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We basically follow the textbook “Calculus” Vol. L,II by Tom M. Apostol, Wiley.

Sep 27. Pointwise and uniform convergence

1. (a) Study the convergence of f,(z) = e " 2z € R.

(b) Show that f,,(z) =>"}_; Sg}f ,« € R is uniformly convergent.

(¢) Compute limy o0 [y 2"da for s € [0,1).

2. Let fo(z) = nze ™ for n=1,2, -+ and = € R. Show that

n—o0

lim /01 fn(x)dx # /01 lim f,(z)dz.

3. Let fo(z) = S2Z f(z) = limy, 00 f(z). Show that lim, e f)(z) # f'(z).
4. Study the convergence, as n — oo, of f,(z) :=sin(x + 2rvn?+1), xR, neN.

5. Determine the radius of convergence.
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(b) ¥ G
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(d) (1 - (-2)")2"
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6. Prove the expansion.

(a) =t =32 (—=1)"a" for |z| < 1 and log(z + 1) = > ° CD® gt

+1 n=0 n=0 n+1
(b) IQ{H =32 (=1)"z?* for |z| < 1 and arctanz = Y o0 %x%“.

Oct 4. Power series, scalar and vector fields

1. Find the radius of convergence adn compute the sum.

(a) ZZO:O 335%

(b) > o(=1)"a™".



2. Prove the expansion.

(a) Witha >0, a® =3 2 loea)” »n for 2 € R.

n=0 n!

. . 00 x2(lt+1 . e —e T
(b) sinhz =3%">, Gnry Where sinhz = £=F—

3. Let f(x) = e~z for z > 0 and 0 for < 0. Show that £ (0) = 0, hence Taylor’s series
does not converge to f(x).

4. Solve (1 — 22)y"(x) — 2zy/(x) + 6y(x) = 0 with y(0) = 1,%/(0) = 0.

5. Let y(z) =307, (532. Prove that xy"(z) + v'(z) — y(z) = 0.
6. Are the following set open in R2?
(a) {(z,y) eR* 12 +y? < 1}

(b) {(z,y) ER?: 2> 0,y > 1}
(c) {(z,y) € R? : 32 +2¢% < 1,|z| < 2}

1 x>0
(d) {(z,y) € R? : y < signz}, where signz =¢ 0 z=0.
-1 <0

7. Determine where the following functions are defined and are continuous

(a) f(z,y) =2t +y* —4a?y?
(b) flx,y) = log(z* + ¢?)

8. Let f(z,y) = % if x +y # 0. Show that f is discontinuous at (0,0).

Oct 11. Partial derivatives, chain rule, level sets.

1. Compute the gradient.

(a) f(z,y) =2 +y”sin(zy).

(b) f(x,y) = e®cosy.

() flz,y,2) = 2%y 2",

(d) f(z,y,2) =¥ for x,y,z > 0.

2. Evaluate the directional derivative. f(z,y,2) = 2% + 2y + 322 at a = (1,1,2) in the
direction (1,—1,2).

3. Check that D1Dof = DyDy f for the following function. f(x,y) = €x2+y(1’ +92).
4. Compute the derivative of the composed function f(a(t)).

(a) flz,y) =2®+ 12 a(t) = (t,1%).
(b) f(x,y) = €™ cos(zy?), a(t) = (cost,sint).

5. Compute the derivative of the following functions of x:
(a) f(x) =2 for x > 0.
(b) f(x) = [ cdt.

6. Find a parametrization a(t) for the curve 2 — y? = 1 and compute the tangent at a(t).



7. Find an equation for the line which is tangent to z + 32 + 222 =4, z = e* ¥ at (1,1,1).

8. Let z = e" cosv,y = € = sinv. Show that for any (z,y) # (0,0) there is (u,v) satisfying
these equations. Write it as u = U(x,y),v = V(«x,y). Show that VU (z,y) and VV(x,y)
are orthogonal.

Oct 18. Derivatives of vector fields, partial differential equations.

L f(z,y) = (m1z + by, 17 + d1y), g(az2 + bay, cox + day). Compute f',g" and (f o g)".

2. Let ¢(r,0) = f(rcosf,rsinf). Express 227‘5 in terms of the partial derivatives of f.

3. Let f(x,y) = g(v/22 + y2). Prove that ‘327]; + 3275 =1g'(r)+ g"(r).

4. Determine the solution of 4% + 3% = 0 with f(z,0) = sinz.

5. Find the solution u(z,t) of the wave equation

Pu 262

o2 8m21
1(;(33,0) = WQ
90y = —2
ot (1+ 22)2
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(22 + y2 + 22)

6. Find « > 0 for which the function g(z,y, z) =
ential equation on R3\ {(0,0,0)}:

satisfies the partial differ-
0? 0? 0?

Pg Py Py _

ox2  Oy? 022

7. For n € 7Z, find a > 0 for which the function f(z,y) = sin(nz)e”®" satisfies the heat
equation on x € [0, 7], ¢ > 0:

P _of
0x2 ot
8. If k>0, and g(x,t) = 2ft’ then set f(z,t) fg(x ) o=u? Ju..
o Show that 9f = =9’ 99 of — 6—92%.

e Show that f(x,t) satisfies the heat equation.

Oct 25. Implicit functions and partial derivatives

1. The equation =+ z+ (y+2)? = 6 defines implicitly a function f(z,y) = z. Compute gi, %

in terms of z,y, z. Check that (1, 1, 1) satisfies the equation, and compute 8f(l 1), 8f(l 1).

2. Consider two surfaces 222 4+ 3y? — 22 — 25 = 0, 22 + y? — 22 = 0. The intersection C' can
be parametrized as (X (z),Y (2), 2).

(a) Check that C passes the point P = (1/7,3,4).
(b) Find a tangent vector of C' at P.

3. Locate and classify the stationary points.



(a) flz,y) =2+ (y—1)°

(b) flz,y) =222 —2y —3y? — 3z + Ty
(¢) f(z,y) =sinxzcoshy

(d) flz,y) = e"t¥(a® + ay)

4. Let x1,--- ,x, be distinct numbers, y1, - ,y, € R. Let a,b € R, f(z) = ax +b. With
E(a,b) =370 [f(2;) — y;]?. Find a,b which minimize E(a,b).

5. Let g(z,y) the function implicitly defined by 22 + y? + g(x,%)?> = 1,g(x,y) > 0 and

h(z,y) =z + 2y + 29(z,y). Compute %(%, %), g—Z(%, %) What does the result mean?



