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We basically follow the textbook “Calculus” Vol. L,II by Tom M. Apostol, Wiley.

Oct 22. Implicit functions and partial derivatives

Recall that a function or a scalar field f(-) defined on a subset S of R™ assigns to each point
x € S a real number f(z), and it is represented by a curve or a surface.

Example 1. Explicitly given functions.
. J(2)=a?
e f(x,y) = cosxey
o f(z,y,2) = e 2 4 (x —2345)32 + (22 + 28)(y® — 27)...
Sometime a function is defined implicitly: consider the equation
2?4 y? =1,
This defines a circle. By solving this equation, we obtain
y==+v1-—a2

Namely, the curve 22 4y? = 0 defines implicitly the function y = f(z) = +v/1 — 22. Similarly,
the equation 22 + y? + 22 = 1 represents a sphere. It defines the function (scalar field) z =
floy) = +y/T— a2 = g2,

In general, if F(z,y, z) is a function, the equation F(z,y,z) = 0 may define a function (but
not always). Furthermore, even if it defines a function, it is not always possible to solve it
explicitly. Can you solve the following equation in z?

F(z,y,2) =9y 422+ 22 —e*—4=0

We assume that there is a function f(z,y) such that F(z,y, f(z,y)) = 0. Even if we do

not know the explicit form of f(z,y), we can obtain some information about %, %
Consider g(z,y) = F(x,y, F(x,y)) = 0 as a function of two variables z,y. Obviously we have

% = ng/ = 0. On the other hand, one can see it as

g($7y) :F(U1($,y),U2($,y),’l,L?,(ZC,y)) with Ul(l’,y) =, UQ(.CU,Z/) =Y, u;:,(:v,y) :f(xay)
By the chain rule,

0, o OF

0
0= $0 e = G (@ F(w)) 14 (o fa)) -0+ (. Flo) - 5 (o20),



therefore,

0 ’ %5( y ,f(.ﬁl?,y
Similarly, 5 oF (z (z,9))

Sy = om0

0 ’ %%(I,y,f( 7y))

Note that F(z,y,z) is explicitly given.

Example 2. F(z,y,2) = y?> + 2z + 22 — ¢ — O, where C € R. Assume the existence of

f(z,y) such that F(x,y, f(z,y)) = 0. Find the value of C such that f(0,e) = 2 and compute
G2(0,¢), 55 (0,¢)

Solutl(;rfyF(O,e,f(O, e)) = F(0,e,2) =€+ 0+22 —¢e? - C =0=> C = 4. Note that
o 5 (2,y,2) =2 and hence G (z,y, f(z.y)) = f(z,y)
o %(w,y, z) = 2y and hence a—y(x,y,f(w,y)) =2y
° 8F(;L= y,z) = x + 2z — * and hence %—Z(:ﬂ,y, f(z,y) =z + flx,y) — ol (@)
Therefore,

O\ By f@y) f(@,y)

0x P T T wy f(ay) @t 2f(ey) - lOY
8f( e) = — f(0,e) 2

Ox 0+ 2f(0,e) —ef00) g2 — 4

oy VT T @y, f(ayy) @t 2f(ny) -l
af 2e 2e

L0.e) = — = :
Oy( '¢) 0+42f(0,e) —ef0e) €2 —4

More generally, if F(x1,--,x,) = 0 defines a function x,, = f(x1,--+ ,x,_1), then
of O (1) ) = gi(xl,... o1, f(@1, 1))
) b n— .
al']g (g’i(xl’ 7$n—1’f($1,"' ’xn—l))

Next, let us consider two surfaces F'(z,y,z) = 0 and G(z,y,2) = 0 and assume that their
intersection is a curve (X(z),Y (2), z). Namely, F(X(z),Y(2),2z) =0,G(X(2),Y(z),z) = 0.

Example 3. The unit sphere F(z,y, z) = 2% + y? + 22 = 0 and the xz-plane G(x,y,2) =y =0
has the intersection 22 + 22 = 0 = o = X (2) = £V1 — 22,V (2) =

Even if X (z) and Y (2) are only implicitly given, we can compute their derivatives. As
before, put f(z) = F(z,y,2),9(z) = G(z,y,z) = 0. By the chain rule,

0= f(2) = X'(2) I (X(2), Y (), 2) 4 V() 2 (X(2), Y (2),2) + G (X(2), Y (), 2).
Similarly,

0= 9/() = X'() 00 (X(2), Y (2),2) + V() S (X(2), Y (2), 2) + 9 (X(2), Y (2),2).

From these, we obtain

< ;((f)) ) = ( Zag ZTF >_1 (X(2),Y(2),2) ( _% )(X(z),Y(z),z).



Example 4. Computations of partial derivatives.

e = =u+v,y=uv? defines u(x,y),v(z,y). Compute g—z
2 3 —y = 0. In other words, F(x,y,v) = 0

or _ 2 OF __ 2
h 5, =v%, G, = 2zv — 307,

Solution. By eliminating u, we obtain zv
where F(x,y,v) = 2v? —v3 —y. By the formula above, wit
v v(z,w)?

% B _QIU(m,y)—Sv(m,y)Q ’
e Assume that g(z,y) = 0 defines implicitly Y (x). Let f(z,y) be another function. Then
h(z) = f(z,Y(x)) is a function of x. By the chain rule,

(@) = G (@Y (@) + 5 (Y (@)Y (0)
% (2, ¥ (2)) OF

% (2, ¥ (x)) Oy (2, Y (2))

— 5 (@, Y () - -

e Let u be defined by F(u+x,yu) = u. Let u = g(z,y), then g(x,y) = F(g(x,y)+z,y9(z,v)),

and
Jg
%(.T,y)
OF dg oOF dg
= 5x Wz, y) +2,y9(2,y)) <a(w7y) + 1) oy W@.y) +2,y9(2,y)) -y o (2,y)
09, — 55 (9(z,y) + z,yg(z,y))
Oz ox(9(x,y) + 2, y9(2, ) + y 5% (9(z,y) + =, yg(x,9)) — 1
e 2z = v? — u? y = wv defines implicitly u(z,y),v(z,y) (it is also possible to solve them:

2z + (%)2 =02, (%)2 —u? = 2z). Compute %, %’ %, %'

Solution. By differentiating with respect to x,

ov ou ou ov
2=20— —2 0= —
v@m “am 83; vt u@x
From which one obtains
ou B U ov B v
or  u?+0v?’ ox w2+ 2’
Similarly,
@ B v @ B U
oy  u?+4v?’ oy  u?+o?

Oct 24. Minima, maxima and saddle points

Various extremal points

Let S C R™ be an open set, f : S — R be a scalar field and a € S. Recall that B(a,r) = {z €
R™: ||z — a|| < r} is the r-ball centered at a

Definition 5. (Minima and maxima

)
o If f(a) < f(x) (respectively f(a) > f(z)) for allz € S, then f(a) is said to be the absolute

minimum (resp. maximum) of f.

o If f(a) < f(x) (respectively f(a) > f(x)) for x € B(a,r) for some r, then f(a) is said to
be a relative minimum (resp. maximum)



Theorem 6. If f is differentiable and has a relative minumum (resp. mazimum) at a, then

Vf(a)=0.

Proof. We prove the statement only for a relative minumum, because the other case is analogous.
For any unit vector y, consider g(u) = f(a + uy). As a is a relative minumum, g has a relative
minumum at v = 0, therefore, ¢’(0) = 0, and f’(a;y) = 0 for any y. This implies that Vf(a) =
0. O

Remark 7. V f(a) = 0 does not imply that f takes a relative minumum or maximum at a. Even
in R, f(z) = 22 has f/(0) = 0 but 0 is not a relative minumum either a relative maximum.

Definition 8. (Stationary points)
e If Vf(a) =0, then a is called a stationary point.

e If Vf(a) =0 and a is neither a relative minumum nor a relative maximum, then a is called
a suddle point.

Example 9. (Stationary points)
o f(z,y) = 2% +y% Vf(x) = (22,2y), VF(0,0) = (0,0). £(0,0) is the absolute minumum.

>
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o f(x,y) =zy. Vf(x)= (y,2),Vf(0,0)=0. f(0,0) is a saddle:

o x>0,y >0, then f(z,y) > 0.
o x>0,y <0, then f(z,y) <O0.

Second-order Taylor formula

Let f be a differentiable function. We learned that f(a +y) = f(a) + Vf(a) -y + ||y E1(a,y)
and Fi(a,y) — 0 as ||y|| — 0.

Let f have continuous second partial derivatives and let us denote them by D;;f = 8:(:8'2590-’

1) J

Define the Hessian matrix by
Di1f(xz) Diaf(z) -+ Dinf(z)
H(z) = : :

This is a real symmetric matriz. For y = (y1,--- ,yn), yH(x)y" € R.



Theorem 10. Let f be a scalar field with continuous second partial derivatives on B(a;r). Then,
fory such that a +y € B(a;r) there is 0 < ¢ < 1 such that

fla+y) = (@) + V(@) y+ syHe+ )y

fla+y) = (@) + V(@) y+ wH@y + yl’ - Exlay)

and Es(a,y) — 0 as |ly|| — 0.

Proof. Let us define g(u) = f(a + uy). We apply the Taylor formula to g to get g(1) = ¢(0) +
g'(0) + 34" (c) with 0 < ¢ < 1. Since we have g(u) = f(a1 4+ uy1, - ,an + uyy), by chain rule,

n

g'(u)=> Djflar+uyr, - an +uyn)y; = Vfla+uy) -y
j=1

where D, f = 87{ Similarly,
J

n
= Z Dyjf(ar +uy, -+, an + uyn)yiy; = yH(a + uy)y*
ij=1

from which the first equation follows. As for the second equation, we define Es by FEs(a,y) =
3(yH(a + cy) — H(a)")y"/|lyl|*. Then

yy

1]1

as ||y|| = 0, by the continuity of D;; f(a).

OJ
Classifiying stationary points
We give a criterion to deterine whether a is a minumum /maximum /saddle when V f(a) = 0.
aip -+ Aip
Theorem 11. Let A = ; : be a real symmetric matriz, and Q(y) = yAy".
ap1  ++° Gpp

Then,
e Q(y) >0 for ally # 0 if and only if all eigenvalues of A are positive.
e Q(y) <0 for ally # 0 if and only if all eigenvalues of A are negative.

Proof. A real symmetric matrix A can be diagonalized by an orthogonal matrix C', namely,

M 0 - 0
0 X -+ 0
L=ctac = | . | rfall ;> 0, then Qy) = yOCTACCH = vivt =
0 0 - M\,
>_iAjvj > 0, where v = yC. If Q(y) > 0 for all y # 0, then especially for y; = u;C where
uk:(oa"'707k1th70)"'70)7andQ(yk):Ak>O~ O

Theorem 12. Let f be a scalar field with continuous second derivatives on B(a;r). Assume that
Vf(a)=0. Then,



(a) If all the eigenvalues \; of H(a) are positive, then f has a relative minumum at a.
(b) If all the eigenvalues \j of H(a) are negative, then f has a relative mazimum at a.
(c) If some A\, > 0 and Ay <, then a is a saddle.

Proof. (a) Let Q(y) = yH(a)y". Let h be te smallest eigenvalue of H(a), h > 0 and diagonalize
h(a) by C. We set yC = v, then |ly|| = ||v||. Furthermore,

yH(a)y' =vCH(@)C" =3 Ajo? > 7S o2 = hijo|2 = hy|.
J J

By Theorem 10,
fla+y) = fla) +yH(a)y" + |lyl|* Ez(a,y).

As Hs(a,y) — 0 as |[y|| — 0, there is 71 such that if [jy|| < r1, then |Es(a,y)| < 2. Now

flaty) = fa) + yH(@W + [o]*Eale.y) > f(@) + 2yl ~ 2yl > f(a),

hence f has a relative minumum at a.

(b) This case is similar as above.

(c) Let y be an eigenvector with eigenvalue Ag, y, be an eigenvector with eigenvalue As. As
in (a), f(a+ cyx) > f(a) and as in (b) f(a+ cys) < f(a) for small ¢, hence a is a saddle. O

Example 13. f(z,y) = zy. Ae(z,y) = (y,x), H(z,y) = ( (1) é > (0,0) is a stationary point

and H(0,0) has eigenvalues 1, —1, hence (0,0) is a saddle.

Oct 31. Extremal values

Lagrange’s multiplier method

Let f(x) be a scalar field. We can restrict f to the set g(z) = 0. We would like to find relative
minima and maxima of f on that set. We can use the Lagrange multiplier method.

Let n = 2. Consider f on the set g(x,y) = 0. If f has an extremal value (relative minimum
or maximum) at the point (z1,y1), f should be stationary along the tangent of g = 0 at (z1,y1).
The gradient Vg(z,y) is also orthogonal to the tangent of g = 0. Therefore, V f(x1,y;) is parallel
to Vg(z1,y1) and

Vf(z1,y1) = AVg(z1,y1) for some \ € R.

Consider the case where g(x,y) = 22 + y? — 1. The gradient Vg(z,y) = (2, 2y) points to
the orthogonal direction to the circle g(z,y) = 0.

N K
L day)=A+y=
P i)
‘_,-f' o L _Jr

1
b

i~
~
4 A4

Example 14. Find the extrema of f(z,y) = xy on g(z,y) =z +y—1=0.



Solution. Vf(z,y) = (y,x),Vg(z,y) = (1,1). By the Lagrange multiplier method, at the
extrema (x,y) there is A such that Vf(z,y) = AVg(x,y). Furthermore, we have g(z,y) = 0.
Altogether,

r=X y=A zx+y—1=0.

By solving these equations, we obtain x = y = X, 2z — 1 = 0, namely, (z,y) = (%, %), f(%, %) = %.

Alternative solution. We eliminate y by y = 1 — 2. We must find the extrema of f(z,1—2x) =

z(l—z) =2 —2% f(z)=1-2z,f(z) =0 =% and f’(3) = —3, hence this is a relative
1

maximum and the value is f (%, %)

Example 15. Find the extrema of f(z,y, 2) = /22 + y%> + 22 on g(z,y, z) = 0, where g is some
function. The function f is the distance from the point (0,0,0), hence the extrema of f on
g(z,y,2z) = 0 contain the points which are nearest and farthest from (0, 0,0).

Next consider n = 3. Let f(x,y,z) again be a function and consider the curve C' defined
by gi(x,y,z) = 0,g2(x,y,z) = 0, which is the intersection of two curves gi(z,y,z) = 0 and
92(z,y,2) = 0. As before, if @ is an extrema point, where @ = (x,y, z), then V f(a) is orthogonal
to the tangent of C' at a. The same holds for Vga(a) and Vga(a). If Vgi(a) and Vgs(a) are
linearly independent, then they span the orthogonal complement of the tangent of C'. Therefore,

Vf(a) = A\Vygi(a) + A2g2(a).

for some A1, As € R. We have 5 variables z,y, z, A1, A2, and 5 equations: the above equation has
3 components, and gi(a) = 0 and ga(a) = 0, hence these equations have generically (but not
always) discrete solutions.

In general, in R™ with m constraings gi(z) = 0, gm(x) = 0, m < n, we have to solve
Vi) = MVgi(x) + - + ApAgm(z) and g1(x) = 0,--- , gm(x) = 0, where there are n +m
equations for n 4+ m variables.

It is also possible to determine whether the stationary points are local minima/maxima or
saddles, using the techniques of partial derivatives of implicit functions (Nov. 22). In some
situations, for example if g,,(2) = 0 define a compact set, then it is enough to check all the
stationary points and to compare them, and determine which is the maximum and minumum.

Extreme value theorem

Let R = [a1,b1] X [ag,b2] X -+ X [an,by,] a closed rectangle. We are going to show that any
continuous function f on R has the maximum and minimum.



The idea is the following: we set M = supp f(z), then there is a sequence zj such that
f(zr) — M. As Ris closed, ) converges to a point  in R, and by continuity f(zy) — f(z) = M.

Lemma 16. Let {zy} be a bounded sequence, a < xp, < b. Then there is a convergent subsequence

{xNk}'

Proof. We may assume that —c¢ < z < ¢ for some ¢ > 0. As the sequence {z} is infinite, one
of [—¢,0] and [0, ¢] contains infinite subsequence. Take the first element zy,. If [0, ¢| contains
$,¢]. One of them contains an
infinite subsequence. Take x,. We can repeat this procedure and obtain a subsequence {xy;, }.

an infinite subsequence, then consider next the subdivision [0, 5], |

r
e

Let yx = sup;>y TnN,, 2k = infy>p xn,. These are monotone and bounded sequences, hence
are convergent: y := limy yg, z := limy zx. By construction, |y; — zx| < ﬁ, hence y = z. Since
2z < N, < Yk, {zn,} s also convergent to y = z. O

Lemma 17. Let {x;} be a sequence of points in R. Then there is a convergent subsequence

{me}'

Proof. We apply the previous lemma to components of ;. Namely, by considering the first
component, we can extract a subsequence whose first component is convergent. Then take a
subsequence of it whose second component is convergent. We repeat this procedure n times and
obtain a subsequence whose all components are convergent. O

Theorem 18. Let f be a continuous function on R. Then f is bounded, namely, there is ¢ > 0
such that | f(z)| < c.

Proof. Assume the contrary. Then, for each N, there is zx such that |f(zy)| > N. By Lemma,
there is a convergent subsequence of {zy}, hence Zy, — a, which is in R because R is closed.
By continuity of f at a, there is r such that |f(z) — f(a)| < € for B(a;r). This contradicts with
’f (xNk)| > N. [

Theorem 19. Let f be a continuous function on R. Then there is a,b € R such that f(a) =
supgzep and f(b) = infzcp.

Proof. By the previous theorem, sup,cp f(x) < c¢. There is a sequence {z}} such that f(z;) —
supgzer f(x). By lemma, there is a convergent subsequence {xy, }, limgzy, = a. By continuity

of f, f(@n,) = f(a) = supzep f(2).

The proof for inf is similar. O



Theorem 20. Let f be a continuous function on R. Then for any € > 0, there is § such that
for anyx € R, y,z € B(x;9), it holds that |f(y) — f(2)] < e.

Proof. Let us assume the contrary: there is € such that for each k there are &y, ¥y, 2 such that
1 . .
Yk, 2k € B(xk, 5) but |f(yr) — f(zx)| > €. By Lemma, there is a subsequence zy,, converging
to . By continuity of f, there is r such that |f(y) — f(2)| < € for B(z,r). For sufficiently large
k, B(z,r) D B(zn,, 2%), which is a contradiction. O

Nov 5. Line integrals

Definition and basic properties

Let a(t) be a vector-valued continuous function on [a,b] — R™. This means that a(t) =
(a1(t), -+ ,an(t)). We say that a(t) is continuously differentiable if each component ay(t) is
differentiable on [a, b] and «/ (t) is continuous. a(t) is piecewise continuously differentiable
if [a,b) = [a,a1] U [a1,a2] U--- U [ag,b] and a(t) is continuously differentiable on each of these
intervals. Such an a(t) parametrizes a curve C. We call such an a a path.

g
| i
% .' 1‘-\-\"l. 1 \;
AR R k
. ,"HL‘_"-H ] ki @ ] L_'T'J“ b -;_,a-h:
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Let a(t) be a piecewise continuously differentiable path on [a,b] and f(z) be a vector field:
S — R"™, where a(t) € S for t € [a,b]. If f is continuous, we define the line integral of f along «

by
/fda—/f (t)at,

where o/(t) = (o (t), -+ ,al,(t)). Note that f(a(t)) - a/(t) is a continuous function of ¢, hence

n
the last integral makes sense.

There are other notations in literature such as |, o f - da if the parametrization of C' is clear,
or ffldal + -+ fudoy,.

Example 21. Let f(z,y) = (y,2%y),a(t) = (t,t%),t € [0,1]. Then we have o/(t) = (1,2t) and
fla(t)) = (t2,t*), therefore,

! B 1 2
/f-da:/0 (t2,t4)-(1,2t)dt:/0 (t% + 2t°%)dt = [3 +3]0:3.

From the definition, it follows that
/(cf+dg)-da:c/f-da—i—d/g‘da.

ai(t) tela,d
ag(t) t e [C, b

/f-da—/f‘da1+/f'da2-

9

Furthermore, if a(t) { , then it holds that



If we name the corresponding curves C, C, Cy, then we can write it as fo cda = fCl [ da+

fc2 f - do.

axl &
r.'_ L
\'_ 2
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Change of parametrization

The same curve C' can be parametrized by a(t) on [a,b] and B(t) on [c,d]. We will show that
the line integral does not depend on the change of parametrization. We say that a(t) and
B(t) are equivalent if there is a contiuously differentiable function u : [¢,d] — [a, b] such that
a(u(t)) = B(t). Furthermore,

e If u(c) = a,u(d) = b and hence u/(t) > 0, then we say that @ and B are in the same
direction.

o If u(c) = b,u(d) = a and hence v'(t) < 0, then we say that @ and B are in the opposite
direction.

For example, both a(t) = (—t,vV1—1t2),t € [-1,1] and B(¢t) = (cost,sint),t € [0,7]
parametrize the half-circle. With u(t) = — cost, we have B(t) = a(u(t)).

o

Theorem 22. Let f be a continuous vector field, a, B equivalent, piecewise continuously differ-
entiable paths. Then

/f dor ff ap the same direction
[ f-dB the opposite direction

Proof. We may assume that @ and # are continuously differentiable, by decomposing the integrals
into subintervals where a and B are continuously differentiable. Now there is continuously
differentiable u(t) such that a(u(t)) = B(t). By the chain rule, we have B'(t) = o' (u(t))u'(t),

and therefore,

[ 18- / £(8) - (1) / f(a o (u(t))u/ (1)t

f fla@)d (t)dt = [ f - da the same direction
fb (a(t)e( t) = — [ f-da the opposite direction

10



Applications
Gradient

Let h(z,y) be the height of a mountain in the zy-plane and f(x,y) = Vh(z,y) be the gradient
field. If one walks along a path e(t) on [0, 1], then h(a(t)) is the height at time ¢. By the chain
rule, £h(a(t)) = V(a(t)) - /(). Therefore, the line integral of the gradient gives the change of
height:

1 1
/ f-do= /0 fla(t) - o (t)dt = /0  hla(t))dt = ha(1)) ~ h(a(0))

Work in physics

Consider the gravitational field around the earth surface f(z,y, z) = (0,0, mg) with m the mass
of a particle and g = 9.8m/s?. If one moves the particle from the point @ = (a1, as,a3) to
b = (b1, b, b3) along a path a(t) on [0, 1], the work performed on this path is defined by [ f-da,
and it can be calculated as

[ 1-da- / Fat)) - o/ (1)t = / mg - ah(t)dt = mglas ()] = mg(bs — as).

Namely, the work depends only on the height. The value mg(bs — as) is the difference of the
potiential energy of the particle between the positions b and a.

Let f be a force field and assume that a particle is moving in f, with velocity v(t) at time
t. Define the kinetic energy by [v(¢)||>. Let r(¢) be the position of the particle. Hence it holds
that v(t) = r'(t). Newton’s law says that f(r(t)) = mr”(t) = mv'(¢t). The work done by the
force field between time ¢ € [0, 1] is

/f dr—/ fr (t)dt:/olmv’(t)-v(t)dt
-2 <H @12) = (311 - 3101

namely, the work done on the particle by the force field is equal to the change of the kinetic
energy.

11



Length of a curve (not a line integral)

Let a(t) be a parametrization of a curve. The length of the piece of the curve u € [a, t] is defined
by s(t) = f(f la(u)]|du, and hence s'(t) = ||a(t)||. Knowing s is sometimes useful (see below).

G
=

Mass of a wire

Assume that a(t) represents a wire, and the mass per unit length at « is given by a function
¢(a). The mass M of the wire is given by

M = / p(a(t)s ()t

where s(t) is the length function above.

Example 23. With a,b > 0, the mass of a coil parametrized by a(t) = (acost,asint,bt),t €
[0, 27] with the density function ¢(x,vy,2) = 22 + y? 4+ 2%. Let us compute the mass. We need
first s(t). We have &/(t) = (—asint,acost,b), ||&'(t)|| = Va® + b% = §'(t). By the above formula,
M = [P 7(a® + b22)Va2 + 02dt = Va® + b2(2ma® + ET12).

Nov 9. Gradients and line integrals

The second fundamental theorem of calculus

Recall that, on R, if ¢ is a real differentiable function and ¢’ is continuous on [a,b], then
| by (t)dt = o(b) — p(a). We have a similar result in R™, in terms of the gradient and line

a
integral.

Theorem 24. Let ¢ be a continuously differentiable scalar field on S C R™. Let a be a piecewise
continuously differentiable path in S defined on [a,b]. Then [V -da = ¢o(b) — ¢(a), where
b=«a(b) and a = a(a).

Proof. We first assume that a is continuously differentiable. By chain rule,

elalt) = Splen(0) -+ an(t) = h(0) 57

— o/(1) - Vla(t)).

(@(®) -+ a0 57 (a(t)

12



Now by the result in R, we have

If a is only piecewise continuously differentiable, say, smooth on each subinterval of the
decomposition [a,b] = [a,a1] U [a1,a2] U--- U [ag, b], then

%s@(a(t)) = [p(a(a1)) — @(a(a))] + [w(a(az)) — p(a(ar)] + - - [p(b) — v(a(ar))]
= ¢(b) — ¢(a).
O

Example 25. Let us assume that there is a force field f and it is given by the potential ¢,
namely, f = V. Let us say that a particle is moving along a path a on [a,b] according to
Newton’s law f(a(t)) = ma”(t) = mv'(t). In this case, we learned that

e the work done by the force field is [ Vo - da = p(a(b)) — ¢(a(a)).
e the change in the kinetic energy is 2 [lv(b)[|? — % |lv(a)||* = [ V¢ - dev.

If we define the potential energy by V(z) = —¢(z), then it holds that Z|jv(b)||> + V(a(b)) =
Zw(a)||* + V(a(a)). This is the conservation of energy Z|[v(t)||? + V (a(2)).

Example 26. Let us put the center of earth at (0,0,0) with mass M and throw a small particle
with mass m. The force field of the gravitation of the earth is given by

—GmMzx
fl@) = ——5—
|
We can take the potential energy as
GmM GmM

p(x) = = :
| Vad + a3 + a3

where £ = (21, 22, x3). Indeed, by a straightforward computation, we have

GmM - 2xq GmM - 2x9 GmM - 2x3 —-GmMz
Vo) = |~ T T 0, 5. a2 2, 28 3
2(xf+ a5 +25)2  2(xf+x5+23)2 2(z]+ a3+ 25)2 ]

13



The first fundamental theorem of calculus

Recall again what we know from R. Let f be a continuous function and ¢(z f f(t)dt, then
¢(2) = f(x).

In R™, with a given vector field f, we want to define ¢(z) = [ f-da for a path a(t) such that
a(x) =z and a(a) = a. But this definition may depend on the choice of a. As a consequence,
we can have a similar correspondence when the line integral actually does not depend on the
path.

Theorem 27. Let f be a continuous vector field on S C R™, where S is connected. Assume
that, given x,a € S, the line integral [ f - da along a path @ such that a(a) = a and a(zr) = x
does not depend on a.. We fix a € S and define p(x) = [ f - da for some path a with the above
condition. Then ¢ is continuously differentiable and Vo =Ff.

Proof. Recall that e, = (0,---0, klth,O, .-+ ,0). Note that, for a small h,

p(x + hey) — /f dah—/f dag = /f dap,

where @y, is a path from a through & to & + hey on [a,b + h] and B(t) = = + tey is a path from
x to « + hey on [0, h]. Therefore, by noting that 8'(t) = e,

dp .. px+hey)
F i R ﬁoh/f _;lfi]%h/f ) -exdt

= 11m / fr(x + heg)dt = fr(z).

i I A ;T}
T e
..T-L":‘.. ’F}.r_-‘.:"!‘
A
©rg '
R\ Va
e ) \':_\ﬁ f;‘i\_ -{_.-/

Namely, Vo(z) = f(z).
To show that ¢ is differentiable, we take y such that x + ty € S for t € [0,1]. With
a(t) =z +ty,t € [0, 1], we have

1
@ +y) - /fm+y >ohe:/0 fla(t) -yt
— f@) -y / (Fla(t) - f(z)) - ydt

0
and [|f(a(t)) — f(z)]| — 0 as y — 0, which is the differentiability of . O

We say that a path is closed if a(b) = a(a). Any closed path @ can be written as

ai(t) fort e [a,(]|

alt) = {aQ(t) for t € [¢,b].

14
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Theorem 28. The following are equivalent for a vector field f:

(a) There is ¢ such that f = V.

(b) [ f-da does not depend on a so long as a(z) =z and a(a) = a.
(¢c) For any closed path e, [ f - de = 0.

Proof. We have shown already (a)<(b). To show (b)<(c), there is a one-to-one correspondence
between closed paths B starting at @ and passing x, and a pair of paths a1,y starting at a
and ending at . By recalling that, by reversing the direction of the path, the line integral gets
multiplied by —1. Therefore, [ f-dB = [ f-da1 — [ f - das. O]

Let us write Oy f = %
Theorem 29. Let f be a continuously differentiable vector field. If f = o, then Oy fo = Opfr.
Proof. By assumption, ¢ has continuous second partial derivatives, and therefore,

B 0% B 0%
0xr0xy  OxpOxy

Ok fe = Oy fr-

0
Example 30. f(z,y) = (322y, 23y). 01 f2(z,y) = 322y, o f1(x,y) = 322, which do not coincide.
Therefore, f is not a gradient.
Nov 12. Potential function

Constructing a potential by line integral

Let us assume that f is a gradient. We learned that [ f - da is independent of a path as long as
a(a) =a and a(r) = x. We can use this fact in order to find a function ¢ such that Vo = f.

A rectangular region

Let f be a continuous vector field on R = [a, @] % [b,]. For & = (x,y) € R, we can take the path
« as the union of the following two paths:

a; = (t,b),t € [a,z],as(t) = (z,t),t € [b,y].

Therefore, by noting that & (t) = (1,0),a4(¢) = (0,1), we have
ow)= [ 15 = /axf(al(t)) n(t)dt + /byf(ag(t)) a(t)dt = / f1(t,bydt + /by foliw, .

15



Similarly, we can also take a; = (a,t),t € [b,y],a2(t) = (t,y),t € |a,x] and

/fdf /fltydt+/f2at

A similar formula holds for rectangular regions in R™.

Example 31. Find a potential for f(x,y) = (¢“y? + 1,2¢%y) on R2. We can take
T Yy T Yy
o(z,y) = /0 fi(t,0)dt —|—/0 fa(z, t)dt = /0 dt —|—/0 2e°tdt = x + [e"t*]} = x + e"y”.

By indefinite integrals
If Vo = f, namely 3 8“0 = f1, g—‘; = f, we have the following.

/fltydt+A() o(x,y) /fgxtdt—FB()

By comparing A(z) and B(x) by hand, we can sometimes determine them.

Example 32. Find a potential for f(z,y) = (e“y? + 1,2¢%y) on R2.

/fl(t,y)dtJrA(y):e +x+ Ay /fzxydt+B( ) = e"y* + B(x),

and if we take A(y) = 0, B(z) = z, the equality holds. Hence the potential is ¢(z,y) = e®y? + .

Definition 33. A set S C R" is said to be convex if for any pair z,y € S, the segment
tx + (1 — t)y is contained in S, where ¢ € [0, 1].

. L S~
[ ,.;{---" t
\ \ o e |
I\\\ | i N [
| ]
‘\. of AN y
~/ e

4 .

Cony &y noa oy

Example 34. If f is a continuous vector field which is a gradient of ¢ on a convex set S, then
we fix @ € S and for each x € S we take the path a(t) = t(z — a) + a.

If f is a continuous function, then the vector field f = (zf(v/22 + y2),yf (/2% +y?)) is a
gradient. Indeed, we can take a(t) = (tz,ty), and

/ tf(t)dt.

0

1 1
o(z,y) = /0 f(ta, ty) - (z, y)dt = /0 1a? + ) f (/@ T D)t =

It is easy to show that Vo = f.

16



Sufficient condition for a vector field to be a gradient

Theorem 35. Let R be a closed rectangular region in R™. Let J = [a,b] CR, Jppt1 =R x J C

R+
Assume that ¥ is a scalar field on Jp41, % s continuous for each k =1,--- ;n. If we define
o(x) = f;¢(m,t)dt, then ¢ has partial derivatives and and %(‘r) = ff %(z,t)dt.

Proof. Let £ € S and h small such that  + he;, € S. By definition, we have

b
(@ + hey) — () = / (b(@ + hewt) — (. 1)) di

By mean value theorem applied to v, we have

b o
o(z + heg) — o(x) = h/ —(z + zey, t)dt,
a 8xk

where z € [0, h], or equivalently,
1 b9
7 (ol he) = @) = [ 2@+ e ).

By taking the limit, the left-hand side tends to g—ﬁ(z), while the right-hand side is, by the

uniform continuity (Theorem 20) applied to the continuous function gka, we have that

N oY

a7 ) — —(z, )| <

@+ seut) — (at) <
if h is small. Then the integral of it is smaller than €(b — @), which tends to 0 as h — 0. O
Theorem 36. Let f = (f1,---, fn) be a continuously differentiable vector on a convex region

S C R™.
f is a gradient if and only if O fo = Opfy for all k,£=1,--- n.

Proof. We know that if f is a gradient, them the condition 0 f; = 0y fi holds.
Conversely, let us assume 9 fr = Oy fx for k, ¢ = 1,--- ,n, and construct a potential ¢. By
translation, we may assume that 0 € S. We take £ € S and define

o) = /f -do, a(t) =tx,t €[0,1].

As @/(t) = z, we have p(z) = folf(t.'z:) . By Theorem 35 applied to the function ¢(z,t) =

f(tx) - x, we obtain
1
8790(:5) = /0 (taf(tx) T+ fk(tx)) dt.

8xk al’k

By assumption Ok fr = O fi, this is equal to

/ 1 (tV fr(tx) -z + fr(tx))dt.
0

By putting ¢(t) = fr(tzx), and by chain rule ¢'(t) = V fi(tz) - £, we have

1
8790(5'3) = / tg'(t) + g(t)dt = [tg()]5 = 9(1) = fu().

8$k 0
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Applications to differential equations
Let us consider a differential equation of the form P(z,y) + Q(=z, y)%.

Theorem 37. If there is ¢(x1,x2) such that Vo(z1,x2) = (P(x1,22), Q(x1,x2)), then the so-
lution Y () of the equation P(x,y) + Q(w,y)% satisfies o(x,Y (z)) = C for some C € R.
Conversely, if p(xz,y) = C defines implicitly a function Y (z), then Y (z) is a solution of the
equation Q(x, y)% = P(z,y).

Proof. If Y (x) satiefies p(z,Y (x)) = C, then by chain rule and Vo = (P, Q),
P(z,Y (2)) +Y'(2)Q(z, Y (2)) = 0.
Conversely, if Y (z) is a solution, ¢(z, Y (z)) must be a constant of . O]

Example 38. Solve y? + 2zyy’ = 0.

By putting P(z,y) = 32, Q(z,y) = 2xy, we find p(x,y) = zy? such that Vo = (P, Q).
Therefore, a solution Y (x) satisfies Y (x)? = C. In other words. Y (z) = \/C/x is a solution,
for C/x > 0.

Nov 14. Multiple integrals

In the one dimensional case, we defined faa f(x)dx first for step functions and then for “integrable”
functions. Continuous functions are integrable.

W

We define first double integrals by step functions. Higher multiple integrals are analogous.
The definition will allow us to compute it by iterated integrale,

/Qf(:c,y)dxdy = /aa [/bb f(:c,y)dy] de.

Partitions of a rectangle

Let Q = [a,a] x [b, IN)] be a rectangle. A partition of @ is a pair P; x P, of finite subsets P;
of [a,a] and P, of [b, E] such that P, = {zg, -+ ,zp} where a = 29 < 21 < -z, = a and
b=yo<y1 < - <ym=>b. Q is decomposed in to nm open subrectangles. The edges of these
subrectangles are not contained in these subrectangles. If P and P’ are two partitions, then
P U P’ is a refined partition.

Step functions and their integrals

A function f on @ is said to be a step function if there is a partition P = P; x P, of ) such
that f is constant on each subrectangle of P. f is defined also on the edges of the subrectangles,
but they do not matter for integration. If f and g are step functions on partitions P and P’
respectively, then cf + dg is also a step function on the partition P U P’.

Let f be a step function onf P. Recall that @ is divided into subrectangles of the form
[, Zj41] X [Yk, Y1) Its area is (xj41 — 2j)(Ye+1 — yk). The value of f on each rectangle is
constant, say c;g.

18



Definition 39. The double integral of f on @ is

n—1m-—1

//Q fdady =" cinlivr — 25) (Yer1 — ve)-

§=0 k=0

This does not depend on the partition P so long as f is constant on each subrectangle.
Furthermore, this does not depend on the value of f on the edges of subrectangles.

A 0y
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Let us call Qjr = (x5, %41) X (Yk» Yr+1). By definition, we have

/ fdxdy = (41 — ;) (Yr1 — Ur)
Qjk

-/ [ / jk+1f(x,y)dy] d = / [ [ f(x,y>d:c] dy.

J J

As we remarked, we can set the value of f on the edges of subrectangles as we wish. Let us set
it to some constant C. Then, for a fixed y, the partial integral f;;?'“ f(z,y)dx is well-defined.
Furthermore, the value of the partial integral for y in each open interval does not depend on
that choice, as we know from the one-dimensional integrals. Therefore, we have for the partial

integral
a n—1 ..
j+1
[ sz =3 [ fads
a ]:0 l’j

for y in some open interval (yx, yr+1), because then f(x,y) as a function of x is a step function.
Now this is a step function of y, hence

m—1n—1

/bl; [/a&f(ﬂ?,y)dx] dy = Z Z/:Hl f(z,y)dx = //Q fdxdy.

k=0 j=0

Similarly, we have [/ o fdudy = faa { fbb f(z, y)dy} dx. Namely, for step functions, we can perform

the integral by iteration of one-dimensional integrals.
It is straightforward to show the following.

Theorem 40. Let f,s,t be step functions.
o Forc,d €R, fo(cf + dg)dxdy = cfo fdxdy + dfo gdxzdy
o If Q) is subdivided into Q1,Q2, then fo fdxdy = fol fdxdy + foz fdxdy

o If s(x,y) < t(x,y), then fo sdxdy < fo tdxdy.
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Upper and lower integrals

Let f be a function on @ and bounded, namely, —M < f(z,y) < M for some M. For step
functions such that s < f < t, we have fo sdxdy < fo tdxdy.

Definition 41. (integrability)

e sup | fQ sdxdy where s runs all step functions such that s < f is called the lower integral

of f.
e inf | fQ tdxdy where t runs all step functions such that f <t is called the upper integral of

o If the lower and upper integrals coincide, then f is said to be integrable and we define
fo fdzdy to be that value.

Theorem 42. Let f be a bounded integrable function on Q = [ a] x [b,b]. Assume that for each
y € [b,b], the integral fa& f(x,y)dx = A(y) exists. Then fb y)dy exists and

] sy /j { /jm,y)dx] &

Proof. Let us choose step functions s < f < t. By assumption,

/aas(x,y)da: < /aa Fla,y)de = Ay) < /jt(w,y)dm.

Note that f s(x,y)dx and f t(x y)dx are step functions. By integrability of f, we can take

s,t such that fb f (x,y)drdy and fb f T(x,y)dz are arbitrarily close. Note that they are step
functions in y. This means that A(y) is integrable and

/bg/aas(x,y)dasg/bg/aaf(:n,y)dxg/:/aat(m,y)da:

As the sup of the left-hand side and the inf of the right-hand side coincides and is [/ 0 fdxdy,
we obtain the claim. O

Example 43. We will show that continuous functions are integrable.
Let Q@ = [0,1] x [0,1], f(z,y) = e*TV. fol e"Vdr = e¥T! — e¥ and hence [ et dady =

fol(ey‘*'1 —e¥)dy =% — 1.

Volume of a solid

Let f(x,y) > 0 be a (continuous) function, Q@ = [a,a] x [b,b] a rectangle and V = {(z,y,2) :
(m y) € Q,0 <z < f(z,y)}. This V is a solid in the zyz-space. Its volume was defined by

fb y)dy, where A(y f f(z,y)dx is the area of the xz-slice at y. Now, under
the condmon of 1ntegrab1hty (Whlch is satisfied if f is continuous as we will see), we have
v(V) = fo f(z,y)dxdy, namely, the volume is given by the double integral.

Nov 19. Integrability of some functions

Continuous function

Let us recall that a function f in a closed rectangle Q = [a, a] x [b, B] is uniformly continuous by
Theorem 20, namely, for any € there is § such that ifz, 2" € Q, ||lz—2'|| < ¢ then |f(x)—f(2')| < e.
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Theorem 44. If f is a continuous function on Q, then f is integrable on Q) and

//Qfd:zdyZ/: [/jf(:r,y)da:} dyZ/a& [/ff(x,y)dy] de.

Proof. Note that we know that f is bounded by Theorem 18, therefore, the upper and lower
integrals exist. Let us fix €, then there is ¢ such that ifz, 2" € Q, ||[z—2'|| < d then |f(z)—f(z/)] <
e. We take a partition P of @ such that for x,2’ € Qy; it holds that ||z — 2’| < . Then
SUPzeq,, f(T) — infzeq,; f(@) < e

Let us take the step functions s,t such that s(x) = infzcq,, f(2) and ¢(z) = sup,eq,; f(z)
for € Qi;. Then it is clear that s(z) < f(x) < t(x) (we do not have to specify the values for
x ¢ Qji). By additivity of integrals with respect to regions, we have

‘//Q tdxdy — //Q Sda:dy‘ = / (2, y) — s(w,y)|dedy < e(@— a)(b—b).

The right-hand side can be arbitrarily small, therefore, sup, [[ sdzdy = inf; [[ tdzdy, where the
step functions run s,t such that s < f <t and hence f is integrable by Theorem 42.

Furthermore, by contiuity of f, for each y € [b, l~)], f(x,y) is a continuous function in x, hence
again by Theorem 42 we have

[ sy /j { /jf@,y)dx] &

By exchanging the roles of x and y, we obtain the remaining claim. O

Functions with discontinuity

A function f might be integrable even if it has some discontinuity in a “small” set.

Definition 45. Let A be a bounded subset of R2. A is said to have content zero if for every
€ > 0 there is a finite set of rectangles whose union includes A and the sum of whose areas do
not exceed e.

The easiest examples of A are bounded segments. We will see that continuous curves have
content zero.

I e S
1

Namely, the set A has content zero if it can be covered by small rectangles whose total area
is arbitrarily small.

Theorem 46. Let [ be a bounded function on Q and the set D of discontinities of f has content
zero. Then the double integral fo fdxdy exists.

Proof. Let M be such that | f(z)| < M on Q. Take a cover of D by rectangles with total area §,
and let P be a partition of () which is finer than the cover, namely, each subrectangle Qi is a
subset of one of the rectanlges. Let us call R the union of the rectangles. Furthermore, by taking
a finer partition, we may assume that supeq,  f (z) —infzeq,, f(x) < € on each Q; which does
not contain discontinuity of f, again by uniform continuity on @ \ R. This time we take step
functions s, ¢ such that
( -M ifreR y M ifreR
S = ) = .
infzeq,, f(z) ifz ¢ R, € Qj SUDPzeQ,; flx) ifx¢ R €Qjk

Then we have the estimate

// tdxdy — // sdmdy‘ = // t(x,y) — s(z,y)|dedy + 2M 5 < e(@ — a)(b — b) + 2M,
Q Q Q\R

and the right-hand side can be arbitrarily small. This implies that f is integrable. O
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Double integrals over regions bounded by continuous functions

Let S be a region included in a rectangle ). Let f be a bouded function on S. We can extend
f to @ by setting
) fy) if(zy) €S
fo(z,y) = . :
0 if (x,y) €Q\S

We say that f (defined on S) is integrable if fq is integrable, and we set

/ /S fdady = / /Q fodady.

Definition 47. A region S is said to be of type I if there are two continuous functions @1, @9
such that

S={(z,y):x€[a,a], pr(z) <y < pa(x)}.

Similarly, S is of type II if there are two continuous functions 1,19 such that

S={(z,y) 1y € b, v1(y) <z < Pa(y)}.

Example 48. e S ={(x,y): 0 <z <10 <y <z}is a region of type I with ¢;(x) =
0,2(x) = x. This is also a type II region, because S1 = {(z,y) : 0 <y < 1,y <z < 1},
with ¢1(y) =y, ¢a(y) = 1.

e S={(z,y): -1 <2<1,—V1-—22 <y <+V1-—2%}is aregion of type I with ¢1(z) =
—V1 — 122, pa(x) = V1 —22. This is also a type II region, because S = {(z,y) : —1 <y <
L—v1-y? <z </1-y?} with ¢1(y) = =1 -2 4a(y) = V1—y%

\

Lemma 49. Let ¢ be a continuous function on |a,a]. Then the graph A = {(z,y) : © € [a,a],y =
©(x)} has content zero.

Proof. We apply uniform continuity (in R) to ¢, namely, for any ¢ > 0, there is § such that
lo(x) —p(y)| < eif |z —y| < §. We take a partition P = {xq, -+ ,2,} into intervals of lenght less
than §, and take the rectangles [xx, zr11] X [f(2k) — €, f(xx) + €]. Then these rectangles cover A
and have the total area 2¢(a — a), which can be arbitrarily small. O

Theorem 50. Let S = {(z,y) : x € [a,a], p1(x) <y < pa(x)} be a region of type I, and f be a
bounded continous function of the interior of S. Then f is integrable and

J[ sass= [ [ /:jj m,y)dy] do.
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Proof. The set of discontinuity of f is the boundary of S in @, which consists of the graphs of
w1 and 9. They have content zero by Lemma 49. Therefore, by Theorem 46, f is integrable.
Furthermore, for each x, f(z,y) is integrable in y because it has only two discontinous points.

As fo(z,y) = 0 outside S, we have fbb folz,y)dy = ;2(%) f(z,y)dx, and hence

//Sfdfcdyz/; [/jf@(:c,y)dy] dx.:/aa [/:(2:) f(x,y)dy] dz.

A similar result holds for type II regions.

Example 51. S = {(z,y) : = € [-1,1],-vV1—22 < y < V1 —2%}. We take the function
f(z,y) = 1. Then the integral ffS fdxdy gives the area.

1 V1-x2
// dxdy—/ / dy| dx
s -1 |J—v1=22

1
:/ 21 — x22dx = 2.
1

Nov 21. Volume, area and further applications

Area and volume

Let S be a type I region, namely S = {(z,y) : a < z < a,¢1(z) < z < @a(z)} with continuous
functions @1, 9. By integrating the function 1, we have

//s drdy = /: pa(z) — p1(z)dz

and the right-hand side was the area of S.

Let f(z,y) > g(z,y) be continuous function on S. Then, for a given x, the integral

;2((;)) f(z,y)dz represents the area of the region {(y,2) : ¢1(z) < y < pa(x),9(z,y) < z <

flz,)} and ~
o=, l/<(>)(f (2.) — gl y))dy] dr

gives the volume of the solid V' := {(z,9,2) : a < x < a,p1(x) < y < pa(x),9(z,y) < z <

fl@,y)}.
Example 52. e Let a,b,¢c > 0. Compute the volume of V = {(z,y, 2) : o Z—j 42 < 1}.

a2

Solution. We take S = {(z,y) : z—; + Zé—; < 1}. Then V can be written as

1:2 y2 272 y2
V= {(fv,y,Z) :(7,y) eS:—cmgzgcm
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Now S is a type I region, indeed, S {(w,y) t—a<xz<a,-by/l-— i—; <y<by/1-— fﬁ}
By the remark above,

by/1—25

// 1———y—d:vd =c / 1

\ R A

dy dy
b‘/l—
/ 2 / 2
/ 1-— $— [/ 1-— —\/ 1-— 52d35] dy (by substitution y = sby/1 — %)
“a a
—7TbC/ (1—>dm—7rbc[ z
“a a?

317 47rabc
Tr— —= = .
3a2]_, 3

e Compute the area of a type I region S = {(z,) : 0 <z < 1,22 <y < z}. Show that it is
also a type II region and compute the area accordingly.
Solution. The area can be computed by

//dedy:/o1 [/;dy} d:vz/ol(x—mQ)dm

B [ac xB] L
The region can be equivalently written as

S={(z,y):0<2<ly<z< Sy} ={(z,9):0<2<1,0<y<1l,y<z <.y}
With this respec to this expression, we have

//Sda:dyz/o1 [/yﬁdx] dyz/;(\/z?—y)dy

1
- Qy% z? 1
| 3 21 6
Mass and center of mass

If there are particles of mass mq,

my, and are located at points P, P,,, then the total
mP
mass is ), my, and the centre of mass is C' = %ka
_m

=1""%
When we treat a continuum solid, similar concepts can be defined by multiple integrals. Let

us imagine that there is a plate on a plain which has the shape of a region S. Furthermore, let
double integral [[g f

us assume that the denmty of the plate at (x,y) is f(x,y). Then the total mass is given by the
(z,y)dxdy. Similarly, the center of mass (z,y) is
. ffswf:c y)dxdy ;= ffsyf:c y)dxdy

[Js f(x,y)dxdy ’

[Jg f(x,y)dady
If the density is constant f(z,y) = ¢, then (Z,y) is called the centroid

Example 53. Let S = {(z,y) : 0 <2 < 7,0 <y <sinz}. This is a type I region. Putting the
density to 1, its total mass is

//dxdy—/ [/ dy] dx—/ sinxdx = [— cosz]§ = 2.
s 0o LJo 0
The centroid can be computed from

// rdxdy = / [/ xdy} / xrsinxdr = [—xcosz +sinz|j =,

o LJo 0
sinz
Jfows= [T )= [
0

hence (Z,9) = (5, §)-

[21‘ —sin2z]§ =

4>\>1
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Let 0 < g < f be two functions on the interval [a, a]. Let V' be the solid obtained by rotating
the region @) between the graphs of g and f around the z-axis. Let v(V) be the volume of V/
and a(Q) be the area of . Then it holds that v(V') = 27ga(Q) (Pappus’ theorem). Indeed, the
volume is given by [ 7(f(z)? — g(z)?)dz and

Q) = //Q yddy = / [/g:)) ydy] do — / ["‘ﬂ " o m ;/j(f(x)Q ~ g(2)?)da.

g(x)

Example 54. Volume of a torus. A torus V' can be obtained by rotating a disk @ = {(z,y,0) :
22+ (y—b)? < R?} around the z-axis. The volume is given by Pappus’ theorem as 272bR?. One
can obtain this by the integral

/ 0+ V=) — (b VR = ).
-R

If we have two disjoint regions A, B, then the centroid of the union AU B is

a(A)C 4 + a(B)Cp

C= a(A) +a(B)

where C, is the centroid of the region. This follows from the additivity of integral with respect
to the domain of integral.

Nov 26. Green’s theorem

For a region bounded by a single curve

Theorem 55. Let f(z,y) = (P(z,y), Q(x,y)) be a continuously differentialble vector field on
S. Let R be a region both of type I and Il in S, or R can be written as a finite union of type
I+1I regions whose intersection is just one side of the boundary, such that the boundary of R is
a single differentiable curve C. Then

CR

where a is a parametrization of C going counter clockwise.

Proof. Let R be a type I region R = {(z,y) : a < z < a,¢1(z) <y < p2(z)}. Let us assume
first that Q = 0. Then

a p2(x)
Jf -t [0
a [Jorw 9y

o= [ (Pla.1(2) - Plasala)))da

On the other hand, for R we can take, up to a shift of parametrization and reversing as, a4,

al(t) = <t7 <P1(~”U))va2(t) - (a,t),ag(t) = (ta (PQ(t))7a4(t) = (dvt)v
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and with this a, since = 0 we have

/Cf-da:/f-dm%—/ﬁdag:/aaP(tml(t))dt—k/ELaP(t,cpz(t))dt
— [ @ty = Pt ea(e)i,

which completes the proof of this case.

If R is also of type II region, then we can prove the claim if P = 0. If R is both of type I and
IT at the same time, then the claim follows by linearity in f, namely f = (0,Q) + (P,0).

If R can be written as a union of regions R; both of type I and II with boundary C} as in
the claim, then we saw that the thesis holds on each of these regions: [[ Ry (8Q or > dxdy =

ka f - da. For the left-hand side we have

(325 ], (55

by the additivity of integral, and for the right-hand side

/Cf-dazzk: Ckf-da

because except the boundary of C, the line integrals are taken in the opposite directions hence
they cancel. This concludes the proof. O

Example 56. o Compute the line integral [, f - do, where f(z,y) = (y + 32,2y — z) and
C' is the boundary of the square S = {(z,y) : 0 < = < 1,0 < y < 1}, where a goes
counterclockwise.

By Green’s theorem, [ f-da = [[g (— - —) dxdy and 6P
fcf~da—ffs—2dmdy— —

e Recall that the area of a region S is given by a(S) = [[y1dzdy. If we take P(z,y) =
0,Q(z,y) = z, then %—g — %—1; = 1, therefore, by Green’s theorem, a(S) = fcf - da,
where C is the boundary of S (counterclockwise) and f = (P,Q). One can also take
P(z,y) = =y, Q(z,y) = 0.

1, %—? = —1, therefore,

Application to gradients

Definition 57. A path « is a step-polygon if each component is parallel to the x-axis or the
y-axis.

A region S is simply connected if two step-polygons a1,y can be always continuously trans-
formed to each other within step-polygons in S.

4
i
\

.
~
(T3]

i B _-;.-.’-_
~ ‘u.ii'_]. g Loyl 1}:

Theorem 58. Let f(x,y) = (P(z,y),Q(x,y)), continuously differentialbe in S, and S simply
connected. Then, f is a gradient if and only if 5= 99 _ 881; =0, or in other notation, 01 fo = O f1.
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. . . oQ oP _
Proof. We know already that if f is a gradient, then 5% — G- = 0.
oy

oy

£ Lo 1
i SRR
A7 it

Conversely, let us take two step-polygons a1, @ on [a, b] in S such that o (a) = az(a), a1 (b) =
as(b). They may intersect at most a finite number of times, and when they do not coincide, they
form polygons. Each R of these polygons is a union of type I-+II regions, hence we can apply
Theorem 55 and obtain

I (25 o= ([ o 1)

where C}, ; is the part of the boundary belonging to aj, and ny, = 0 if C}, is taken counterclockwise
and ng = 1if clockwise. By summing up and by the assumption, we obtain [ f-da— [, f-da =
0.

By fixing a(a) = a, we can take p(z) = [ f-da where a is a step-polygons with a(b) = = on
[a,b] in S. This does not depend on the choice of @ and Va = f as in Theorem 27. O

Non-simply connected regions

When the region S is not simply connected but have the boundary consisting of multiple curves,
one can generalize Green’s theorem.

Namely, let f(z,y) = (P(z,y), Q(x,y)) be a continuously differentialble vector field on S. Let
R C S be a region whose boundary consists of curves C}, such that each of them is continuously
differentiable, they do not intersect, the interior of C7 includes all the rest Cj, Cj lies in the
exterior of Cj if j,k > 1. Then

/A(gg‘?;>dxdy= le-dal—Z/Ckf-dak,

k#£1

where oy, is a parametrization of C} going counter clockwise.
Pl

L T T
: LA /“"‘}A
)

—f
Y

Nov 28. Change of variables

Jacobian determinant

In one dimension, with ¢ which maps [b, 8] to [a,d], we have

a b
/ f(a)de = /b F(g(0)g'(t)de
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xr =
In two dimensions, we consider maps which maps one region T' to another region
Yy = Y(u’ U)
S.

u

=X =Au+ B
Example 59. e Linear transformations: v (u,v) ut by
y =Y (u,v) = Cu+ Dv

e The polar coordinates: t (r,0) T’C'os
y=Y(r,0) =rsin

In a good situation, we have

/ /5 f(@,y)dedy = / /T F(X (u,v), Y (u,0))|J (u, v)|dudv,
0X

9X 4y v) DX (u,v
where J(u,v):’ %%Eu’ ) %1}( ,0)

7U)

is called the Jacobian determinant.

=X =Au+ B

In the case of linear transformation { - (u,0) u B , 1t is clear that J(u,v) =
y =Y (u,v) = Cu+ Dv

AD —BC = (A,C)-(D,—B) = ||(A,C)| - [|(B, D)|| sin @ is the area of the parallelogram formed
by (4,C), (B, D).

| JZ; M«
e | _ _ﬂs_ - .r_g}
. 'T

=X(r,0)= 0
Example 60. For the polar coordinates * (r,6) TC.OS , we have
y=Y(r,0) =rsind

J(r,@)—‘ cos sin 0 ‘—7“.

—rsinf rcos6

We can compute the area of S = {(x,y):0 < z,0 < y,2? + y? < a®} which corresponds in the
polar coordinates to T = {(r,6) : 0 <r <a,0 <0 < T}

[t~ [ s [*| [ ran]ar =5[] -7

2 4
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Proof of the formula for the special case

Let us prove the formula when f(x,y) =1 and S is a rectangle R in the xy-coordinates, which
corresponds to R* in the wv-coordinates. We assume that J(u,v) > 0 on R* and X,Y have

continuous second derivatives.
// dzxdy = // |J (u, v)|dudv.
R *

We have to show
By Green’s theorem, we have [[,dzdy = [ f - da, where f(z,y) = (0,z) and a goes along the
boundary of R counterclockwise. On the other hand, it holds that

0X oYy o0Xoy 0 <X6Y> 0 <X8Y>

I, v) = Ou Ov  Ov Ou  Ou v ) ov u

Let us put g(u,v) = (X (u,v) aZ,X(u,v)%). By Green’s theorem, we have

[ swsitute= [ 408

where B goes along the boundary of R* counterclockwise.

- ?_{: o "-,. . =" ,r*h |
e b 3 5
\T. I -
) ! -
S N

The boundary of R* is mapped to the boundary of R by X,Y. Therefore, the curve a(t) =
(X(B(t)),Y(B(t))) parametrizes the boundary of R. By direct computations,

< 3Xﬂ’ (t) + 3X/3’ (t) >

5 81(1) + 2y (1)

Therefore, with f(z,y) = (0,

// d:rdy—/f da—/ X(B <8Y,B’1(t)+8yﬂ’2(t)> dt
z/ag()ﬁ() ~ [g-ds= [[ stu)dud.

Let us prove with a rectangle R and a function f(x,y) # 1. We take a decomposition of R into
smaller rectangles R,i. For a constant function s on Rj;, we have

//R‘ksdxdy://fk s(X(u,v), Y (u,v))|J (u,v)|dudv.

J

General case
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As integral is addivive, we have for step functions

/ / sdady — / / * Y (u, 0))|J (u, v) | dudo.

Let us take step functions s(z,y) < f(x
$(X(u,v), Y (u,v)) < f(X(u,v),Y (u,v))

,y) < t(z,y). Correspondingly, we have the inequality
< (X (u,v),Y (u,v)), therefore,

// (u, v), ¥ (u, v))|J (u, v)|dudv </ X (u,0), Y (u, )| J (u, v)|dudv

g// HOX (u, 0), Y, 0)) (w, 0) [ dud.
Now, it follows that

//RS("’”’?/)dﬂchI //*S(X(va)ay(u,v))U(u,v)dudv

< / [P0 (0,0, Y ()1 )y

<[] wxu) uv>>u<uv>rdudv_// (2, ) ddy.

and if f is integrable, the sup and inf of the left and right hand sides coincide, as they run
all possible step functions as above, and it is equal to [f g f(x,y)drdy. This implies that

[Jr f@,y)dedy = [[n f(X(u,0),Y (u,0))]|J(u,v)|dudv.
To summarize, we proved the following.

Theorem 61. Let X (u,v),Y (u,v) have continuous second derivaties, and J(u,v) > 0 on T.
Assume that X, Y maps T to another region S surjectively, and the boundary of T is mapped to
the boundary of S. If f is integrable in S, then

//5 f(z,y)dwdy = //T F(X(u,v),Y (u,v))]J(u,v)|dudv.

Example 62. (Gauss’ 1ntegral) Compute [ e ~#*dz (this involves an improper integral).
Let us put G = foo e~ dz. Then

G? = / edex/ e*dey = / efodea:dy
0 0o R2
o) 27 5 5
= / {/ e " rd@} dr =n[—e " |50 =,
0 0

therefore, G = /.

Dec. 10. Surface

Parametric representation of a surface

Recall that the unit circle 22 + 2 = 1 can be parametrized in two ways: y = +v1 — 22, or
r = cost,y = sint.

Consider the equation 22 4+ y? + 22 = 1. This equation defines the unit sphere, and can be
solved with respect to z as z = +4/1 — 22 — y2. In other words, the upper/lower hemisphere can
be parametrized with (x,), 2% +y? < 1 by

r = X(z,y), y=Y(z,y), z=Z(x,y) =1 —22—y2
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Alternatively, we can take

x = X(u,v) =cosusinv, y=7Y(u,v)=sinusinv, z=Z(u,v)=cosuv.

In general, a two-dimensional surface in R® can be parametrized by two parameters (u,v)
by © = X(u,v),y = Y(u,v),z = Z(u,v). Each point on the surface is represented by r(u,v) =
(X (u,v), ¥ (u,0), Z(u,v).

Example 63. A cone with angle a can be parametrized by

T = U COS (¢ COS U, Y = v COos o sin u, z = vsinu.

Vector product

Let £ = (21, %2,%3),y = (Y1, Y2, y3). Recall that X y = (z2y3 — T3y2, T3y1 — T1Y3, T1Y2 — T241)
is a vector orthogonal to z,y and of length ||z|||y|| sin#, where € is the angle between ,y. Let
r(u,v) = (X (u,v),Y (u,v), Z(u,v)) be a parametrized surface. Then %, gr—v represents tangent
vectors to the surface. Their vector product

or or_(0V0Z 070Y 070X 0X0Z XY 0V X

ou" v \Oudv Oudv’ Oudv Oudv Oudv Ou v
is orthogonal to the surface. Such a vector is called a normal vector.

If or Ju X 9o or _£ () at a point r r(u,v) (namely, if % and % are linearly independent), then we say

that r is a regular point.

Example 64. (Normal vector on the sphere) Consider 22 4+ y? + 22 = a? and let us take the
parametrization r(u,v) = (acosusinv,asinusinv, acosv). The tangent vectors and the normal
vector are

or . : .
— = (—asinusinv, acosusinv,0)
ou
or . .
— = (acosucosv,asinucosv, —sinv)
ov
or Or . . . . :
_ 2 2 2 2 2 _
30 < 30" (—a® cosusin® v, —a® sinu sin® v, —a” sinv cos v) = —asinvr.
u v
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Area of a surface

Recall that ||z x y|| is the area of the parallelogram spanned by  and y. A small rectangle AuAwv
corresponds to a parallelogram spanned by %Au and %Av.

Definition 65. If a surface S is parametrized as r(u,v) = (X (u,v),Y (u,v), Z(u,v)) by (u,v) €
T, then the area a(.5) is defined by

87‘ dudv.

Example 66. If a surface is given explicitly by x = u,y = v,z = f(u,v), then
or af
1,0,
ou < 8u>
or of
1,
D) <0 " Ov >

or or_( 9f Of
ou v ou’ ov’ )’

Therefore, ||8u X 8v|| \/( )2+ (8f) +1 and a(S) = [[, \/(%)2 + (%)2 + ldudv. If f is
constant, this gives the area of T itself.

Example 67. (the area of hemisphere)

e By spherical coordinate r(u, v) = (a cosusin v, asin usin v, cosu) and the upper hemisphere
is T={(u,v) : 0<u<2m,0<v< G}

We have computed that g—; X % = —asinor, therefore, || 2r S X 81) " || = a?sinv and

% 21
= // a® sin vdudv = a2/ / sin vdudv = 2ra’.
T o Jo

e By explicit parametrization. We can take T = {(u,v) : u? + v?> < a2} and f(u,v) =
Va? —u? — v2. By straightforward computations,

g_ U af v

ou Va2 —u2 —v2 O Va2 — u2 — 2

and hence

02 02
= ldudv = dud
//T\/QQ—UQ—U2+ 2_u2_vz+ uav = //T _ug_vguv

a 2
= ——————dudv = Y drdd :/ / Y ardg
/ /T Va? —u? —v? / /T N o Jo VaZ—r2
=27 [—a\/m]z = 27a® (improper integral).
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Another theorem of Pappus

Let C be a curve in the zz-plane, represented by a function f(x),z € [a,a]. If we rotate it
around the z-axis, we obtain a surface S. The Pappus’ theorem says that a(S) = 2w Lz, where
L is the length of the curve and z is the centroid.

Recall that, with the parametrization of the curve a(x) = (,0, f(z)), ||d/(x)|| = /1 + f/(x)?.

- [V PR = L [ Papa

We can parametrize the surface by r(u,0) = (ucosf,usin@, f(u)) with T' = {(u,0) : a < u <
a,0 < 0 < 2x}. By straightforward computations, we have

g; = (cos,sinf, f'(u))
g; = (—usinf,ucosb,0)
% % gz = (—ucos0f(u), —usinff'(u), u)
‘ gz X gg = U\/W

://Tumdudez/j/o%umdedu:27rLE.

Dec. 12. Surface integrals

Definition

Let S be a surface, parametrized by r(u,v) = (X (u,v),Y (u,v), Z(u,v)) on T. Let f be a scalar
field on S. We define its surface integral by

s ff o

Example 68. e With f =1, one obtains the area of S.

or Or
7><7

50 dudv

e If a plate has the form of S and its density at r(u,v) is f(r(u,v)), then its mass is given
by [/, f( r(u,v) Hau X BUH dudv. The center of mass is given by (Z,7,z), where z =

S X (u,0) f(r(u, v) Hau X avH dudv etc..
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Change of parametrization

Let S be a surface, parametrized by r on A, respectively, One can consider a change of variables,
namely, G(s,t) = (U(s,t),V(s,t)) is a map from are region B to A, then r'(s,t) :=r(G(s,t)) is
another parametrization of S.

Example 69. The upper hemisphere can be parametrized as
o X(u,v) =u,Y(u,v) =v,Z(u,v) =v1—u?—v2
o X(s,t) =cosssint,Y(s,t) =sinssint, Z(s,t) = cost.

We can take G(s,t) = (cosssint,sinssint).

| = ¥
A > ! 1
~ !
!I.a—'—" | :.
o o} - " :
p \\ - I,r - e
\ T o ~ o \l)
™ /! : :
| / - |
iI
Al I ) Y e
“ -
g |I’.'| .’.-". \"'- e .
. ————

1

Lemma 70. Let r,r’ be two parametrization of S connected by a continuouly differentiable map
G as above. Then we have

or'(s,t) y or'(s,t)
s ot
_or(U(s,t),V(s,t)) _ Or(U(s,t),V(s,t)) (OU(s,t) OV (s, t) 0OU(s,t) OV (s,t)
- ds % Bs < os ot ot 0s >

Proof. By chain rule,

Or'(s,1) _ 0r(U(s,0),V(5.1) 0U(s,1) | Ir(U(s,1),V(s,0)) U (s.1)

0s ou Os ov Os '’
or'(s,t)  or(U(s,t),V(s,t)) 0U(s,t) N or(U(s,t),V(s,t)) OU(s,t)
ot ou ot ov ot

By taking the vector product, we obtain

or'(s,t) y or'(s,t)

Os ot
_or(U(s,t),V(s,t)) _ Or(U(s,t),V(s,t)) (OU(s,t) OV (s,t) 0OU(s,t) OV (s,t)
- Bs 8 Bs ( os ot ot 0s )

O

Theorem 71. Let r,v' be two parametrization of S connected by a continuouly differentiable
map G as above. If f is integrable with respect to r, then so is it with respect to v’ and

dudv://Bf(r’(s,t))‘

or Or

7><7

/] st | 5o 5

or'  or
- >< -

Os ot dsdi
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Proof. Note that 8U(S ) 8V{§; ) aUa(f ) 8‘/(55 ) is the Jacobian determinant of the map G(s,t) =

(U(s,t),V(s,t)). Therefore, by the change of variable (Theorem 61), we have

//f r(u,v) ’67‘ or dudv
v
87‘ or|||0U(s,t) OV (s,t)  OU(s,t) OV (s, 1)
/ / Jr ‘ o ’ 9s ot ot os |
or' 8r
t)) dsdt.
ﬂfs |5 <5
O
Surface integral of a vector field
Let r(u,v) parametrize a surface S and N := g’" X ar # 0. We introduce ny := HNH,’nQ =ng.

If F is a vector field defined on S, then F - n is a scalar field on S, hence we can consider its
surface integral on S. It holds that (we omit that F', N etc. depend on (u,v))

J|Fomis= [[ Fon

If we use no, the integral gets —1.
If F(x,y,2) = (P(z,y,2),Q(x,y, 2), R(x,y,2)) by components, then the surface integral is
sometimes denoted as

81' 81'
8

dudv—/ F - Ndudv

//FdS://de/\dz+de/\dz+Rd:n/\dy.
S

We can represent the flow of liquid by a vector field f(z,y,z), with the density p(z,y, 2).
Namely, at each point (z,y, z) the liquid has the velocity f(z,y,z). The flux density is defined
by F(z,y,z) = p(x,y,2)f(x,y,z). If we take a surface S, then the integral ffSF -ndS is the
mass of the liquid passing through S at a given time.

Surface integrals appear also as electric flux.

Example 72. Let S:2? +y?+ 22 =1,z > 0 and F(z,y,2) = (2,y,0). Compute [[¢F -ndS,
where n is outgoing.

Solution. We take the parametrization r(u,v) = (cosusinv,sin usinv, cosv). We computed:
N = gz X gz = —sinvr(u,v), therefore, F - N = —sinv(cos? usin® v + sin® usin?v) = —sin? v,

so we take ns.

oy 1,1 4r
/ F-ndS:—//F-Ndudv/ / sinv dudv =27 - [(v— Zv°)| = —.
s T o Jo 3 Jo 3

Curl and divergence

Let F(z,y,2) = (P(z,y,2),Q(x,y, 2), R(x,y, 2)) be a vector field. Define

(R 0@ 9P 0R 9@ 9P\ .. 0P 0Q oR
curl F = <8y 0z’ 0z 0Oz Ox 8y>’ divF Ox + Oy + 0z’

Example 73. e F(x,y,2) = (z,y,2). curl F(z,y,2) = (0,0,0),div F(z,y,z) = 1+1+1 = 3.

2 2

2 e¥ —2zsiny, 3xy?2% —2xeY, 2% cosy —

o F(x,y,2) = (zy%23, 2%siny, 22e¥).curl F (2,9, 2) = (z
223),div F(x,y, 2) = y%2% + 2% cos y.
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e F(x,y,z) = Vi, has continuous second derivatives.

% - o o . Po Py _ 9%y = (0,0,0)
Oydz 020y’ 020x  0xdz’ dxOy Oyox) 7

curl F(x,y, z) = <

divF(z,y,2) = gz—i + a—w + 82‘” is called the Laplacian.

z2 2

_ 2_
o F(z,y,2) = (Tj’y% ﬁ,O). curl F(z,y,z) = (0 0, (I2+y e+ (feryyg)g) = (0,0,0) (as we

computed before), div F'(z,y, z) = (x;_ﬁfj%)g + (I2+y2)2 +0=0.

e In general, div(curl F') = 0, curl(curl F') = V(div ).

The following notations are also used:
curl F =V x F,divF =V .F.
Theorem 74. Let V be a convex region in R3. Then, curl F =0 <= F is a gradient.

Proof. We have seen that F is a gradient <= curl F = 0. Conversely, if curl F = 0, then
8]‘F k= 8kF g ]

Dec. 17. Stokes’ theorem

Stokes’ theorem

Recall Green’s theorem: for continuously differentiable vector field f(z,y) = (P(z,y), Q(x,y))
in S C R?, where S is a plane region bounded by a simple closed curve C, parametrized by a
going in the counterclockwise direction, we have

Ly o

Stokes’ theorem is its generalization to the three dimensional space. Recall that, for F(z,y,z) =
(P(z,y,2),Q(z,y, 2), R(x,y, z), we defined

g (2800 0P o 0q op
~\9y 90z’ 0z 0Oz oxr Oy’

Theorem 75 (Stokes). Let S be a surface parametrized by r(u,v) = (X (u,v),Y (u,v), Z(u,v))
on a simply connected region T and the boundary I' is mapped to the boundary C of S. Take a
parametrization B of I' which goes counterclockwise, and let a(t) = r(B)(t). Assume thatr and
B have continuous second derivatives, and let F' be a continuously differentiably vector field on

S. Then,
// curl F -nq.dS = / F . da,
S C
where nq = HN—”,N = gr—u X %
{ s

A\ —[ . e —\-;\;,__ N

IL o~ e i _.:.'5

.‘,\’ T ( 4

N . -
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Proof. Let us first assume that Q = R = 0. In this case, it holds that

oP 0P\ Or Or
//ScurlF'nldS— // (O, 5 _y) % %dudv

// 020X 0X0Z\ 0P (0X9Y 0Y 09X dud
ou Ov ou Ov oy u dv Ou dv v

p0X) _ (0POX [ 0POY 0POZ\OX . 0°X
v Oz Ou y Ou | 9z du) v Qudv
0X OPO0X OP9Y OPOZ\ 0X 92X
(P“”)au) = (axa Ty an aa) o TP g0aa

Note that

9

du
0

v

By setting g(u,v) = (P(r )%if,P( )8X) we have

[t -mis - [] 8 (P2~ ()

by Green’s theorem. Finally, with e(t) = r(B(t)) hence

o/ (1) = Gy (BUONSL + G BO) S (BN + G (BO) o (BO) +

and

9(8) - B(1) = Pr(B(1)) ox (B(1)8 + Plr(B(1) - (B(1))3)

= Plr(B(O) (G (BO)S1 + G (B0) ) = Fla(t) /().

//ScurlF.nldS:/adF(a(t)).a’(t)dt:/cF‘da‘

The proof for the cases where R = P =0 or P = ) = 0 is similar. The statement is linear
in F', hence adding these cases completes the proof. O

therefore,

Example 76. Let F(z,y,2) = (y,2z,2) and S : 22 + 92 + 22 = 1,2 > 0.

VAT o
5 sl
Voo /\ #7 ~

e We compute the surface integral. With r(u,v) = (cosusinv,sinusinv, cosv), T = {(u,v) :

0<wu<2m0<ov< 5} We know that % X % = —sinvr. We have curl F(z,y,z2) =

(—=1,—1,—1) and hence curl F(r(u,v)) = (—1,—1,-1).

// curl F-n1dS = // sinv(sin usinv + sinu sin v + cos v)dudv
S T

2 %
= / / sin v cos vdvdu = .
0 0

by performing the u-integral first.
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e We compute the line integral. With t r(u,v) = (cosusinv, sinusinv, cosv), the boundary

of S is given by v = 5. The other boundaries in 7" corresponds to the north pole and a
quarter of the great circle in opposite directions, which do not contribute to the line integral.
Hence we have to take a(t) = (cost,—sint,0),t € [0,27], &/(t) = (—sint, —cost,0).

F(a)-a/(t) = (—sint,0,cost) - (—sint, —cost,0) = sin?t and hence

2m 27r1_ 20
/F-da:/ sithdt:/ SO — o
c 0 0 2

Extension of Stokes’ theorem

Recall that Green’s theorem can be extended to regions with holes, namely,

(2o [y 5o

wherer (] is the outermost boundary of S and C}’s are the boundaries of the holes.
Similarly, Stokes’s theorem can be extended to surfaces S with holes if .S is the image of the
one-to-one map r of a region 7' to which Green’s theorem can be applied:

curl F-ndS = [ da— / f - da,
//S ] Ek: Ck

Stokes’ theorem can be further extended to regions such as cylinder which has the boundary
which is a union of two circles Cy, Cy. The surface integral [[ F -ndS can be devided into two
pieces S1, 2, and by Stokes’ theorem it is equal to [, GyuCsy f - da. The intersection of boundaries
of S1, S5 are parametrized in different directions, hence they cancel and the integral fé1UéQ fda
remains, where the parametrizations of C1 and Cs go in opposite directions. This is in accordance
with the result on surfaces with holes, because a cylinder can be considered as a region with one
hole.

,,ﬂa:'-T.._)
_.._._..(‘_:_q—— - r\;'HT,___'.'.}_,: =]
‘:’ T *L Ty A LA
-ﬂ-‘—-‘:;,-n—-.-':h ..... “-? _____ l\c \.H___‘__‘_{-" 1

But it cannot be extended to regions such as Mébius’ band, because one cannot take an altas
of parametrizations in such a way that the integrals on the boundaries cancel. In general, Stokes’
theorem can be extended only to “orientable” surfaces.

S y 5,

— Ny
7 v R
. T i
|
B H -~ o
' 7 i —
e [ S

A sphere S can be decomposed into two hemispheres S, S3 with normal vectors going outside.
If we add [/ S1US» curl F'-ndS and use Stokes’ theorem, the boundary integrals go in the opposite
directions, hence cance. Namely, we have []. geurl F'-ndS = 0. This result can be extened to
closed surfaces, namely, surfaces without boundary.
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Dec. 19. Gauss’ theorem

Gauss’ theorem

Definition 77. Let V C R? be a solid. We say that V is zy-projectable if there are functions
f,g on a region A C R? such that V = {(z,y,2) : (z,y) € A, f(z,y) < z < g(z,y)}. For a
xy-projectable region V| one can define the outside and inside direction on the boundary which
is a surface.

Similarly, we introduce yz- and zz-projectable solids.

Example 78. (projectable solids)

e Cube V = {(z,y,2) : 0 < z,y,2 < a}. V is zy-projectable, indeed, with the region
A={(z,y):0<z,y<a}, V={(z,9,2) : (z,y) € A,0 < z < a}, Similarly, it is yz- and
zx-projectable.

o Ball V = {(z,y,2) : 22 + 4% + 22 < a?}. V is wy-projectable, indeed, with the region A =

{(x,y):w2+y2 Saz}a V:{(x,y,z) : (‘Tay) €A7—\/a2—332—y2§2§ \/GQ_xQ_yZ}_

Similarly, it is yz- and zz-projectable.
Gauss’ theorem connects a surface integral and a volume integral of div F'.

Theorem 79 (Gauss). Let V be xy-, yz-, zx-projectable solid, or V is a finite disjoint union of
such solids with surfaces which are either disjoint or the intersection which is a surface whose
outside directions are opposite. Let S be the boundary which is a surface of V andn be the vector.
For a continuously differentiable vector field F(x,y,z) = (P(x,y,z2),Q(z,y,2), R(x,y,z)), it

holds that
/// div Fdzdydv = // F -ndS.
\%4 S

Proof. Since V' is zy-projectable, we can take A such that V = {(z,y,2) : (z,y) € A, f(z,y) <
z < g(z,y)}. The surface of S consists of

S1 = {(-T’yv Z) : (SU,y) € A7Z = g(m,y)},
Sy = {($’y7z) : (x,y) € A7Z = f(x,y)},
S3 = {(‘T’y7 Z) : (xay) € 8A,f(£8,y) <z< g(]),y)},

where 0A is the boundary of A.
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Let us first assume that P = @ = 0. Then div F = 7 and

J[[ s Fasaya- = [[ [ /ﬂ: O,

On the other hand, on S; we can take the parametrization r(u,v) = (u, v, g(u,v)), and then
8 = (1,0, %), % = (0,1, gg) and hence g’" X g’" = (—%,—gg,l) and hence

F.-ndS = F(r(u,v)) - —8—3, —8—? 1) dudv = R(u, v, g(u,v))dudv
Sy A ou’ 0 A

On Sy, we can take the parametrization r(u,v) = (u,v, f(u,v)), and then we have g—; X % =

(—%, —%, 1), but we should take an outgoing normal vector, hence

//SQFndS //F u,0)) - (—n) // (w0, f (. 0))dudo

Finally on S3, the normal vector n is in the zy-plane, therefore F'-n = 0 and

/ F -ndS = 0.
S3

dady = / /A R(z,y,9(z,9)) — R(z,y, [(x,y))] ddy.

Altogether,

//SF.ndS = //SIUSQUSSF.ndS = //A(R(u,v,g(u,v)) — R(u,v, f(u,v)))dudv
= / / /V div Fdxdydz
if R=0.

By assuming Q = R = 0 and using yz-projectability, or R = P = 0 and using zx-
projectability, we also have [[yF -ndS = [[[, div Fdzdydz in these cases. The general case is
F = (P,0,0) + (0,Q,0) + (0,0, R) and the statement of the theorem is linear in F, so adding
these cases completes the proof if V' is xy-, yz-, zx-projectable.

If V is a disjoint union, the volume integral is a sum and the surface integral is also a sum if
we note that the integral on the intersection cancel. O

Example 80. F(r,y,z2) = (z,y,2),V = {(z,9,2) : 22 + y* + 22 < a®}.

e Compute fffv div Fdzdydz. divF =1+4+1+4+1 =3, fffv div Fdzdydz = Sfffv dxdydz =
dma”.

e Compute ffSF-ndS. We can take x = acosusinv,y = asinusinv,z = acosv, then

gz X gz = —asinr and this is incoming, therefore, by noting that F(r) =r,

2m ™
//F-ndS = —//(—asinv)r rdS = a® // // sinvdudv = 4ma®.
S S 0 0

An interpretation of divergence

Theorem 81. Let V (t) be the ball of radius t centered ata and S(t) be its boundary wz’th outgoz'ng
unit vectorn, F be a continuously differentiable vector field. Then div F' = hmtﬁo ffs
nds.
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Proof. By Gauss’ theorem, ffS(t) F.n = [[div Fdzdydz. As F is continuously differentiable,
|F(z) — F(a)| < E(z,a) and E(z,a) — 0 as £ — a. Therefore,

v(Vl(t)) / /S ) F-ndS = v(Vl(t)) / /V . div Fdzdydz

U(Vl(t)) //(div F — F(a))dzdydz — div F(a).

= div F(a) +

O

This theorem shows that div F' represents how much F' is “diverging out” at a given point.

Maxwell’s equations

In physics, Gauss’ law of electric charge says that [[¢E -ndS = [[[, pdzdydz, where E is the
electric field, p is the electric charge density, V is a certain volume and S is its surface. By
Gauss’ law, this is equivalent to [[[;, div Edzdydz = [[[, pdzdydz, and as this holds for any
volume V', we have div E = p.

Similarly, Faraday’s law says that [, E-a = — [[; %28 . ndS, where B is the magnetic field,
t is time, S is a simply connected surface and C is its boundary. By Stokes’ theorem, this is
equivalent to [[gcurl E -ndS = — [ %—? -ndS, and as this holds for any surface S, we have

curl E = —%.
Together with other equations, with the current density j (and setting physical constants to
1),
OB oE
divE=p, divB=0, curlE= TR curlB:j—i—E,

are called Maxwell’s equations and are fundamental in electrodynamics.

Jan. 7. Review of series of functions

Criteria of convergence

Let {a,} be a sequence of numbers. We say that it is convergent to a if for any € > 0 there is
N such that for n > N |a, —a| < e. A series is a sequence {)_,_,a;} (or k may start with any
other integer). If a series is convergent, we denote its limit by > 722, ay.

Some criteria:

e (Ratio test) Let a, > 0 and GZ—II — L. If L <1, Y2, a, converges. If L > 1, > > jay
diverges.

o (Root test) Let a, > 0 and (ay)w — R. If R < 1, Y omgan converges. If R > 1,32 ap
diverges.

e (Comparison test) Let an, b, > 0,¢ > 0 such that a, < cb,. If >~>° 1 b, converges, so does
>0 o Gn-
Pointwise and uniform convergences of series of functions

Let {fn(x)} be a sequence of functions on S C R, namely, for any = € S, {f,(z)} is a sequence
of numbers.

Definition 82. We say that {f,(z)} is pointwise convergent if for each z, {f,(x)} is con-
vergent to f(z): namely, for each z and € > 0 there is N such that |f,(z) — f(z)] < e We
say that {f,(z)} is uniformly convergent if for each ¢ > 0 there is N such that for each x

[fn(z) = f(2)] <e
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o (Weierstrass’ M-test) Let {d_;_, fn(z)} be a series of functions. If there is a,, > 0, such

that > 22 an is convergent and |fn(z)| < ap, then {>°)_ fn(z)} is uniformly convergent.

Theorem 83. If {f,} is a sequence of continuous functions, uniformly convergent to f, then f

is continuous and limy,_, o f; fn(x)dz = f; f(z)dx

A series of functions { f,(x)} is the sequence {}")_, fu(2)}.

Exercises
e Show that >}, kQS(lfﬁl) is uniformly convergent for = € R.
1

Solution. Note that % < % and (e%) P= eik — 0. By root test, e% is
convergent, hence by M-test, Y 1~ k;z:ﬂl) is convergent.

e Study the uniform/pointwise convergence of y_ ° | *— for z € [0,1).
Solution. Let R € [0,1). Then for z € [0,R], (£~ < {%=. The latter is a geometric
series with |R| < 1, hence is convergent. By M-test, > 7, lx’;n is uniformly convergent
in x € [0, R]. On the other hand, for a given n and for each 1 > € > 0, there is « which is
sufficiently close to 1 such that ;¥ > e: because we may assume that z" > € and then
we can take %5 > 1" > e Therefore the series is not uniformly convergent in [0, 1).

e Study the conditional, absolute and uniform convergence of the series > 3 (\/ n+1-—
Vi) (2a% — 5)".

: [T _ 1 1 [T 1

Hlnt. n+1_\/ﬁ—m,hencemg n—i‘l—\/ﬁgm

e Show that > }_, k2(12+1> is uniformly convergent for —R < x < R for any R > 0.

e Show that >}, ﬁ is uniformly convergent in R.

e Show that > }_; -1 is uniformly convergent for (—oo, —a] U [a,00) for any a > 0, but
it is not uniform in (—o0,0) U (0, 00).

e Show that >} 2" is uniformly convergent for —R < z < R for any 0 < R < 3, but

29

k=1 z
uniform in (—3, %)

Power series, applications to differential equations

A particular example is a power series, where {a,} is a sequence of numbers and one considers

{0

oan(z —a)"}.

Theorem 84. For a power series {)_,, an(x —a)"}, there is R > 0 or R = oo (called the radius
of convergence) such that for r < R, Y>> g an(x — a)™ is uniformly convergent and absolutely
convergent for |v — a| < r and divergent for |x — a| > R.

Furthermore, if ¢ € (a—R, a+R), then with f(z) = > 0" an(x—a)", it holds that [ f(t)dt =
D o g (@ — a)"*! and f'(z) = 3, nan(z — )"~ 1. In particular, f*)(a) = klay,.

Exercises

Determine the radius of convergence (and compute the sum if possible).
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o Yol(n+ 1)z

Solution. We put y = x2. We have (T(L:i)lgnﬂ = (7:;21)?’ — x as n — 00, hence by ratio

test, the series is convergent if |y| < 1 and divergent if |y| > 1, or equivalently, convergent
if |z| < 1 and divergent if |x| > 1, Namely, the radius of convergence is 1. To compute
the sum, note that with f(y) = >.0° ((n + 1)y", we have F(y) = 320 jy" ! = L — 1,

1—y
where F(y) is a primitive function of f(y). Therefore, f(y) = d%(— —-1) = (1_1y)2 and
Soto(n+ D)o = .

* >0 4(&3)!-
Solution. We put a, = (n+3) = 47 — 0 for any = € R, hence the
radius of convergence is co. Put f(z) = Zoo, (n+3),, then
0 n+3 > .n 2 2
3 x x x . x
L S - Sl I
x° f(x) ,;)(n+3)! ;n! <+l'+2> e T =

therefore, f(z) = 5 (eﬂf —1l—z— %2)

3

e (without computing the sum) 3> 1 (1 + i)n "
Hint. Use root test.

* >0 3an :

* >0 n'

o > 2 (B4 2M)z"

* > nto ;TZ

Theorem 85. In the radius of convergence, if Y~ anx™ = > o7 bya”™, then a, = by, for all n.

We can use this to solve differential equations by assuming that the solution can be repre-
sented by a power series: f(z) =Y " ;a,z" and by comparing the coefficients.
Exercises
Solve the following differential equations and determine the radius of convergence.

o ['(2) = 2f (@)
Solution. Put f(z) = Yo% janz™. As f'(z) =302 na,a™ !, a, must satisfy

o o
E na,z" "t = E (n+ Dapyi12™
n=1 n=0
o o [o¢]
1
:2x§ anx” = g a2 = E 2a,_12",
n=0 n=0 n=1

a —
therefore, a1 = 0, (n+ 1)ap+1 = 2a,_1, or ag, = %

show that f(z) = age™).

, hence az, = %% (and one can also
n:
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o fi() = f(z) +1.
Solution. Put f(z) =Y 0% ja,z™. As f'(z) =322 na,a™ 1, a, must satisfy

o o
E na,z" "t = E (n+ 1Dap12"
n=1 n=0

oo o0
= Zanz”+1 zao+1+zan$"
n=0 n=1

therefore, ag + 1 = a1, (n + 1)ap41 = a, for n > 1, or a,, = “‘)T’,Ll (and one can also show

that f(z) = (ap + 1)e* —1).
e f(z) = f'(z). (Result: a,, = nlag)
e zf(x) =2f(x). (Result: a, =0 except n = 2)

o vf"(x)+ (14 2)f(x) +2f(x) =0.
Hint. Use f"(z) = >, _on(n — a,z™ 2.

o f"’(x) = —f(z). Note. The solutions are parametrized by two numbers, say ag, a1.

Jan. 9. Review of scalar field and partial derivatives

Taylor series

Let f be a function on (a — r,a + r), infinitely many times differentiable, and denote the n-th
derivative by f(™(z).

Theorem 86. Assume that |f™(z)] < <2 for some C > 0. Then it holds that f(z) =
[e'S) () (a n
Yoo e - o

Proof. Let E,(z) be the error term in the n-th order Taylor formula, namely, E,(x) = f(x) —

*)( (n+1) . .
Zk _0 ! = a)( —a)k = f(nt:l)(, y) (x — a)"™!, where y is between z and a. From the assumption,
_ o n+1
it follows that |E,(z)| < %M —a|"tt = % — 0 as n — oo. O

Example 87. (Taylor expansion)
. d%(e ) = e”. e$:1+x+%x2+%x3+---

d2r 5

* on(sinz) = (— 1)”sinx,%(sin$):(—1)”(:053;. sine = — g3 4 F2°- -

2n

. diﬁ(cosx) = (—=1)"cosz, %(COS%) = (—1)"sinz. sinz =1— 22 + gt + - -
-DI(=pn~!
dz" " (log(z+1)) = % hence |dx” (log(z+1))| < & 2n for x € (—3,1). log(z+1) =
x—%$2+%m3+---
Exercises
Find the Taylor expansion of the following functions around z = 0.
e f(z) = coshz(= <),
Solution. £ (z) = %

L F@M(0) =1, FPHD0) = 0.f(z) = 3, 22)!3”271'
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e f(z) = coshz?.
1 4in

Solution. With y = 2?2, cosha? = coshy = Y °° ﬁy% =3 IR

o f(z) =log /L.
(n—1)(~1)n"!

Solution. Note that f(z) = 1(log(14xz)—log(1—x)), and -4 = —(log(z+1)) = =Syt

log(z +1) = >, (_lzlnilx log(—z + 1) = Y., _; —=a", therefore, by summing them,
f(@) =30 2n1+1 g,

o f(2) = 52y

Hint. f(z) = =% + 2.

z—1
o f(2) =35

e f(z) =xsinz. (use the expansion of sinz and multiply it with x).

Definition and computation of partial derivatives

Let f(z,y) be a function of two varibles x,y (some times denoted by f(z) with z = (x,y)). We
call it a scalar field.
Partial derivatives of f are defined by

g_hmf@j—’_h?y)_f(w:y) g_hmf(xay—i_h)_f(xay)
0r  h—>0 h ’ dy  h—0 h )

Practically, they can be computed by treating “the other variables as constants”. Similar defini-
tions are given for functions with more variables (x,y, z) or (z1,z2, 3, - ,Tp).
If the partial derivatives are still differentiable, we also introduce the higher partial derivatives

of Of 9 0 Of
0x2’ 0x0y’ Oyox’ Oy?’ Ox3’

*f . 9%f _ 0°f
If ozoy 18 continuous, then oxdy = Dyor
Exercises

. . . 82 62 82 62
Compute the partial derivatives a—z{, Wgy? Wa{w a—y{.

o flz,y) =ay’.
Solution. % =2, ?ngj = 2zy, gi{ =0, Bajgy =2y = 88312ng 327/; =

o f(x,y) =sin(zeY).
Solution. % = €Y cos(xeY), % = xeY cos(ze?), % = —e¥sin(xeY), a‘fgy = eY cos(ze¥) —
xeY sin(ze?) = ad;gx, giyf = ze¥ cos(ze¥) — ze?¥ sin(xeY).

Chain rule

Let f(x,y) be a scalar field, X (t), Y (¢) be functions on R. The composition F(t) = f(X(t),Y(t))
is a function of ¢. One can consider the pair (X (¢), Y (¢)) as a curve a(t) in R?, and F( ) = f(a(t)).
Recall that the vector field V f(z,y) = (gi (x,y), 35 (x,y)) is called the gradient of f.

Chain rule: £F(t) = 4 f(a(t) = Vf(a(t))-a'(t).

The same formula holds for scalar fields on R™.
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Exercises
e Compute £ f(a(t)), where f(z,y) = 2% + 3%, a(t) = ().
Solution 1. & f(a(t)) = 4 (2 + (12)2) = L (12 4 t) = 2t + 4.
Solution 2. Vf(x,y) = (22,2y), Vf(a(t)) = (2t,2t%),a/(t) = (1,2t),Vf(a) - a'(t) =
2t 4 4t3.
e Compute & dt , where F(t) = t'.

Solution. Take f(z,y) = 2¥,a(t) = (¢,t), then f(a) =t' = F(t). Therefore, Vf(z,y) =
(yx¥=logxaY), Vf(a(t)) = (t,logt - t!),a'(t) = (1,1), Vf(a) - /(t) = t' + logt - t'.

e Compute & 4E where F(t fo estds.
s 3
Solution 1. We have F(t) = [eTt]f)z = % — 1 and take its derivative directly.

Solution 2. Take f(z,y) = [ eyst,a(t) = (t2,t), then f(a(t)) = F(t). Vf(z,y) =
(e¥™, [y se¥*ds), V f(a(t)) = (etg,fg setsds) = ( £ te 5 _ t%etg + %) because [ set*ds =
Sets — tIQets o/ (t) = (2t,1),Vf(a) - o/ (t) = 2te’” + tet’ — et % = 3tet” — t%etg + t%

e Compute %, where F(t) = ¢*'.

Hint. Take f(z,y,2) = 2¥",a(t) = (t,t,1).

PDE with constant coefficients, wave equation

A partial differential equation (PDE) is an equaiton about a scalar (vector) field which
involves partial derivatives.
We learned two types of PDEs:

e Linear PDE with constant coefficients for f(x,y): aax + b = 0. A general solution is
f(x,y) = g(bx — ay), where g is continuously differentiable.

2 2
e One-dimensional wave equation for f(z,t): ?97; = 62%. A general solution is

f(ﬂj,t) =

F(x+ct)+ F(z — ct) N 1 /““ G(s)ds

2 % —ct

where F' is twice continuously differentiable and G is continuously differentiable. Further-
. 2]
more, it holds that f(z,0) = F(x) and a—{(m,O) = G(x).
Exercises

e Find the solution f(z,y) of the partial differential equation

of  of
352 95, =0

with the initial condition f(z,0) = cos(z?).
Solution. f(z,y) = g(5z — 3y). With the given initial condition, it should hold that
2

t
f(x,0) = g(5z) = cos(z?), namely, g(t) = cos R Again by the general formula, f(z,y) =

(5 — 3y)?

5z — 3y) =
g(bx y) = cos 5%
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e Let ¢ > 0. Find the solution f(x,t) of the partial differential equation

Pf _ 207
o2~ ¢ ox2

with the initial condition f(z,0) = e, %(a?, O) = ﬁ

We are given the initial conditions f(z,0) = 6*932, %{(:c 0) - 2+1)27 hence we can take

F(s)=e " G(s) = . Note that [ G(s)ds y + Const. Altogether, we have

__Ss
(s2+1)2 2(s2+1

1 2 2 1 1 1
) = = —(z—ct) —(z+ct) - . ‘
f(@.t) 2(6 te )+4c (z—ct)2+1 (z+ct)2+1

2x+5y

e Solve 52 —28f = 0 with f(0,0) =0, af(x 0) =e*. Result: f(z,y) =€ =

e Solve at; =c —J; with f(z,0) =0, %{(az 0) = 23¢~*". Result:
f(:c,y) 1 (%(5[3 _ ct)2 —(z—ct)? + %e—(x—ct) _ %(m + Ct)Qe—(a:+ct)2 . %6—(93—&-01&)2)

Jan. 11. Review of extremal values

Minima, maxima and suddle points

Let f(z) be a scalar field on an open region S C R™. We say that @ € S is a relative minumum
(respectively maximum) if there is a ball B(a,r) C S such that f(a) < f(a) (respectively
f(a) > f(z)) for all z € B(a,r).

Let f(z) be differentiable. If Vf(a) = 0, a is said to be a stationary point. A stationary
point which is neither a relative minimum nor a relative maximum is a saddle. The Hessian
matrix of f is
Dy f(z) Diaf(z) -+ Dinf(x)

H(z) = : :
Dnlf(x) Dn2f(m) e Dnnf(m)

Theorem 88. Let f be a differentiable scalar field with continuous second derivatives. Let a be
a stationary point.

e If all eigenvalues of H(a) are positive, then a is a relative minumum.
o [f all eigenvalues of H(a) are negative, then a is a relative mazimum.
e [f H(a) has both positive and negative eigenvalues of, then a is a saddle.

In R?, it is easy to determine the signs of a symmetric matrix: for A = Z ,if det A =

d
ad — be < 0, it has both positive and negative eigenvalues. If ad —bc >0 and trA=a+d > 0
(respectively < 0, then both of the eigenvalues are positive (respectively negative).

Exercises

Find all stationary points and classify them.
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o flz,y) =%+ y* - 3zy.

Solution. Vf(z,y) = (322 — 3y,3y? — 32). Vf(x,y) = (0,0) & 322 — 3y = 3y> — 3z =

0= a2t~z =022 =y = (2,y) = (0,0),(1,1). H(z,y) = < ﬁ‘g g; > H(0,0)

( _03 _03 ), det H(0,0) = —9 < 0, hence (0,0) is a saddle. H(1,1) = < _63 _63 >,

det H(1,1) =27 > 0 and tr H(1,1) = 12 > 0, hence (1, 1) is a relative minimum.

o f(z,y) = e¥(2? — 2xy + 3).

Solution. Vf(x,y) = (e¥(2x — 2y),e¥(2? — 2zy + 3 — 27)). Vf(z,y) = (0,0) = e¥(2x —
2y) = e¥(2? — 22y +3-27)=0= 2z =y,2° - 222+ 3 -2 =0= (z,y) = (1,1),(-3,-3).

_ ev-2 eY(2x — 2y — 2)
H(z,y) = < eY(2r —2y —2) eY(x? — 2wy +3—4x) )’

H(1,1) = ( _2266 :;z > and det H(1,1) = —8¢? < 0, hence (1,1) is a saddle.

2e 3 —2¢73
H(*3a *3) = ( —26_3 66_3

0, hence (—3,—3) is a relative minimum.

> and det H(—3,-3) =8¢ % > 0,tr H(—3,-3) =876 >

o f(z,y) = " (8a% — 6y + 3y°).

o f(z,y) = eV (2? + xy).

Lagrange’s multiplier method

If a scalar field f(z) is restricted to the subset of R™ defined by g1(x) = -+ = gm(x) = 0, we
cannot use the condition V f(z) = 0 in order to find extremal values of f on that subset. Instead,
if Vgi(z) are independent, then we can use Lagrange’s method: if f takes an extremal value
at a, then there are A1, -+, \;,, € R such that

Af(a) = \Vgi(a)+ -+ A Vgnm(a).

We have (m + n) equations for (m + n) variables @ = (a1, -+ ,an), A1, -, Am.

Exercises

e Find extremal values of f(z,y, z) = 2 — 2y + 22z on the sphere 22 + y? + 22 = 1.

Solution. We must find extremal point  of f under the constraint g(z,y, z) = 22 +y?+2%—
1 = 0. By Lagrange’s method, there is A such that Vf(z) = AVg(z). Vf(z) = (1,-2,2)
and Vg(z) = (2z,2y,22). We may assume that A\ #= 0 and we need to solve (1,—-2,2) =
A2z,2y,22),2%2 + y? + 22 — 1 = 0. From the first equation, (z,y,2) = (%,—%, %), and
from the second equation, & + % + % = 1, namely, A = j:%.

Wi‘fhz)\ :2%, (x,;ly, ,g) :2(%,—%1,%),f(%,—%, %) = % (maximum), and \ = —%, (r,y,2) =
(_§7 3 _§)a f(_ga 3 _g) = 3 (maleum)‘

2

e Find the points on the curve of the intersection of two surfaces 2% — zy + y?> — 2> = 1 and

x 4+ y = 0 which are nearest to the origin.

Solution. We need to minimize function f(z,y,2) = 22 + y? + 22 under the condi-
tions g1(z,v,2) = 22 — 2y +y?> — 22 — 1 and ¢2(z,y,2) = = +y — 1. By Lagrange’s
method, there are A1, Ao such that Vf(z,y,2) = M1Vgi(z,y,2) + AaVga(x,y, z). We have
Vf(l’,y, Z) = (2%, 2y7 22)7 Vg1(37,y, Z) = (2.’E -y, =T+ 2y7 _2'2:)7 ng(m’,y, Z) = (17 17 0)
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Therefore, (2x,2y,2z) = (M (22 —y) + Ao, A1 (—x + 2y) + A2, A1 (—22)). From 2z = =2\ 2,
there are two possibilities:

—2=0. Asz+y =0, y— —z and 22—z (—x)+(—2)?—0% = 1, hence 322 = 1 (x,y,2 )
(%7_\/’7 )a‘ndf( 3 %70):%7 (55,3/72):(—%7%,0) andf( \[ \1[70)

— 2z # 0 and Ay = —1. Then, again with y = —x, 2o = —3z hence x = 0, but then
2?2 = —1 which is impossible, so there is no solution in this case.

\w I

So the minumum is (%, —%,O) and (—%, %,0)

e Find the nearest point from the origin of the surface 22 — 2y = 1.
e Find the extremal values of the function f(x,y) = 3z — 4y on the curve C defined by
322 4+ 292 = 1.
Implicit functions

If F(z,y,z) is a function, the equation F(z,y,z) = 0 may define a function f(z,y) such that
F(x,y, f(z,y)) = 0. Then,

OF (1 ey flzy)  of o) — 9L (2, f(2,y))
0x Ty f(ey) 9T ey fay)

Exercises

e Compute the partial derivatives of g(z,y) = = — 2y + 2f(z,y), at (3, —2) where f(z,y) is
defined by F(z,y,2) =22 +y> +22 —1=0.

Solution. By the formula above, with %F =2 a—F =2y, 5 a—F = 2z, we have giC (r,y) =
0
—Qf?;”éy) ) (m oy At (3,—2) we have f(3,—2) =2 and hence 85(%,—%) = —1. There-
fore, %(3, —g) =1 + 2(—5) = 0.
.. o 2 6]
Similarly, 8—5(35 y) = _Wf,y) = —%, and at (§,—2), 75(%7_%) = —1 Therefore,

0
%(1,-2) = —2+2(-1) =0

e Compute the partial derivatives of the function 22 + 32 + f(x,4)? at (z,y) = (1,1), where
f(x,y) defined by F(x,y,2) = 2> —ay —1 =0,z = f(,y).

Jan. 14. Review of line integrals

Definition and computations

Let f(z) = (fi(x), -+, fu(x)) be a continuous vector field on an open region S C R™, and
a(t) = (ai(t), - ,an(t)) be a continuously differentiable parametrized curve C' in R™ on [a, a].
The line integral of f along a is defined by

/Cf.da = /a&f(a(t))'a'(t)dt,

where & (t) = (o (t),--- , ay,(t)). In other textbooks, this is also denoted by [ fidzi+-- - frnday.
The line integral depends on f and the curve C, but not on the parametrization @ (up to the
direction).
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Exercises

Compute the line integrals [ f - da.

o f(z,y,2) = (v,22,~y), a(t) = (t*,,£°),t € [0, 1].
Solution. f(a(t)) = (12,15, ~t),a/(t) = (2t,1,313). [f -da = [} (263 + 15 — 3t%)dt =
0 sty 1,1 3 _ 1
G+ —Th=2+t5-1=—1

o f(z,v,2) = (2zy, 2% + 2,9), a(t) is the line segment from (1,0,2) to (3,4,1).

Solution. We can take a(t) = (2t + 1,4t,2 — t),a/(t) = (2,4,—-1),t € [0,1]. We have
fla(t) = (22t +1)-4t,(2t + 1)2 +2 — t,4t) and [ f - da = [; (32> + 16t + 16t + 16t +
A+ 8 — 4t + 8t —4t)dt = [} (481> + 24t + 12)dt = [16¢> + 12¢> + 121]} = 40.

e f(z,y) = (22, —22y), C is the parabola y = 22, from z = —1 to x = 1.

o f(z,y) = (xﬁng, ;(;f@%)), C is the circle 2% + 4% = a2, going counterclockwise, starting at
(a,0).

We also defined the length of a curve, although it is not a line integral. If C is parametrized
by a(t) on [a,a], then its length is
a
[ e at
a

Exercises
Compute the length of the curve.
e a(t) = (t,3t?),t € [0,1].
Solution. &/(t) = (1,t), ||&/(¢)|| = V1 + 2.
fol V1+82dt = [3(tV1+¢2 +sinh ' #)]§ = L + s (by substitution ¢ = sinh#’ and 1 +

e’—e”S

sinh? ¢ = cosht’, where s is the positive solution of = 1, or with x = e® we have

2?2 —2x —1=0, hence z = 1 + /2 and s = log(1 + v/2).

e a(t) = (cost,sint),t € [0, §].

Potential and Green’s theorem

Let f be a vector field, @ a parametrized curve on [a, a.

Theorem 89. If f =V for some scalar field ¢, then [, f - da = p(a(a)) — ¢(a(a)).
If fcf - da depends only on the end points of C' but not on «, then f is a gradient.

Theorem 90. Let f(x,y) be a vector field with continuous second derivatives on a convex region
S CR™ f =V for some scalar field ¢ if and only if g—i’; = ngllc.

Let f be a vector field with continuous second derivatives on an open, simply connected
region S C R?, with the boundary C' parametrized by a curve a going counterclockwise.

Theorem 91. For any f(x,y) = (P(z,y),Q(z,v)), it holds that

[ gda= [ (222 aaay

(We will review double integrals in the next lecture)
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If f is a gradient, the potential ¢ can be constructed by line integral. In R?, we can take

x Yy Yy x
go(x,y):/o fl(t,())dt-i-/o fg(x,t)dt:/o fQ(O,t)dt-i-/O fl(t,l‘)dt

In R?, we can take
o(z,y,2 /fltOOdt—i—/ fzxtOdzH—/ fa(x,y,t)

Exercises
Determine whether the following vector field is a gradient, and if so, find a potential.
2 2
o f(z,y) = (2,2y). (ves, p(x,y) = =H)
o f(z,y,2) = 2zy®,2°2%, 32%y2"). (no)

o f(x,y) = (e¥cos(ze?), xze¥ cos(ze?)). (yes, p(x,y) = sin(zeY)).

o) = /0 " pa(0.0)dt + /0 " hi(t gt

=0+ [sin(te?)]5

= sin(zeY).

Solution.

o f(2,y) = (20eh +y,a%" + ). (ves, p(x,y) = 2" + ay)

o f(z,y) = (y?cosz+ 23, —4 +2ysinz, 3x2% +2). (yes, p(x,y,2) = y?sinz + 22° — 4y + 22)

Applications to PDE

Let f(z,y) = (P(x,y),Q(z,y)) be a vector field and assume that f = V. The differential
equation P(z, f(z)) + Q(z, f(x))f'(z) = 0 is said to be exact. Exact equations can be solved
implicitly by ¢(z, f(z)) = C for some C € R.
Even if P(z, f(x)) + Q(x, f(x))f'(z) = 0 is not exact, one might find u(x,y) such that
)

pl, f(x))P(z, (93 + plz, f(2))Q(z, f(x))f'(x) = 0 is exact.

Exercises

o (z+2f(x))+ 2z + f(x))f(x) =0.
Solution. Take P(z,y) = z + 2y,Q(z,y) = 2z + y. This is a gradient, indeed, one
can take p(z,y) = %2 + 22y + % So f should satisfy %- : 4 2uf(x) + %96)2 = C, or
1) — 95+ 20 — 522

o 222 f(x) + 23 f'(x) = 0.

Solution. Dividing by x, we take P(z,y) = 2zy, Q(z,y) = 2. This is a gradient, indeed,
one can take ¢(z,y) = x%y. So f should satisfy z2f(z) = C, or f(z) = x%

o f(z)— (22 + f(2))f(z) =0.
Solution. Dividing by 33, we take P(z,y) = y%,Q(:U,y) = _2;3_3/. This is exact, and
e(z,y) = 5 + %, hence ﬁ + ﬁ =C.
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Jan. 16. Review of multiple integrals

Double and triple integrals

Recall that a region S C R? is said to be of type I if it can be written as S = {(z,7) : a <
r < a,p1(x) <y < po(x)} with continuous funcitons @i, pe. Similarly, S is of type II if
S ={(z,y): b<y < bi(y) <z < h(y)} with continuous funcitons )y, 1y.

Let f be a continuous function on a type I region S. We learned that f is integrable on S,

and it satisfies
a w2(w)
/ f(x,y)dxdy=/ / f(z,y)dy| dx.
S a e1(w)

Recall that integrability is defined through approximation by step functions, but we showed it
for continuous functions and it can be computed by iterated integrals. Similarly, if S is of type

II, then i
fapdzay = [ |7 twyde| dy.
/ /s /b b1 (z)

In R3, we say that a region V is said to be xzy-projectable if there is a region S C R? and
continuous functions @1, p2 on S such that V = {(z,y,2) : (z,y) € S, p1(z,y) < z < @a(x,y)}.
Similarly, we defined yz- and zz-projectable regions. If V' is zy-projectable, then for a continuous
function f, we have

// Fla,y, 2 d:zdy_// [/@w;) xy,z)dz]dxdy.

Exercises
Compute the following integrals.

o [[getsinydady, S ={(z,y):0<2x<1,0<y <7}

Solution.

1 m 1
// e’ sinydxdy = / ex/ sin ydydx = / e®[— cosy|hdr = 2[e*]) = 2(e — 1).
S 0 0 0

o [[s(z+2y)dady, S ={(z,y): 42* +y* < 4,2 >0,y > 0}.
Solution. S = {(z,y) : 42?2 + 42 <4,0< 2 < 1,0 <y < 2V1 — 22}

//(x+2y)dxdy:/l [/2m($+2y)dy] olac:/O1 [zy + ¢ ]Nﬁd

0

2 4 0
:/ (221 — 22 4+ 4(1 — 2?) dm—[—g(l—m2)g+4w—3w3]

2 4
=—Z44--_(-1)=3

o [l areedadydz, V = {(2,y.2) s 2,y.2 > 0,2 +y + 2 < 1),
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Solution. V ={(z,9,2):0<2z<1,0<y<1—-2,0<z<1-—2z—y}.

1 1 -z l-z—y 1
dwdydz = dz| dyd
/// (Itatyte2 W // [/ (I+z+y+2)? 2] v
1-z l—z—y 1-x 1
dydz = =) dyd
// [ 1+x+y+z] e = // <1+x+y 2) yar

1—x

:/0 [log(l—l—x—l—y)—%}o_ dw—/o (1og2—2—1og(1+a:)> da

0
1

2 — 22

= [:nlog2— —(1—|—x)log(1+x)—|—(1—|-x)]

0
1 1
:log2—1—210g2—|—2—1:1—log2—Z

. ffv md:ndydz, V={(x,y,2) :x,y,2 > 0,x +y+ 2 < 1}.
o [fg dedy, where S is the quadrilateral with vertices (1,0), (1,v/3), (3,3v/3), (3,0).
o [[gatdady, S:{(z,y):0<x<1,0<y<a}.

° ffsﬁdxdy, S={(z,y):0<z < %,Ogyg Z}.

Hint: (tant) = —1-.

If we set f = 1, a two-dimensional integral [ fS dxdy gives the area of S and a three-
dimensional integral [[[;, dzdydz gives the volume of V.

Exercises

Compute the volume.

e V is the region bounded by the cylinder 22 + y? = 1, the sphere 2% + y? + 22 = 4 and the
plane z = 0.

Solution. V = {(z,y,2) : 2?2 +9?> < 1,0 < z < /4 — 22 — y2}.
e V is the solid bounded by 2 =0,z = 2> —y?, 2 = 1,2 = 3.
Solution. V = {(z,y,2) : 1 <2 <3,0< 2% —¢%,0<2? -y <z}

Change of variables

Let S be a region in the xy-plane. Assume that there is another region 7" in uv-plane and the
map r(u,v) = (X(u,v),Y(u,v)) is one-to-one from 7" to S. With the Jacobian determinant

—)u((u,v) %(u,v)
Ju,v) = é;—X(u,v) ‘g—};(u,v)

//Sf(x’y)dxdy://Tf(X(U,U)ay(u,v))|J(u,v)|dudv.

Similarly, if V is a region in the xyz-space and if there is another region @) in uvw-space and a
map r(u,v,w) = (X (u,v,w),Y (u,v,w), Z(u,v,w) from Q to V, then

//fxy, d:ndy—//f (1, 0,0), Y (11, v, ), Z (1, 0, )] J (1, v, w) | ducl,

Q

, it holds that

OX (y, v,w) X(u,v,w) 2Z(u,v,w
where J(u,v,w) = ‘2)5 Eu v fw§ g%gu v w% g%gu,v,wi
%(u,v,w) a—y(u v, W) %(u,v,w)
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Example 92. (various coordinates)
e Linear transform x = Au + Bz,y = Cu+ Dv. J(u,v) = AD — BC.
e Polar coordinates z = rcosf,y = rsinf. J(r,0) =r.
e Cylindrical coordinates x = rcosf,y = rsinf,z = z. J(r,0,z) =r.

2

e Spherical coordinates x = rcos@sin g,y = rsinfsinp, z = rcosp. J(r,0,p) = —r-sinp.

Exercises

Compute the integrals.

o [[[,(@*+y?+2%)dadydz, V = {(z,y,2) : 2* +y*+ 2% < a®}. In the spherical coordinates,
V corresponds to Q@ = {(1,0,¢) : 0<7r<a,0<0 <27, 0< p <7}

/// (2% 4 32 + 2°)dadydz = /// r2 - r2sin p drdfdy
1% Q

T 21 a 5 4 5
:/ / / T4sing0drd9d<p:2-27r-a—: e
o Jo 0 5 5

o [/ Wd:ndy where S is the quadrilateral with vertices (1,0), (1,/3), (3,3v3), (3,0).

Solution. S = {(z,y):1 <2 <3,0 <y <3z}

In the polar coordinates it corresponds to

T:{(T79)!0§9§ga1§7“0089§3}:{(r,@):()gag; 1 <r< 3 }

o [[gatdzdy, S ={(z,y):0<a?+y?l}.
o [[sV2?+yPdady, S={(z,y): 0<z<a,0<y<a}
o [[f,Va?+ytdady, V ={(z,y,2) : 2* +y* < 2* <1}

o [[s(52* + 6ay + 5y*)dady, S = {(x,y) : 5x* + 6y + 5y* < 4}.
Hint. 522+ 62y + 5y = (z —y)? +4(z +y)?. Use the coordinates u = x —y,v = 2(z +y).

Compute the area/volume.

o S={(x,y): 22>+ 2zxy + 5y> < 1}.
Hint: 222 + 22y + 49% = (z — y)? + (z + 2y)%.

o §={(z,y): (2? +y°)’ < da®y® 2,y > 0}.
° V:{(:c,y,z)::vQ—i—y;jL%gl}.

o V={(z,y,2):a? +1? <22,0<2 <1}
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Jan. 18. Review of Stokes’ and Gauss’ theorems

Surface integrals

Let S be a two-dimensional surface in R® and assume that it is parametrized by r(u,v) =
(X (u,v),Y (u,v), Z(u,v)) on a region T C R2.

Consider the upper hemisphere 22 4 3% + 22 = a2,z > 0. It admits at least two parametriza-
tions:

(1) z = X(u,v) = u,y = Y(u,v) = v,2 = Z(u,v) = va?> —u? —v?, on the region 71 =
{(u,v) : u? + 0% < a?}.

(2) x = X(0,¢p) = acosfsing,y = Y(0,p) = asinfsing,z = Z(0,p) = acosp, on Th =
{(6,p):0<8<2m,0<¢p<m}.

The fundamental vector product of the parametrization is defined by 2 x %, where % =

(8X 0¥ 07y g ar _ (98X oy oz Ou

Ou’ Ou’ Ou Qv Ov dv/”
or 0 o 0
e For example (1), we have 5T = (1,0, ﬁ), g6 = (0,1, \/ﬁ), hence 5. x 5T =
u v
(_ Vai—u2—02’ JaP—uz—uv2’ 1)'
e For (2 ), g’g = (- asin@singo,acos@singp,O),g; = (acosfcosp,asinb cos @, —sin ) and
hence 2 25 < g; (—a? cos 0sin? o, —a? sin fsin? , —a? sin ¢ cos ) = —asin er.
The surface integral of a scalar field f on S is defined by
or oOr
ds = r(u,v)) || =— X =—|| dudv
J[ras = [[ st |50 5

We showed that the surface integral does not depend on the parametrization. If we integrate the
function f = 1, then we get the area a(S) of S.
Let f be a vector field, N = a’" % and n = H%—H The product f -n is a scalar field on S,

and it holds that 5 5
//f ndS = //f r(u,v) <r 8r>dudv

e Compute the surface integral [[q f-ndS, where f(z,y, 2) = (z2,y2,0) and S = {(z,y, 2) :

22 +y? — 22 = a?,0 < z < 1}, where n is outgoing (from 0).

Solution. By taking the parametrization (6, z) = (Va? + 22 cos6,Va? + 22 sinb, z), we
can compute % = (—va? + 2%2sinb,va? + 22 cos 0, 0), % = (\/aiLZ2 cos 0, \/a2z+z2 sinf, 1),
% X % = (Va? + 2%2cos6,va? + 22sinf,—z). Correspondingly, we should take T =

{(0,2) : 0<0<2m,0< 2<1}. f(r(6,2)) = (2va? + 22 cos b, 2v/a? + 22sin 6, 0).
[fsf ndS = [[.2(a®+ 22)d0dz = 27 - §[(a® + 2?)%]§ = 7((a® + 1)? — a?).
e Compute the area S = {(x,y,2) : 22 + y? = 2,2 < 4}.

Solution. Set r = /22 4+ 42, then = rcosf,y = rsinf,z = 2 and we need to take
T={(r0):0<r<20<6<2n}.

Exercises

We get 5 ar = (cos@,sin 6, 2r), o 95 = (—rsinf,rcost ,0), 2 I X gz = (=2r?cosf, —2r?sin b, r),

128 80\\ = VAP 1 1. [[ydS = [[prV/8% + 1drdd = 2n[5(4r2 +1)2)2 = T(17V1T-1).

o Let S = {(z,y,2) : 2 + 2% = a*, -1 < y < 1,z < 0}. Compute [[gf-ndS, where
f(z,y,2) =(0,0,1) and n has positive z-component.
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Curl and divergence

Let F(z,y,2) = (P(z,y,2),Q(x,y, 2), R(x,y,2)). We defined
VPP 0Q OR  on 0Q 0P OR 9Q 0P
dvE =5 T oy T g cwiF= <8y 920z oz ox ay>'

Exercises

Compute div F' and curl F.
o F(z,y,7) = (s, Pas, 2ay).
Solution. div F = 6xyz and curl F = (222 — y?x, 2%y — 22y, 9%z — 222).

o F(x,y,z) = (cos(zy),sin(yz), e**).

Stokes’ theorem

Assume that S is a piecewise continuously differentiable surface, with a piecewise continuously
differentiable boundary C that is a single curve, parametrized by a. Let r be a parametrization
of S from a simply connected region with the corresponding boundary parametrized counter-

clockwise, which is compatible with . Let m parallel to 8—; X %. Then, for a continuously

differentiable vector field F',
// curlF-ndS:/F-da.
S C

Compute the line integral fCF - da.

Exercises

o F(x,y,2) = (x —y,y — z,z —x), C = {(z,y,2) : 2* + 2> = 1,y = 0}, & going going
counterclockwise on the zz-plane.

Solution. For the C above, we can take S = {(z,y,2) : 224+ 22 < 1,z = 0}, and a
parametrization X (u,v) = v,Y (u,v) = 0, Z(u,v) = u. The corresponding region in the
uv-plane is T = {(u,v) : u? +v? < 1}. Tt follows that gr—u = (0,0,1), % = (1,0,0) and
hence % X % = (0,1,0).

curl F = (1,1,1)).
/F-da:/curlF-mdS://ldudv:m
C S T

o F(x,y,2) = (ezy2,ey$2,e“2), C is the boundary of the square with the four vertices
(0,0,0),(1,0,0),(1,1,0),(0,1,0), @ going going counterclockwise on the xy-plane.

Solution. For the C' above, we can take S = {(z,y,2) : 0 <2 <1,0<y <1,z =0}, and
a parametrization X (u,v) = u, Y (u,v) = v, Z(u,v) = 0. The corresponding region in the
wv-plane is T = {(u,v) : 0 < u < 1,0 < v < 1}. It follows that 9= x 2* = (0,0, 1).

curl F = (0 yzez — 22" 2xyeyx — 2yze®Y )) Therefore, on the uv-plane, namely x =

2
u,y =v,z =0, curl F(r(u,v)) - n(u,v) = (0,0, 2uve’™") - (0,0,1) = 2uve’™

/F-da:/curlF-mdS:// 2uve’™ dudv = e — 2.
C S T

o C={(z,y,2): 24y =1z= 0}, @ going counterclockwise on the zy-plane, F(z,y, z) =
((z —y+2)e” W+ (g 4y + 2)e” T+ (—a 4y — 2)e” T+,

e (' is the boundary of the square {(z,y,2) : 0 < z,z < 4}, a going counterclockwise on the
xz-plane, F(x,y, z) = (xy cos(xyz), zy cos(zyz), yz cos(zyz)).
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Gauss’ theorem

Let V be a solid in R®, xy-, yz-, za-projectable, bounded by the surface S, n be the outgoing
normal unit vector on S, F' a continuously differentiable vector field. Then

/// dide:cdydz://F-'n,dS.
\%4 S

Compute the surface integral [, g F' -ndS, where n the outgoing normal unit vector on S.

Exercises

o F(z,y,2) = (2%,9,23), S = {(z,9,2) : 22 + y? + 22 = a®}, where a > 0.

Solution. We have divF = 3z% + 3y% + 322 = 3(2? + 32 + 22). To perform the volume
integral, we use the spherical coordinate x = rcosfsing,y = rsinfsinp,z = rcosp.
With V = {(z,y,2) : 22 + 3? + 22 < a?},

5
//F-ndS:/// didea:dydz:3/// r? - r?sing drdfdy = 12ma .
S 1% Q )

o F(z,y,2) = (x(z* + y*)z,y(2® + y°)2,2), S = {(z,y,2) 1 2® +y* < 1,2 = 0} U {(2,y,2) :
4y <lz=1}U{(z,y,2): 22 +92=1,0< 2 < 1}

Solution. We have divF = 4(z2 +4?)z+ 1. With V = {(z,9,2) : 22 +9y? < 1,0 < 2 < 1},

//SF ‘ndS = ///V divF dxdydz = ///V(4(x2 +y?)z + 1)dadydz = 2m.

o F(x,y,2) = (2%y,vyz,223), S is the surface of the cube {(z,y,2): 0 < z,y,z < 1}.

o F(z,y,2) = (2%,42,2%), S = {(z,y,2) : a* + y* + 2* < a?}.
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