
Norms and inequalities
1. The cone generated by vectors a1, a2, . . . , an is a set:

con(a1, a2, . . . , an) :=

{
n∑
i=1

αiai : αi > 0, i = 1, 2, . . . , n

}
.

Prove that a finitely generated cone is closed. Try to find a more simple proof then the
one proposed on the seminar.

2. Prove that the set of all interior points and the closure of an arbitrary convex set are
convex as well.

3. The affine hull of a set M is the intersection of all planes containing M (i. e. the
affine hull of M is the minimal plane that contains M).

Prove that the affine hull of a set M coincides with the set of all affine combinations (i. e.
linear combinations with real coefficients, for which the sum of the coefficients equals to 1) of
finite systems of vectors from M .

4. Let V be a normed vector space and B ⊆ V be a closed bounded convex set. Let also
the origin be an interior point of B and if x ∈ B then αx ∈ B for every α such that |α| 6 1.
Prove, that the Minkowski functional

f(x) := inf

{
α > 0:

1

α
x ∈ B

}
defines a norm on V and B is the unity ball for f .

5. Let a1, . . . , am ∈ Rn, b1, . . . , bm ∈ R. Prove, that a system of linear inequalities

aT1 x 6 b1, . . . , a
T
mx 6 bm

is inconsistent if and only if there exist coefficients α1, . . . , αm > 0 such that the following
equalities hold:

α1a1 + . . .+ αmam = 0, α1b1 + . . .+ αmbm = −1.

6. A matrix A = (aij) ∈ Rn×n for which aij > 0 and
n∑
i=1

aij =
n∑
j=1

aij = 1 is called

doubly stochastic.
Prove that any doubly stochastic matrix is a convex combination of some finite system of

permutation matrices.

7. A point of a set M which is not an interior point for any line segment entirely
contained in M is called a corner point of that set.

Find all corner points of the unity balls

Bp :=
{
x ∈ Rn : ‖x‖p 6 1

}
, 1 6 p 6∞.
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8. Let A and B be Hermitian matrices of order n and at least one of them be a positive
definite one. Prove that all eigenvalues of matrix AB are real.

9. Prove that the Frobenius norm ‖·‖F and the spectral norm ‖·‖2 are unitarily invariant.

10. Let σ1 > . . . > σn be the singular values and A =
n∑
i=1

σiviu
∗
i be a singular decompo-

sition of matrix A. Prove the following equality for any unitarily invariant norm:

min
rankB6k

‖A−B‖ = ‖A− Ak‖ , Ak =
k∑
i=1

σiviu
∗
i .

11. Let A,B ∈ Cn×n. Prove that if at least one of the given matrices is normal then
‖AB −BA‖F 6

√
2 ‖A‖F ‖B‖F .

12. Let A be a Hermitian matrix of order n. Prove that for any subspace V ⊆ Cn the

Rayleigh quotient
(Ax, x)

(x, x)
attains its minimal and maximal values on V .

13. Let a matrix A ∈ Cm×n be obtained from B ∈ Cm×(n−1) by adding a column. Prove,
that the singular values of A and B satisfy interlacing properties σk(A) > σk(B) > σk+1(A)
for 1 6 k 6 n− 1.

14. Let A ∈ Cn×n be a Hermitian matrix, with the eigenvalues λ1 > . . . > λn. Let
also B ∈ Cn×n be a rank-1 Hermitian positive semi-definite matrix and the eigenvalues of
matrix A+B are µ1 > . . . > µn. Prove that λ1 + ‖B‖2 > µ1 and µk−1 > λk−1 > µk > λk for
2 6 k 6 n.

15. Let A,B ∈ Cn×n be Hermitian matrices with eigenvalues λ1(A) > . . . > λn(A),
λ1(B) > . . . > λn(B). Prove that

n∑
i=1

[λi(A)− λi(B)]2 6 ‖A−B‖2F .

16. For any vectors x, y ∈ Rn whose coordinates satisfy inequalities x1 > x2 > . . . > xn
and y1 > y2 > . . . > yn we say that x is majorised by y (denote that as x ≺ y) if:

k∑
i=1

xi 6
k∑
i=1

yi, 1 6 k 6 n− 1;
n∑
i=1

xi =
n∑
i=1

yi.

Let A be a Hermitian matrix of order n. Let λ1 > . . . > λn be the eigenvalues of A and
α1 > . . . > αn be the main diagonal entries of A arranged in nonincreasing order. Prove that
[α1, . . . , αn]

T ≺ [λ1, . . . , λn]
T.
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17. For any vector norm ‖·‖α on Cn the dual norm is a functional

‖y‖β := sup
‖x‖α=1

|y∗x| .

Prove that the dual norm to any norm ‖·‖ on Cn is a vector norm on the same space.
Also, prove that the dual norm to the dual one coincides with the original norm. Find the
dual norm to a Hölder norm ‖·‖p on Cn for 1 6 p 6∞.

18. Find the dual norm to the spectral norm ‖·‖2 on Cn×n.

19. Let matrix A ∈ Cn×n have the singular values σ1(A) > . . . > σn(A). Prove that the
functional F2(A) := σ1(A) + σ2(A) is a unitarily invariant matrix norm.

20. Let A ∈ Cn×n. The “p-th” Schatten norm is defined as

Sp(A) :=

[
n∑
i=1

σpi (A)

]1/p
, 1 6 p 6∞,

where σ1(A) > . . . > σn(A) are the singular values of matrix A. Prove that the functional Sp(·)
is a unitarily invariant matrix norm for 1 6 p 6∞. Find all values p for which Sp(·) is an
operator norm.
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