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Abstract We study the spectral properties of stiffness matrices that arise in the context
of isogeometric analysis for the numerical solution of classical second order elliptic
problems. Motivated by the applicative interest in the fast solution of the related linear
systems, we are looking for a spectral characterization of the involved matrices. In
particular, we investigate non-singularity, conditioning (extremal behavior), spectral
distribution in the Weyl sense, as well as clustering of the eigenvalues to a certain
(compact) subset of C. All the analysis is related to the notion of symbol in the
Toeplitz setting and is carried out both for the cases of 1D and 2D problems.
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1 Introduction

We focus on the spectral properties of stiffness matrices that arise when approximating
the solution of a classical linear second order elliptic problem by using the Isogeometric
Analysis (IgA) approach. More precisely, we are interested in studying

1. the eigenvalue of minimum modulus and the eigenvalue of maximum modulus,
2. the conditioning,

3. the localization of the spectrum,

4. the global behavior of the spectrum,

as the finesse parameter & tends to zero, and, in the case of item 2 and item 3, also for
fixed 1. Regarding the global behavior, we mean the asymptotic eigenvalue distribution
in the sense of Weyl (see e.g. [10]), as reported in Definition 1.

The task of evaluating the asymptotic conditioning has a plain numerical motivation
in understanding the numerical intrinsic difficulty of the problem, while the motivation
of evaluating extremal eigenvalues and the localization of the spectrum is evident for
obtaining reasonable bounds for the number of iterations when Krylov methods—
such as the Conjugate Gradient (CG) in the Hermitian positive definite setting or
GMRES (see [2,26,36])—are employed. In particular, it is of paramount interest to
find localization areas up to a small number of outliers, for estimating the convergence
speed of such techniques (see the seminal paper by Axelsson and Lindskog [2] and
subsequent results).

On the other hand, the task of finding the asymptotic eigenvalue distribution is
motivated by the analysis of multigrid methods, where the notion of symbol is crucial
in the proof of optimality of the method [1], and by recent results on the (superlinear)
convergence behavior for the CG method [4]. The CG method is a popular method
for solving positive definite linear systems, and its convergence properties have been
analyzed by many authors (see e.g. [2,36]). For instance, one has a simple upper bound
for the CG error in energy norm in terms of the spectral condition number. In reality,
the upper bound based on the condition number may be not very accurate, especially
when superlinear convergence of CG is observed. This superlinear convergence has
been detected numerically in the context of discretized elliptic problems in dimension
d > 2,1in particular for small stepsizes 4. In this setting, the CG convergence is known
to be governed by the distribution of the spectrum and has been quantified only recently
(see [4,5] and references therein). Similar results are also available for other Krylov
methods, when the matrices are not Hermitian positive definite (see [26]).

A discretization of our differential problem for some sequence of stepsizes 4 tending
to zero leads to a sequence of systems of linear equations A,,X,,, = b, with A,, some
matrix of order m, where of course m depends on 4, and tends to oo for 7 — 0.

A very classical example of sequences of matrices having an asymptotic spectrum
is given by Hermitian Toeplitz matrices 7,,(f) = [ fj—]j k=1....m obtained from the
Fourier coefficients of the Lebesgue integrable generating function f defined over
[—m, 7] (see for instance [10] and references therein). Here the sequence {7;,(f)} is
distributed as the symbol f and, informally speaking, this means that the eigenvalues
of T, (f) behave as a sampling of f over an equispaced grid of [—m, ], at least if f
is smooth enough.
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On the spectrum of stiffness matrices arising from isogeometric analysis 753

Furthermore, in the case of Finite Difference discretizations for differential oper-
ators, explicit formulas for the asymptotic spectrum have been given in [23,31,35]
for the one-dimensional setting, and in [29,30] for the two-dimensional and multi-
dimensional setting. Each time, the underlying symbol includes information on the
coefficients and the domain of the PDE and information on the discretization schemes
for the derivatives. The technique works also for Finite Elements, and with grading
meshes (see [6]).

In the present paper, the matrices A,, arise from the IgA process and one might
expect that the sequence of matrices {A,,} has an asymptotic spectrum, as in the case
of Finite Difference [7,29-31,35] and Finite Element [6,25] approximations: in fact
the answer is affirmative and, to our knowledge, our findings are the first concerning
the spectral behavior of IgA approximations. More precisely, in our setting the matrix
A, s not Hermitian positive definite but it is close to it, at least for large m (i.e. small
h), since the real part of A,, is positive definite and differs from A,, by a term of
infinitesimal spectral norm as 7 — 0. Hence, the sequences {A,,} and {Re A,,} share
the same spectral distribution symbol which is a real-valued, bounded, nonnegative
function having a unique zero at zero (in analogy with the classical approaches related
to Finite Differences and Finite Elements).

We finally emphasize that the analysis in this paper is a preliminary step for design-
ing efficient preconditioners and efficient projectors, in the spirit of the theory that has
been widely developed for Finite Difference and Finite Element approximations and
which is heavily based on the knowledge of the symbol describing the main spectral
features of the sequence {A,,}.

The paper is organized as follows. In the remaining part of the Introduction, namely
Sects. 1.1 and 1.2, we present the considered differential problem and the main basics
on IgA methods. In Sect. 2 we summarize some tools for dealing with the spectral
analysis of sequences of matrices. Section 3 provides the definition and some properties
of cardinal B-splines. Then Sect. 4 is devoted to the analysis of matrices arising from
the IgA discretization based on B-splines in the 1D case, and Sect. 5 addresses the 2D
case. We characterize the spectrum in a precise way, and no difficulties are expected
for treating the higher dimensional case. A final Sect. 6 is devoted to conclusions and
future lines of research.

1.1 Problem setting
As our model problem we consider the following second order linear elliptic dif-

ferential equation with constant coefficients and homogeneous Dirichlet boundary
conditions:

—Au+B-Vu+yu=1f, inS$2, )
u=20, on 452,

where £2 C R? is a domain with Lipschitz boundary, f € L>(£2), B € R4 andy > 0.
The weak form of problem (1) reads as follows: find u € ¥ := Hé (£2) such that

a(u,v) =F@), YveV, 2)
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754 C. Garoni et al.

where

a(u,v) = /(Vu -Vv+ B -Vuv+yuv)ds2, F(v) :=/fvd.Q. 3)
2 2

In the standard Galerkin approach, we choose a finite dimensional subspace # C ¥
and we look for a function uy € # such that

a(uy,v) =F@), Yve¥. “4)

If dim# = N and we fix a basis {¢{, ..., pn} for #, then each v € # can be
written as v = Zﬁvz 1 Vj@;. So, the Galerkin problem (4) is equivalent to the problem

of finding a vector u = [uj us --- un]? € RY such that

Au =f, (&)

where A = [a(gp;, €0i)]ﬁ/j=1 € RV*N s the stiffness matrix and f = [F(¢;)]_,. Once
we find u, we know uy = Zﬁvz 1 uj@;. It can be proved that A is a positive definite

matrix in the sense that v Av > 0, Vv € RV \{0}. In particular, A is non-singular and
so there exists a unique solution u of (5). Note that A is symmetric only when 8 = 0.

In classical Finite Element Methods (FEM) the approximation space # is usually
a space of C? piecewise linear polynomials vanishing at the boundary of £2, whereas
in IgA # is a space of polynomial splines with higher degree and higher continuity, or
some of their generalizations. In this paper we are going to construct the matrix A in
the case where # is the space spanned by B-spline functions. After the construction
of A, we will study its spectral properties.

1.2 IgA based on B-splines

IgA is a paradigm for the analysis of problems governed by partial differential equa-
tions [14,20]. Its goal is to improve the connection between numerical simulation and
Computer Aided Design (CAD) systems. In its original formulation, the main idea
in IgA is to use directly the geometry provided by CAD systems—which is usually
expressed in terms of tensor-product B-splines or their rational version, the so-called
NURBS—and to approximate the unknown solutions of differential equations by the
same type of functions, see [14]. This results in some main advantages of IgA with
respect to classical FEM.

— Complicated geometries are represented more accurately, and some common pro-
files as conic sections are exactly described. This exact or accurate description of
the geometry has a beneficial influence on the numerical solution of the addressed
differential problem.

— The description of the geometry is incorporated exactly at the coarsest mesh level
and mesh refinement does not modify the geometry. This greatly simplifies the
refinement process because it eliminates any interaction with the CAD system,
whereas such interaction is an unavoidable bottleneck in the classical CAD/FEM
procedure.

@ Springer



On the spectrum of stiffness matrices arising from isogeometric analysis 755

— B-spline and NURBS representations allow an easy treatment and refinement of
spaces with high approximation order and an inherent higher smoothness than those
in classical FEM. This has been proved to be superior in various applications, see
[14] and references therein.

Despite its name, the use of discretization spaces consisting of functions with high
global smoothness (like tensor-product B-splines, NURBS, or some of their general-
izations like T-splines, B-splines over triangulations, generalized B-splines, etc.) is as
relevant as the accurate/exact description of the geometry in the context of [gA. Indeed,
focusing for instance on the simpler and elegant structure of B-spline spaces, the use
of B-splines of maximal smoothness allows to deal with spaces of high approximation
power but lower dimension compared with standard low smoothness FEM. Moreover,
the high smoothness of discretization spaces coupled with the variation diminishing
property of the B-spline basis is, somehow unexpectedly, very fruitful in the numer-
ical treatment of challenging problems as advection/reaction-dominated advective-
reactive-diffusive equations and some eigenvalue problems as vibration of a finite
elastic rod with fixed ends, see [ 14,20] and references therein. These appealing features
are maintained by the above mentioned generalizations of B-splines, seee.g. [3,21,33].

Finally, the well known properties of the B-spline basis—convex partition of unity,
minimal support, local linear independence, optimality of the basis, etc., see e.g. [9]—
offer some relevant advantages from the numerical point of view and result in fast and
robust evaluation algorithms for the basis functions and their derivatives.

Therefore, as a first step in the investigation of the properties of matrices arising from
IgA, in this paper we present a detailed spectral analysis of the matrices obtained by the
Galerkin method based on B-splines with equally spaced knots for problem (1) defined
on the unit interval and on the unit square. This topic has not yet been addressed in
the literature. Generalizations of this spectral analysis for problems defined on higher-
dimensional boxes are straightforward but more involved from the notational point of
view. On the other hand, the extension to more complex geometries requires further
investigation. Some related results can be found in [12,15].

2 Preliminaries on spectral analysis

In this section we present the tools that will be employed in subsequent sections for
performing the spectral analysis of the matrices arising from the approximation of
problem (1) in the context of IgA. Let us start with introducing some notation and
recalling some basic results that will be used throughout this paper. We refer to [8] for
more details on basic linear algebra results.

For any vector x, the 2-norm (Euclidean norm) of x will be denoted by ||x||. Given
a matrix X € C™ || X|| is the 2-norm of X, i.e. |X| = Vp(X*X) = s1(X),
where s1(X) is the maximum singular value of X and p(X) is the spectral radius
of X. Denote by || X1 the trace norm of X, i.e. the sum of all the singular values
of X: || X1 = Z;'n=1 5;(X). Since the number of nonzero singular values of X is
precisely rank (X), it follows that, forall X € C"™>™ | || X||; < rank(X)||X| < m|X].
Recall that, if X is a normal matrix, i.e. X*X = XX*, then | X| = p(X) and
X = ZTZI |4 (X)|, where A ;(X) is an eigenvalue of X. Whenever X, Y € C"*™
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756 C. Garoni et al.

are Hermitian, we write X > Y if and only if X — Y is nonnegative definite. For any
matrix X € C"™*"™ we will denote by Re X and Im X the real and imaginary part of
X, respectively. Recall that Re X and Im X are the Hermitian matrices defined by

X + X* X - X*
Re X := , ImX := —,
2 2i

and X = Re X 4 iIm X. The spectrum o (X) of X can be localized in terms of the

extremal eigenvalues of Re X and Im X, namely

0 (X) € [Amin(Re X), Amax(Re X)] X [Amin(Im X), Amax(Im X)] € C, VX eC™™™,
(6)

Since many of the matrices appearing in Sect. 5 will be formed by a tensor-product of

matrices defined in Sect. 4, we recall that, for every X € C™>*"! and Y € C"2*™"2,
the tensor-product X ® Y is the matrix in C"1"2X™1™M2 ojyen by:

Y  xpY - oximY

x1Y  xY oo xop Y
XQY = . . .

Xm1Y  xmp2Y oo xXmm Y

The next lemma, see e.g. [8], collects some basic results concerning tensor-products.

Lemma 1 Suppose that X € C™">*" gqnd Y € C™*™2 are normal matrices with
eigenvalues given by M (X), ..., Ay (X) and M((Y), ..., Ay, (Y). Then,

1. X®Yisnormaland (X @ Y)* = X* @ Y™,

2.0 X@Y)={LXOAXY)i=1,....,my, j=1,...,ma};

3. rank(X ® Y) = rank(X)rank(Y);

4 XY =IXIY]and |X @ Y1 = X1 1Y

In particular, from statements I and 2 it follows that if X, Y are Hermitian then X Q Y
is Hermitian, and if X, Y are Hermitian and positive definite then X ® Y is Hermitian
and positive definite.

Now we introduce the fundamental definitions for developing our spectral analysis,
see [17, Definitions 1.1 and 1.2]. We denote by p4 the Lebesgue measure in RY.

Definition 1 (Spectral distribution of a sequence of matrices) Let { X,,} be a sequence
of matrices with increasing dimension (X, € Cdnxdn with d, < dy+1 for every n),
and let f : D — C be a measurable function defined on the measurable set D c R?
with 0 < ug(D) < oco. We say that {X,} is distributed like f in the sense of the

. . A .
eigenvalues, and we write {X,} ~ f, if

dy
lim 1Z}F(AJ(X,,)):MdlD)ZF(f(xl,...,xd))d)q---dxd, VF € C.(C, C).

n—00 d,
J:

Here, C.(C, C) is the space of continuous functions F' : C — C with compact support.
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On the spectrum of stiffness matrices arising from isogeometric analysis 757

Definition 2 (Clustering of a sequence of matrices at a subset of C) Let {X,} be a
sequence of matrices with increasing dimension (X,, € C%*% with d, < d, 41 for
every n), and let S € C be a non-empty closed subset of C. We say that {X,} is
strongly clustered at S if the following condition is satisfied:

Ve >0, 3C.and3In,: VYn >n,, qgu(e) <Cq,
where ¢, (¢) is the number of eigenvalues of X, lying outside the e-expansion S; of
S, ie.,

Se = U [Res —e,Res +¢] x [Ims — e, Ims + ¢].
seS
We also recall the following results, see [17, Theorems 3.4 and 3.5].

Theorem 1 Let {X,,} and {Y,,} be two sequences of matrices with X,,, Y, € C%*dn,
and d, < dp41 for all n, such that

A
— X, is Hermitian for all n and {X,} ~ f, where f : D C R? — R is a measurable
function defined on the measurable set D with 0 < uq(D) < 00;

— there exists a constant C so that | X, ||, |Yx|l < C for all n;
— 1Yallt = 0(dn) as n — 0, i.e, lim, o L = 0.

Set Zy i= Xy + Yy. Then {Zy) % f.

Theorem 2 Let {X,} and {Y,,} be two sequences of matrices with X,,, Y, € C%*dn,
and d,, < dyp41 for all n, such that

)
— X, is Hermitian for all n and {X,} ~ f, where f : D C R? — R is a measurable
function defined on the measurable set D with 0 < uq(D) < 00;
— there exists a constant C so that | X, ||, ||Ynll1 < C for all n.

Set Z, .= X,, +Y,. Then {Z,} S f, and {Z,} is strongly clustered at the essential
range of f.!

A (one-level) Toeplitz matrix is a square matrix whose entries are constant along
each diagonal. Given a (univariate) function f : [—m, 7] — R belonging to
Li([—m, ]), we can associate to f a family (sequence) of Hermitian Toeplitz matri-
ces {T,,(f)} parameterized by the integer index m and defined for all m > 1 in the
following way:

foo fa1 o o femen) |
anooe :
T (f) := e gmxm
: R
| fm—1 -+ - fi fo

! The essential range of f coincides exactly with the range of f whenever f is continuous. In this paper
we will only deal with continuous functions f.
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758 C. Garoni et al.

where
1 T
fi = _/f(e)e—1<k9> o, kez,
2
—7T

are the Fourier coefficients of f.

Given a sequence {x,,}, we write x,;, \( x (x,;, /" x) to denote that {x,,} converges
monotonically from above (below) to x.

The next theorem is one of the most important results concerning sequences of
Toeplitz matrices. In particular, the third statement in the theorem was originally
proved by Szeg6 [18], see also [34] for a generalization.

Theorem 3 (Szego) Let f € Li([—n, 7]) be a real-valued function, and let m y :=
essinf f, My :=esssup f, and suppose my < M. Then,

-~ o0(Tu(f)) C(myp, My), Vm > 1;
— Amin (T (f)) myf and Amax (T (f)) / Mf asm — 00,

(T (N A f, that is

1 & 1
lim ZZF(X.,(Tm(f)))ZE/F(f(e))de, VF € C.(C,C).
j=1

m— 00
-7

Another result due to Parter [22] concerns the asymptotics of the j-th smallest
eigenvalue A (T, (f)), for j fixed and m — oo.

Theorem 4 (Parter) Let f : R — R be continuous and 2m-periodic. Let my =
minger f(@) = f(Omin) and let Omin be the unique point in (—m, w] such that
S (Omin) = m y. Assume there exists s > 1 suchthat f has 2s continuous derivatives in
(Omin —€, Omin+€) for some € > 0 and f(zs)(é?mm) > 0 is the first non-vanishing deriv-
ative of f at Omin. Finally, for everym > 1, let A1 (T, (f)) < -+ < A (T (f)) be the
eigenvalues of T;, (f) arranged in non-decreasing order. Then, for each fixed j > 1,

m— 00 (25) Omin 1
Ai(Tn(f)) —myp ~ cs,j S o)

2s)! m2s’
o 25 (5 . — o S Omin) . -
e, limyocom® A j(T,u(f)) —my) = ¢ j o where cs j > 0 is a constant

depending only on s and j.

Remark I The constant c; ; is the j-th smallest eigenvalue of the boundary value
problem

(=D)*u®)(x) =f(x), for 0 <x <1,
u=u'0)=--=uD0)=0, ul)=u/(1)=---=ut"D(1)=0,

see [22, p. 191]. Thus, we find that ¢y ; = j2x2 forall j > 1, see [16, Remarks 1,2,3]
for details.
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On the spectrum of stiffness matrices arising from isogeometric analysis 759

In view of Sect. 5, it is also important to recall some properties of two-level Toeplitz
matrices. Given a bivariate function g : [—m, 7]* - R belonging to L ([—, 71?),
we can associate to g a family of two-level Hermitian Toeplitz matrices {7}, m,(g)}
parameterized by two integer indices m, m; and defined for all m, my > 1 in the
following way:

Go Gi - o G
e :
Tml,mz(g) = € Cm|m2><m1m27
N . c. G71
| Gpy1 o o Gy Go |

where for every k € Z,

8k0  8k—1 ot &ki—(ma—1) |
8k,1
Gk = : .. .. .. : c (leme
: 8k.—1
| 8k,my—1 o 8k, 8k,0

and for every k,l € Z,

T T
1 K
8k,l ‘= W / /8(91, 6)e 1(k61+16) d6,do,

-7 =7

is the (k, [) Fourier coefficient of g. For sequences of two-level Hermitian Toeplitz
matrices we have the following classical theorem analogous to Theorem 3, see [28]
and again [34] for the distribution results.

Theorem 5 Let g € Li([—m, 71?) be a real-valued function, and let mg := essinf g,
Mg := esssup g, and suppose mg < M. Then,
- U(an,mz(g)) C (mg9 Mg)’ Ymy,my > 1;
X
— AT, m, (&)} ~ g, thatis, VF € C.(C, C),

mimy T o7
. 1
%?in% - j§:1 Fj(Tnym,(8)) = W//F(g(el,ez)) d6,do;.

—IT =T

The last result relates tensor-products and Toeplitz matrices. Given two (univariate)
functions f, h : [—m, m] — Rin L{([—m, 7]), we can construct the (bivariate) tensor-
product function
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760 C. Garoni et al.

fRh:[-m, 7> =R, (f®h)61,6):= f(O1)h(6),

which belongs to L ([, n]z). Hence, we can consider the three families of Her-
mitian Toeplitz matrices {71, (1)}, {Tm, (h)} and {T5, m, (f ® h)}. A direct computa-
tion gives the following result.

Lemma 2 Let f, h € L|([—m, 7)) be real-valued functions. Then, forallm, my > 1,

Tiny (f) @ Ty (h) = Ty my (f @ ).

3 Cardinal B-splines

Let ¢, be the cardinal B-spline of degree p over the uniform knot sequence
{0, 1, ..., p+ 1}, which is defined recursively as follows [9]:

. 1, ifr e |0, D),
broy (1) := [(), elsewhere, 7
and
t +1—t
P (1) = SO0+ prﬁ[p—u(t -D, p=1 ®

As usual in the literature, we will refer to cardinal B-splines of degree p as the set
of integer translates of ¢y, thatis {¢[,)(- — k), k € Z}. In the next subsections we
collect some properties of cardinal B-splines and their Fourier transform that will be
useful later on.

3.1 Properties of cardinal B-splines

Denoting by P}, the space of algebraic polynomials of degree less than or equal to p,
it turns out that the cardinal B-spline ¢, belongs piecewisely to P, and it is globally
of class CP~ 1.

It is well known that the cardinal B-spline possesses some fundamental properties.
Some of them are briefly summarized below, see [9,13].

— Positivity:
G >0, te@,p+1).
— Minimal support:
¢p1(0) =0, 1¢[0,p+1]. &)
— Symmetry:
Pip) (pTH + f) = P1pl (pTH - t) : (10)
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On the spectrum of stiffness matrices arising from isogeometric analysis 761

— Partition of unity:

Dbt —k =1,

keZ

which gives in combination with the local support and smoothness,
)4
D k=1, p=1 (11)
k=1

— Recurrence relation for derivatives:

B (O = Bl N0 — ¢ = D). (12)

— Convolution relation:

O (1) = (Prp—17 * Do) (@) = /(b[pfl](t - S)¢[OJ(S)dS=/¢[p711(l —s)ds.
R 0
(13)

In the remaining of the subsection we derive from the previous properties some
results that are needed later on. The next lemma generalizes the symmetry property to
derivatives of any order of the cardinal B-spline.

Lemma 3 Let ¢pp) be the cardinal B-spline as defined in (7)—(8), then

n(P+1 n(P+1
o) ("3 +) =g (P57 -).

Proof The result follows from repeated differentiations of the symmetry property
(10). We can also prove it by induction on the order of derivatives using the recurrence
relation (12), as outlined below. The base case (r = 0) is just the symmetry property
(10). As inductive step we increase the order of derivative by one, i.e., r — r + 1.
Using the recurrence relation for derivatives (12) and the induction hypothesis, we
have

p+1 p+1 p+1
o (Lo + ) = o (B + ) ol (Bt -

oG p+1 r p+1
() e ()

. 1
— (_1)r+1 ¢l(p‘]|’l) (i — t) .
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762 C. Garoni et al.

The following lemma provides an expression for inner products of derivatives
of the cardinal B-spline and its integer translates. It generalizes the result given in
[13, p. 89].

Lemma 4 Let ¢y be the cardinal B-spline as defined in (7)—~(8), then

/ Dot oy (¢ + R dr = (=1 G (1 + 140
R

= (=D 2+ 1=k, (14)

Proof Because of the (anti-)symmetry of the higher order derivatives of the B-splines
given by Lemma 3, we have

(=1 By (P + 1K)

_ (r+s) pit+p2+2  pi—p2

=" ¢[p1+pz+ll ( > + ) +k

_ +s 4 (r+s) pitp2+2 pi—p
=EDTED™ Plp1+pr+1] ( ) T k

= (=D Gy (P2 + 1= ).

So, we only have to show one of both equalities in (14).
We first address the case r = s = 0, namely

/¢’|p11(f)¢lpzl(f +h)dt = dpprr11(p2 +1 —k). (15)
R
Using the convolution relation of cardinal B-splines (13), we obtain
L
Apr+pr+11(p2+1—k) = / Dipr+p1(p2 + 1 —k—11)dy
0

1 1
Z/"'/¢[p2](P2+1—k—(l‘1+t2+"~+l‘p1+1))d11-~-dlp1+1.
0 0

From [13, p. 85] we also know that for every continuous function f it holds

1

1
/f(t)fﬁ[p](t)dt:/“'/f(tl+t2+---+tp+1)dt1-~-dtp+1,
R 0

0
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and hence

Pipi+ppri(p2 +1—k) = /¢[pz](l?2 +1—k—1t)¢p@)de. (16)
R

Moreover, by symmetry of the cardinal B-splines, see (10), we have

Bipn(p2+1—k —1) = Pppy(k +1). (17)

Combining (16) and (17) results in (15).
We now prove the general case, i.e.,

/ DO Do + R dr = (=179 (1 + 1+, (18)
R

by induction on the order of derivatives. We consider two inductive steps: in the first
inductive step we increase the order of derivative of ¢} by one, i.e.,7 — r + 1, and
in the second inductive step we increase the order of derivative of ¢[,,] by one, i.e.,
s — s+ 1.

1. (r — r + 1). Using (12) and the induction hypothesis, we have

/ B () D) (¢ + k) dr
R
:/( (110 = @)t = D) (¢ + k) ds
R
=/¢[(;)1—11(f)4’[(;)21(’+’<> dr —/¢[(;),_1](t — Dot + k) dr
R R
=/¢[(;)1*1](t)¢[(;)2](t+k) df—/¢f§’,,1](t)¢{;’2](t+k+1)dr
R R

_ (r+s) (r+s)
= (1 (Bpr (140 = (P + 14 0)

s+1
= DT e 1R,

2. (s — s 4+ 1). This inductive step can be proved in a completely analogous way as
the first inductive step. O

We will denote by qS[ p1(t) and 45[ p1(t) the first and second derivative of ¢p1(¢) with
respect to its argument 7. The next lemma provides an interesting relation about second
derivatives of cardinal B-splines.

Lemma S Let ¢ be the cardinal B-spline as defined in (7)—~(8), and let (ﬁ[p] be its
second derivative, then

@ Springer



764 C. Garoni et al.

<

D K bpprn(p+1—k =1.
k=1

Proof By the relation (12), by the fact that ¢p2,—11(—=1) = ¢p2p—17(0) = 0, and by
taking into account that

K2 =20k +1)>+k+2>=2, k>0,

we find that

p
> K dpnp+1-5

k=1
p
=D K @pp-n(p+ 1=k =200, 11(p — k) + 2p-11(p — 1 = k)
k=1
p
= Prp-11(p) +2 D dpp-n(p+1—k)
k=2
p 2p—1
= D fppulp+l—k = ¢p, k) =1
k=—p+2 k=1

The last equalities follow from the symmetry property (10) and the partition of unity
property (11) of cardinal B-splines. O

3.2 Fourier transform
In this subsection we will address some relations between inner products of cardinal

B-splines, and the Fourier transform of the cardinal B-spline.
We first recall the following result, see [13, Theorem 2.28].

Theorem 6 Let v € L,(R) and its Fourier transform {0\ satisfy
v()=0(t1™), a>1, asl|t| - oo, 19)

and
~ 1
w(O) = 0(|9|_b), b > > as |0 — oo. (20)

Then,

> /w(t—k)mdz e =" |0 +2%0)|, Yoel-mal (2D

keZ \ R keZ
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By using the convolution relation (13) one can easily obtain a simple expression for
the Fourier transform of the cardinal B-spline ¢y, see [13, p. 56]:

— 1 — e‘ie P
¢1p1(0) = (—i 5 ) . (22)
so that
—— 2 [2-2cos0\"H!
90| = (%) : (23)

From (9) and (22) it follows that the cardinal B-spline satisfies the conditions (19)—
(20). So, when using the cardinal B-spline of degree p as the function i in Theorem 6,
we can express the right-hand side in (21) by means of (23). This implies

2—200s9)erl

> (a0 + 200 = [a0) = (25,
keZ

4 p+1
> ( ) , 0€el-m, ] (24)

T2

On the other hand, to obtain an upper bound for (21), we make use of relations (15)
and (21) and the partition of unity property (11). In this way, we obtain

2 ’ Pim®+ Zkﬂ)’ =D Pppin(p+1—ke' ™
keZ keZ

<D tpprn(p+1—k) e = 1. (25)
keZ

Note that for the cardinal B-spline of degree p the left-hand side in (21) is a finite sum
consisting of 2p + 1 terms.

The next two lemmas provide some properties of the functions associated to certain
Toeplitz matrices that we will investigate later on.

Lemma 6 Let p > 1, and let f), : [-m, 7] — R,
. p ..
fp(®) = —¢pprn(p+ 1) — 22¢[2P+1](p + 1 — k) cos(kB), (26)

k=1

and My, := maxpe[—x,x] [p(0). Then the following properties hold.
1. VO € [—m, ],

—_— 2
fp®) = @ =2c056) > |10 +2km)| @7)
keZ
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and

4 \7?
(2 —2cosH) (—2)
T

< fp(#) < min (2 —2cosf, (2—2cos 9)p+1 (L + ;)) . (28)

021) 67.[21)—2

2. minge[—x, 7] fp(0) = fp(0) =0, and 8 = O is the unique zero of f), over [—m, ].
Moreover, My, — 0 as p — oo.

Proof Using the recurrence relation for derivatives (12), for every 0 € [—m, w] we
obtain that

Bi1®) = (1 — e 10)g0, 7,6,
and
—_— 2 — 2
‘¢[,,](9)‘ — (2 —2cosh) )qs[p,l](e)‘ .

This implies that
> ‘ b0 + 2kn)‘ —2-2c0s6) > ‘qs[p,l](e + an)‘ : (29)
keZ keZ

The equality (27) follows from relation (14), Theorem 6 and (29) in the following
way:

£r®) =" —dppin(p+1- kel — > /qB[p] (Ot — k)dt | 1O

keZ keZ R

_— 2 I 2
-3 ’ b6 + 2kn)’ —(2-2c0s0) > ’¢[,,_1](9 +2km)| .
keZ keZ

From (27) and from the inequalities (24)—(25), we get
4\?
(2 —2cos0) (—2> < fp@) <2—2cosf, VO e[-m m]. (30)
T

Furthermore, using (23) in the expression of f, given by (27), we obtain that

_ 2 —2cos( + 2km)\”
fp(Q)_(Z—ZCOSG)]E( T )

I
—2—2cos)PT > .
(2= 2c0s0) kEZZ 6 + 2k )27
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Note that for 6 € [0, ]

> 1 1 + 1 N i 1
(O +2km)2 02 (6 +2km)PP (=6 + 2km)?
_ !
= GTP

1 1 > 1 1
QTP+E_(Z(2k)2+Z:'(2k—1)2) 020 T ea2r 2’

and the same bound holds for 6 € [—m, 0] because of the symmetry. This completes
the proof of the first statement.

We now prove the second statement. The inequalities in (30) imply that
minge[—z,7] fp(@) = fp(0) = 0, and that & = 0 is the only zero of f),. From
the upper bound in (28) we can also conclude that M £ = 0as p — oo, see [16,
proof of Lemma 7] for details. O

SRS -
(2kn)2ﬂ = (- T 4 2km)?P

—~ M2 Tz

Lemma7 Let p > 1, andleth) : [-m, 7] — R,

p
hp(©) = dprn(p+ D +2D " dppin(p + 1 — k) cos(kb). 31)
k=1

and mp,, := minge[—z, 7] hp(0). Then the following properties hold.
—_— 2
1L hy@) =Y,y ‘(])[,,](6 " an)‘ .
4 p+1
2. maxgeq ) hp®) =hy(©0) =1, and my,, > (;) ,

Proof From relation (15) and Theorem 6 it follows that

hp®) =D bpin(p +1 - kel =" / G (Dt — k)dz | el *®

keZ keZ \ p
—_— 2
= > B +2km)| .
keZ

The inequalities (24)—(25) imply that

4 p+1
(F) <hp®) =1, 6¢€l[-mm]

In addition, by the symmetry property (10) and the partition of unity property (11),
we get
4 2p+1

h©) = ¢pp+u(p+ 1+ 22¢[2p+1](1? +1-k)= Z drp+11k) = 1.
k=1 k=1
O
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Remark 2 From the expressions of f, and /1, given in Lemmas 6 and 7, respectively,
it follows that for every 0 € [—m, 7] and p > 2,

Jp0) = (2 —2cos0)hp_1(6),

and for p > 1,
p—1
fp@) = (2 —=2cosb) | 2p-11(p) +2 Z(p[prl](p —k)cos(kf) | . (32)
k=1

The latter equality can be easily checked for p = 1 by a direct computation, with the
usual assumption that a sum is zero when the upper index is less than the lower one.
Note that (32) is a more elegant and efficient formula to compute f.

4 The 1D setting

In this section we focus on the problem (1) in the case where d = 1 and £2 = (0, 1),
namely

—u" +Bu +yu=~1f, 0<x<l,

u(©) =0, u(l)=0, (33)

with f € L>((0, 1)), B € R, y > 0. In order to approximate the weak solution u of
problem (33) by means of the Galerkin method (4), in the IgA setting we choose the
approximation space # to be a space of smooth spline functions, as we are going to
describe now.

Fix p > 1, n > 2 and let ”//n[p ! be the space of splines of degree p defined over the
knot sequence

= =1Ipt1 =O<tp+2 <o <ltpgp < 1 =Iptn+1 = = Dptn+l,» (34)
where
i ;
Iptitl == —, Vi=0,...,n, 35)
n
and the extreme knots have multiplicity p + 1. More precisely,
PPl = (s € CPTN0, D) © Slitparsrtyiisn) € Ppo Yi=0,1,...,n — 1.

Let %[p ! be the subspace of “//n[p ! formed by the spline functions vanishing at the
boundary of [0, 1], i.e.,

#P) = (s € %PV : 5(0) = s(1) =0} c HY ([0, 1]). (36)
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We recall that dim 7%,”! = n + p and dim %" = n + p — 2. In the IgA setting we
choose the approximation space # = 7/,,[1’ I for some p>landn > 2.

This space is spanned by the B-spline basis defined as follows (see [9]). Using the
convention that a fraction with zero denominator is zero, define the function N; [r] :
[0, 1] - R forevery (k,i) suchthat0 <k <p, 1 <i<(n+p)+p—k:

| ifxeln v,
Nijoj(x) := [0, elsewhere,
and
X —t litk+1 — X
Nifi (x) 1= ———— Nife-1)(&0) + ———— Niq1 k- (x), &k > 0.
tivk — 4 Litk+1 — lit1

Then {N; [y : i =1,...,n+ p}isabasisof ”f/n[p], called the B-spline basis of ”I/n[p].
Moreover, by recalling from [9]

Nip1(0) = Nij,y(1) =0, Vi=2,....n+p—1,
we deduce that {N; [, : i =2,...,n4+ p — 1} isabasisof # = ”‘//,,[p]:
W =(Nip, i =2,....n+p—1). 37)
If we choose p = 1 then we obtain by the above construction the same approxima-
tion space # and the same basis functions considered in classical FEM with linear
elements, see [24].
Using the basis (37), the stiffness matrix A in (5) is the object of our interest and,

from now onwards, will be denoted by A,[f Vin order to emphasize its dependence on
n and p:

+p—2
APl 4 = [a(Njs1, 00 Nicron] 227 (38)

i,j=1

where in this case a(u, v) = fol uw'v'dx + B fol wvdx +y fol uv dx, see (3).

4.1 Construction of the matrices AL” ]

The central basis functions N; ,1(x), i = p+1,..., n, defined on the knot sequence
(34)—(35), are cardinal B-splines, see Sect. 3. We have

Niip(x) =¢pinx —i+p+1), i=p+1,...,n 39)

Due to the compact support of the B-spline basis, the stiffness matrix A,[lp I has a
(2p + 1)-band structure. We note that

N =ndpnx —i+p+1), i=p+1,....n
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We now focus on the central part of the stiffness matrix which is only determined
by the cardinal B-splines in (39). Foreachk =0, 1, ..., pandi =2p,...,n—p—1,
the non-zero element in (38) at row i and column i £ k can be expressed by

(ALP])Z, = a(Nj 14k, 1p1(X), Nig1,[p1(x))
=a(ppi(nx —i+ pFk), dpj(nx —i + p))

1
:nz/q‘ﬁ[,,](nx—i+pq:k)<]5[p](nx—i+p)dx
0
1
+nﬂ/<]5[p](nx—i+pq:k)¢[,,](nx—i+p)dx
0

+v [ ¢p(nx —i+ pFk)¢pp)(nx —i+ p)dx

o—_ _

= n/é[p](l F k) gy (1) dt + ,3/45[;;]0 F k) ¢ppy(2)de
R R

+ Dip1(t F k) Py (1) de. (40)

S|
B —

Let us consider the following split of the matrix,
AP =nkl 4 pH + T, (1)

according to the diffusion, advection and reaction terms, respectively. More precisely,

1 n+p—2
nkP = /N}H[p](x)zv;%[p](x)dx , (42)
0 ij=1
1 n+p—2
HI i | [N N1 0 , 3)
0 i,j=1
1 n+p—2
1
M= / Njs1,0p) (0 Nis1,1p) (1) dx : (44)
0 i,j=1

In view of (40), the parts of these matrices determined by the cardinal B-splines in
(39) are
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(k47) / Bio1(t F Dy (1), 45)
i,i+k
(1) / D111 F K1) (1) dr, (46)
i,i+k
(), / Bt F R (0, @)
fork =0,1,...,pandi = 2p,...,n — p — 1. We now derive simple expressions

for the elements of the central rows of the matrices K1), HI! and M given in
(45)—(47), i.e., for the row indices i = 2p,...,n — p — 1. Other rules have to be
considered for the remaining 2p — 1 initial/final rows. Lemma 4 implies the following
result.

Theorem 7 The matrix K, ,Ep Vis symmetric, the matrix H,Ep Vis skew-symmetric and

the matrix M,[,P Vs symmetric. Moreover, the central non-vanishing elements can be
expressed as

[p]) _ ( [p]) _
H, =—|H, = 1—k
( B )ik bp+11(p + ),
(Mr[,p])._ = dpp+1(p +1 -5,
i,i+k
fork=0,1,...,pandi =2p,...,.n —p — 1.
From the above theorem, the generic central row of K ,Ep I can be expressed as

[0+ 0 —Bpprii(D) - —Ppr11(P) —Pp+11(P + 1) —bpr11(p) -+ —bp2p+11(DO -+ 0],
(48)

and in particular, by using (12) and (10), the diagonal elements can be expressed as
(K;E‘"])ii = —¢pprn(p+ 1) = =26, (P + 1) = 2¢p,1(p).

The generic central row of H,Ep I'can be expressed as
[0 0 =dppsn(D) -+ —dpp+11(P) 0 d2ps11(p) -+ brp+1y(1) 0 -+~ 0]. (49)

Since ¢[2 1] is symmetric with respectto p+1, see (10), we have ¢[2p+1] (p+1) =0,
and hence

(") = deprnp+ D =0.
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The generic central row of M,Ep I'can be expressed as

[0 0 ¢pprn1(D) -+ Ppsn1(P) Pr2psn(P+ 1) d2pe1(p) -+ Pp2p+11(1) 0+ 0].
(50)

As a consequence of Theorem 7, we get the following result.

Corollary 1 The central non-vanishing elements of the matrix AE,p 1 can be expressed
as

(ALP]),' ik —nGppe1(p + 1=k £ Bdppin(p+1—k)
+%¢|2p+11(1? +1—4h),

fork=0,1,...,pandi =2p,...,n —p— 1.

4.2 Estimates for the minimal eigenvalues

In this subsection we provide estimates for the minimal eigenvalues of M, ,[,p and k. ,Ep 1
These estimates will be employed to obtain a lower bound for |Amin(A,[1p ])|, where

Amin (AE,[’ ]) is an eigenvalue of A,[f’ ! With minimum modulus.
We begin with recalling the following result from [27]. Forevery p > 1, n > 2,
and X = (X1, ..., Xptp_2) € RMFP72

2
n+p—2
[1x]|?

[1x]|? -
< | 22 xNip) =Cp——, (51)
i=1 Ly([0.1])

Cp

where the constants C, C p > 0 do not depend on n and x. The inequalities in (51)
are a special instance for the L,-norm of the results stated in [27, Theorem 9.27]. We
remark that the quantity A used in the cited theorem in our context has the value rlw
see [27, eq. (6.3)].

We also recall the Poincaré inequality in the one-dimensional setting:

1
Iolzqoap = — IV laqoa), Yo € Hy ([0, 1]). (52)

In [11] we find that % is the best constant for which (52) is satisfied.
The inequalities (51)—(52) play an important role in the proof of Theorem 8.

Theorem 8 Let C, > 0 be the constant in (51), then for all p > 1 and n > 2 the
following properties hold.

1. )»min(MlEp]) = Cp.
2
2. K,[,p] > Z_er[lp] and )\min(Klgp]) z nngp'
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Proof Fix p > 1, n > 2. By using the definition of M.}, see (44), we have for all
ye IRn-l—p—Z7

1 n+p—2 1
y' (—M},”])y= > (—M},”]) Yiyj
n Py n ij
n+p—2 1
D 3iviNj 1 ONig py(x)dx
ij=17

n+p—2 n+p—2

1
/ D VN D ¥iNjp(x)dx
0

i=1 j=I

1 n+p—2 2
=/ Z YiNit1,(p1(x) | dx
0 i=1
n+p—2 2 2
= > N = ¢, M (53)
i=1 L([0,1)

The last inequality holds because of (51). Hence, we get yTM,Ep ]y > Cp||y||2, and
from the minimax principle [8] it follows that

T pqLp]
M,
)Lmin(Mr[zp]) = min y n ¥

e — . 54
v20  lyl2 T f &4

This proves the first statement. To prove the second statement, we use the definition
of K,[,p], see (42), and obtain for all y € Rr+P—2

n+p—2

y' (nKIE"])y= > (”Kr[zp])iqui)’j

i,j=1
n+p—2

1
> /yiYJ'N}H,[p](X)Ni/+1,[p](x) dx
ij=17

1 n+p—2 n+p—2

2 Wil @) D 3N () d
i=1 =1

2

I
o O~

n+p—2
2 yiNG @) dx
i=1

n+p—2 2

/ /2
D YN = oy, 0,10
i=1 Ly(0.1])
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where vy := 3P 3Ny € 2P see (36)-(37). Since #47) ¢ HL ([0, 1D),
we may apply the Poincaré inequality (52). From (52) and (53) it follows that

2
T
y' (”K’Em) ¥ = Iyl q0.0p = 72 IoylE, 000y =¥ (TM'[’[J]) v

Dividing both sides by n we obtain, for ally € RrtP—2,
T -[pl T w? [p]
y Knpyzy (n_zan)Y~

This proves that K ,Ep ! > Z—jM,Ep I Moreover, the minimax principle and (54) yield

2 2 glpl
T g lp] y!' (”—M )y 2 2
[p] Y Ky . n2 N T [pl T Cp
Amin (K =min ———>— > min ————5—— = —5 Anin(M > —,
l’l‘lll’l( n ) y#o ||y||2 - y7+_0 ||y||2 }’l2 mm( n ) o n2
which concludes the proof. O

Remark 3 Forevery p > 1, n>2and j =1,...,n+ p — 2, let)»j(K,[lp])bethe

Jj-th smallest eigenvalue of K,[lp], ie., M(K,[lp]) < ... < )»,1+,,_2(K,£p]). Then, we
conjecture that for every p > 1 and for each fixed j > 1,

Tim_ (n2 AQ,(K,EPJ)) = 2x2. (55)

This conjecture can be motivated as follows. The matrix K ,[,p 1'is associated with the
(IgA) discretization of the boundary value problem (33) with 8 = y = 0. The numbers
j 22, j =1,2,...,are precisely the eigenvalues of this boundary value problem, see
Remark 1. We have verified this conjecture numerically for p = 2, 3, 4,for j = 1,2,3
and for increasing values of n, see [16, p. 23].

Theorem 9 Forall p > 1 andalln > 2, let Ain (A,[{"]) be an eigenvalue ofAE,p] with
minimum modulus. Then,

Cp(n2+y)

’Amin(Al[zp])‘ = )\min(Re AI[’lp]) > n

(56)

with C, > 0 being the same constant appearing in Theorem 8.

Proof By the expression (41) of ALp I and recalling that K,[Lp ], M,Ep ] are symmetric,
while H,Ep lis skew-symmetric, we infer that the real part of A,[f lis given by

Re APV = kP L Y pglel.
n
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Therefore, by the minimax principle and by Theorem 8 we obtain

2 2
y ncC y Cy(m”+vy)
Amin(Re A = Amin (K + e (2 M) =072+ Lo, = 22 .
n n n n
From (6) we know that [Amin (A1) > Amin(Re AP, implying (56). o

The lower bound (56) remains bounded away from O for all y > 0 and, in particular,
for the interesting value y = 0.

4.3 Conditioning

In this subsection we provide a bound for the condition number
A = 1A A,
see Theorem 11. For its proof we need two auxiliary results. The first one (Theorem 10)

is the Fan—Hoffman theorem [8, Proposition II1.5.1]. The second result (Lemma 8)
gives a bound for the infinity norm of the matrices K\*!, HI' and M.

Theorem 10 (Fan—-Hoffman) Let X € C™*™ and let

XN =s1(X) = 52(X) = -+ = s5m(X), 2i(ReX) = A2(Re X) = -+ = Ay (Re X)

be the singular values of X and the eigenvalues of Re X, respectively. Then
si(X)=ArjReX), Vj=1,...,m.

Lemma 8 For every p > 1 and everyn > 2,

1
_ M}[LP]
n

1
< IH oo <2, [InK oo < 4pn.

]

Proof We first note that the derivative and integral of a B-spline N; [,)(x) are given
by (see [9,27]),

Nip-11(x)  Niq1,[p—11(x)
N1 () =p( s L g (57)
litp —1i litp+1 — lit1
and
ligp+1 — 1
/Ni,[P](x)dx = %' (58)
R
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The sequence of knots (34)—(35) implies that the length of the support of any N; |,

can be bounded from above by Recalhng (44), by the positivity property and the
partition of unity property of B- sphnes, we obtain

1 n+p—2
[p]
- M, = max N X)N; x)dx
PR T Z / j+LIpI () Nig1,[p)(x)
! n+p—2
= max N; x) | N; x)dx
i=1,..‘,n+p—2/ Z} j+LIp1 () | Nigr,[p)(x)
0 J=

| A

max /N,_H (p1(x) dx

ti 2 —tixl 1
= max SarALAEAENS
i=1,...,n+p-2 p+1 n

Due to the skew-symmetry of H,Ep ], see (43), the infinity norm of H,Ep lis equal to
the infinity norm of its transpose. By (57) and the positivity property of B-splines, we
obtain

n+p—2
[p] _ . /
IH oo = max 20 | Nt @NG p () dx
i=1 1o
n+p-2 L
Nit1,p—-11(x)  Nigo[p—11(x)
= max p Z Nj+1,[p](x)( itlip—l] _ Zrzlpoll d
i=1,..,n+p=-2 i Livp+1 —lit1  ligp42 —lif2
=<

litp+1 —lit1  litp+2 —lit2

1
Tp-2
N; _ N: B
max Z / [y [p](x) ( '1+1.[p 17(x) n i+2.[p 1](x)) .
=19
(59)
By using the partition of unity property and (58), we have

n+p—2

i+1,[p—1] (x)
Z /NJ+1 [p) (X )tl =
i+p+l — tz+1
1 n+p—2
Nit1,[p—11(x) 1
=/ > Njsnip) | P dr <
) = i+p+1 — litl p

and a similar bound holds for the remaining term in (59). It follows that || H,Ep ] loo < 2.
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Recalling (42), we obtain

n+p 2

Koo = _ max > / N1y ONL 4y () dax
~

n+p-—2
N; _11x N; _11x
max g2y /( j+LIp-1()  Njyap-1i( ))
i=1,...,n+p-2 —1 i i i
J:

Ljitp+1l —Tj+1 Ljtpt2 —1j42

(Ni+1,[p—1](x) . Ni+2,[p—1](x)) d (60)

Livp+l —tiv1  Ligpi2 —Lig2

In addition, we have

i (Ejtprt = tjr1) Wippr1 — tiv1)

1
n+p—
Z / Njt1,p—-11(x)  Nig1,[p—11(x) dx
0

+ 2
! ” Njianip-1109) | Nivrip-n)

1
o/ Li+p+1 —Lj+1 | Litp+1 — Lit1

Ni+l,[p7]](x) dez "

A

’

Lipp+1 — lig1 p
and in a similar way we can also bound the remaining terms in (60). This results in
n
InK\ s < max  p*4— =4pn.
= p

O

Remark 4 A consequence of Lemma 8 is that we can take C p = 11in (51), indepen-

dently of p. Indeed, Lemma 8 implies that max (M) < |MY loe < 1 forall p > 1
and n > 2. Thus, by the minimax principle, along the lines of the proof of Theorem 8
(see (53)), we have

n+p— H
Hzl_l Xi t+1 [p] L01) XTM,[IP]X yTMIEP]y

[p]
— < max ——~ = A\ M < 1.
BE Ix[I2 = y#0 |yl max (M) =

Theorem 11 For every p > 1 there exists a constant ap > 0 such that

(AP < apn?, Vi >2. (61)
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Proof Fix p > 1 and n > 2. By Theorem 7 it follows that K, HI' and MP" are
normal matrices, and by applying Lemma 8 we obtain for || AE,p I || the following bound:

14 1
1AW = [nkd? + pE + 2| < il 41811+ H M)

1
< 1K oo + IBIH 1100 + ¥ H ;M,E”]

S4pn+2|,3|+%. (62)

o
We now give a bound for || (AELP ])_1 I. Using Theorems 9 and 10, we obtain

C,,(JT2 +y)

Sntp—2(AFP)) = Amin(Re AP > .

where 5,4 p_z(AE,p 1Y is the minimum singular value of AL, Hence,

n

< .
Snpp—2(AFPD) T Cp(m +y)

IAPH=) = (63)

2
Combining (62) with (63), we get k2(AP)) < % which implies (61) with
P

- 1 Y
O = gy (4P 1B+ 4] 0

4.4 Spectral distribution
We will now study, for a fixed p > 1, the spectral distribution of the sequence

1

;Ahpl _gin P

n

|4

a4+ n—zM}f', (64)

formed by the scaled stiffness matrices. Recall from (38) that A,[lp Vis of size (n+ p —
2) X (n+ p —2). The central rows of A,[qp ] (given in Corollary 1) are those with index

ranging from i = 2p toi = n — p — 1. Thus, the condition on # to ensure that AELp]
has at least one central rowisn — p — 1 > 2p,ie,n > 3p + 1.
For every n > 3p + 1, we decompose the matrix K ,Ep I into

K =B+ R, (65)
where B,[f’ Vis the symmetric (2 p + 1)-band matrix whose generic central row is given
by (48), while R,[f l—k ,[,p 1_ B,[,p Vis a low-rank correction term. Indeed, R,[f ! has at
most 2(2p — 1) non-zero rows and so

rank(R)) <22p — 1). (66)
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Similarly, we decompose the matrix M,[,p Vinto
=l s, (67)

where C,[lp Vis the symmetric (2p + 1)-band matrix whose generic central row is given

by (50), while S := MP" — clPVis a low-rank correction term analogous to R’
and

rank (S < 22p — 1). (68)

Now we analyze the spectral properties of B,[zp Vand C,[lp | These properties will be
used in the proof of Theorem 12, which yields the spectral distribution of the sequence

Al

Lemma9 Let f}, and My, be defined as in Lemma 6. For alln > 3p + 1, B,[,p] =
Tyt p—2(fp). Moreover,

1. o(BY) c (0, My,), Yn=3p+1;
2. Amin(BY) \ 0 and Amax (B 7 My, asn — o0;

A
3B~ fs
4. for each fixed j > 1,
22
n—oo J°TT
)\j(Br[Lp]) ~ n_z’
where Al(B,[lp]) < ... < An+p_2(B,£p]) are the eigenvalues of B,[,p] in non-
decreasing order.

Proof From the definitions of B,[lp ] and f), it follows that B,[lp 1 n+p—2(fp) for all
n > 3p + 1. Hence, the first three statements are a consequence of Theorem 3 and
Lemma 6.

We now prove the last statement. From Lemma 6 we know that & = 0 is the unique
zero of f), over [—m, r]. Furthermore, from (30) it is easy to derive that fl/7 0) =0
and, by using Lemma 5,

p
[0 =2 Edpprn(p+1—k =2.
k=1

This means that the function f), satisfies all the hypotheses of Theorem 4 with s =1,
Omin = 0 and f*) (Biin) = 2. Then, for each fixed j > 1,
cl,j n—00 Jj 252

(BIPy — 5. e thi S
A] (Bn ) = )\'j(Tn-'r[I—Z(f[?)) (n +p— 2)2 n2 ,

where the last asymptotic equivalence holds because cy,; = j 272, see Remark 1. O
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In Lemma 9 we have seen that (55) holds with A ; (B'P") instead of Aj (K7, Since

B,[,p Vis equal to K ,Ep ! up to a low-rank correction term, see (65)—(66), this may further
support the conjecture formulated in Remark 3.

Lemma 10 Ler h, and my,, be defined as in Lemma 7. For alln > 3p + 1, C’[ll’] =
Tyt p—2(hp). Moreover,

1Lo(C) C miy 1), Vaz3p+1;

2. Amin(CHY) N\ mn, and dmax (CYF)) 7 1 asn — oo;
A

3. (Y < hy,

Proof From the definitions of C,[Lp Vand i p it follows that C,[lp - n+p—2(hp) for all
n > 3p + 1. Theorem 3 and Lemma 7 conclude the proof. O

Theorem 12 The sequence of matrices {%AEIP ]} is distributed like the function f),
defined in (26) in the sense of the eigenvalues, i.e.,

| n+p-2 | | T
: | 2 4lpl _
nhmoO PT— Py E F(A] (nA" )) = 2ﬂ/F(fp(Q))d@, VF € C.(C, C).
-

j=1

Furthermore, {%A,[f ]} is strongly clustered at the range [0, My, ] of f).

Proof Recalling (64)—(65), we have

1

LA = Bl R Bl e, (69)
n n n

We now prove that the hypotheses of Theorem 2 are satisfied with Z,, = %A,[f ], X, =
B,[,p Tand Y, the remaining term in the right-hand side of (69). We have seen in Lemma 9

that {B,[,p ]} A fp. Noting that B,Ep Vis symmetric, by Lemma 9 we obtain that for all
n>3p+1,

1B = p(BY) < My,

where My, is a constant independent of n. Since rank(R,[,‘" ]) <2@2p —1) (see (66))

and since kP!, H and ML) are normal matrices, we get

”R,[f’] LBy Yl
n n 1
18] y
< IRV + 7||H,£’”||1 + ;n%&“nl

n+p-2)

1+ y M|

n+p-—2)
< rank (R I RYT ) + 11—
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<22p - DIKY = B + |/3|(”+,1L2)||H,£’”n + (z;z)w“’ [

<22p - DIB N +22p — DIKY | + |ﬂ|(”+"_2)||H,E”]u
+y(”+an)uM“’ ||

<2@2p - DMy, +22p — DIK oo + |ﬁ|WnH£P]uw
+y(”+n¢nM[” loo.

From Lemma 8 it follows that the right-hand side of the last inequality can be bounded
from above by a constant independent of n, Vn > 3p + 1. Hence, all the hypotheses
of Theorem 2 are satisfied. m|

In the next two subsections we discuss in more detail the spectral properties of the
scaled matrices %ALP I for the cases p=1land p=2.
4.5 The linear case p = 1

In the case p = 1, for every n > 4, the matrix %A,[f] isof size (n — 1) x (n — 1) and
is given by (64) where

2 -1 0 1
-1 2 -1 -1 0 1
Kl = , H = ;
-1 2 -1 -1 01
-1 2 -1 0
4 1
1 4 1
w1 -
1 4 1
1 4

The matrix AE,” is nothing else than the stiffness matrix arising from classical FEM
with linear elements.

We can give an explicit expression for the eigenvalues of %A,[ll]. To this end, we
recall the following simple result, see e.g. [32, p. 154]. Let X := Tridiagonal(a, b, ¢) €
R™™ be a real Toeplitz tridiagonal matrix such that ac > 0. Then, X has m real
distinct eigenvalues,

Aj(X) = b+ 24/ac cos j=1,...,m. (70)

J
m+1’
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Note that %A,[f] is a real Toeplitz tridiagonal matrix, namely

1

—AE] = Tridiagonal (—1—£—|— 24—, 14+ —+-—"—
n 2n

e 2y B v
6n?’ 3n 2n  6n2 )’

For n large enough, the elements —1 — % + 6’;—2 and —1+ % + 6]/7 are both negative.

In this case we can apply (70), and we obtain the following theorem.

Theorem 13 Let n > 4 be such that —1 — % + 6,);—2 and —1 + 2% + 6’;—2 are both

negative. Then, %Ay] has n — 1 real distinct eigenvalues,

1 2y y B2\ 1 | »? E
rvl=Al) =24+ S 42 1 (545 )5 =, m
J(n ") +3n2+ \/ (3+4 n2+36n4cosn D

forj=1,....,n—1.

By using the expression (71) for the eigenvalues, one can show (by a direct compu-
tation) that the sequence {%AE,”} is distributed like the function f1(6) = 2 — 2cos6
in the sense of the eigenvalues, which is in agreement with Theorem 12.

.For all n > 4 such that —1 - 2% + 6_);_2 and —1 + % + 6}’:—2 are both negative, by
using (71) and some asymptotic expansion, one can also prove that

1 T \2 2y
Amin (;Ar[ll]) >4 (Sln E) + m

Moreover, by the first Gershgorin theorem [8], we have Ay (%A,[ll]) > % Hence,

1 . T2 2y vy y
1)
G(nA") |:max(4(s1n%) +W’?)’4+W '

This gives a sharper lower bound for Amin(%A ,[,p ]) than the one provided in Theorem 9.
From (71) it also follows that

4
2 1 1] n—>00 9 Y ,32
n 4—)\max ;An —> T _§+Z

In particular, {%A ,[11]} is strongly clustered at [0, 4] according to Definition 2. Note that
[0, 4] is precisely the range of the function f;(6) =2 — 2 cos 6 (cf. Theorem 12).

We conclude this subsection by collecting in the next lemma some results which
can be derived by the Gershgorin theorems and will be used in later sections.

5 1) oo o p?
n“ Amin ;An — a4ty 4+ —,
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Lemma 11 Foralln > 4,

- H,E]] is skew-symmetric, irreducible, and O’(H,P]) c {0} x (—1,1);
- M,EI] is symmetric, irreducible, and G(M,[,l]) C (%, 1).

4.6 The quadratic case p =2

The spectral analysis of %A,[ll] has not been difficult because Theorem 13 provided
us with the explicit expression (71) for the eigenvalues of %AL”. For p > 2 such an
expression for the eigenvalues of %A,[f 1'is not available and so our spectral analysis
must rely on other considerations.

In the case p = 2, for every n > 5 the matrix %ALZ] is of size n x n and is given by
(64) where

8§ —1 -1
-1 6 -2 -1
e 2
K,?]:6 Ce ,
-1 =2 6 -2 -1
-1 =2 6 -1
i -1 -1 8
[0 9 1 i
-9 0 10 1
St om0 0 0
2 _
HY = o o ,
-1 —-10 0 10 1
-1 —10 0 9
i -1 -9 0 |
40 25 1 i
25 66 26 1
1 26 66 26 1
o L S
120
1 26 66 26 1
1 26 66 25
i 125 40

. A .
Theorem 12 reads in the case p = 2 as {%A,[f]} ~ fa, with

2 1 2 1
fr0)=1-— 50059 — 3005(29) = (2 —2cos0) (§ + 50059).

Moreover, {%A,[qz]} is strongly clustered at [O, %], which is the range of f>. In the next

subsections we provide more specific results about the spectral properties of lA,[12].
n
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4.6.1 Localization of the eigenvalues

We are now looking for a good localization of o (%ALZ]). In order to prove The-
orem 14, we need some auxiliary lemmas. Using the Gershgorin theorems, we

can derive the following bounds for the spectra of the matrices K,[,z], H,Ez] and
[2]
M,

Lemma 12 Foralln > 5,

- K,[,2] is symmetric, irreducible, and O’(K,EZ]) C (0,2);

— H is skew-symmetric, irreducible, and o (H*) C {0} x (—% %—l) :
— M,[,z] is symmetric, irreducible, and U(M,EZ]) C (% 1) ;

- ifn2 > %y, then K,?] + Z—ZM,?] is symmetric, irreducible, and

21, Y g2 4 4

Lemma 12 implies that )\min(M,[LZI) > % for all n > 5. From Theorem 8 it follows
that

Amin(K12) > Vn > 5. (72)

T
10n2’ -
The next lemma concerns the low-rank matrix R,[lz] introduced in (65).

Lemma 13 Foreveryn > 5, the characteristic polynomial ofR,[zz] is ﬁ)\"“‘ (3622 —

12% — 1)2. Hence, the eigenvalues ofR,[lz] are %ﬁ (with multiplicity 2), %E (with
multiplicity 2) and 0 (with multiplicity n — 4).

Theorem 14 For every n > 5 such that n? > %y,

1 y w4y 3 1+V2 y y
AL2] clm
7 (; " ) ( a (nz’ 10n2 ) ’ m(i 6 n?’ 2 10n2

11 11
N LIV LI s
12n ~ 12n

(73)

Proof Fix n > 5 such that the condition n> > %y is met. By computing the real and
S 1 4021 ~

imaginary part of --A;™, we obtain

14 1 B

Yo Lz — B
n2 " n " in "

1
Re ;A,[f] =Ky —;2 MP = Bl 4 RIA 4
. o 1402 14021
We aim at localizing the spectrao (Re ;A" ) and o (Im ;- A, ).
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We begin witho (Re %A,[lz]) . Since n satisfies the condition n? > %y, by Lemma 12
we obtain

1 y y
A[2] 2
O'(RC n)( ( 3 +l 2). (74)

We can improve (74) as follows. By combining the minimax principle with Lemmas 9,
12 and 13, and taking into account that M7, = % we obtain

1 4
Amax (Re ;A,[fl) < Jomax (B 4+ Amax (R + n—zxmaxw,?l)

3 1442
+

2 6

14
+ i
Similarly, by using the minimax principle, the bound (72) and Lemma 12,
1 y b4
Amin (Re;AE]) > )Mmin(K;Ez]) + E)\min (My[12]) >
Thus, we can replace (74) with

1 y 7'[2+)/ . 3 1+4/2 y y
[2]
J(RenAn)C(max(nz, T0n2 ),mm(z—i— G +n2’2+10n2 .
(75)

Now we localize the spectrum o (Im %ALZ]). Since Im%A,[f] is Hermitian, from
Lemma 12 we obtain?

1 18] 111B]
Im —A[?! -—= . 76
a(mn")c[ 12n712nj| (76)

Combining (75)—(76) with (6), we obtain (73). O
4.6.2 Clustering

We are now dealing with the clustering properties of the sequence {%ALZ]}. We have
already mentioned that {%ALZJ} is strongly clustered at [O, %], but we have no bounds
on the number of outliers, i.e., those eigenvalues of %A Lz] lying outside the e-expansion

[0, %]8 = [—8, % + 8] X [—e, €]. Theorem 17 provides an estimate for the number of
outliers, and its proof requires the following two results from numerical linear algebra.
The first result is the classical interlacing principle, see e.g. [8].

21f B # 0 then Im %A,[EJ is irreducible and o (Im %A,[?J) C (— 1112‘5‘ , 1112|5| ) In (76) we have included
B

the endpoints £ 5+ to cover the case g = 0.
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Theorem 15 Let K := B + R, where B € C™*"™ is Hermitian and

kt k™
R = erujujf + ZIjVjV;f,

j=1 j=1
with rj > 0 for each j = 1,...,k%, t; < 0 for each j = 1,....k™ and
up, ..., U+, Vi, ..., V= € C"\{0}. Let

AM(B) == u(B) and A(K) = - = An(K)
be the eigenvalues of B and K arranged in non-increasing order. Then
hjir (B) = Aj(K) = A i (B),
forevery j =kt 4+1,...,m—k™.
The second result is the Ky—Fan theorem [8, Proposition II1.5.3].

Theorem 16 (Ky-Fan) Let A € C™*™, and let . j(A) and Lj(Re A), j=1,...,m,
be the eigenvalues of A and Re A, respectively, arranged in non-increasing order:

Re(21(A)) = -+~ = Re(An(A)) and ri(ReA) = --- > Ay (Re A).
Then
k k
D Re(r;(A) < D 1j(Re A),
j=1 j=1
foreveryk = 1,...,m. For k = m, the equality holds.

Theorem 17 Forall e € (0, 1) and n > max (5, @), it holds

(77)

g, (e) < FJ“/?—‘,

3¢

where q,7 (¢) is the number of eigenvalues of %AE] whose real parts are > % + e.

Proof Forevery n > 5, we consider the decomposition K ,Ez] = B,Ez] + R,[,Z] introduced
in (65). The matrix R,[12] is symmetric and we know the eigenvalues of R’112l from

Lemma 13. By the spectral (Schur) decomposition of R,[,z] we see that

1 2 1 2 1-v2 1-v2
R T \/—u]u“f + +6\/_u2u§‘ + 6fV1VT + —6f

*
V2V2 5

@ Springer



On the spectrum of stiffness matrices arising from isogeometric analysis 787

where uy, up, vy, vo € C" are orthonormal vectors. Hence, by Theorem 15,
2j-a(BEY) = A (K = aja (B,

for every j = 3,...,n — 2, where the eigenvalues of B,[,z] and K ,[,2] are arranged
in non-increasing order. In particular, from Lemma 9 and My, = %, it follows that

(B (0,3), and
3
5> MBEY > (kP > o> 0,k > 0, (78)

where the last inequality is a consequence of Lemma 12. Moreover, by the minimax
principle,

1+42

3
Kmax(K,[f]) = )&max(B;[IZ] + R,[lz]) = )\max(B,?]) + )\maX(Ry[12]) < E + 6

(79)

Assume that the eigenvalues of %ALZ] and Re %ALZI are arranged in non-increasing
order. Recalling from Lemma 12 that G(M,[,2]) C (%, 1) and applying again the

minimax principle, for every j = 1, ..., n we have

1 Y
. —Al21) — : * 21 . ¥ ag021
Aj (Re nA" ) = Vngcr}l r)r(lg/x (x (Kn + 7 M, )x)
dim V=n-+1—j [Ix]=1
< min max (x K[z]x + 4 ) = Aj(K,EZ]) + 12 (80)
vcen xeV n
dim V=n+1—j [x]|=1

Now fix & > 0 and let ¢, (¢) be the number of eigenvalues of A[ I whose real

parts are greater than or equal to 2 + ¢. Following the argument used in [17, proof of
Theorem 3.5] and keeping in mind (78)—(80), we apply Theorem 16 to obtain

3 g @ | g, (&) .
2 2
(5 + e) gy (e) < § Re (xj (;A,Q ]>) < E A (Re;A,ﬁ 1)

j=1 j=1
Q)
= > (mEh+ %)
j=1
g, (&)
= (KD + 02K + D7 ap(k ) + ==
j=3

3 1+42 N 3 an(E)
<2(5+T)+(qn<a>—2)§ s

14 qn 7 (e)

@ Springer



788 C. Garoni et al.

and so, for every ¢ > 0 and n > 5 such that Z—z < & we have

1+42
g, () < ———. 1)
3(e- %)
n
Note thatif 0 < e < 1l andn > @,then
1 2 1 2 1 2
+2 +2 +f+ L )

= N =
3(8—%) 3(8—%) 3e
From (81)—(82) it follows that (77) holds Ve € (0, 1) and Vn > max (5, @) O

Let g, (e) be the number of eigenvalues of %Ag] lying outside the e-expansion
[0, %]8 By combining (73) and (77), we are able to find an upper bound for g, (¢).

Indeed, Ve € (0, 1) and Vn > max (5 111A] \/ﬁ) =0 (l),

> 12e 0 ¢ &

an(e) < P“ﬂ.

3e

5 The 2D setting

We now consider our model problem (1) on the two-dimensional domain £2 = (0, 1)2,
ie.,
—Au(x,y)+ B -Vulx,y) +yulx,y) =f(x,y), Vix,y) €2, 83)
u(x,y) =0, V(x,y) € 052,

with f € L, ((0, 1)2), B =18 ﬂg]T € R2, y > 0. In order to approximate the weak
solution of problem (83) by means of the Galerkin method (4), the approximation space
W is chosen as the space of smooth tensor-product splines that we now describe.

We consider two univariate B-spline bases as defined in Sect. 4 (for the x and y
directions):

— the B-spline basis {N; [p,1(x), i =1, ..., n1 + p1} over the knot sequence
S1=-""=S8pi+1 = 0< Spi14+2 <+ <Spi4n; < 1 =Spi+ni+1="""=82p;+n1+1;
where
l .
Spivitl i=—, Vi=0,...,np;
ni
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— the B-spline basis {N; [p,1(¥), i =1, ...,n2 + p2} over the knot sequence

1‘1 ="'=tp2+1 =0<tP2+2 < v <tp2+n2 <1 :tp2+}’l2+l ="~:t2p2+l’l2+17
where
l .
Ipy+i+l == —, Vi=0,...,n;3.
nz
The bivariate tensor-product B-spline basis {N; j (p; . p.1» I = 1,....0n1 + p1, j =

1,...,n2 4+ p2}is given by

Nijipr.pd @ ¥) := (Nifpi1 ® Njpa1) ¢, ¥) = Nifp 1 (0N [p1 (V).

]

We choose the space 7/,1[11? ,‘1’217 *! as approximation space % in the Galerkin problem (4),

where
lp1,p2] . s, . R -
Wnins = Nijlpp): i=2,...,n1+p1—1, j=2,...,n04+pr—1),
(34)
and we consider the elements of the basis (84) ordered as follows:
Oo+p1—2)(G-D+i = Nit1,j+1.[p1.pals (85)

withi=1,...,n14+p1—2, j=1,...,n0+ p2 — 2.
Once we have fixed the tensor-product B-spline basis (84) ordered as in (85), the

Galerkin problem (4) leads to a linear system (5). The stiffness matrix A in (5) is the

object of our interest and, from now onwards, will be denoted by AEIIIJ : ,’11272] in order to

emphasize its dependence on ny, ny and py, pz:
[p1.p2] . (n1+p1—2)(n2+p2—2)
Anll){nlz72 = A = [a((/)j, (pi)]l-j,ljlzlpl e s

where in this case a(u,v) = [} [ Vu - Vodxdy + B - [i [ Vu vdxdy +
y fol fol uv dxdy, see (3).

5.1 Construction of the matrices ALZ';7?]

Using the integration rules described in Sect. 4.1, we obtain that
Alprp2l QE[PI,PZ] + QIZ[PI’PZ] + Eﬁ[ﬂl»Pz] + @ﬁ[pl»m] + 4 plpip2l
n2 ni ni

1
ni,nz ni,nz ni,nz ns ni,nz ni,nz nina
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where

Kr[zf,lﬁfﬂ — M,E’;z] ® Kr[llln]7 Kr[lll),lr’lfﬂ — K;E’;Z] ® Mr[z]:l]v

Hrgf,lrifﬂ — M,[,gﬂ ® Hrgf)l], Hrgﬁlrifz] — H,Ele ® Mr[zfllv
M = My @ M.

In particular, for the case n1 = ny = n and p; = p> = p, we have

v

: 21, BLsip | B2 sip, ,
AL = KP4 S+ AL Ml (87)

with K57 = R0+ K.

5.2 Spectral distribution

We will now study, for fixed py, p» > 1, the spectral distribution of the sequence of
matrices (86) under the additional mild assumption that the ratio Z—f =: v is constant

as n] — 00.> With this assumption we have

A[pl,pzl — ll’(‘[pl,pzl + UE[PIJ’Z] + ﬂﬁ[ﬂl,pz]
v

ny,ny ny,ny ny,ny v ny,ny
B2 r7lpi.p2l 14 [p1,p2]
+_Hn1,n2 +—2Mn1,n2 . (88)
ni v(ny)

For every n1 > 3p; + 1 such that np = vn| > 3py + 1, we decompose the matrices

I/(\,Ef,],;én] and E,E’;},’,fﬂ into
Zlp1,p2] BHlrisp2l »ipt,p2l =Lp1,p2] nlpi,p2] Slpi.p2l
RSP = B R RSP - B R )

where
Br[zll),lr}le — C,EI;Z] ® B}EIIH]7 Br[zll’,lr’zfﬂ — Br[lgz] ® C;EI;I],

and

1’3\11117!1;11272] — Krlllf’l;lfz] _ B'[ll;’l;lle — Cr[11272] Q RLII)]] + S,[qul Q Br[lfll + Srlll;z] ® R,[qlf]],

R’[flv};lz;z] — Kr[lll),lr;52] _ B’[lzlv}’,lgzl _ B,[,I;Z] ® S’[lzlnl + Rr[lzzrzl ® Cr[zlfl] + R’[gz] ® Sr[lzln]_

3 In this way, A,[,’: {,’,’2)2] is really a sequence of matrices, since only nj is a free parameter. The relation

npy = vny must be kept in mind while reading this section. We point out that this request could be replaced
by even milder conditions, but at the price of heavier notations.
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We recall that the matrices BLP!, R, clP1 sIP) ere introduced in Sect. 4.4, see
(65)—(68). Finally, we define

1~

Bl = ~ BT 4+ vBi il (90)
1
R = R+ v R o1
From Lemmas 9 and 10 we know that BY”! = T, ,_2(f,) and C}"' = T, 1, 2(h))

for p > 1andn > 3p + 1. By Lemma 2 we then obtain

Blglljlnfﬂ = Ino+pr— Z(hpz) ® Tn1+p1 Z(fpl) = nz+p2 2.n1+p1— Z(hpz ® fpl)

Br[tllj,lr’tgﬂ = Tn2+p2—2(fl72) ® Tn1+m—2(h171) = n2+p2—2,n1+p1—2(fp2 ® hpl)’

and
[p1,p2] 1
By = Thotpr—2,n14p1—2 ;hpz ® fPl + prz & hPl . 92)
Hence, by Theorem 5,

{Br[llrlnfﬂ} ~ hpz X fpl , {Bn[:lnfz]} ~ fpz (24 hpl,

and
a1
BTN~ i @ fpy + 0fpy @ . ©3)
By Lemma 1 and the inequalities (66) and (68), we have

rank(ﬁf,’,"ngz ) < rank(C[pZ] 171]) + I‘aIlk(S[pZ] [171]) + rank(S[’f] ® R[Pl )
rank(C[‘DZ])rank(Rn1 )+ rank(S,[,pﬂ)rank(B[pl])
+ rank(S,,fZ])rank(R,[ffl])
<(wni+p2=2)2C2p1 — D) +2Q2p2— D1+ p1 —2)
+2@2p2 — D22p1 - D
=o((n1 + p1 —2)(vay + p2 —2)), asn; — 00,

and similarly, we also have rank(Rnf‘nfzJ) = o((n; + p1 — 2)(vny + p — 2)), as

ny — oo. Thus,

rank(R,[,’l’f,}fZ]) < rank(Rn’flnI;Z]) + rank(R,[l’l”,,Q’Z])

=o((n1 + p1 —2)(vn1 + p2 — 2)), (94)
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as ny — oo. Note that (n; + p1 — 2)(vny + pa — 2) is the dimension of the

matrix AE,’;},;’Z’Z]. Moreover, using Lemmas 1, 9, 10 and the fact that the matrices

K,Ep], H,Ep], M,[lp], B,Ep], C,[f] are normal by Theorem 7, we obtain

1 ~
IRE N < IR+ IR
1 ~ ~ ~ ~
= IR = B KDl — B
Lol ety o Ly ol plind (P2 pg001]
< UM KT+ SN B+ vl K

B ICE

1 1
< M ool K oo + — Mgy, A VKT ool M oo + vMy,.
From Lemma 8 it follows

IRLLP < 0o (95)

where Q) p, is a constant independent of nj.

Theorem 18 The sequence of matrices {A,[f: f,’,’;z}}nl (with ny = vny) is distributed

like the function gp, p, : [—, 71]2 — R,

1
8p1.p2 = ;hm Q fp1 +Vfp ®hp,, (96)

in the sense of the eigenvalues.

Proof Let

o2l . Bl sipipal | B2 5ipipl 14 [p1.p2]
Uniny ™ = Hypiny ™ + —Huyny ™ + 2M'11,n2
vny ni v(ny)

Then, by (88)-(91), we have

Alpepl _ plpupal | plpupal o oglprpal

ni,ng ni,ny ni,ny ni,nz

We now prove that all the hypotheses of Theorem 1 are satisfied with Z,, = A E,’l’ f,’,’z’Z],

: »
X, = B and v, = RPUP 4 P e have seen in (93) that {BLPLP2) <

8pi.pa-
We note that B,[f; WY 2 i symmetric and that g, ,, is nonnegative over its domain
[—7, 7]?. By Theorem 5 we obtain

IBELPY = p(BELYy < M,

r1-p2°

where Mg, . :=maxX, g,)e[—x,712 &p1,p2 (01, 62) is a constant independent of r;.

@ Springer



On the spectrum of stiffness matrices arising from isogeometric analysis 793

By Lemma 1 we get

Iﬁzl

. |/31|
||U,Ei’}n§’2]||< ||Mn Mool HAP o0 + ||H,Ef”||<>o||M,5’f”||oo

[p2] [p1]
+ M, M, ,
v(n1)2 ” ny ”OO” ni ”OO

and from Lemma 8 it follows that

1
o = o (—) : 97)

ny
Combining (95) and (97), we obtain
IR + UM < Oy

where Q ,, p, is a constant independent of 7.
On the other hand, by using (94)—(95) and (97), we get

1,p2] [p1,p2]

IR+ Uyl
1,p2] [p1,p2]

=< ”Rn[]) ng ”l + ”Un{)nf ”l

1
< rank(R,fl”n];z])Qpl,p2 + M+ p1—=2)wvn+p2—-2)0 (n_)
1

=o((n1 + p1 —2)(vn1 + p2 —2)), asn; — oo.

Hence, all the hypotheses of Theorem 1 are satisfied, and it follows that the function

(96) is the spectral distribution symbol of the sequence {A,[fl’ f;fz’z}}nl. o

In the next two subsections we discuss in more detail the spectral properties of the
matrices A,[fif,fz)z} withn; = n, = ninthe cases p; = po = l and p; = pr = 2.

5.3 The bilinear case p; = py = 1

In the case p; = py = 1, for every n; = np, = n > 4, the matrix A[ A is of size

(n — 1)2 X (n — 1)2, see (87). Theorem 18 reads in this case as {A[1 1]} ~ g1,1, with

81,1001, 02) = (f1 ® h1)(61,02) + (h1 ® f1)(61,62)

2 2 4
§ cos(fy) — cos(92) ~3 cos(61) cos(6y).

3
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5.3.1 Localization of the eigenvalues and clustering
Theorem 19 For every n > 4 such that n? > %

1.1 y TN N Ly 16y
oith < (man (5 5 (in ) ) min (4 5.3 -
X|:—|ﬂl|+|'32|,|l31|+|'32|:|C(C
n

n

(98)

Proof Fix n > 4. By computing the real and imaginary part of An ,, , we obtain

,31 B2

ReAll = KI5+ Hmil, mallh = SLALN 4+ 2 AL,

The target is the localization of o (Re A[1 1]) and o (Im A,[ll,,”)

We begin with o (Re A[1 1 ). Since n satisfies the condition n* > g, Re An n is

Hermitian, irreducible and, by the Gershgorin theorems,

16 y
Re ALl it B
o(Re ) C 3 o

We can improve this range as follows. The matrix K ,[,%,’11] is equal to the matrix B,E{,’ll]
defined in (90). Therefore, by (92) we obtain

KN =B =T, i @ fi + fi ® 1) = Tuoia-1(81,1).

The range of g1 is [0, 4] and so, by Theorem 5, cr(Knln1 ) C (0, 4). Moreover, from
Lemmas 1 and 11 it follows that M,Z n s symmetric and that O'(M[l 1]) C (9, 1). By
the minimax principle we then have

v
Amax(Re Ay’h]]) = Amax (K,[llnl] + n_ZMIE]h]])
14
=< )&max(K,[,f}ll]) + n_z)\max(M [1.1] ) <4 + —
In addition, again by the minimax principle, by Lemmas 1 and 11, and by the fact that

Amin(K3'1) = 4 (sin 2"—n)2, we obtain

in (Re ALY = 2 (KD @ M1+ M @ K114

> g (sin ;—n)z + 93/7

ul' e u)

Therefore, we obtain for o (Re A,[l1 ,,1]) the localization

8 2
o(Re A[1 1]) C (max ( .2 (sin l) + —
n n
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We now localize the spectrum o (Im A[1 1]) By Lemmas 1 and 11, we get
O’(Hn’n ) = U(H,E}nll) C {0} x (—1,1). By means of the minimax principle, it
follows that

Bil~ Bl 1Bil B2l
Amin (Im AE’h]]) = Amin (— 1 1] + — HIL1] =z = —

9
ni Hyi n n

and similarly it can be proved that Ay (Im A[1 l]) < 'ﬁ il 4 1Bl “3 2l Therefore, we obtain

for o (Im Ay ,11]) the localization

o (Im A’[11,n1]) c |:_ |B1] + 1B2] ’ 1811+ |,32|:| . (100)
’ n n
Combining (6) with (99)—(100), we get (98). O

Theorem 19 shows that {AL{;,I]} is strongly clustered at [0, 4], the range of the
function g; 1. This is confirmed by the following corollary.

Corollary 2 Ve € (0, 1) and Yn > max (4, \/g, ‘ﬂlljﬂ), we have
qn (8) = 07
where q, (&) is the number of eigenvalues ofA[ i lying outside [0, 4],.

Proof Fix e € (0, 1) and n > max (4 % M) Since n satisfies the conditions

n? > % Y < ¢and M < &, by Theorem 19 we have

o (ALY ¢ (%,4+ %) y [_|51| t+1P2l 1811+ Iﬁzl}

n n
Cl—¢&,4+¢e] x[—e¢e]=][04].

Hence, g, (¢) = 0. m]

5.4 The biquadratic case p;1 = py = 2

In the case p; = py = 2, for every n; = np = n > 5, the matrix AL%hZ] is of size

. . A .
n? x n?, see (87). Theorem 18 reads in this case as {AL%’,,Z]} ~ 82,2, with

82201, 02) = (f2 ® h2)(01, 62) + (h2 ® f2)(01,02)
1
= % [99 + 6 cos(f)) + 6cos(6r) — 15cos(2601) — 15 cos(26,)

—52 cos(01) cos(62) — 14 cos(6;) cos(267) — 14 cos(62) cos(261)
— cos(261) cos(267)] .
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5.4.1 Localization of the eigenvalues

Theorem 20 For every n > 5 such that n? > %y

2 2
7°+ 10y 27~ + 49
a(AE'nz]) - (max ( 4 y) — + —:2)

100n2 ° 100n% )’ 24

X[_g Bil + 12| 11 |ﬂ1|+|ﬁ2|] ps

, 101
12 n 12 n (101

2

Proof Fix n > 5 such that the condition n° > %y is met. From (87) we know that

v

Re A2 = K22+ M2, and ImA[zz]_ﬂl ﬁ,52,;2]+f3—2ﬁ,£2,;2].
ot

n,n > n,n
The target is now the localization of o (Re A[2 2]) and o (Im A[2 2])
First we localize the spectrum of Re A 2 2] From the minimax principle it follows

that Amin (Re A[2 2]) > Amin (M[2] & K[zl) +)¥mm (K MIEZ]) + Z_zkmin (MI[lZ] ® Mi[lz])'
Then, by using Lemmas 1 and 12, and by (72), we get

72 1 y 2’4y

Jmin (Re A2 2. - .
min(Re A > 2- 7o 54 o0 = oo

(102)
In addition, the minimax principle also implies that
)\min(Re AL%hZ]) > Amin (M,[,z] ® K}[[Z]) + Amin ((K,Ez] + %M,gz]) & M,[lz]) .

2

Because n° > %y, we can use the bound given in Lemma 12 for the spectrum of the

matrix K ,[12] + nle,[Lz]. Then, by Lemmas 1 and 12, and by (72), we get

1 2 y 1 #72+10y
Amin(Re AL%7) > — 2710 10002 103
min (Re n,n ) > 10 1012 + n2 10 10012 (109

Furthermore, since K,Ez,,z = B (22 an,,z], we know that Re A,[fnz = an,,z] +

R[2 2y V an,f] We recall from (92) that B[2 L n(g2.2). The range of g2 5 is

[0, 3]. and s0 by Theorem 5 we obtain o (B}%2) ¢ (0, 3). Concerning the symmetric

matrix Rn2n2], we find by the first Gershgorin theorem that U(R,[,zn2 ) C [—%, % .

Using Lemmas 1 and 12, we also find thata(MnZnZ]) C (Wo’ 1). Then, we apply again
the minimax principle to obtain the upper bound Apax (Re A 2. 2]) < kmaX(B,, ph ) +
Amax (RS + 2 dmax (M1 50 that

3 13 49
Amax(ReA[22)<—+—+l2— 12

o (104)
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22]

Now we localize the spectrum of Im Aj By Lemmas 1 and 12, we have

U(annz]) U(annz]) c {0} x (_E’ ﬁ) and hence, by the minimax principle,

2.2] Bi 1 =120 ﬁ21~22 [B1l 11 |B2| 11
pminm ) (02 3B+ 52 L) = - - R T
Similarly it can be proved that Apax (Im ALZ)’,?]) < @ {—1 + |n—2| {—1 Thus,
11 [Bil+ B2 11 |Bi] + |B2l
Im AR | - — ,— . 105
o(m 4,57 < 12 n 12 n (105)
By using (6) in combination with (102)—(104) and (105), we obtain (101). O

6 Conclusions

We have studied the spectral properties of stiffness matrices that arise in the context
of Isogeometric Analysis for the numerical solution of classical second order elliptic
problems. Motivated by the applicative interest in the fast solution of the related linear
systems, we have provided a spectral characterization of the involved matrices. In
particular, we have given an asymptotic analysis of

1. the eigenvalue of minimum modulus and the eigenvalue of maximum modulus,
2. the conditioning,

3. the localization of the spectrum,

4. the global behavior of the spectrum.

Concerning all these items, as in the case of Finite Differences and Finite Elements,
the crucial information comes from a symbol that describes the spectrum. The current
analysis is not yet complete since we have to take into account more involved geome-
tries, variable coefficients operators, etc. These generalizations yield the loss of the
Toeplitz structure. Nevertheless, we expect that the global symbol of the associated
matrix sequences can be formed, in analogy with the Finite Difference and Finite Ele-
ment context, by using the information from the main operator (the principal symbol
in the Hormander Theory [19]), the used approximation techniques, and the involved
domain.

Of course, a second challenging step will be the use of such spectral information for
designing optimal preconditioners in the Krylov methods, optimal multigrid methods,
and efficient combinations of these techniques.
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