

Another simple example of space of V which is not a h-space for any value of &
is obtained by considering the set . of all the polynomials in the matrix

A1 0
X=10 x 0], A#34, rdéeC.
0 0 §
Clearly, one is not able to define at least one of the matrices %, (ex), k = 1,2, 3,
while, for v=[1 0 117, all the matrices J; = Zy(ex) are well defined (see proof
of Theorem 2.5).

More generally, let X be n x n matrix with complex entries and consider the space
{p(X)} of polynomials p(X) in X with complex coefficients. As the spaces of V
are of dimension 7, a necessary condition for {p(X)} to belong to V is that X is
nonderogatory, i.e., the minimum and the characteristic polynomials of X are equal.
In the following theorem (Theorem 2.5), it is shown that this is also a sufficient
condition for {p(X)} € V. Thus, Theorem 2.5 gives a new characterization of the
concept of nonderogatority in terms of the class V.

Theorem 2.5. X is nonderogatory if and only if {p(X)} € V.

Proof. Let us first state the following fact:
{p(X)} €V, M nonsingular = {[p(MXM ')} eWV. (2.10)

By the assumption there exist # polynomials p", ..., p® and v € C" such that

vip®(x) = ez, k=1,...,n. Let z,((j) € C be such that ) ;_, z,(cj)ezM’1 = e}.

Then the equalities VTM_I[ZZ:1 z,(cj)p(k)(MXM_l)] = eJT., j=1,...,n, show
that {(p(MXM~1)} e V.

Now letr, ny, ..., n, be arbitrary positive integers such that er: (7 =n,and let
Al, ..., Ar be arbitrary distinct complex numbers. Set
A 1 0
Yl' = n;
0 Ai

We now prove Theorem2.5for X =Y =Y, @ Y> @ - - - @ Y. The result for generic
nonderogatory matrices X will follow from (2.10) [41].
Leti € {1,2,...,r}. We want to show that there exist n; polynomials p,(('ll (x) =

le‘;é as(i)xs, k=1,...,n;, such that
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r T r
(Z en1+.v.+nsl+1> ¥ =D p (v =D [T — a0
s=1

j=1
J#

e oimis1 k=1....n. (2.11)

As a consequence we shall have that {p(Y)} € V. As el Y — A D) =

ny+-+ng_1+1
0T, the row vector on the left-hand side in (2.11) becomes

-
eIﬁr-~+n,~71+1 Y —nD" kP/El)l(Y —Ail) H(Y =AD"

j=1
J#
k—1 r
€ b1k (Z (Y — /\,-I)S> [ —»Dm
s=0 ]jzil

= [03l "'031- ()T ...ogr]’

Mi+1

where 0 is the null vector of dimension k and v, is the n;-vector

n,fk_+1 ) r
V};, = |:0~-~0 oz(()’) a}’) 0‘1?)1:| H(Yi —A;D".
Jj=1
J#i

Thus, if eﬁ” denote the vectors of the canonical basis of C*, then (2.11) reduces to

the identities v,;, = e k e k=1, , ni, which are solved by choosing
| 1 o ( 1 )k*l nj
).j—)ul‘ )\.j—)\.j
1 r .. . .
@ @) (l) (k)\T . . .
[egen” - epy] = (&) . QI
’ j=1 .. 1
i# B EEOY
0 1

where
-
Bi =H()»i—lj)"j~ O
j#i

The class V does not include any n-dimensional subspace ¥ of M,,(C). For ex-
ample, in case all the matrices of % have the null vector as jth column, there is no
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matrix X € % and no vector v such that vI X = e? (i.e., the matrix Zy(e;) is not
defined). '

In order to simplify the analysis of the best Ls. fit 4 to A from a space £ of
class V it is useful to list in a proposition some algebraic properties of V.

Proposition 2.6. Let ¥ € V. Let v e C" and Ji, € & be such that v, = ez, k=
1, ..., n. Denote by Py the n x n matrices related to the Ji by the identities e;rPk =
e} J; (or [Pclij = [Ji1kj), 1 < i, k < n. Then:

() JiXe P, XeMC)= JiX=>_[Xlik

(ii) & is closed (under matrix multiplication) iff

n
Jidj =Y Ujlah, 1<i,j<n, (2.13)
k=1

iffJiPy = PrJ;, 1<i,k<n.

(iii) If & is closed, then L(Lv(2)'7) = Ly(2)Lv(2), 2,7 € C".

) If I € L (ZLv(v) = 1) and &L is closed, then X € ¥ is nonsingular iff 3z € C"
such that ¥ X = v'; in this case X' = L (2).

(v) If & is commutative, then el-TJj = e]T-J,- (or[Jjlik =iljk), 1 <i, j<n, Ji =
P1<i<n " 2)=2T%,@), 2,7 € C", [ € ¥ and ¥ is closed.

Proof. (i) Inspect the v-row of the equality J; X = Y ;_, zx Jx, which must hold for
some zx € C.

(ii) Eq. (2.13) is a simple consequence of (i) for X = J;. The equality J; P, =
Py J; follows by writing the element (7, s) of (2.13).

(iil) The matrices Zy(ZLv(z)T7') and Ly (2) Ly (z) are in £ and have the same
V-TOW.

(iv) Calculate, by (ii), e] Zv (@)X = 2" X =2' XP, = v P, = ¢].

(v) Observe that eiTJ = vigJ = viJ i = e;Ji. This identity yields the re-
maining assertions. [

In the following definition (Definition 2) we wish to extend, in V, the class of
matrices where good approximations (in Frobenius norm) to A—corresponding, in
principle, to good optimal preconditioners of the linear system Ax = b—could be
chosen.

Definition 2. Call x-space a subspace ¥ of M, (C) spanned by J;, i =1,...,n,
linearly independent, subject to the following conditions:

n
res and JRJ; =) Tk, 1<ij<n. (%)
k=1
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The equality in (*) may seem rather meaningless, but this is not really the case,
because (x) denotes a common property of the following two classes of algebras #:

(SDU): . = space of matrices simultaneously diagonalized by a unitary transform;
(GA): & = group matrix algebra.
In fact we have the following:

Proposition 2.7. Let ¥ € V VT = ez). Then & satisfies (x) in case:

(i) & is commutative, JI.H e &, orland

(1) & is closed under matrix multiplication, Jl.H =iy, lajl=1and I € Z.
Clearly, (SDU) implies (1) whereas (GA) implies (ii).

Proof. (i) By Proposition 2.6(i), (v),
n n n
iy = 200 = Y L e = D Ui Je = )T i
k=1 k=1 k=1
(ii) First observe that t; # ¢;,i # j,i,j =1,...,n. We have

n n
IR = a0y = 0 Y U ddk = Zaiaj[P,f‘]mj Ji. (2.14)
k=1 k=1
Moreover,
n n a n O
' T 719 l
Jide = ;[Jk] jidi = Jydy = ; v el = > o b

i=1
n

n
thth = Z[th]tkt,' Jt,‘ = Z[P[Z]t,’tj Jt,'-
i=1

i=1

Thus, Ej[P,P],i,j = @;[Jx];; and, by (2.14), & satisfies (x) if |o;| = 1. O

Example 1. The noncommutative space ¥ spanned by the matrices

1 0 0 0 01 0 0
01 0 0 1 0 0 0
=10 0o 1 ol =1y 0 o i |
0 0 0 1 0 0 —i 0
001 0 0 0 0 1

0 0 0 —i 0 0 i 0
=11 00 ol *=lo =i o o
0 i 0 0 1 0 0 0

belongs to V (Z1(ex) = Ji) and satisfies condition (ii) of Proposition 2.7, but is
not a GA. Thus, GA denotes a proper subset of the set of spaces verifying the same
condition (ii).
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The following proposition states some important properties of x-spaces. In par-
ticular, a x-space is a space of class V.

Proposition 2.8. Let £ satisfy (x).
G If1I = Zzzl Vi Jk, then for v = [vivy - - - v, 1T we have vI J, = ez, 1<k<n,
and thus & € V.
(i) & is closed under conjugate transposition (JiH e D).

(iii) & is closed under matrix multiplication.

Proof. (i) Multiply the identity in (%) by v; and sum upon i to obtain J; =
ZZ:l v Je iJk, 1 < j < n. Then the linear independence of the J; implies viJ, =
e/, 1 <k<n.

(ii) Multiply the identity in (*) by v; and sum upon j to show that Jl.H e .

(iii) As the matrices Jl.H are in % and are linearly independent, J; = )/, zl@ JiH

Vs, for some zl@ € C. By multiplying the identify in (x) by zl@ and summing upon
iwehave J;J; € £Vs,j. U

Example 2. The algebra Cg of B-circulant matrices spanned by J; = (Pﬂ)k_l, 1<
k < n, where

0 1 0

Py = 0 1 . BeC,
0 P |
B 0 -~ 0

is a space of class V (by choosing (Cg)1(ex) = Ji, one realizes that Cg is a 1-space)
of matrices simultaneously diagonalized by the transform

_ bz kT k- —hyn _ :
M_ﬁ((\/ﬁ) ) i )k,j:l’ w = exp(—i2n/n),

that is unitary iff | 8| = 1. Moreover, if |8| # 1, then J,? ¢ Cg. Thus, by Proposition
2.8(ii), Cp satisfies () iff |8| = 1.

The following proposition and lemma are exploited in the proof of the main result
of this section (Theorem 2.11) which states that the spectrum of ¥4 is “contained”
in the spectrum of A if A = A" and % is a %-space. Proposition 2.9 will be also
used in Section 4 to solve the linear system B¢z = cg 4 of Theorem 2.2, and thus
to calculate % 4, for some special choices of Z.

Proposition 2.9. Let % satisfy (x). Then By € &, in fact

n n

By=Y PP =) (rl)P=) (trJo). (2.15)

k=1 k=1 k=1
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Moreover, if £ 4 is the best Ls. fitto A € M, (C) from £, then
_ ——1 =1
La=Lv(By'con) = Lv(cwa)By =By Ly(cy ). (2.16)

Proof. By (2.5) the three identities in (2.15) are obtained, respectively, as follows
(the first one does not require any hypothesis on .%):

n n
[Belij = Z [Pic[Prljs = Z [FrPrT]ija
rt=1 r=1
n n n n
[Bolij =Y Y [ I, =D [J;01],, = D _(r JOIP;
r=1r=1 r=1 k=1
(use Proposition 2.6(i) for X = Jl.H), and finally, using (%),

[Bolij =Y Y [J], 100 = >[I, = D Iy

t=1 r=1 t=1 k=1

By (2.15) and by Proposition 2.6(iv), (ii), B¢ and E;l are in % and commute with
any X € %. Thus, Proposition 2.6(iii) yields (2.16). [

Example 3. Let% = {1,2,...,n}beagroup, let 1 be the identity element of ¥, and
set & = C[9] ={X € M,(O): x;i,j = xpikj, i, j, k € 9}. The GA £ is a 1-space
and the matrices J; = % (e;) (for which eT Jr = ez) are permutation matrices such
that J; = I and, for k # 1, J; has all diagonal entries equal to 0. Thus, by (2.15),
By =nl and, by (2.16), L4 = £1(z), where (taking into account that [Ji]; ; =
[Jk]Lrlj = 5j,ik)

n n
zZ= lcy&,A = (—Zi’jzlwk]ijaij) = (—Z?:1 ai’ik)n . (2.17)
n

" k=1 " k=1
If%iscyclic(s =g~ L,s =1,...,n,g" = g"), then £ is the GA C of circulant ma-
trices and % 4 is the Chan preconditioner C4 [18], whose (1, k) entry is, by (2.17),
O ikt + X tn Gisitk—1—n) /7.
If & = Cg (see Example 2), then, by Theorem 2.2, By = d(z), where zx = (k —
DIB*+n—k+1,k=1,...,n (notice that By € ¥ < |B| = 1), and therefore
Z 4 is the B-circulant matrix (Cg) 4 whose (1, k) entry is

n—k+1 n
D i1 +B ) Giitko1n Zk-
i=1

i=n—k+2

1

Lemma 2.10. Let £ satisfy (x). ThenVz € C",

M Lyer 2= [Plz]"A[Pl]. (2.18)
k=1



14 C. Di Fiore, P. Zellini / Linear Algebra and its Applications 335 (2001) 1-54

Proof.

n
2 Lyeo Nz =2") (. Az
k=1

Z Zizj Z ari Z[Jk]zj[fk

i,j=1 rit=1
n n
= H
= Z 2iZj Z ar[J; Jj]n
i,j=1 rt=1

Zart Z ZleZ [Jj]k,

rt=1 i,j=1

-3 3 0 (alet,) gq[a?],,- o

k=1 rt=1 i=1

For a Hermitian matrix A, Lemma 2.10 and the first identity in (2.15) yield

@
min A(A) < M max A(A) VzeC", (2.19)
ZHB 4z

where A(A) is the generic eigenvalue of A. If the Ji’s in (x) satisfy the “ortho-

normality” condition (J;, J;) = §; ; (as for the case of £ = group matrix algebra),
then

ZHgv(Cy’A)Z ZH,SPAZ

B gz Mz

3

and therefore (2.19) lets us conclude that the eigenvalues of # 4 are in the interval
[min A(A), max A(A)]. However, as it is shown in the following theorem (Theorem
2.11), the orthonormality condition is not necessary to prove this result. In Theorem
2.11, for a real matrix X, X denotes the matrix %(X + X T), the symmetric part of
X.

Theorem 2.11. Let ¥ be a subspace of My, (C) satisfying (x). Let A € M,,(C) and

let ¥ 4 be the best L.s. fit to A from ¥.

() If A =AY then %4 = £ and min A(A) < A(ZL4) < max A(A). As a conse-
quence & 4 is positive definite if A is positive definite.

(i) If A is real, then min A(As) < Re AM(Z4) < max A(Ay). Moreover, if the Ji in
() are real (in this case L 4 is real), (L 4); is positive definite if A is positive
definite.
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Proof. Let M be a Hermitian matrix such that M? = E;l and consider the matrix
MZy(cy a)M. As a consequence of (2.16), M Ly(cy, a)M is similar to £ 4. Then
AMZ4) is an eigenvalue of M Ly(cy 4)M, ie., 3x € C" with ||x||; = 1 such that
MZPy) = XHva(c;[,A)MX; thus, by Lemma 2.10,

n
MLZa) =) xpAx. x = P Mx. (2.20)
k=1

Notice that the first identity in (2.15) implies
n n
Zkaxk =1= Z [(Re xk)T(Re xz) + (Im xk)T(Im xk)].
k=1 k=1
This remark and (2.20) yield the inequalities in (i) and (ii). Moreover, if A = AH,
then, by Proposition 2.3(iii), ¥4 = gil_ Now assume that A and the J; are real,
and that zZTAz > 0 Vz e R", z # 0. Then the matrix M can be chosen real and, by

Lemma 2.10, we have
n

M Ly(co )Mz =Y [PIMz]' A[PIMz] VzeR'
k=1
This identity implies that the matrix (% 4); is positive definite because, by (2.16),
(Za)s = MMZLy(ee MM~ O

One can obtain assertions (i) and (ii) of Theorem 2.11 in the more specific case
where ¥ = {Ud(z)UM: z € C"}, with U = unitary matrix, by using the identities
u,ljff AU = u,[('lAuk, u; = Ueg. These identities, which were first derived for ¥ =
C [38], follow from the equality

L4 =U diag([U"AU],,. k=1,....n)U" (2.21)

found in [14,28] as a simple consequence of the fact that || - ||p is unitary invariant
(see also [33] and the references therein). In Theorem 2.11, it is proved that, in order
to obtain properties like (i) and/or (ii) is not really necessary, as one may guess
on the basis of the known literature, that % is a space of matrices simultaneously
diagonalizable by a unitary transform.

In Sections 3—6, we mainly deal with matrix algebras & that are 1-spaces, and
therefore the results of the present section are used for v = ej. Then take into account
that, from now on, #1(z) and J; = Z(ex), the matrices of ¥ with first row z' and
ez, respectively, are simply denoted by .#(z) and J;y = Z(e).

3. Matrix algebras close to symmetric Toeplitz matrices: w, n, 4, 7, y
For particular choices of A and %, matrices £ 4 solving problem (2.1) have been

exploited to precondition linear systems Ax = b. Such matrices are therefore gen-
erally called optimal preconditioners. In particular, in the important case where A
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is a symmetric Toeplitz matrix, A =T = (¢;— j‘)ﬁ =1 the fit #7 is known to be an
efficient preconditioner of 7x = b for at least four different algebras .#: the algebras
C and C_; of circulant [18] and (—1)-circulant [27] matrices, the algebra 7 [6,9,16],
and the Hartely algebra s [8,30] (see also [31]). In this section, we consider other
four examples of matrix algebras closely related to symmetric Toeplitz matrices: u,
n, A and y. Three of these algebras, u, n and /", have been introduced in the context
of displacement formulas for Toeplitz plus Hankel-like matrices [20,21]. We shall
see that they also yield very good fits to T (see Theorem 3.6) which turn out to be
optimal preconditioners competitive with the best known (Theorem 5.1). Moreover,
in Corollary 3.7, n and u are used to define two new fits to a Hermitian Toeplitz
matrix. A fourth algebra y, strictly related to u, is introduced in this paper. Matrices
from each of the algebras 5, © and y are shown to be simultaneously diagonalized
by a fast real transform (in [21] only complex transforms diagonalizing n and u
are found). As most of the algebras .# considered in this section are x-spaces, both
Proposition 2.9 and Theorem 2.11 hold.
Let Pg be the n x n matrix

0 1 0
0 1
Pg=1": , BeC, 3.1
0 1
B 0 0

and denote by Cg the matrix algebra generated by Pg. Then the generic matrix of
Cpis Cp(z) =Y j_y zxdi, Jk = Pg_l. For 8 = 1 and B = —1 one obtains, respec-
tively, the circulant (C = Cy) and the (—1)-circulant (C_;) matrices. For 8 = £1,
set

Ci={AeCp: AT=A} and CJF={AeCp AT =-A}. (3.2)

The space Cg is the algebra of symmetric B-circulant matrices, and C;K is the space
of skewsymmetric B-circulant matrices.
The algebras u, n and 4" are defined as follows [21]:

p=CS +Jcs,, n=c5+Jcs, x=cS, +JIpP_ K. (3.3)

Notice that u is the (—1)-circulant version of 1, and that ¢ is the (—1)-circulant
version of the “Hartley” algebra »# = C S + JP,CSK introduced in [8]. One can
easily realize that the spaces u, 1, # and J are effectively algebras, i.e., they are
closed under matrix multiplication, and that matrices from " and J# are symmetric,
while matrices from p and n are simultaneously symmetric and persymmetric.
Denote by 7 the matrix algebra generated by X = Py + Pg . Then the generic
element of T is 7(z) = ZZ:I zkJi, where J1 =1, Jo = X and J, = Jp_1 X — Jr—2,
k=3,...,n. Forz e C" set Ig_lz =[zp—1-- 221", 2=z, 22]" and e,((”_l)
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= IZ”en_k_H, k=1,...,n—1. Let ¥+(-; p) be the symmetric 1-space defined as
the set of all matrices

0 0
(g:t(Z; p) :'L'(Z):F T(I;_lz) :
0 0
0 0
+1: ‘L’(ISZ)‘[(p) , ze€C" (3.4

0

where p € C"~! is fixed such that Jp = Fp. Set

0 1 +1
1 0 1

Too ™ = ! : (3.5)
+1 1 0

Theorem 3.1 [21].
(1) The space €+ (-; p) is closed under matrix multiplication, contains the matrix

Toji)l 1 and satisfies the identity

Galip) = {A € My(C): AT * = T35+

and A% (e: p) = G(en; AL, (3.6)

(i) If & is a symmetric closed 1-space containing Toj’tol ’i], then & = €+(-; p) for
some p = FJp.

(iii) For $ = {64+ (;p): Jp = —p} and R = {6_(-;p): Jp =p}, we have CS C
L CCHICYVLEN C3 CLCC+IC_ VL eR

V) u, A € Randn, # € 9 in fact
1
(=5 +el)) =
Loo-n _ -1y) _
%( S — e, )) =, 3.7)
C_(;0) = p,
G (50) = 1.
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In particular, n, u, #, A are 1-spaces. Notice that € (e,; 0) = J, thus u(n)
is the only algebra of R (9)) which is also persymmetric.

From (3.7) and (3.6) we obtain, as for the algebra t, a cross-sum structure for
both 1 and w:

Proposition 3.2. Let A = (a;;)? =1 be a matrix from t (n) []. Then
aij—1+ajy1=ai-1;+ay1,;, 1<i,j<n, (3.8)
where ag nt1—k = Qni1,k = An+1-k,0 = Aknt1 = 0 (arp) [—arel, k=1,...,n.

By Proposition 3.2 and by the identities AT = A = JAJ one can easily write
down the matrix A of © () [] whose first row is {z1z2 - - - zx].
For example, for n = 8 one calculates

00 0 0 O0O

1
1 1
1 1 1
1 1 1
T(e3) = 1 | 1 ,
1 1 1
1 1
1
0 0 00 1 0
1
1 1 -1
1 1 0 -1
1 0 0
n(es) = 0 0 | ,
-1 0 1 1
—1 1 1
1
0O 0 0 0 -1 0
1
1 1 1
1 1 2 1
1 2 2
n(es) = 5 ) |
1 2 1 1
1 1 1
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The interest of w, n, 4" and #, with respect to other algebras from ) or R, is
mainly justified by the fact that for & € {u, n, A", #’} a real fast transform Q ¢
diagonalizing all matrices of .# can be effectively defined. This result, stated in the
following theorem (Theorem 3.3), is new for & € {u, n}. Just Theorem 3.3 where
the matrices Q,,, Oy, O and Q , are displayed, leads to the definition of a new
orthonormal n x n matrix G such that Gz is a fast transform and the space y of all
matrices diagonalised by G is (for n # 2 + 4r) an algebra of R different from p and

Theorem 3.3. Let & € {u,n, A, #Y). Then, forallz € C",

-1
L(2) = Qd(Qy2)d(Qye1)” QY. (3.9)
where Q ¢ is the orthonormal matrix

2nk— DG -1 . 2ntk— 1D — 1))
S =+ sin ,

1
[Qrlkj = —= (co

Jn n n
k,j=1,....n, (3.10)
1 nk—-0D2j—-1) . wk—1)Q2j—1)
P ;= — :l: s
(O lkj NG <cos " sin ”
k,j=1,....n, (3.11)
1/4/n, J=1,
V2/n cos w, j=2,..., [%n],
[Q0)kj = { (=¥ /m, j=3in+1 (neven), (3.12)
V2/n sin BEEDUED g Ly,
k=1,...,n,
V2/n sin PEEDRIED g — g T - 1],

0.1 (=¥, j=3n+1) (nodd), .
m kj = . .
V2n cos BEDEIZD g 1 Lo 4 3y,

k=1,...,n.

Proof. For the cases ¥ = # and ¥ = A see, respectively, [8] and [21]. As-
sume that % € {u, n}. Set p = exp(—in/n), w = p%, [Flij = (1//m)=DG=D
i,j=1,...,n, Dy = diag(pk_l, k=1,...,n). In [21], it is shown that, for all
ze(C", ¥(z) = Mgd(M;Z)d(M;el)_lM}}, where M o is the unitary matrix dis-
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played below. In the definition of M, (M) the central row and column including
/2 are absent in case n odd (n even):

V2 0 0
0 1 —w
0 —w?
1 1 —ok
M,] = EF O ﬁ 0 5
"k 1
w2 0
0 o"! 1
k=[5 -1] (3.14)
- 2 b .
1 P
0 o>
1 ! Pt
M,=—D,F 0 V2 0 ,
a \/E P pn—k 1
pn—3 0
pn—l 1
k=2[2]-1 (3.15)
=2|3 . )

Now observe that a diagonal matrix D can be chosen in such a way that M D is
(unitary and) real. The matrix Q » (see (3.12) and (3.13)) is precisely the matrix
M 4D o, where

a)(k_l)/Z, k=1,..., [%n—|,

[Dylkr =
! iwk=D/2 ) | = f%n+l-|n

ip(2k*1)/2, k = 11 HR ) |V%n—|7

[Dylk =
" {pak—l)/z, k=[in+1],....n. O



C. Di Fiore, P. Zellini / Linear Algebra and its Applications 335 (2001) 1-54 21
The matrix @, in (3.12) is related to the matrix Q 4 in (3.11) by the identity
V2
V20T 1 —J
20 = 0Oy ) o L =1w-1)2), (3.16)
+J +17

where the central row and column including £+/2 are absent in case n odd. Analo-
gously, the matrix Q,, in (3.13) is related to the matrix G = G+, defined as follows:

1 2k — 1)(2j — 1 2k — 1)(2j — 1
(Gl = = <COS m( )Q2j—1D )(2j ))7
Jn 2n 2n
k,j=1,....n, (3.17)
by the identity
+1 +J
V26 =0, +v2 . =1, (3.18)
—J 1

where the central row and column including ++/2 are absent in case n even.
Formulas (3.16) and (3.18) imply that the matrix—vector products Q,z (Q;z) and

Ouz (QlTLz) can be reduced to matrix—vector products Q;T,/‘z (Qx1z) and Gz, and

vice versa. Notice that the linear transform Q -z or Q;z is the skew-Hartley trans-
form [21], the (—1)-circulant version of the well-known Hartley transform Q ,z.
The Hartley and the skew-Hartley transforms are fast transforms (see [8,21] and
the references in [8]). We shall see that also the linear transform Gz is fast. These
remarks lead to the result stated in the following corollary, regarding the complexity
of computations involving matrices from p, n, #°, # and from the new algebra

y ={Gd@)G: z € C"} (3.19)
naturally defined as the set of all matrices diagonalized by the orthonormal matrix

Q, =G in (3.17).

Corollary 3.4. For & € {u,n, A, #,y}, Qg and Q; define real fast transforms
computable in O(n log, n) operations. If A € ¥, then Az, forz € C", can be com-
puted through the transforms Q o and Q; in the same amount of operations.

Proof. It is enough to show that, for G™ = G, we have
1 GWDR, :FG(n/2)JR:F
A \gomg, wgemgg,) "

where R+ = D(I £ J), D = diag(cos((2j — 1)n/(2n)), j =1,...,n/2) and E is
the permutation matrix E£e; = ep;_1, Ee,_j11 =e€,-2j42,j =1,...,n/2. O

Gm — (3.20)



22 C. Di Fiore, P. Zellini / Linear Algebra and its Applications 335 (2001) 1-54

Notice that, by Proposition 2.4, the algebra y defined in (3.19) is not a h-space
whenn =2+4r,r =0, 1, ... In fact, for these values of n, we have [G+]ok r+1 =
[G+)ok—1,n—r = [G-l2k—1,r+1 = [G-l2k,n—r =0, k =1, ..., n/2. For example, in
case n = 6,

V32 /3 1 0 -1

2 0 -2 0 2 0
G+=L V3 =2 V3 -1 0 1
230 1 0 -1 V3 -2 V3

o 2 0 -2 0 2

-1 0 1 V3 2 3

However, by Proposition 2.4, y is a space of class V; in particular, [G];; + [G]y; =
+2//n sin(n(2j —1)/2n) #0, j =1,...,n, Vn, and thus y can be seen, for all
n, as the set of all matrices

Ver+e, (@) = Gd(G)d(G(e) + €,))"'G, zeC". (3.21)

In more intuitive terms, the generic matrix of y is defined by the sum of its first and
last row. Thus, by Proposition 2.7, the results in Proposition 2.9 and in Theorem 2.11
can be applied for & = y. For n # 2 + 4r, y is also a 1-space because [G];; # 0
V,j. This fact, the equality 7, "' G = G diag(2 cos((2j — Dn/n), j=1,....n)
and Theorem 3.1(ii), let us conclude that y is one of the algebras %_(-; p) defined in
(3.4) (for n # 2 + 4r). By using Theorem 3.1 one can find the vector p = Jp such
that y = _(-; p) and then observe that ¥_(-; p) = C§1 +J Cﬁlf The following
proposition shows that the identity y = Cfl +J Cﬁlf holds for all n. This result
leads in Corollary 3.7 to an efficient representation, involving the fast transform G,
of (C_; + JC_1)a (A = Hermitian Toeplitz matrix).

and G_=-G4J.

Proposition 3.5. Ify = {Gd(z)G: z € C"}, where G is the orthonormal symmetric
and persymmetric matrix in (3.17), then y = CEI + JCElf.

Proof. By using (3.18) and the identity Q,, = M, D,, (M, and D,, are defined in
the proof of Theorem 3.3), show that G = %DpF W, where

q+r1 —q+r
q+712 0 —q4r
0 q+¥\n/2) —q 47 (n/2]
W = +2 0 ,
q+7(n/2) —q+£7 (n/2]
q+72 0 —q+72

qg+r1 —q+r]
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g+ =1%£i, r;= p&=D/2, j=1,..., L%J

(in W the central row and column including +2 are absent if n is even). Now let A be
a matrix of C_; and denote by D, the diagonal matrix (D, F )HA(D,, F). Then

1 1
GAG = GHAG = ZWHDAW = 5(Da+JDaJ FiJDs£iDaJ) (322)
and, as a consequence,
1
GATG = E(DA +JDaJ FiDaJ £1JDy). (3.23)

For A = AT (3.22) and (3.23) imply GAG = 1(Da + J D5 J). Moreover, for AT =

—A, they imply GJAG = JGAG = +1(JDsJ — Da). Thus €S, +JCK C y
and the thesis follows because

dim(CS, + JC5X) = dim €3, + dim JC5§ — dim €3 nJCSK

B {(n+ D24+ ®n—1)/2-0
T2+ @m/2) -0

=n. O

In the following, the role of Cg, T, #°, 4", n, u, y in approximating and in pre-
conditioning Toeplitz matrices is investigated. Let 7' be an n x n symmetric Toeplitz
matrix, i.e.,

T = (ti-j1); (3.24)

for some complex numbers 1y, . .., t,—1. The well-known optimal preconditioners of
T are the best 1.s. fits C7 [18], (C_1) 1 [27], 7 [6,9,16] and 57 [8]. (In [31], L7 is
shown to be a good Toeplitz preconditioner also for other seven spaces . which are
all HAs and are associated with fast trigonometric transforms.) As the algebras C and
C_1 are closed under transposition, by Proposition 2.3, C7 and (C_)7 are symmet-
ric (not only persymmetric) like 7. Therefore, Ct = (CSr and (C_1)7 = (Cﬁl)T,
i.e., in order to approximate 7, only half of the n parameters defining a circulant
or a (—1)-circulant matrix, are exploited. This fact is here a necessary consequence
of a general result (Proposition 2.3) and depends, instead of the special form of C
or C_ (as, for instance, in [38]), on the more abstract concept of “closure under
transposition”. The fact that only half of the n parameters defining a circulant matrix
are sufficient for defining Cr is used in [8] to justify the introduction of the Hartley
preconditioner 7 as a fit to T better than the Chan fit Cr. In fact #, like C,
includes C®, has dimension n and is closed under transposition, but Proposition 2.3
does not imply any a priori restriction on the choice of the parameters defining a
A matrix because matrices from # are (already) symmetric. For analogous rea-
sons the algebras ¢ and y considered in this paper yield fits 2#"r and y7 to T both
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better than the Huckle fit (C_1)r, and therefore 2# 7 and y7 could be new efficient
Toeplitz preconditioners, competitive with 7. However, while Cr and (C_1)7T,
like 7, are simultaneously symmetric and persymmetric, #°'7, # 1 and yr are not
persymmetric.

Let £ be the (2n — 2)-dimensional space of matrices

o --- 0
@+ rw |, zeC weC' (3.25)
o --- 0

Any matrix of this space is simultaneously symmetric and persymmetric. Moreover,
L1 = T because any symmetric Toeplitz matrix 7 belongs to .Z as is noted in [42]
(setz=[tot1 - -th—1] and w = —[t5 - - - 1,117 in (3.25)). Thus, suitable subsets &’
of % might yield very good fits ¢ to T, simultaneously symmetric and persym-
metric like 7. There are at least five matrix algebras simultaneously diagonalized by
fast discrete real transforms that are made up with % matrices. These are 7 [2,7,42],
711 and 7_1_1 [10,40], and 1 and p. They are obtained by setting, respectively, w =
0,w=F[z2--zn—1] (see [21]), and W = F[z,—1 - - - z2] (use (3.7), (3.4)) in (3.25).
Problem (2.1) has been solved—in the case A = T—for the algebra 7 [6,9,16] and
for the algebras 717 and t_1_; [31] (notice that in [16] problem (2.1) is solved,
if & =1, for A generic). In this paper, we study nr and pur. As fits to 7, they
are certainly better than Cr and (C_1)r, respectively. Moreover, by the following
theorem (Theorem 3.6), they turn out to be also better than #'r and 4’1 or yr,
respectively.

Theorem 3.6. Assume that A € M,,(C) is such that AT = A =JAJ. Then
na=(C+JC)a and pa=(C_1+JC_1)a. (3.26)
As a consequence,
Ina — Al < |€a — Allr < [[Ca — Allp VL €9,
lna — Allr < I1€4 — Alle < I(C-1)a — Allp (3.27)
V¥ eR and &L =vy.

Proof. Let Z; and Z; be two circulant matrices such that Z| + JZ, = (C + JC) 4.
By Proposition 2.3(i), (ii), Z1 + JZ> must be simultaneously symmetric and per-
symmetric like A. This implies ZlT = Z; and Z¥ = Z,, and therefore (C + JC) 4 €
CS + JCS = 1. Thus, by the definition of 74 and by the inclusion n ¢ C + JC,
Ina — Allg = |I(C + JC)4 — A|g. Finally, the uniqueness result of Theorem 2.2
yields ng = (C + JC)4. The proof of equality uq = (C—-1 + JC_1)4 is analo-
gous. Inequalities (3.27) follow from the inclusions in Theorem 3.1(iii) and from
the fact that C4 = (CS)4 and (C_1)4 = (CEI)A (for the case & =y, n =2+ 4r,
use Proposition 3.5). O
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Remark 3. In (3.27), the second inequalities hold also in case A is not persym-
metric. The result in (3.27) was first observed for A =T = (t|i_j|);’j=1, T real,
and n = 3. In fact, for p € R, we have ||f€+(-; (p—pIHr — TH; =o(p)(H —
1)* and [€-(:[p pID7 = TlE = ¢(p)(11 +12)*, where ¢(p) = (10p> +4p +
4)/(9(p* + p + 1)), and one can easily verify that ¢(0) < ¢(p) Vp # 0. Notice that
@(p) < ¢(=2) Yp # —2, and that the algebra %_(-; [—2 — 2]T) can be shown to
coincide with the algebra y defined in (3.19).

If T is the Toeplitz matrix in (3.24), Theorem 3.6 asserts that ny (ur) isafitto T
better than &1 forall & € H (RU {y}), and that any L7, ¥ € H (RN {y}),is afit
to T better than C7 ((C_1)7). It remains to verify if minimizing ||.%7 — T ||g over
$ (R) effectively yields more efficient Toeplitz linear systems preconditioners. But
first we have to compute n and pr (see Section 4).

Theorem 3.6 and the linearity of the operator A — % 4 (an obvious consequence
of the representation of .# 4 in Theorem 2.2), let us also find the best l.s. fits from
the algebras C + JC and C_1 4+ JC_1 to a Hermitian Toeplitz matrix:

Corollary 3.7. If A is a Hermitian n X n matrix with persymmetric real part, i.e.,
A=X+1iY, where X,Y e M,,(R), X' =X =JXJ and YT = —Y, then

(CH+JC)a=nx+iCy and (C_1+JC_1)a=px+i(C_1)y. (3.28)

Proof. Set, for instance, ¥ = C + JC. By Theorem 3.6, we have ¥4 = ¥x +
1%y = nx +1%y. Moreover, by Proposition 2.3, ¥y is skew-symmetric like Y.
This implies that %y is circulant, and therefore £y = Cy. U

A useful representation of the matrix (C_1 + JC_1) 4 in (3.28), involving the fast
transform G defined in (3.17), can be obtained as follows. We have ux +i(C_1)y =
Z1+ J(Zy+1Z3)forsomereal Z1, Z € Cil and Z3 € JCiIf. As any matrix from
C§1 and J CEIf is diagonalized by the centrosymmetric matrix G = Q, in (3.17)
(Proposition 3.5), we can write

(Co1+JC_)a=pux +i(C_1)y = G[D1 + J(D2+1D3)]IG

for some real diagonal matrices D, D», D3 (for instance, by (3.21), Dy =
d(GZi(e1 +€,))d(G(e; +€,) " k=1,2,3).

4. Best Ls. fits from »n, p, # and A~

In this section, an explicit representation (of the first row) of L4, £ € {u, n},
where A is an arbitrary n x n matrix, is obtained. This representation lets us com-
pute £ 4 with only O(n) additive operations once that the sums of the entries of
each diagonal and of each antidiagonal of A are calculated (see Proposition 4.2). In
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particular, we have the result that for a symmetric Toeplitz matrix 7 = (#;— f|):l,j=1
the fit 7 can be computed with the same cost required for the computation of the
best-known fits r to T (e.g., Cr, (C_1)T, H# T, 17, HAS), i.e., with O(n) arithmetic
operations. We also introduce the fit 2#" 7, the (—1)-circulant version of the fit #'r
defined in [8]. Notice that 7, wr and 2 1 have not been previously considered in
the literature.
Let A = (a; J')Z =1 be an arbitrary n x n matrix with complex entries, and let
Z 4 be the best Ls. fit to A from & € {n, u, #, #’}. Denote by J; the matrices
Z1(eg), s =1,...,n, spanning ¥. Notice that the J; are real symmetric matrices
(see Theorem 3.1(iv)). By Proposition 2.9 we know that
n
Za=2(By'esn) =) [By'esal s, (4.1)

s=1
where By is the n x n positive definite matrix of .¥

n

By =) (tr J)Js, 4.2)

s=1

and ¢ 4 is the n x 1 vector

n
[eoals = (S, A) = Y [Llijaij, s=1,...,n. (4.3)
ij=1

Moreover, by Theorem 3.3, we have

PLa=2(By csn) = 0sd(Q% B, csa)d(0he)) ' 0T,

where Q ¢ is the orthonormal matrix defined in (3.10)—(3.13). Therefore, the knowl-
edge of B;l ¢, 4 is sufficient to obtain a representation of # 4 which is the most use-
ful and convenient in preconditioning techniques. Explicit formulas for the entries
of B;,lc .4 are given in Proposition 4.2 in case A is generic and ¥ € {1, ¢}, and in
Corollaries 4.4 and 4.5 and in Theorem 4.6 incase A = T and ¥ € {n, u, #, A'}. A
procedure for the computation of B;lc .1, L € {n, n}, requiring only O(n) arith-
metic operations, is suggested by Theorem 4.3. We shall see that the calculus of
B;l ¢, 4 is simplified by the fact that B¢ and B;)l are in Z.

From now on assume that & € {1, n}. Moreover, in the following, the upper sign
refers to the case & = p, and the lower sign refers to the case ¥ = n. Let us show
that

n 22/221 Jok—1, n even
B, = 1({";1)/2(” 42— 2k) Japs (Js = uley)), 4.4)
+3 D20k — 1) Iy, nodd
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n/2

ko1 (n — 4k +4) Jop—1, n even
By =\ 0200 40— 2k Ty (Js = n(ey)). (4.5)

/(<n=_11)/2(2k — 1DJy, nodd

In fact, by formula (4.2), it is enough to calculate tr Js, s = 1, ..., n. To this aim,
use the formulas

_ (n—=2) _fn—=s+1, sodd
tr Jy =trr(e,) trr(e, ;") (tr T(ey) = {07 < even |
k
where e,i"fz) isthe m —2) x I vector[0 --- 0 1 O --- 0], which follow from
(3.4) and (3.7).
Notice that, once expressions (4.4) and (4.5) for By are available, the inverse B;,l

can be obtained, at least from an heuristic point of view, by looking for vectors z such
that zZT By = e]T or, equivalently, such that .#(z) By = I (see Proposition 2.6(iv)):

ﬁ(3J1 — Ju-1), n even

B;l = ﬁ@h —Jl) (Js = n(ey)), (4.6)
— LY (=D, nodd

» %(3J1 + Ju—1) — n% ZZ/=21 Jok—1, neven
Byl =1 o (Js = n(ey). (4.7)
5(3.]1 + Ju_1) — ol Zi:] Ji, n odd

We give a direct proof only of (4.6) for n even. In the other cases, we simply
display E = B;)l in (4.10) and (4.11).

Assume ¥ = u.Letnbeeven, and set E = %(3 J1 — Jn—1). By exploiting Prop-
osition 3.2, case i, one can write down the y matrix E:

1 0 . 0 0

3 —1 0

2 -1
1 1 0 -1
E = o O O . (4.8)
-1 1
-1 2

—1
-1 0 -1 0 2

0 -1 3

Notice that
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e E= %(361 —e)),
e;rE = %(2% — €y — en_s+2)T, s=2,...,n—1,
eEE = %(3% — ez)T.

Therefore, by (4.4),

n/2
el BLE=n|Y e || E
k=1

(4.9)

n/2
- T T
=n e1E+Ze2k_1E
k=2
n/2
1
=3 3ep —e,1 + Z(Zequ — €y 2k+1 — €n—2k+3)
k=2
_oT
= el ,

i.e., the first row of B, E is equal to the first row of the identity matrix /. Then

B, E = I,because B, E, I € .
For ¥ = 7, n even, we obtain:

1 0 0 0
3 10
2 0 10 1
1
2 1
3 0 1
1 0 0
E=5. 10 3
1 2
1 0
10 1 2
0 1 3

— 32 (aaT + bbT),

(4.10)
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1 0
0 1
1 0
0 1
a—= s b:
0
1
Finally, for % € {u, n}, n odd, we have
1 0 0 0
3 F1 0
2 O Fl 0 FI
' F1
1 2 F1 O |
E=_— 0 1 2 Tl 0 — —aa’,
2n S0 Flo2 n
Fl :
F1 0 =F1 O 2
0 I 3
4.11)
SRE
Fl1
1
Fl
a= .
Fl
— 1_

By using formulas (4.9)—(4.11) one can state a set of identities connecting the
rows i — 1 withi + 1 and k withn 4+ 2 — k of B;l, & € {u, n}. These identities can
be immediately translated (use (4.3)) into relations among the entries of the vector
B;]Cg’A defining £ 4. Set ¥4 = B;lcip,A.

Lemma 4.1. IfA is an arbitrary n X n matrix and & € {n, u}, then
Q-2 FIh3—-N,4), i=2,
9 9 1 QJip1 —2Ji_1 £ Ty Jo—iz1, A)
LA _ LA L i+1 i—1 n—i+3 F Jn—-i-1, 4),
Visth =Vilu F X D s, (4.12)
QJy =20yt s+ Jy, A), i=n-—1,
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and

(:l:-]2 + 2Jn — Jn-2, A): k=2,

Z,A Z,A
Voo =T 7 + Y Ek A+ In—kt2 = Ik F -2, A, (4.13)
k=3,...,n—1.

We shall see that Lemma 4.1 suggests a simple procedure for an explicit and
numerical computation of the vector ¥ <-4 when A is a symmetric Toeplitz matrix T.

In the following proposition, the entries of <-4, A generic, are represented via
simple formulas in terms of the scalars

n
\
dl =" ay;.
j=1

n—k+1

d,} = Z @ kt+j—1+ak+j-1,5), k=2,...,n,
Jj=1

n
/
dp = Zaj,n+1—j,
Jj=1
k
d,{ = Z(aj’k+1_-/ +ankyjn—jr1), k=n-—-1,...,1
j=1

(4.14)

Proposition 4.2. Let A = (ai.i)?,j=1 be an arbitrary n x n matrix and let ¥ 4 =
LWL A) be the best Ls. fit to A from ¥ € {n, ). Then for n even

(il df ). =1,
yrA = — x ldy—d)  ,+dl —d)_)., s=2..n—1 (@415

(dn — dy +2d}), s=n,

(2d) +d] +d_)) —@/n)f. s=1.
(ds\ + d\—s+2 + ds/ + d){—s)

n

* 2n —4 (8) s even, s=2,...

n (f) sodd,
(dn +dy +2d) — 4/m)g, s =n,
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and, for n odd,

(2d) +df Fd)_,)
—Q2/n)(f F ). s =1,
\ \ / /
¢$'A = L X (dS :Fd:17s+2 +dS :Fdnfs) (4.17)
* 2n —-Q/mEFDN(fFg, s=2,...,n—1,
(i F dy + 2d7)
—@2/n)(f F &), s =n,

where f = Z]En:/lz] d;k—l and g = Z,En:/lzj d;k. Thus, if the d,{, d,} in (4.14) are given,
then the vector 2nyr<°4 can be computed in O(n) additive operations.

Proof. Formulas (4.15)—(4.17) are easily obtained from the identities
n
vl =Y [BS' ], (k. A = (2(B'e). A), s=1,....n,
k=1
by displaying the matrices .¥ (B;les) and by expressing each of them as the sum of
a matrix from C il and of a matrix from JC il' (]

By Proposition 4.2 the total amount of computation required to calculate the vec-
tor 2ny<4 is O(n?) additive operations (no significant multiplication is required).
Obviously, the cost of the computation of the scalars in (4.14) reduces by a factor
% if AT = A (or if AT = JAJ), and by a factor % if AT = A = JAJ. Notice that
if A is simultaneously symmetric and persymmetric, the matrices n4 and w4 are
good approximations of A, because, by Theorem 3.6, ng = (C + JC)4 and puyg =
(C-1 4+ JC_1)4. Thus, the formulas in Proposition 4.2 could be useful even if A is
not Toeplitz.

Now choose A =T = (t|,-_j|)l'.”j=1 and setsii =t +t,—;,i=1,...,n—1.0b-
serve that sl.ﬂE = :I:sf_l.. By using the fact that the matrices +J> 4+ 2J,, — J,—2 and
i+ Jn—k2 — In—k F k=2, k=3,...,[(n+1)/2], are in JCJSFl and the fact

that the matrices Jy F Jyo—k, k =2, ..., [(n + 1)/2], are in C§Fl,

we obtain
(£2 + 20y — Jy_2, T) = +4sT,

(EJk + Jnoiir — Inek F I, T) = tdsit |, k=3,....,n—1
(J1, T) = nt,

(Jk F Iuso—k, T) =20ty =20k — Dsi= |, k=2,...,n.

(4.18)

These formulas and the identities

QS —-211FJh3—-N,T)
=S+ BN F I3 D)+ BF I, T) =204, T),
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QJiv1 —2Jici £ hpis3 F Jn—i-1, T)
= (Ih—it1 +Jit1 = Jict F In—i-1, T) 4.19)
+Uit1 F In—i+1, T) = Jiz1 F Jn—it3, T), i=3,...,n—-2,
QJy =20yt Js+ J,, T)
=&Eh+20—Jn2, 1)+ UnF 2, T) — (Jn—2F Ja, T)
let us rewrite (4.12) and (4.13) as in Theorem 4.3. Theorem 4.3 also includes the
specifications of some of formulas (4.15)—(4.17) for the case A = T. In the follow-
ing, 8,0 18 1 (0) if s is odd (even), and §; ¢ is 1 (0) if s is even (odd).
Theorem 4.3. Let T = (t\,-,ﬂ)l’."j_l and & € {n, u}. Then
-2, 4

vl =vll (,._z—sl.i), i=2...,n—1, (420)
. ¥ 2
vl =Ty £ ;sli Loi=2,m, (4.21)
where
Sij: =1 + th—i, I = 0, Lo, (tn = :Fto)a (422)
and the following initial conditions hold:
,T 41-1
wf‘« (Zrn/ - S;j + tn/25n/2 e) ,
n even T 1n/a] 4.23)
rlz) =lIp—1 — ; Sn,1 + 5 (Z 52] 1 + tn20n)2, 0)
. 4—1 5. — -1 —
1/’17] =to+ ;3 (Z[n/ = 2jsy; — ZM/ I~ )»
T -
n even T =ty — nlsn ’ (4.24)
4
I:Zl.n/ J(2] _ 1)S2] |- ZL”/I S2] 1:|
g 1)/2 1)/4
v/l =nF2 (Z(" PEni st e YT )/Js;j),
nodd vl =t — s (4.25)
/2 i—1 : +1)/4
% (Z(n )/ (F1)/ ljsji ZL(" )/4] ;c/ 1).
Proof. Formulas for I/Jif T and w;,g) ‘T in terms of the scalars to, t1, ..., t—1, can be

easily obtained by using the identities Wff’T = (B;l, T) and 1//,13)’T = (JB?, T),
and expressions (4.8), (4.10) and (4.11) of Bg,l . (Consider separately the contribution

of the terms ﬁ(Zl ) (ﬁ(ZJ )) in the expressions of B, (J B, ) ) These formulas
can be rewritten as in (4.23)—(4.25) by using the notation in (4. 22). O
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Theorem 4.3 suggests a simple procedure for the computation of %<7, which
requires only O(n) arithmetic operations: calculate wiy’T, i =1,n,by (4.23)-(4.25)
(for n odd Wif ‘T would be enough) and then calculate all other entries xpi‘f’T by
(4.20) and (4.21). Moreover, Theorem 4.3 and inductive arguments let us calculate
each entry of ¥7T explicitly as in the following corollaries [Corollaries 4.4 (w)
and 4.5 (n7)]. These results are exploited, respectively, in the following section and
in Proposition 4.7, to show that the best 1.s. fits n7 and w7 satisfy a standard “clus-
tering” property of Toeplitz preconditioners, and to calculate the eigenvalues of 17
and pr. The same results will be exploited in Theorem 6.1 to find explicit formulas
of the “errors” ||nr — T||r and ||ur — T ||F.

Corollary 4.4 (;17). We have

yiT = [Bleur], = aici +basis i=1,...n, (4.26)
where
T ST _
aj =1t nsj, j=0,...,n—1
(nj=—a;, j=1,...,n—1), (4.27)

and, for n even,

n/4]
by =~ D sh thpdupo | k=0,1,..., [n/4],
j=k+1
5 M4t
bur ==\ Y s+tpdpe|, k=1, /4], (4.28)
j=k
buj=—bj, j=1,...,n/2—1,n/2,

and, for n odd,

(n=1)/2 L(i+-1)/4]

=== | D D Tsf o 30 s |
j=1 j=k+1

k=0,1,..., [(n+1)/4],

(n—1)/2 Ln—D)/4]

byt = — Zl (=17 s] +n Zk 557 |- (4.29)
J= J=

k=1,...,l(n—1D/4] + 1,
buj=—bj, j=1,....,(n—1))2.
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Thus, ur = (C—1)1 + J Ry, 7, where (C_1)7, Rr € C3 and [((C_1)T]j = aj_1,
[Ruyrhj=bj—1,j=1,...,n

Corollary 4.5 (7). We have

v =B ey ], = i1+ bui, i=1,....n, (4.30)
where
aj =tj—1si_, j=0,...,n—1
.
(@n—j=aj, j=1,...,n-1), 4.31)
and, for n even,
4 [n/4] n [n/4]
b= — | Y @i=Dsy =5 X s
j=1 j=k+1
k=0,1,...,|n/4],
4 [n/41-1 n [n/41-1
boi_| = ~ Z 2js3; = 5 Z 53 |- (4.32)
j=1 j=k
k=1,...,[n/4],

bo_j=bj, j=1,....,n/2—1,n/2,

and, for n odd,
) (n—1)/2 L(n+1)/4]
bzkzp Z jsj_—n Z sz_j_1 ,
j=1 j=k+1
k=0,1,...,[(n+1)/4],
) (n—1)/2 L(n—1)/4]
bok_1 = = > jsy—n > 53 |- (4.33)
j=1 j=k

k=1,...,[(n—1)/4] +1,
bo_j=bj, j=1,....,(n—1)/2.

Thus, nr = CT + JRr/,T, where CT, Rn,T S CS and [CT]lj =daj-1, [RW,T]U =
bi,j=1,...,n

The main steps of the proofs of both Corollaries 4.4 and 4.5 are the following:
for n even and ¥ = u(n) prove inductively equality (4.26) (Eq. (4.30)), respec-
tively, for i =1,3,...,2[n/4]—1; for i =n,n—2,...,n —2|(n —2)/4]; for
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i=2,4,...,2|n/4];fori =n—1,n—-3,...,n —2|n/4] + 1, by using formulas
(4.23) ((4.24)), (4.20) and (4.21). The case n odd is similar.

Remark 4. In Corollary 4.4 (ur), case n even, one observes that the

entries wl.“ T simplify when i approaches the value 5+ 1. In particular,
T

#/2 =lnj2-1— (("/2_1)/”)sn/2 D 1/fn/2+1 n n/2 and wn/2+2_t”/2+l

((n/2 —-1)/ n)sn 21 Therefore, to compute wl.” as suggested by Theorem 4.3,

it is convenient to use as initial values in (4.20), (4.21), ¥,,/2 and Y, /211 Or ¥y /041

and v, /242 instead of 1 and v,. For analogous but less clear reasons, this is also
true for n odd (use ¥(,41),2 O Y (,+3)/2 instead of 1) and in the 1 case.

The results of Theorem 4.3 or Corollaries 4.4 and 4.5 can also be used to calculate
the best L.s. fits from ¥ = 7, u, to a matrix A that is equal to a centrosymmetric Toep-
litz plus Hankel matrix but a low-rank perturbation in at most O(n log, n) arithmetic
operations. In fact the vector B;lc 2.4 can be computed by applying Theorem 4.3
twice and then by performing a low number of fast transforms. This remark is an
obvious consequence of the equalities

Byl cy yrims = By eow + B con (4.34)
and
By'cy 1 = B, LX)y (4.35)
which hold for arbitrary n x n matrices M and M’ and vectors x,y € C". In order to
prove (4.34) simply observe that ¢ ;7 = Jey ym, in fact [co pjlk = (Jk, MJ) =
(JxJ, M) = (Jnt1-k, M) = [c# mln+1-k. Regarding (4.35) it is sufficient to cal-
culate (see Proposition 2.6(v)) [¢ g’xyT]k = (Jx, xyT) = XTJky = [ (X)y]k. Notice
how these results depend on the fact that J and B;/l belong to Z.
In the following theorem, we obtain the fit 2#"7. We also list, in Proposition 4.7,

the eigenvalues of L7, ¥ € {u, n, A", #'}, which are calculated by using equality
(3.9) in Theorem 3.3.

Theorem 4.6. Let A 1 = 3{(3; cx,1) (Hr=H(By, C/{ 1)) be the best Ls. fit
to T from the algebra A (H). Then

_ 1
[BX-IC%,T],- = ;[C,}i",T]i =aj-1 — b

_ 1 .
([Baflc”f]i = ;[Q#,T]i =a;— +bi—l> , i=1,...,n,

where aj =t;— ns}" (aj =tj — %sj_), Jj=0,...,n—1, and b; = —sj.'/n
b = 5 =/n), j=0,....n—1.Thus, #'1 = (C_1)r + JP_1Ry 1 (#1=Cr +
JPRy 1), where Ry 1 (Ry 1) is the skewsymmetric (—1)-circulant (circulant)

matrix with first row [by by --- by_1].
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Proposition 4.7. Let T = (¢;—j|)
At and AT are, respectively,

tr € C. Then the eigenvalues of ur, nr,

n
ij=1

1 n
it —w_;, '=1,...,L—J, 7_ n odd),
77 sin o j g J 2 /2 ( 9
1 . {n“ ( )
4,15 34,j - W4,j, =4y | F ] R4.2 neven),
+.1s 2+,j F sin s +.J ) +,4+1
Z*,jdl_wf,j, j=17"‘9n7
Z+,j+w+,ja j=1,...,l’l,
where, for j = 1,...,n,
n2j—1) 2n(j — 1)
O‘—,j = -, 0‘+,/ = -,
n n
n—1 2,,,1
g, =1+ 22[, cos(raz, ;) — p Zrt, cos(raz, ),
r=I1 r=I1
n—1

2 .
W, j = p Ztr sin(ras, ;).

r=1

In the following section, pa, na and # 4 will be studied as preconditioners in
the CG algorithm for solving positive definite linear systems. In [22], it is shown
that the same matrices can also be exploited in quasi-Newtonian iterative schemes
for minimum problems.

5. Best Ls. fits as preconditioners of positive definite systems

The aim of this section is to show that the fits L7, & € {n, u, A}, satisfy all
properties that a good Toeplitz linear system preconditioner should have. These prop-
erties are first investigated for generic positive definite linear systems. In the follow-
ing all matrices, vectors and scalars are real. Moreover, for a positive definite matrix
A, X1 (A), X2(A), ..., A, (A) denote the eigenvalues of A in nondecreasing order;
c(A) denotes the spectral condition number of A, c(A) = A,(A)/A1(A);and || - |4
denotes the energy norm corresponding to A, ||z||4 = VzT Az, z € R".

Let AW n=1,2,..., bea sequence of positive definite n x n matrices and
assume that there exist dmin < @max such that

0 < amin < A; (A(n)) < amax Vi, n, (5.1

and thus c¢(A™) = 1,(A™)/A1(A™) < M = amax/dmin V1. Observe that, if
{A(”)}:iol is a “nested” sequence, i.e., A" is the n x n upper-left submatrix of
A®+D then (5.1) is equivalent to the requirement that the condition numbers of the
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A™ are uniformly bounded because, in that case, the eigenvalues of A separate
those of A”*D_ For an arbitrarily fixed n consider the linear system

AWx =p™  p® ¢ R, (5.2)

System (5.2) has a unique solution, xM = A(”)flb(”) , and the CG method can be
efficiently applied to solve it. In fact, the CG method yields, in principle, an approx-
imation of x" of arbitrary accuracy in only O(®(A"™£™)) arithmetic operations,
where @(A™£™) is the number of arithmetic operations required to perform the
matrix—vector product A0V £ e R", the most expensive operation at each step
of the method. More specifically, if x; ) is the approximation of x" obtained after ¢

steps of the CG method, and o, (") ||x(”) x| 4, then

(") Je@a®) -1 va-1\" .
Sug=2——=—— vx, €R (5.3)
<”> Ve(Am) 1 VM +1

(see [1] for the first inequality), and thus for any fixed § > 0, the least number

q of steps required by the CG method to yield an approximation xé") such that

ﬂ)/ (n)

< 4 is bounded by a number /45 independent of n,

1
hs = < ‘/—H) 2 1< Vi g1,
M -1 8 2 8

If (5.1) is the unique information available on the distribution of the eigenvalues of

A™  one cannot obtain an upper bound better than (5.3). Thus, if the constant M—

and then hs—is large, the coefficient of ®(A™f™) in the operation count may be

large. Also, in this case, linear system (5.2) may be ill-conditioned. However, it is
well known that a possible clustering property of the eigenvalues of A would tend

to increase the rate of convergence of the CG method applied to problem (5.2) [1,

pp. 24-28].

A way to gain such clustering property consists in looking for a good precon-
ditioner of the matrix A", More precisely, assume that, associated with the given
A™ there exist n x n matrices S,, n = 1,2, ..., having the following properties:

(i) S, are positive definite and have uniformly bounded condition numbers. More-
over, no more than r®(A™f™) arithmetic operations—where r is a suitable
constant—are needed to compute S, and to solve linear systems S,z = £,

(i) Chosen a matrix E, such that S,, = E, E,T and denoted by A®™ the positive def-
inite matrix E, ' A™W E; T, the eigenvalues of A™ (or, equivalently, of S; ' A™)
are clustered around 1 or, in other terms, 1 is a proper eigenvalue cluster for
{A~(")} [39],i.e., for any fixed ¢ (0 < & < 1) 3k, and v,, v, > kg, such that Vn >
v atleastn — k, eigenvalues of A®™ are in the interval (1 — &, 1+ ¢). Moreover,
we may have c(AMY < c(A™) V.

Now consider the following “preconditioned” linear system

A% = (E;'AYE, ) (EXx) = E, '™ =b™ (5.4)
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equivalent to (5.2). Notice that the condition number of A® is bounded by a constant
independent of n. In fact

T 4(m) (n)
zA"z>k1(A )

AMY — mi
#1(A™) = min a0

VA

2T AWy _ An(A("))
2z (S ]

and therefore, c(A™) < ¢(A™)c(S,). This remark and the fact that for all n > v,
some of the eigenvalues of A” must be in (1 — ¢, 1 4+ ¢), imply in particular that
inf, A (A®™) > 0.

Now let us apply the CG method to the preconditioned system (5.4) (PCG meth-
od). Each step of the method can be implemented so that the main operations are
a matrix—vector product A® ™ and a linear system S,z = f™ solution (“untrans-
formed” version of the PCG method [1]), and thus it can be performed in at most (r +
1) D(AWEM) arithmetic operations, i.e., with about the same amount of operations
required for each step of the CG method applied to (5.2). (Notice that the condition-
ing of the linear system S,z = " to be solved at each step of the PCG method, is in-

An (A(”)) = max

dependent of n.) Moreover, if x;") is the approximation of " = AM™ H™ obtained

after g steps of the untransformed PCG method, and aq(") = ||x((1") — x| 4@, then

there exists i, independent of n, such that a(;") /aé") < ity < ugy. More precisely, by
applying Theorem 1.11 in [1] for

- A 1—X 1
P,(0) = 1_[ 1—W Tyerio \—=) [ Ty { 5 )
I x§">¢[1—a,1+e] J

where x</."> =1 (AM), I = #j: ,\5.") ¢ [1 —&, 1+ ¢]} and T, (1) is the Cheby-

shev polynomial of degree m, it can be shown that, VX(()”) e R",

(n) qg-rf"
oy < l_[ l+e | VM — 1 (¢ > r(”))
m S 2 M, + 1 127)

g,
0 jes®

where £ = {;: Aﬁ.") <1—¢and xﬁ.") < i1 +e) and M = (1 +6)/(1 —e).

Thus, as a consequence of (i) and (ii), for A = inf,, A4 (A(")) and

A

1 1
" tE ] ifAd<l—¢ and A< 31+,
1 otherwise,

we have, Vn > v,

(n) q—k,
N N
% i, =20k (#) = (2)" e (5.5)
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(use the fact that r(") < ke Vn > vg). In other words, the PCG method converges
superlinearly for large n [1,15,17]. As a consequence of (5.5), if ¢ is chosen small
enough and v, is enough great with respect to k., then, for any fixed n > v, and
8 > 0, the least number ¢ of steps required by the PCG method to yleld an approxi-
mation x( ") of x™ such that aq") /a(") < § is bounded by a number hs independent
of n and such that 5 < hg,

1 ke ke
fis = ( ‘/_H) n2 1< L m Y
VM — 1 8 2 8
From (5.5) it also follows that the rate of convergence of the PCG method depends,
in particular, upon the distribution of the smallest eigenvalues of A (see also [1]
and the references therein).

Now given a space % of n x n matrices, it is natural to check if the best L.s. fits
L 4 to the A™ from 2 verify properties (i) and (ii), so that the result in (5.5) holds
for S, = % 4. Assume that .Z is a space of matrices simultaneously diagonalized
by a unitary matrix U, so that, by Proposition 2.4,

L = Ud(U (L 430)W)d(UTV) UM (5.6)

and, by Theorem 2.11(i) (see also [14,28,33] and the references therein), % 4 is
positive definite and such that

0 < dmin < 2 (A™) < M(L4m),

(L qw) < An(A™) < dmax, (5.7)
(L g) < c(AP) < M = Iy,
Amin

Moreover, assume that the matrices U and UT define fast discrete transforms of
complexity O(n log, n). For instance % can be one of the algebras Cg, 7, A, A,

n, 1, y of Section 3 or one of the HAs .7 associated with the discrete trigonometric
transforms classified by Wang in [40] (see [10,31]). Then property (i) is satisfied, for
S, = & 4m, if the cost of the computation of the v-row of £ 4 is such that

(L)) < ro(AMED) (5.8)

for a suitable constant r (we assume ®(A™MEM) > On log, n)). It is known that
(5.8), with v = ey, is satisfied for & = Cg, t both in the generic case (A™ ar-
bitrary) and in the Toeplitz case, A®™ = T = (t|i_j|)?j:1, where @(T WMy =
O(n log, n) (see Example 3 in Section 2 and [16]). Proi)osition 4.2 and Theorem
4.3 let us extend this result to the spaces ¥ = n, . In the Toeplitz case, (5.8), with
v = ey, holds also for ¥ = # [8], for & = 7 [6,16,31], and now, by Theorem
4.6, for & = A" If ¥ = y, condition (5.8) has not yet been verified. As y is a 1-
space only for n # 2 + 4r one should prove (5.8) for some vector v # e; such that
[GTv]j #+ 0V and Vn, for example, for v = e; + e, (see (3.21) in Section 3).
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Let us now investigate property (ii) for S, = £ 4. If £ and A® are gener-
ic, as a direct consequence of Theorem 2.11(i), we can say that the eigenvalues of
A = En_lA(”)En_T (&L g0 = Ey E}) are clustered around 1 if and only if the ei-
genvalues of & ymy — A" are clustered around 0. This fact is a consequence of the
result, holding Vn,

g1
Gmax 7’ )‘n(gA('”)

< Jaf”]

18

1

<—— |gW
= M(«iﬂA(n))mJ |

1
g —‘ﬂ;n) ) J= 17 ceesn, (5.9)

Amin

where oz;") and ,3](.") are the eigenvalues, respectively, of I — E, 'A®WE T and
N A™ in nondecreasing order. Inequalities (5.9) can be obtained by applying
the Courant—Fischer minimax characterization of the eigenvalues of a real symmetric
matrix to [ — E,; IA(”)E;T and then by using (5.7). Moreover, one may expect
that if the £ 4 do not have the clustering property (ii), then “generally” no oth-
er sequence of matrices from # can have such property, because the & 4 better
approximate the A® from . In fact, in case A = T™ and & = Cp, 7, H,7,it
is known that, under suitable hypothesis on TV, the %) satisfy property (ii) (see
[15,31] and the references therein). In the following theorem (Theorem 5.1), this
result will be extended to the cases ¥ = n, u, # . Also notice that in [33] property
(i) for S, = L 4w, & =7, is proved under the same assumption (5.1) in case
A®™ = TTT, where T, is a generic Toeplitz matrix. In [33], it is also proved that
the cost of computation of the eigenvalues of . 4 has the same bound of (5.8) for
A®™ = TIT,. Thus, (5.5) holds for S, = T 11,

Remark 5. In principle ., could be a new possible preconditioner of A™ even
if ¥ is a noncommutative group matrix algebra C[¥], or some other space satisfying
condition (x) in Section 2, because Theorem 2.11 (i), and therefore (5.7) and (5.9),
hold also for such algebras. For instance, if ¥ is the dihedral group, then the generic
element of C[%] has the form

X JY
JY X )

where X and Y are circulant matrices of order n/2 and Theorem 2.11 lets us con-
clude that C[¥] 4 is positive definite. Thus, in order to prove that % 4, for some
noncommutative ¥ = C[¥], satisfies (ii), it would be sufficient to show that the
eigenvalues of & 4 — A®™ are clustered around 0.
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Let us now consider more in detail the case where the A®™ are Toeplitz matrices
for which results (5.3) and (5.5) can effectively hold. Let {tr}jﬁg be a sequence of
real numbers in the Wiener class, i.e.,

+00

Z |t.| < 400, (5.10)

r=0
and assume that its generating function is positive

+00
1) = Z e >0 Vo[- 7 (5.11)
r=—00

Set T = (t”_/")zr'l,j:l’
T™ are known to be in the interval [tmin, fmax], Where fin = min 7(9) and fyax =
max ¢ (1) (see, for example, [13]); thus, by (5.11), they are all positive (Vn). This
remark implies that {T(”)}::f is a sequence of positive definite matrices satisfying
(5.1) for amin = tmin and amax = fmax. Thus, if we consider the linear system

n=1,2,... Under condition (5.10) the eigenvalues of

Ty — p™ (5.12)

and apply the CG method to solve it, by (5.3) which then holds for M = tax / tmin,
we can have, in principle, an approximation of x" = TM™'p of arbitrary accu-
racy in only O(n log, n) arithmetic operations. Moreover, in case of a slow conver-
gence of the method (this may happen if the ratio fpax / fmin 1S large), we can effective-
ly construct, through suitable sequences of preconditioning matrices S, satisfying (i)
and (ii), a preconditioned linear system

TW% = (E,'T™E, ") (Ex) = E, 'b"™ =b™ (5.13)

equivalent to (5.12) such that the rate of convergence of the CG method applied
to (5.13) verifies (5.5) (see [15,31] and the references therein). As the following
theorem (Theorem 5.1) states, three new such sequences are {nywm}, {rm} and
{A rw}. In Theorem 5.1, only property (ii) is shown, because we already know that
property (i) is verified (see above where property (i) is investigated for generic A™
satisfying (5.1)). In particular, by Theorem 2.11(i), we have, for & = n, u, A,

A
< fmax, (5.14)

o(Zrm) < C(T(n)) < Imax/Imin ~ Vn.

Notice that, by Theorem 2.11, (5.14) actually holds for any *-space #, and then,
in particular, for ¥ = commutative algebra of matrices diagonalized by a unitary
transform U and for ¥ = C[¥], where ¥ is any (commutative or noncommutative)

group.
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Theorem S5.1. Let {tr}jzog be a sequence of real numbers satisfying (5.10) and set
TM — (t|i,j|)2j:1. If & € {n, u, A}, then the eigenvalues of L (n) — T™ are
clustered around 0. Moreover, if (5.11) is verified, then the same conclusion holds
for the matrices I — J;(ln) 7™,

Proof. For the sake of simplicity, set 7 = 7. Then fix a number N, n > 2N. Let
WM and E™) denote the n x n matrices

[W(N)] _ [(C—I)T_T]ija i,j<n—N,
iji o, otherwise,

[E™M]..

0’ lajgn_N’
lj:

[(C_1)r —T1ij, otherwise,

i,j=1....n ([(Con7 —=Tlij = —=s;_li = jl/n).
Then
pur =T =(C-Dr +JRur —T =EN + (W™ + JR, 7). (5.15)

Notice that £ has at least n — 2N null eigenvalues (rank E N) < 2N ), and that
ur — T, E™ and W) 4 R, T are all real symmetric matrices. Now we prove
that, for any fixed ¢ > 0, there exist N, and v, > 2N, such that

w4 JRM,TH1 <& Yn >, (5.16)

where || - ||1 is the matrix 1-norm. As a consequence of this fact and of identity
(5.15) for N = N, we shall have that for all n > v, at least n — 2N, eigenvalues
of ur — T are in (—e¢, ¢) [41, pp. 101 and 102]. Moreover, if i > 0, then, by
(5.9) with A® = T7® g . =t and & = u, we shall also obtain the clustering
around O of the eigenvalues of I — M;IT. Let us state upper bounds for |[W®) ||
and [[J Ry, 711

™ %n—N—l L n—1 . E N o
W™ <= Y7 dlstl<2 D0 i+ =)l (5.17)
"oim j=N+1 gt

Regarding ||J R, 7 ||l1, by Corollary 4.4, for n even we have

[n/41-1 [n/4]
IRzl <2 ) bl +2 ) |bax—1]
k=0 k=1

4 [n/41=1 |n/4]
+
T Y sl
k=0 j=k+1
n/4] [n/41-1 }

+ Z Z |S§rj| + [tn/21(8n/2,0 + Sny2.e) (%]

k=1 j=k
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4 (A2 .
<Y X lmalt]]
k=0 j=2k
nj2—1

B (2] )

4 ("2 "
ot
<H X b1+ ]
Jj=1

4;171
<=l (5.18)

ne

Analogously, for n odd we have
L(n—1)/4] [(n—1)/4] g "=l

JR <2 b 2 by—1] < — ilti]. 5.19
IR 7 I I;) bok| + ]; |bog—1l nj;]']l (5.19)

Now let ¢ > 0 be fixed. Choose N such that 2 jﬁ?\,ﬁl |tjl < % and set N =

Ng in (5.17) and in the previous arguments. If v,, v; > 2N, is such that, Vi > v,
%Z?];l jltjl < § and %Zﬁ_l jltjl < 5 (the sequence %Z?;% Jjltj| tends to be-
come 0 if (5.10) holds [6]), then, by (5.17) and (5.18) or (5.19), we have thesis

(5.16). The proof for ¥ = n, A" is similar. [

Remark 6. Proceeding as in [30] and using, in particular, the linearity of the oper-

ator A — %4, one can extend the result in Theorem 5.1 to sequences {tr}j:(o), ty =
% ffn () e 49, where 7(9) is any 2m-periodic continuous real-valued even
function, positive in [—m, 7t].

All previous results together with Theorem 6.1 and some related experimental
data listed in Section 6 let us conclude that 7y, y@ and # ;@) are Toeplitz pre-
conditioners competitive with the best-known.

6. Experimental results

Theorem 2.2 lets us calculate the explicit formulas for || X1 — T||12:, with & €
i, A, A, )y and T = (t|i_j‘);’i:1, as functions of [|Cy — T||% and [|(C—1)7 —

T||%. So we are able to list all expressions for || %7 — T||% with ¥ €
{n, #,C,t,C_1, &, u}. The algebra 7 is included as the typical algebra associated
to real Jacobi trigonometric transforms [31]. Recall [6,16] that 77 is the matrix of T
whose entries (1, i) are
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to — th, 1=1,
0= T
m—i+3)ti 1 —(—i—Dtiy1
, i=2,...,n—1,
n+1
3 , .
_1, Ii=n.
n+1 n—1
First define sl.i, Sy» Su» Ry, Ry, as follows:
Sii =t £y,
sy
Sy = ,
Slm—1)/2)
+
51
Su = )
+
Stn-1)/21
BUD7Y for 1 = 11(e) (n even),
Ry=1 -np
By for Ji = (t0,—1)1(€x) (n odd),

VAL (n even),
R, = ~1)/2)
BV for gy = (r0.1)1(ex) (n 0dd),

70,1

where ¢, is the algebra generated by the Jacobi tridiagonal matrix

0 1
0
1 0 I
1

0

1 %

T = 10,0, and Z"/? is the 5 X 5 symmetric matrix
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1 0 1 0 1 O
0 2 0 2 0 2
1 0 3 0 3 0
Z(n/z) _ 0 2 0 4 0 4
1 0 3 0 5 O
0 2 0 4 0 6

with the last row equal to

010203 n—4 . gn ("even)
4 | 2 ’

1 3 5 n—4 n n

~0-0>0 --- 0 - (—odd).
2 2 2 4 8 2

(For the definition of B¢ see Theorem 2.2 and the last formula in (2.15) of Proposi-

tion 2.9.) In other words the matrices R;, n even and n odd, and R, n odd, are the

elements of 7, 7o, and 79,1 whose first rows are

rn n
" 10230 ]
L2 2
(n—1 n—73
-1 -2 ...,
| 2 2
(n—1 n—3
1 P
| 2 2
respectively.

Theorem 6.1. Let T = (t|,~_j|):.l,j:l, tx € C. The following equalities hold:
8
Inr = Tllz = cr = T[g = 55 Rasy.

) , g le=br
|#7 =Tle=lCr=Tle— > I
i=1
, g lezbr
|cr -7l =~ > it—ils; I

i=1

[or — 7]z =

) L(n/2)—1]
n+1|: o im—i = D (It + il

i=1

n—1\2 2
+8n,o(T> [tm+1)2]7 |5
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s ) [(n—1)/2]
||<C-1>T—T||F=;[ > =il +ae3(5) T ]

i=1

5 , 2 Ln—=1)/2] 5 1 5
rli= =1l 2( L P +eslsial).

n :
i=1

2 2 8
| — T“F = [ (-7 - T”F - n_zs;PLIRusw
where 8y, (8,¢) denotes 1 for n odd (even) and 0 for n even (odd).

Proof. Only the first equality is proved here in detail. The proof can be immediately
extended to the second, sixth and seventh equality. For the third one see [18]. The
proof of the remaining identities is left to the reader. By Corollary 4.5 we can write

Inr = Tlg=lcr =T+ IRy
= |Cr = T|}; +2Re(Cr — T, JRy 1) + | IRy,

where J R, 7 is a matrix of 7. Notice that n7 — T is orthogonal to n (see property
(24))andthenO0 = (ny — T, JRy 1) =(Cr —T,JRy 1)+ IIJR,,,T||%. Thus,

2 2 2
[nr =Tl =lCr =Tz =7 Rn.r [
The thesis follows from a direct calculation of ||J R, 7 ||% using formulas (4.32) and
(4.33). O

The following experimental data agree with the theoretical results proved in The-
orems 3.6, 5.1 and 6.1. In Table 1 are displayed the condition numbers of T and of the
preconditioned matrices f‘y = E;lTE;T, Lr = EyEEp, where & =n, #,C, t,
C_1, A, . For some of the test matrices 7, graphics displaying the eigenvalues
of T are also reported. The behavior of the condition numbers is conforming to
expectations of the quoted Theorems. In fact the inequalities

(T, < c(Ty) < e(Te), e(Ty) < e(Ty) < e(Tc ),

which are the analogous, in terms of condition numbers, of the inequalities involving
|&£T — T || in Theorem 3.6, are almost everywhere verified. From the first examples

(the respective values of 7, k = 0, ..., n — 1, are listed here in the following)
A 1 ) cos k
T2k Tk 4+ 1)0S?
1 cos k
B: PR : . N0 01
k+1 (k 4+ 1)0-01
1 1
C: :

_ Y G —
(k + 1)05 |'sin k| + 1
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1 H. 1
(k + 1)001° "o log,(k+1)+1°

we see that the circulant-type nr, # 1, Cr or the (—1)- circulant-type (C_1)r, #'T,
ur preconditioners become better—with respect to condition number—than 77 if
|tx| = 0 more slowly than 1/k. Otherwise tr is better (see graphics B16, C16 and
Table 1). However, examples

1 (" .
LIO: t=— [ t@®)e ' gy,
2n J

15
11:4(3 — 10x + 15x2

1 6
(m:l; fork>1 L (—1)"20( )

1(9) =

)(ﬁz—xnz)z, x=0 1——

()2 (mk)*

10 (—=1)%90 1 1
oomt—30m2+ 135 \k2 k4 )

where f; is a function of a parameter x, show that when t{ =0 (x =1 — (6/7132)),
77 becomes less efficient with respect to {nr, #r, Cr} and/or {(C_1)r, A1, ur},
evenif || — 0 as 1/k>. This agrees with the fact that 71 is absent only in the expres-
sion of ||t — T||% (Theorem 6.1). Notice also that in any case where the circulant
((—1)-circulant)-type preconditioners are better than t7, the same 77 is better than
the (—1)-circulant (circulant)-type preconditioners.

Some suitable preconditioners for ill-conditioned matrices T are analyzed in detail
in [13,19,29,34,37]. For such matrices the use of an “improved” optimal precondi-
tioner .ffr could be introduced (as in the case ¥ = C in [37]). Observe that the
matrix T in example G is especially ill-conditioned: for instance, if n = 256, about
n/2 of its eigenvalues are less than 0.01.

The fact that || X7 — T||12: is a quadratic function of s;” =# — f,,—; (si+ =t +
t,—i) in case X € {n, #,C} (¥ € {C_1, A, u}) suggests, in examples E-F, to
choose the values n = 16 and n = 19 in order to show how the dimension n—
when the elements #; change sign—has a significative effect on the performance
of the circulant and (—1)- circulant-type preconditioners. In particular, for n = 16,
t; and t,_; have opposite sign, and thus |sl-+ | < |s; |, for most values of i. This im-
plies that | %7 — T|2, for & = pu, A", C_y, are dominated by || %7 — T||% with
F =n,H#,C. The experimental data show an analogous phenomenon in terms
of condition numbers: ¢(T¢), with & € {C_y, A", u} are smaller than ¢(T¢) with
L e{n A, C}.

Notice that, if |s; | is small, then T may be viewed as a near circulant matrix,
whereas 7' may be considered like a near (—1)-circulant when |sl.+ | is small.
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Graphics : B16, C16, F16, F19

Bl16: 1/(k+1)

Eta - 2.23
H - 2.47
C - 2.61

Tau - 1.9
C- - 3.51
K - 3.32
Mu bt 2.51
I - 10.9

0 1 2 3
Cl16: 1/((k+1)"0.5)

Eta 2.82
H 3.32
C 3.61

Tau -— 4.16
C- - 9.11
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Table 1
Condition numbers of Ty and of T
Al6 BIl6 Cl6 Di6 El6 E19 Fl6 F19 Gl6 G32
n 2.42 2.23 2.82 4.39 5.71 2.52 53892 5.37 2.98 25491
A 2.59 247 3.32 4.55 5.75 2.57 61945 5.63 2.81 251.89
C 2.78 2.61 3.61 5.04 6.26 2.74 706.15 5.82 2.76 255.36
T 1.35 1.9 416 47599 3.06 335 24495 32322 3595 11756
C_1 278 3.51 9.11 1162.12 2.66 6.44 13.14 81799 90.59 10141.0
A 2.59 3.32 8.31 1010.83 245 5.99 12.5 723.58 81.57 9248.0
I 2.36 2.51 6.03 583.41 24 5.94 11.55 63045 44.61 1530.0
1 846 109 36.16 34644 15776  17.48 14269 1678.8 137.73 2452.7
H16 H32 116 1016 132 1032 L16 M16
n 2.05 247 759.0 7.8 7896.52 18.6 2.23 37.73
H 2.3 2.74 819.78 8.11 8703.22 19.1
C 243 282 856.99 7.65 9136.55 17.96 2.35 38.64
T 398 5.0 14.02 7.56 3392  16.93
Cc_1 818 9.77 868.7 9.95 9172.61  19.69 2.76 39.29
H 7.65 9.46 769.03 10.22 8549.06 20.6
" 539 6.52 153.4 9.59 1533.51 19.97 2.39 38.43
1 20.48 33.73 15303.63 58.84 224315.2 235.8 6.28 521.37

The experimental data show that generally the eigenvalues of T, cluster from the
left, while the eigenvalues of T and T,L cluster from both sides with respect to 1. On
the basis of the same data Ty, T have eigenvalues more regularly spaced than the
other preconditioned matrices T'¢.

Apart from the previous remarks, one must pay attention, however, to the follow-
ing (experimental) fact: minimizing | X7 — T ||% over $) or R (see Theorem 3.6) gen-
erally implies minimizing ¢(7'¢), but seems also to be a cause of a slower clustering
of the eigenvalues of Ty around 1.

In the final examples

1 1 _
L =2 1t = —i L ta=0n k>1,
0 ket gk FRTR
1 [~ ik 12 m\2
M=o [ i) 1) =25 (19——)
2n ) 2
24(=DF  12(=D)F _
to=1, = — ,  t_p = Ik, k>1
(0 S T A P k=t

we also compare the performance of the two fits to a Hermitian Toeplitz matrix
A= (ti,j);’jzl introduced in Corollary 3.7, (C + JC)4 and (C_1 + JC_1) 4, with
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C4 and (C_1) 4. Obviously, the data in Table 1 are the condition numbers of A =
E; AE;H ,E4E H = 2 4. Notice that we have no theoretical result on the positive
definiteness of (C + JC)4 in case A is positive definite.

For each real test matrix 7 we have applied the untransformed version of the
PCG method (see [1, p. 49]) to solve the systems 7x =[1 0 --- 0]T (Table 2)
and Tx=[11 --- 1T (Table 3), each one preconditioned by nr, #'r, Cr, 17,
(C-1)1, A 1, ur and I, respectively. The solution of the first system defines T via
Gohberg—Semencul-type formulas (see [23] and the references therein). The second
system is often used in the literature to test Toeplitz preconditioners [9,12,13,16]. We
report the minimum number k of iterations required to satisfy the condition || 7Txk —
bll2/lIbll2 < 1077, where xy is the kth approximation of T-'b (x9g = 0). For the 17
case, when 7 is a power of 2 greater than 32, the dimension of T is assumed to be n —
1 (so that sine transforms can be computed via efficient FFT algorithms). We have
also considered the relative errors |1 — T ||[g/IIT |p, & =n, #,C,t,C_1, A, K.
These values are calculated by using the formulas of Theorem 6.1. They may be
useful, of course, in the effective choice of the best optimal preconditioner and can
be computed in at most O(n log n) steps.

The iterations count in the tables essentially confirms all remarks following from
Table 1 and from the graphics. In particular, it is clear that each one of the three sets
{zr}, {nT, #'7,Cr}and {(C_1)7, X 1, ur} can perform better than the other two
and that this same set is often recognizable a priori by comparing the 7 relative
errors. Moreover, while Table 2 seems to state that the circulant ((—1)-circulant)-
type preconditioned systems converge at the same rate for large n, all examples in
Table 3 seem to show that the best optimal preconditioner should be persymmet-
ric (not only symmetric) like 7. In fact, in this last table, nr and pur (as Cr and
(C-1)7) always perform better than 2’7 and 4 7, respectively. Notice that in ex-
amples I and 10 of Table 3 w7 performs better (at least for large n), than 77 even if
the t7 relative error is smaller. We have applied the PCG method also to the system
Tx=[1 —11 —1---]%, Tasin], observing a similar conclusion for n7: for ex-
ample, if n = 256, nr and tr require, respectively, 13 and 20 iterations. One should
consider the fact that the efficiency of the preconditioner depends on the form of b.

Of course from a good preconditioner one also expects that if the condition
ITxx — bll2/|/bll> < 1077 is satisfied, then xy is effectively a good approximation
of T~'b. From this last point of view a further study of the optimal preconditioners
Lr,¥e{n H, C,t,C_1, A, u}, would be advisable.



Table 2

Tx=[10 --- 0T
A 128 256 512 B 128 256 512 C128 256 512
n 063 6 0452 5 5 1 6 089 7 7 13 8 13 8 8
H 064 5 0454 5 5 116 7 09445 7 7 1477 8 1427 8 8
c 0642 5 0455 5 5 117 7 09449 7 7 1478 8 14272 8 8
T 032 4 022 4 3 12 7 1 7 7 33 9 31 9 9
C_y 0642 5 0455 5 5 1635 7 1248 8 8 4626 8 43237 9 9
Ve 064 5 0454 5 5 1634 7 1247 7 8 4625 9 43234 9 9
m 063 6 0452 5 5 13 7 1 7 7 33 9 31 9 9
I 24 24 24 25 30 34 35 46 56
D 128 256 512 E 129 132 F 129 132
n 004 8 0041 9 9 4464 11 1426 9 80721 61 021996 10
H 00446 8 0045414 9 9 4465 11 14265 9 80727 49 021997 10
c 00447 9 0045419 8 9 4466 11 1427 9 8074 39 022 10
T 56 49 56 48 49 32 10 32 10 56 46 56 45
C_y 8114 28 81124 33 38 1482 10 4474 11 07899 12 8109 39
A 8112 46 81121 44 44 114816 10 4473 11 07898 13 8108 49
p 57 35 57 37 41 14812 9 4472 11 07897 12 8107 60
I 53 75 105 31 31 53 51
G 256 HI128 512 132 128 10 32 128 256
n 161961 133 .075 7 7 15 23 .083 55 .16 15 .09 23 064 28
H 161966 133 .0822 7 8 163 27  .0844 72 174 15 0922 23 06572 28
c 16197 133 .08226 7 8 164 27  .0846 75 175 14 0924 22 06577 28
T 57 >275 43 9 10 .08 16  .046 27 .13 13 072 22 051 27
C_; 7995 257 6237 10 11 168 27  .0847 75 183 14 0927 22 0658 28
a 7994 272 6236 10 11 166 27 0845 72 182 15 0926 23 0657 27
" 56 245 44 9 10 .15 23 082 52 .16 14 .089 23 064 28
I 143 25 39 57 > 128 34 > 128 > 276

#S—1 (1002) S€€ suoypdddy sp puv v1qad]y vaury /1ijaz d 24014 1 D

IS
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Table 3
Tx=[11 1T
A 128 256 512 B 128 256 512 C 128 256 512
n 4 4 3 6 6 6 6 6 6
H 5 5 4 7 7 7 7 7 7
C 4 4 3 5 5 5 5 5 5
T 4 3 3 6 6 6 7 7 7
C_q 4 4 3 5 5 5 6 6 6
H 5 5 4 7 7 7 8 8 8
w 4 4 3 6 6 6 7 7 7
1 20 19 19 18 21 23 22 28 34
D 128 256 512 E 129 132 F 129 132
n 5 5 5 7 7 45 7
H 6 6 6 10 9 45 10
C 4 4 5 7 7 27 7
T 34 35 34 7 8 27 38
C_ 16 18 20 7 8 9 27
H 34 34 33 9 10 11 46
i 17 20 24 7 8 9 35
I 22 28 40 23 23 38 38
G 256 H 128 512 132 128 256 1032 128 256
n 35 5 6 18 46 10 14 19
H 45 7 7 27 76 15 22 27
C 36 5 5 16 38 73 10 14 19
T 176 8 9 12 20 27 9 13 18
C_ 125 7 8 16 38 73 9 13 17
Ve 172 9 10 27 76 13 20 25
I 166 8 9 10 16 20 10 13 16
I 51 16 24 25 > 148 16 77 168
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