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Let M be a point on the circumcircle of triangle ABC' and lying on the arc BC' that
does not contain A. Let I be the incenter of ABC, and let £/ and F' be the feet of the
perpendiculars from [ to lines M B and MC), respectively. Prove that the value of

IE+1F
AM

is independent of the position of M.
Solution proposed by G.R.A.20 Problem Solving Group, Roma, Italy.

Let «, (3, v and 6 be respectively the angles C@, @, BCA and BCM and let a,
b, ¢ be the sides CB, AC, AB.
Since IB bisects f and CMB =7 — a (ABMC is cyclic), then IBE = (/2 +a — 0

and
B _ _ sin(B/2 +a —0)
IE=IBsin(/2+a—0)=r sin(3/2) .
Similarly
. sin(y/2 + 6)
IF =1 2 =r— .
Csin(y/2+0)=r Sn(7/2)
Moreover,
CM —BM—a—b—C—QR
sin( —#)  sin(d)  sin(a) sin(3)  sin(y)
and therefore, since ABMC' is cyclic, we have that
AM =CM - S+ MB b_ 2R (sin(a — @) sin(y) + sin(0) sin(3))
= - 2~ (o) in(a in(y in(6) sin .
Hence
IE+1F  rsin(a)sin(y)sin(g)
= : : - f(0)
AM 2R sin(f/2) sin(y/2)
where

£(0) = sin(f/2 + o — 0) sin(y/2) + sin(y/2 + 0) sin(3/2)
B sin(a — 0) sin(7y) + sin(0) sin(5) '

Reminding that « = m — 3 — 7, after some tedious computations we verified that

f(0) = f(0) for 6 € [0, o] that is (I E+ [ F')/AM is independent of the position of M.



