René Schoof, Number Theory Rome, Spring 2003

1. Commutative algebra.

In this first section we recall some basic facts from commutative algebra. All rings are
supposed to be commutative and have a unit element 1.

Proposition 1.1. Let R be a ring.
(i) If R is not the zero ring, it admits a maximal ideal.
(ii) An element x € R is a unit if and only if it is not contained in any maximal ideal
of R.

Proof. (i) Consider the set €2 of all ideals I C R that are not equal to R itself. Then 2 is
partially ordered by inclusion. Every chain {I, : & € A} has the upper bound Uycaly. It
is also contained in €2 since it does not contain 1. By Zorn’s Lemma there is therefore an
element m € () that is maximal for the inclusion relation. This means precisely that it is
a maximal ideal of R.

(ii) If the ring R/(x) is the zero-ring, then 1 € (z) and x is a unit. If not, then part (i)
implies that it possesses a maximal ideal. This ideal is of the form m/(z) for some maximal
R-ideal m containing z.

Proposition 1.2. Let R be a ring. Then the nilradical
Nil(R) ={z € R: 2" =0 for some n > 1}
of R is equal to the intersection of all prime ideals of R.

Proof. It is clear that Nil(R) C p for every prime ideal p C R. Conversely, let z ¢ Nil(R)
and consider
Q={ICR:2"¢1I for any n > 1}.

Since {0} € €, this is a non-empty set, partially ordered by inclusion. Since every chain
has an upper bound in {2, Zorn’s Lemma applies and there is an ideal I C 2 that is
maximal with respect to the inclusion. We claim that I is prime. Indeed, if not, then let
x,y ¢ I while zy € I. Since I + (z) and I + (y) are strictly larger than I, they contain
each a power of z. But then so does I since it contains (I + (z))({ + (y)). Contradiction.
Therefore I is prime. Since z ¢ I, the proof of the proposition is complete.

Proposition 1.3. (Chinese Remainder Theorem). Let R be a ring and let I,J C R be
two ideals for which I + J = R. Then the natural map

R/IJ — RJ/IxR/J

given by (z (mod I.J)) + (x (mod I),z (mod J)) is a well-defined isomorphism of R-
algebras.

Proof. The map is a well-defined R-algebra homomorphism. Let A € [ and u € J such
that A+ p = 1. Let z,y € R. Since the element z = px + Ay € R has the property
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that z = puxr = (1= ANz =2z (mod I) and z = Ay = (1 — )y = y (mod J), the image of
(z (mod 1J)) is (z (mod I),z (mod J)). It follows that the map is surjective.

The kernel of the map R — R/I x R/J given by z +— (x (mod I),y (mod J)) is
equal to I N J. We have that IJ C I N J. To see that equality holds, let x € I N J. Then
x = x(A+ p) is also contained in I.J. This proves the proposition.

Definitions. Let R be a ring. A module M is said to be generated by a subset S C M,
if any m € M is of the form A\ymq + ... + \ym; for some elements my,...,m; € S
and A1,..., A\ € R. We write M =} _omR. If S can be taken finite, then M is said to
be finitely generated. If M can be generated by one element m, it is denoted by mR. In
particular, the principal ideal generated by x € R is denoted by xzR.

An R-module is called free, if it is of the form @4y R for some index set . A finitely
generated free module is of the form R™ for some n > 0. A projective R-module is a direct
summand of a free module. Free modules are themselves projective. Since a free module
P has the property that every exact sequence of the form

O — N — M — P — 0

is split, the same is true when P is merely projective.

An element m in an R-module M is called torsion if there is a non-zero A € R for
which Am = 0. An R-module all whose elements are torsion is called a torsion module.
An R-module none of whose non-zero elements are torsion is called torsion-free. Since free
modules are torsion-free, so are projective modules.

Definition. Let R be a domain with quotient field F. The rank of an R-module M is
defined as rank(M) = dimp (M @p F'). If M is finitely generated, we have that rank(M) =
dimpHompg (M, F'). Ranks are additive. If N is a submodule or quotient module of M,
then rank(N) < rank(M).

Definition. A Noetherian ring is a ring all of whose ideals are finitely generated.

Proposition 1.4. Let R be a ring. The following are equivalent.
(i) R is Noetherian.
(ii) Every chain of R-ideals I; C Iy C ... stabilizes.
(iii) Every non-empty of ideals 2 possesses an element that is maximal for the inclusion
ordering.

Proof. Let I; C I, C ... be a chain of ideals of R. The union is finitely generated and a
finite set of generators is contained in I,, for some n > 1. Clearly I = I,, for all k > n so
that the chain stabilizes. This shows that (i) implies (ii). Let © be a non-empty collection
of R-ideals. If it does not contain a maximal element, then we can choose a infinite chain

L Cc I, Cc I3 ...,
7 7

contradicting (ii). Therefore (ii) implies (iii). Finally, let I be an R-ideal and consider
the set of ideals {J C I : J is finitely generated}. If (iii) holds, there is a maximal
element Jy € ). Then Jy = I so that I itself is finitely generated. Indeed, if not,
then pick x € I — Jy and consider the ideal generated by Jy and x. It is an element of €2
that is strictly larger than Jy. Contradiction. Therefore (i) holds.

This proves the proposition.



Proposition 1.5. Let R be a Noetherian ring. Then
(i) For any ideal I C R, the quotient ring R/I is Noetherian.
(ii) Let M be a finitely generated R-module. Then any submodule N C M is also finitely
generated.

Proof. (i) Indeed, any ideal of R/I is of the form J/I where J C R is an ideal containing /.
Since R is Noetherian, J is finitely generated. The same generators generate the R/I ideal
J modulo 1.

(i) We proceed with induction with respect to the number of generators of M. If M is
generated by one element, then M = R/I for some ideal I and we are done by (i). If M is
generated by my, ..., m; for some t > 2, then we have the following commutative diagram
with exact rows.

0O — NNRmy — N — N/(NNRm;) — 0

e e e

0o — Rm, — M — M/Rmy — 0

Since R is Noetherian, the module NN Rm4 admits finitely many generators. By induction,
the submodule N/(N N Rmy) of M/Rm, is also finitely generated. The set of generators
of NN Rm; together with any lift of a finite set of generators of N/(N N Rm), generate N.
This proves the proposition.

Proposition 1.6. (Hilbert Basissatz) Let R be a Noetherian ring. Then the polynomial
ring R[X] is also Noetherian.

Proof. Let I C R[X] be an ideal. For n > 1 consider the R-ideals
Jn, = {leading coefficients of f € I with deg f <n}

We have that
JiCJyCJ3C...

Since R is Noetherian, this sequence stabilizes at J,,, say. Consider the R-module M =
{f €1 :degf <ngp}. Since M is a submodule of the finitely generated free R-module of
all polynomials of degree ng, Prop. 1.5 implies that it is itself finitely generated over R.
Let f1,..., f: be generators. Note that their leading coefficients ay,...,a; generate J,,.

We claim that fi,..., fi generate the R[X]-ideal I. Indeed, let ¢(X) € I. If degp <
ng, then ¢ € M and ¢ is even an R-linear (rather than R[X]-linear) combination of
fi,---, ft- If degp = n > ng, then the leading coefficient a of ¢ is contained in J,, and
hence in J,,,. This means that a = A\a; + ... + A\ia; for certain A;,..., \; € R. Consider
now the polynomial ¥(X) = ¢(X) — 2521 A\ Xn—deefi £,(X). Then 1 € I and its degree
is smaller than n because its n-th degree coefficient is equal to a — Zle Ma; = 0.

The proof of the proposition is now completed with respect to induction of the degree
of ¢.



Corollary 1.7. For any n > 0 and any ideal I of Z[X1,...,X,] the ring Z[ X, ..., X,]/I
is Noetherian. For any field K, any n > 0 and and any ideal J C K[X,...,X,], the ring
K[X1,...,X,]/J is Noetherian.

Proof. This follows from Proposition 1.5 and Theorem 1.6.

Definition. Let R be a ring and let M be an R-module. Then M is called faithful if the
natural homomorphism R — End(M) that maps x € R to the multiplication by x map,
is injective.

Definition. Let R C S be an inclusion of rings. An element x € S is called integral over R
if there exists a monic polynomial f € R[X] with f(x) = 0.

Proposition 1.8. Let R C S be an inclusion of rings and let x € S. The following are
equivalent.
(i) x is integral over R.
(ii) The subring R[z| of S is finitely generated as an R-module.
(iii) There exists a finitely generated faithful R-submodule M C S for which xtM C M.

Proof. If x is zero of a monic polynomial in R[X] of degree n, the ring R[z| is generated
as an R-module by the elements 1,z,...,2"~!. This shows that (i) implies (ii). Since
R[z] contains 1, it is a faithful R-module. Therefore (ii) implies (iii). To show that (iii)
implies (i), let ey, eq,...,e; denote generators of M as an R-module. Since xM = {xm :
m € M} is contained in M, there exist for every i = 1,2, ...t coefficients A\j1, Aj2, ..., \it €

R such that
t
Tre; = Z )\ijej.
j=1

It follows that det(X\;; — xd;;)e; = 0 for all i. Here §;; denotes the Kronecker §-function:
di; = 1 when ¢ = j and is 0 otherwise. As a consequence det(\;; —xd;;) kills every element
of M. Since M is faithful it follows that det()\;; — xd;;) is zero and hence that the monic
polynomial det(\;; — Xd;;) € R[X] has x as a zero. This proves the proposition.

Corollary 1.9. Let R C S be an inclusion of rings. The elements in S that are integral
over R form a subring of S that contains R.

Proof. Since any a € R is zero of the polynomial X —a € R[X], the last statement is clear.
We need to show that for any two integral elements x,y € S, both sum and product are
integral as well. The subrings R[x] and R[y| are generated as R-modules by 1,z,... 2"}
and 1,y,...,y™ ! respectively. It follows that the subring R[z,y] is generated as an R-
module by the monomials z'y/ with 0 <i<n—1and 0 <j <m — 1. Since x + y and zy

are contained in R[z,y|, the result now follows from the previous proposition.

Definition. A domain R is called integrally closed or normal if every element in its
quotient field that is integral over R, is already contained in R.

4



Proposition 1.10. Principal ideal domains are integrally closed.

Proof. Any element x in its quotient field is of the form x = u/v with coprime u,v € R,
i.e. with u,v such that uR +vR = R. Suppose f(X) = X"+ ...+ a1 X + ap € R[X] has
x as a zero. Then

U+ 4 aquo™ + agu™ = 0.

If v is not a unit, then its is contained in some maximal ideal m = 7R of R. It follows that
v™ and hence v are in mR. This contradicts that fact that uR + vR = R. therefore v is a
unit and x is integral, as required.

Definition. The Krull dimension dim R of a domain R is defined as the supremum of the
n > 0 for which there exists a chain of prime ideals

0)=py C c ... C v»v, C R
()pO;’ﬁpl# C Pn G

of R.

Proposition 1.11. Let R be a domain. Then
(i) dim R = 0 if and only if R is a field.
(ii) dim R < 1 if R is a principal ideal domain.

Proof. If R is a field, the only prime ideal is its zero ideal. Conversely, a domain that
does not contain any non-zero prime ideals is a field. This follows from Prop. 1.1. This
proves (i). To prove (ii), let R be a principal ideal domain and let p = aR be a non-zero
prime ideal of R. We want to show it is a maximal ideal. Let m = bR be a maximal ideal
containing a. Then a = A\b for some A € R. If A € p, we have that A\ = pa for some p € R
and hence a = A\b = pab and hence pub = 1. However, this is impossible, because b is not
a unit. Therefore A € p. Since a = A\b € p, this implies that b € p and hence m = p as
required.

Exercises

1.1 Let R be a ring. Show that for every R-module M there exists a free R-module F' and a
surjective R-homomorphism F — M. Does there always exist a free R-module F' and an
injective R-homomorphism M — F'?

1.2 If possible, give an example of an exact sequence of finite abelian groups
0 — N — (Z/2Z)x(Z/)82) — M — 0.

with
(i) M = (Z/2Z) x (Z/2Z) and N = Z/AZ;
(i) M 2 Z/AZ and N = (Z/2Z) x (Z/2Z);
(ili) M = (Z/2Z) x (Z/2Z) and N = (Z/27) x (Z/2Z);
(iv) M 2 Z/4Z and N = Z/AZ.



1.3

1.4

1.5

1.6

1.7

Show that the dimension of the polynomial ring R[X1, ..., X,] is at least n. Show that the
dimension of the polynomial ring Z[X1, ..., X,] is at least n + 1.

Let R be a ring. Show that Z, Q, Q/Z and @©,>1Z/nZ are faithful Z-modules. Give an
example of a Z-module that is not faithful.

Let R be a domain with quotient field F. The integral closure of R is the subring R’ of F
that consists of all x € F' that are integral over R. Show that R’ is integrally closed.

Let n € Zso; consider the ring R = Z[X]/(X? nX).
(i) Determine the unit group R*.
(ii) Let a,b € Z. Show that the R-ideal aX R is contained in bX R if and only if gcd(b, n)
divides ged(a,n).
(iii) Find n € Zso and a,b € Z for which the ideals aX R and bXR of R are equal, while
there does not exist a unit u € R* with uaX = bX.

Let R be a ring and let M, N be R-modules.

(i) Show that the abelian group Homgr(M, N) of R-homomorphisms has the structure of
an R-module given by (Af)(m) = Af(m) (for A € R, m € M and f € Homg(M, N)).

(ii) Let f : M — N be an R-homomorphism. and let P be a third R-module. Show
that the map fp : Homgr(P, M) — Hompg(P, N) given by fp(¢) = f - ¢ is a group
homorphism.

(iii) Suppose that

0o — L L M 4 N — o

is an exact sequence of R-modules. Show that the induced sequence
0 — Homg(P,L) 25 Homg(P,M) £ Homgr(P,N) — 0

is left-exact (i.e., exact except perhaps at Homg(P, N)).

(iv) Show that the sequence of part (iii) is exact if P is projective.

(v) Let R =7 and P = Z/2Z. Give an example of a short exact sequence 0 — L — M —
N — 0 of abelian groups, for which the sequence

fz/2z 972z

0 — Homg(Z/2Z,L) 22 Homg(Z/2Z,M) Z22° Homg(Z/2Z,N)— 0

is not exact.



2. Dedekind rings.

Rings of integers of algebraic number fields are Noetherian integrally closed domains of
Krull dimension 1. Rings having these properties are called Dedekind rings. In this section
we discuss their basic properties.

Definition. A ring R is called a Dedekind ring if it is a Noetherian, integrally closed
domain of Krull dimension < 1.

Proposition 2.1. Prinicipal ideal domains are Dedekind domain.

Proof. Principal ideal domains are clearly Noetherian. It follows therefore from Proposi-
tions 1.10 and 1.11 that they are Dedekind rings.

Theorem 2.2. Let R be a Dedekind domain. For every two non-zero R-ideals I C J,
there exists a unique R-ideal J’ so that JJ' = 1.

Proof. The unicity of J’ follows from the existence: pick a non-zero x € J. Then there is
an ideal J” for which JJ"” = xR. If there were two ideals J{ and J} with [ = JJ{ = JJJ,
then multiplying by J” gives that xJ] = xJ} and hence J| = JJ.

Claim. Every non-zero R-ideal contains a product of non-zero prime ideals.

Proof. Suppose not. Let I be a maximal element in the non-empty partially ordered set
Q) of ideals for which the statement is false. Then [ is certainly not itself a prime ideal.
Therefore there are x,y not in I with xy € I. The strictly larger ideals I +zR and I +yR
each contain a product of non-zero prime ideals. Since I contains the product of I + zR
and I + yR, so does I. Contradiction.

Suppose I C J are R-ideals for which the statement of the theorem does not hold.
Since R is Noetherian, we may by Prop, 1.4 (iii) assume that J is mazimal with respect
to this property, i.e. that for every strictly larger J and any ideal I C J, the statement of
the theorem is true. Let y be non-zero element of J. By the claim, the principal ideal yR
contains a product of non-zero prime ideals

sz C yR?
=1

which we assume has a minimal number of factors s > 1. The ideal yR is contained in a
maximal ideal m. Then p; C m, say. Since R has dimension < 1, it follows that m = p;.
Since the number of factors in the product is minimal, we have that

[I»: ¢ uR
1=2

Let « € [[}_,p; — yR. Note that this means that the fraction % is not contained in R.

However, %J C R because zJ C zp; C [[;_, C yR. This implies that the R-ideal J + %J
strictly contains J. Indeed, if not we would have that %J C J so that % would be integral
over R and hence be contained in R.



Since
I c J

*N
N
_|_

|8
~

there exists by the maximality of J an ideal J’ so that I = J'(J + %J ). Consider now
J"'=J + %J’. Then J"J = (J’—I—%J’)J = I. In particular, J”J C J so that every x € J”
is integral and hence J” C R. This proves the theorem.

Corollary 2.3. Let R be a Dedekind domain. Then every non-zero ideal is a product of
prime ideals. Up to permutation of the prime ideals, this factorization of I is unique.

Proof. Let I be a non-zero ideal of R. If I # R, it is contained in some maximal ideal p.
By the Theorem, there is an R-ideal I; so that I = pl;. The ideal I; strictly contains I.
Repeat this with I; instead of I. Since R is Noetherian, this process must stop at some
ideal I,,. Then I,, = R. Indeed, if we had that I,, = pl,+1 = pl,, for some prime p,
then p = R by the unicity statement of Theorem 2.2. This shows the existence of a prime
factorization.

If we have two prime factorizations, then any prime p occurring in one factorization
must occur also in the other. Pick 0 # x € p and let J C R be the ideal for which
Jp = zR. After multiplying the factorizations by J, we can divide by = and are left with
two factorizations with fewer factors. This process eventually stops, at which point we
conclude that the factorizations were equal as required.

Definition. Let R be a Dedekind domain with quotient field F'. For every non-zero R-
ideal J and every non-zero prime ideal of R we put ord,(J) = a,, where the a, € Z>¢ is
the exponent that occurs in the prime factorization of the ideal J:

J:Hq“"'.
q

A fractional R-ideal is a subset I of F' for which there exist z € O so that I = {zy: y €
I} is a non-zero ideal of R. For any non-zero prime ideal p of R we put

ordy (I) = ordy(xI) — ord, (xzR).

The product of two fractional ideals I and J is the submodule of F' generated by elements
of the form xy with x € I and y € J. By Corollary 2.3, the fractional ideals form a group
isomorphic to ©,Z. For any x € F'*, the principal fractional ideal generated by x is the set
xR ={zy:y € R}. For z € F* and any non-zero prime ideal p of R we put

ordy(z) = ord, (zR).

This is a homomorphism from F* to Z. An element x € F* is contained in R if and only
if ord,(z) > 0 for all prime ideals p. It is contained in the unit group R* if and only if
ordy(xz) = 0 for all prime ideals p. Putting all these homomorphisms together, we obtain
therefore an exact sequence

O — R — F* — @®Z — CI(R) — 0,
p



which we use to define the class group Cl(R) of R.

Two ideals I,J C R have the same image in CI(R) if and only if there are non-zero
x,y € R so that zI = yJ. Since any R-homomorphism I — J is given by multiplication
by an element in F™*, this happens if and only if I and J are isomorphic R-modules.
Therefore the map

{non-zero R-ideals up to R-isomorphism} =l (R)

that send an ideal to its class, is a bijection.

Proposition 2.4. Let R be a Dedekind ring. Then the following are equivalent.
(i) The class group CI(R) is trivial.

(ii) R is a principal ideal domain.

(iii) R is a unique factorization domain.

Proof. For any ring (ii) implies (iii). To show that (i) implies (ii), let I C R be a non-zero
ideal. Let I = [], p® be its factorization into a product of non-zero prime ideals of R.
Since CI(R) is trivial, there is an element x € F™* for which ord,(z) = a,. The implies
that x € R and that I = xR so that I is principal. Finally, to show that (iii) implies (i), it
suffices to show that every non-zero prime of R is principal. This implies that every vector
(ap) € BpZ is the image of a suitable element in F*. Let therefore p be a non-zero prime
and let 0 # x € p. Since z is a product of irreducible elements, it follows that p contains
an irreducible element 7. But then 7R C p are two non-zero prime ideals of R. Since R
has dimension 1, they are therefore equal.
This proves the proposition.

Lemma 2.5. Let R be a Dedekind ring and let I C R be a non-zero ideal. Then R/I is
a principal ideal ring. A local Dedekind ring is a discrete valuation domain.

Definition. The ideals of R/I are of the form J/I where J C R is an ideal containing /.
Every such J is a product of prime ideals p. It suffices to show that each such prime is of
the form p = I + zR for some x € R. By the Chinese Remainder Theorem, there exists
an element x € p — p? which is congruent to 1 modulo the remaining primes that occur in
the factorization of J. Then I + xR C p. By Theorem 2.2 there exists therefore an ideal
J' C R with J'p = I + xR. Any prime occuring in the prime factorization of J’ occurs
in the prime factorization of I and of xR. Therefore only p can occur. However, since
I + xRnot C p?, the prime p does not occur either. Therefore J’ is the unit ideal and
p =1+ xR as required.

If R is a local Dedekind ring with maximal ideal m, then R/m? is a principal ideal
ring. Let m € R be a generator of m/m?. Then 7R = m is the unique factorization into
prime ideals of the ideal mR. It follows that R is a discrete valuation ring, the valuation
F* — Z being given by = +— ordy,(z).

This proves the lemma.

Proposition 2.6. Let R be a Dedekind ring and let I,J C R be two non-zero ideals.
Then
IeJ = RelJ, as R-modules.
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Proof. If I + J = R, we have that IJ = I N J and the result follows from the following
split-exact sequence

O — IJ — IoJ — R — 0.

To get the statement in general, it suffices to show that for any two R-ideals I,.J there
exists an ideal J' C R in the same ideal class as J that is coprime to I. Pick a non-zero
element x € J. By Theorem 2.2 there exists an ideal J; C R with JJ; = zR. Then
1J, C Jy, so by Prop. 2.5 there exists y € J; so that I.J; + yR = J;. Multiplying this
relation by the ideal J we get

since yJ C J1J = xR, we have that yJ = xJ’ for some ideal J’ C R. In particular, J and
J' are in the same ideal class of R. Replacing yJ by xJ' and JJ; by xR in the formula
leads to the equality xI + xJ' = xR, which after division by z gives the required result.

Corollary 2.7. Every ideal of a Dedekind ring R is projective.

Proof. Let I C R be an ideal. If I = 0, everything is clear. If not, pick 0 # = € I. By
Theorem 2.2 there is an ideal J C R with IJ = xR. The proposition implies that

I®J = R®zR = R?%
showing that I is projective as required.

Lemma 2.8. Let R be a Dedekind ring. Let M be a torsion-free R-module. Then
rank(M) = 1 if and only if M is isomorphic to a non-zero R-ideal.

Proof. For any non-zero ideal I C R we have that Hompg([, F') = F, the isomorphism
being given by f +— f(z)/x where x € I is any non-zero element. On the other hand, if M
is a torsion free R-module for which Hompg (M, F') = F is 1-dimensional, then we can find
an R-linear f : M — F whose image is a non-zero ideal J in R. Since J is projective,
the sequence 0 — ker f — M — J — 0 splits. This implies that ker f has rank 0. Since
M is torsion-free, it follows that ker f is zero and hence that M = J as required.

Theorem 2.9. Let R be a Dedekind domain. Suppose that M is a direct product of
R-ideals and that N C M is a submodule. Then
(i) the submodule N is also isomorphic to a product of R-ideals.

(ii) There exist n > 0 and elements e; € M and R-ideals J; C I; fori =1,...,n so that
M = 1161@"'@In€n,
N = J1€1 @@Jnen
Proof. If N # 0, then there is a non-torsion element z € N and hence an isomorphism
xR — R. This isomorphism extends to a morphism of N and even of M to R. We denote

it by ¢. The images (M) and ¢(N) are non-zero ideals I and J of R. Let K C M denote
the kernel of ¢. We have the following commutative diagram with split-exact rows.

0 — KNN — N 2 J — 0

N

0o — K — M 2 I — 0
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(i) We proceed with induction with respect to the rank of N. If the rank of N is 0, then
N, being torsion free, is itself 0 and there is nothing to prove. If rank(/N) > 1, then the
above applies. Since the rank of J is 1, the rank of K NN is strictly smaller than rank(N)
and we are done, since the sequence splits.

(ii) This part is proved with induction with respect to the rank of M. If rank(M) = 1,
then M is isomorphic to an ideal of R and everything is clear. If rank(M) > 1, then the
above applies. By part (i) the module K is isomorphic to a product of R-ideals. Since
rank(J) = 1 the result now follows by induction.

Corollary 2.10. Let R be a Dedekind ring. Then any finitely generated R-module is
a direct product of a torsion module T and a projective module P. Moreover, there are
R-ideals I, ..., I, so that

T = (R/L)x---(R/),
and for some r > 0 and some ideal I C R we have that
P =2 R xI

Proof. Let M be a finitely generated R-module and choose a surjective R-morphism
R™ — M. Let N be the kernel. Then M =~ R"™/N and it follows from Theorem 2.9 that
M is isomorphic to I1/J; @ -+ @ I/ Js for certain ideals J; C I; (for i = 1,...,s). The
summands that have J; = 0 is isomorphic to a sum of ideals of R. By Prop. 2.6, this
sum is either zero or is isomorphic to R” @ I for some r > 0 and some ideal I. For the
summands for which J; # 0 part, we have by Prop. 2.5 that I; = J; + xR for some = € R.
This implies that I;/J; = (J; + «R)/J; = xR/J where J = xRN J,.

Corollary 2.11. Let R be a Dedekind ring. Then any finitely generated R-module is
projective if and only if it is torsion-free.

Corollary 2.12. Let R be a principal ideal domain and let M be a finitely generated
R-module. Then

(i) M is free if and only if it is projective and if and only if it is torsion-free.

(ii) There exist elements ay,as,...,a; € R so that M is isomorphic to the R-module

R/alR X ... X R/atR.

Proof. If M is free, it is projective and hence torsion-free. Conversely, if M is torsion-free
it is projective. By Prop. 2.4 it is therefore free. This proves (i). Part (ii) is a consequence
of the fact that all R-ideals are principal.

Proposition 2.13. (Gauss’ Lemma) Let R be a Dedekind ring with quotient field F.
Suppose that f € R[X] is a product of two monic polynomials g, h € F[X]. Then g and h
are contained in R[X].

Proof. Suppose that f = g - h with monic polynomials g,h € F[X] and let p be a prime
ideal. We claim that all coefficients of g and h are integral at p. Indeed, suppose not. Let
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i > 0 be the smallest power so that p’g C R[X] and let 5 > 0 be the smallest power so
that p’h C R[X]. Let a € p — p? and consider the relation

a"*f = (a'g) - (a’h).

By assumption i + 7 > 1. This implies that the left hand side is zero in the ring (R/p)[X].
On the other hand, the polynomial a’g #Z 0 (mod p). Indeed, if i = 0 this follows from the
fact that g is monic and if ¢+ > 0 there is by definition of ¢ a coefficient b of g for which
ordy (b) = —i. This implies that the coefficient a’b of a’g has its ord, equal to zero and is
therefore not zero modulo p. Similarly, a’h # 0 (mod p). This contradicts the fact that
(R/p)[X] is a domain. This proves the proposition.

Exercises.

2.1

2.2

2.3

24

2.5

2.6

5

, (4 6
Do the same for N' = (8)Z+ <12>Z.

(Jordan Normal Form). Let A be an n X n-matrix with complex coefficients. Prove that
there exists an invertible matrix B so that BAB™! has a ‘block form’ with each block of the
shape

Let R=12Z,let M =Z* and N = <2)Z + (;)Z Find a basis for M as in Theorem 2.8.

A1 0 0 O
0 X 1 0 0
0 0 A 0
0 0 Al
0 0 0 A

for some A € C. (Sugg. Take R = C[X] and provide C" with the structure of a C[X]-module
by defining X - v = Aw for every v € C". Then apply Cor. 2.12 and the Chinese Remainder
Theorem).

Let R be a Dedekind ring and let I1,..., 1., J1,...,Js be non-zero R-ideals. Show that the
R-modules I1 X ... x I, and J; X ... X Js are isomorphic if and only if r = s and the ideal
classes of the products I; -...- I, and Jy - ... Js are equal.

Let d € Z be squarefree. We define the Norm of an element = € Q(v/d) by N(z) = a® — db>.
Here a,b € Q are taken so that z = a + bv/d. Show that the norm map is multiplicative:
N(zy) = N(x)N(y) for all z,y € Q(Vd.

Let R = Z[v/—6].

(i) Show that 10 = 2-5 and 10 = (2++/—6)(2—+/—6) are two factorizations of 10 € Z[\/—6]
that are essentially distinct in the sense that the factorizations cannot be transformed
into one another by multiplying the factors by units.

(ii) Find the factorizations of the principal ideals (2), (5), (2 ++/—6) and (2 — v/—6) into a
product of prime ideals of R = Z[/—6].

Let R be a domain and let N : R — {0} — R be a multiplicative function. The ring R
is called Fuclidean with respect to the map N if for every x,y € R with y # 0, there exist
q,” € R with y = gz + r and either r = 0 or N(r) < N(y).

12



(i) Show that a Euclidean domain is a PID.

(ii) Show that the ring Z is Euclidean with respect to the map N(n) = |n|.

(iii) Let K be a field. Show that the polynomial ring K[X] is Euclidean with respect to the
map N(f) = ed°s/,

(iv) Show that the ring of integers Z[i] of Gauss is Euclidean with respect to the map
N(a + bi) = a® + b* (where a,b € Z).

2.7. Let R be a domain with quotient field F'. Suppose that R is equipped with a multiplicative

function N : R — {0} — Rso. Show that N can be extended to a a homomorphism

F* — R~o. Show that R is Euclidean if and only if for every x € F, either x € R or there

exists an element x € R with N(z —y) < 1.

3. Finite free algebras.

In this section we discuss finite free algebras over a base ring R.

Definition. Let R be a ring. A finite free R-algebra is an R-algebra that is finitely
generated and free as an R-module.

Examples of finite free algebras are R-algebras of the form R[X]/(¢(X)) where ¢(X) €
R[X] is a monic polynomial. If R is a field, any finite extension of R is automatically a
finite free R-algebra.

Definition. Let R be a ring and let A be a finite free R-algebra. For any a € A,
multplication by a is an R-linear map. With respect to an R-basis of A, it can be described
by a the square matrix M with entries in R. We define the norm of a by N(a) = det(A)
and the trace of a by Tr(a) = Trace(A). The characteristic polynomial f3 .. (X) of a is
defined as the characteristic polynomial det(X -id — M) of M.

Definition. The discriminant of a finite free R-algebra is defined by
A(A/R) = det(Tr(w;w;))

where wy, ..., w, is any R-basis for A. Changing the basis, changes A(A/R) by the square
of the determinant of the base change matrix M. Therefore A(A/R) is an element of R
that is well defined up to multiplication by squares of units of R.

Proposition 3.1. Let R be a ring and ¢(X) € R[X| be a monic polynomial. Then the
discriminant of A = R[X]/(¢(X)) is equal to the discriminant of ¢. In other words, if
Aly..., An denote the zeroes of ¢, then A(A/R) =[] ;i< (Ni — A2

Proof. We use the R-basis wi,...,w, = 1,X,..., X" ! of A. The multiplication by X
matrix A has an almost diagonal form and one easily computes that its characteristic

polynomial is equal to ¢. Counting multiplicities, let A1,..., A\, be the eigenvalues of A.
Then Tr(A*) = A\F + ...+ A\F and

Tr(wf) - Tr(wawi) 1 -1
Tr(wiws) -+ Tr(w,ws) A1 o A
. . = M'M, where M = .

Tr(wiw,) - Tr(w?) 7{‘_1 D Vo
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The determinant of the Vandermonde matrix M is equal to [],,_;, (Ai — A;) and the
result follows. -

Definition. For any R-algebra A, its module of Kdhler differentials QY /R is the A-module
generated by symbols da for a € A modulo the A-submodule generated by the relations
d)\ for A € R and d(a + b) — da — db and d(ab) — adb — bda for a,b € A

Example. Let R be a ring and ¢(X) € R[X] be a monic polynomial and let A =
R[X]/(¢(X)). Then the module of Kéhler differentials Qi&/R is given by AdX /' (X)dX.

It is isomorphic to the A-mdoule R[X]/(p(X), ¢’ (X)).

Definition. Let F' be a field. A polynomial f € F[X] is called separable if it has no
double zeroes in F or, equivalently, if ged(f, f') = 1. The field F is called perfect if every
irreducible polynomial f € F[X] is separable.

Proposition 3.2. (Theorem of the primitive element). Let F' be a perfect field. Then
every finite field extension K of F' is of the form F(y) for some so-called primitive element
v e K.

Proof. If F is finite, we let v denote a generator of the multiplicative group L*. Then we
have that L = F(v). If F is infinite, we proceed by induction with respect to [L : F|. Tt
suffices to show that any field of the form F(«, 3) with «, 5 € F is also of the form F(v)
for some v € L. Let f,g € F[X] be the minimum polynomials of o and [ respectively.
Since F' is separable, both f and ¢ have distinct zeroes. Let A € F* be distinct from all

numbers .
a— o

p—p
where o # « denotes a zero of f and 3’ # [ a zero of g. Consider v = a+ 3. It is distinct
from o/ + A3’ for all choices of o’ and (’. This implies that the polynomials f(y— AT') and
g(T) have only the zero # in common. Since both polynomials are contained in the ring
F(v)[T], this implies that 8 € F(v). It follows that o € F(7y) as well and the proposition
follows.

Theorem 3.3. Let F be a field and let A be a finite F-algebra. Then A is isomorphic to
a product of local F-algebras with nilpotent maximal ideals.

Proof. Suppose that my, ..., m; are distinct maximal ideals of A. Then, if m is yet another
maximal ideal, we have that m;N...Nm; ¢ m because the product m; - - - m; is not contained
in m. It follows that m; N ... N m; Nm is strictly smaller than m; N ... Nm;. Since the
F-dimension of A is finite, this process must eventually stop. This shows that A admits
only finitely many maximal ideals mq, ..., m; say. Since all prime ideals of A are maximal,
Lemma 3.1. implies that the product my, - - -, m; is nilpotent. Let n > 1 be an exponent for
which (my ---m;)™ = 0. Since m; +my ---m; = A, we also have that m} + (mg - --my)” = A.
The Chinese Remainder Theorem provides us then with an isomorphism of A-algebras

A= A/m} x A/(mg---my)".

The F-algebra A/m? is local and its maximal ideal m;/m? is nilpotent. The result now
follows by induction with respect to the F-dimension of A.
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Definition. An étale R-algebra is an algebra that satisfies any of the conditions of the
following theorem.

Theorem 3.4. Let F be a perfect field and let A be a finite F-algebra. Then the following
are equivalent.
(i) The discriminant A(A/F') is not zero;
(ii) The trace map A — F' is non-degenerate;
(iii) A is isomorphic to a product of finite field extensions of F';
(iv) The module of Kéhler differentials Q1 /p Vvanishes;

(v) A is reduced, i.e., its nilradical is zero.

Proof. We write A as a product of local F-algebras A; with nilpotent maximal ideals m;.
We show: (iii) — (ii) — (i) —(iii) and then (iii) — (iv) — (v) —(iii).

To show that (iii) implies (ii), it suffices to show that the trace map A; — F is
non-degenerate for each of the local factors A;. Since by assumption, each A; is a field,
it suffices to show that for a finite field extension F' C L, the trace map L — F' is not
identically zero. Let € L and let f € F[X] denote its characteristic polynomial. Let
n = [L : F]. The zeroes A1 ..., \, of f(T) are the eigenvalues, with multiplicities, of the
matrix A that corresponds to the of the multiplication by a map. We have the following
identity in the power series ring F/[[T]]:

TP (T) & 1
TrT) ; I—\T ;Tr(Ak)Tk'

Suppose that the trace map is zero. Then the right hand side is zero. Since T f(1/T) is
a unit in the ring F[[T]], it follows that f/(T) = 0. When we take for x € L a primitive
element, the polynomial f is equal to the minimum polynomial of x. Since F' is perfect,
this contradicts the fact that f/ = 0..

To show that (ii) implies (i), we let wy,...,w, denote an F-basis of A. If the discrimi-
nant of A is zero, there is a non-trivial F-linear relation between the columns of the matrix
(Tr(w;w;j))ij. This implies that there is an F-linear combination a = A\jwy + ...+ Ayw,, of
the w; that is not zero, but has the property that Tr(ab) = 0 for all b € A as required.

To see that (i) implies (iii), we assume that A is not a product of fields. Then there is
a non-zero nilpotent element a € A, which we can take as an element in an F-basis of A.
Since mutiples of a are also nilpotent and nilpotent elements have trace zero, this leads to
a zero column in the matrix (Tr(w;w;));; and hence A(A/F) = 0.

To show that (iii) implies (iv) it suffices to prove that Q7 yr = 0 when F C L is a finite
field extension. Since F' is perfect, L = F[X]/(¢(X) for some irreducible polynomial ¢(X).
The Kéhler differentials are then equal to K[X]/(¢, ¢’) which vanishes, because ¢ has no
double zeroes.

To show that (iv) implies (v), we assume that A is not reduced and show that Q1 /P
does not vanish. Since for any surjective F-algebra homomorphism A — B the natural
map 9}4 1) Q}B /F is also surjective, it suffices to construct a suitable quotient algebra B.
We first project A on any of its local factors A; that contains non-zero nilpotent elements.
Then we take the quotient by m?. The maximal ideal m of the resulting local F-algebra B

15



satisfies m?* = 0. Let L = A/m be the residue field of A’. Since F is perfect, we have
that L = K(x) for some primitive element z € L. Let f € K[X] denote the minimum
polynomial of z. Let a € B be some lift of x to B. Then f(a) =0 (mod m) and f'(a) #
(mod m). Let a’ = a — f(a)/f'(a). Since m? = 0, we have that f(a)?> =0 and hence that

f(a) f(a)
f(a@ =f(a—— = f(a) -
@) )~ 7w
It follows that the natural map from B to its residue field L admits a section and hence
that B is isomorphic to the F-algebra L[X1,...,X,,]/J for a certain ideal J satisfying
(X1,...,Xn)2CJC(Xy,...,X,,). It follows that

f(a) =0.

n n "9
Qpyp = & BdXi/(dg:g€J) = & LdX/( a)? 0)dX;: g€ J) = (X1,...,Xn)/J.
= = i=1 i
Since J is strictly contained in the ideal (X1,...,X,), this does not vanish and we are

done.
Finally, the fact that that (v) implies (iii) follows at once from the fact that A is
isomorphic to a product of local F-algebras with nilpotent maximal ideals.

Exercises.

3.1 Let o = (5 + C5_1 € Q(¢5) where (5 denotes a primitive 5th root of unity. Calculate the
characteristic polynomial of o € Q((5).

3.2 Let F' be a number field of degree n and let x € F'. Show that for ¢ € Q C F one has that

Tr(gz) = qTr(z),
Tr(q) = nq,
N(q) = q".

Show that the map Tr : F' — Q is surjective. Show that the norm N : F* — Q¥ is, in
general, not surjective.

3.3 Let a be a zero of the polynomial X — X + 1. Put A = Z[a]. Show that A(A/Z) = —23.
3.4 Let 1 # d € Z be squarefree and put F = Q(v/d). Show that

Z[1/4) if d =1 (mod 4).

Op = {Z[\/c_l], if d = 2,3 (mod 4);

3.5 Let F be a number field of degree n and let « € F. Show that for ¢ € Q one has that
N(q — a) = fGar(g). Show that for ¢, € Q one has that N(q — ra) =" fG..(q/7).

3.6 Let A be a finite algebra over a field F'. Suppose that A is a field. Show that for every a € A,
the characteristic polynomial f3,,, € F[X] is a power of the minimal polynomial of a.

3.7 Let A and B be finite free R-algebras.
(i) Show that A x B is also a finite free R-algebra.
(ii) Show that A((A x B)/R) = A(A/R)A(B/R).
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(iii) Show that the characteristic polynomial of (a,b) € A x B is equal to the product of the
characteristic polynomials of a € A and b € B.

3.8 Prove that Disc(T" — a) = n"a™*. Compute Disc(T? 4 bT + ¢) and Disc(T® + bT + c).

3.9 (Newton’s formulas) Let K be a field and let a1, vz, ..., an, € K. We define the symmetric
functions sy of the a; by

H(T —a;)=T" — s1T" P eI 2 4+ (—1)"sp.
We extend the definition by putting sx = 0 whenever k > n. We define the power sums pg

by

kaZaf for k > 0.
i=1
Show that for every k > 1 one has that

(_1)kk3k =Pk — Pk—181 + Pk—282 — Pr—383 + ....

In particular
S1 =DpP1
—282 = p2 — p1S1
3s3 = p3 — p2S1 + p152
—484 = ps — p3S1 + p252 — P13
5ss = ...

(Hint: Take the logarithmic derivative of [[_, (1 — ouT).)
3.10 Let f(X) € Z[X] be an irreducible polynomial of degree n and let F' = Q(«). Show that

A(Z[a]/Z) = det((pi+j—2)1<ij<n)-
Here pi, denotes the power sum af + ...+ aF of the zeroes o = a1, as, ..., o, are the zeroes

of f(X).
3.10 Show that the polynomial T° 4+ T2 — 2T + 1 € Z[T is irreducible. Compute its discriminant.
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4. Lattices.

In this section we discuss the basic properties of lattices.

Definition. A (Euclidean) lattice is a free abelian group L of finite rank together with
a scalar product (—, —) on the vector space R ®z L. Two lattices L and L' are called
isometric if there is a Z-linear bijection A : L — L’ compatible with the scalar products:
(A(v), A(w)) = (v,w) for all v,w € L.

Here all scalar products are supposed to be positive definite. Since for every scalar product
the underlying vector space admits an orthonormal basis, every lattice is isomorphic to a
lattice of the form
ai an1
L=7 : +...+7Z
Q1n Qnn

equipped with the usual scalar product on R™. It follows that the lattices of rank n are
parametrized by the points of the symmetric space GL2(R)/O,(R). For example, for
n =1 this is R*/{+1} = R¥, with t € R%, corresponding to the lattice tZ C R.

Definition. The covolume covol(L) of a lattice L is the volume of V/L. Here V = L@z R.
Alternatively, it is the volume of a fundamental domain: if L = @' ,Ze;, then covol(L) =
vol (1, [0, Ley).

The covolume of a lattice L C R" of the form

a11 Gn1
L=17 +...4+7Z

Q1n Qnn
is equal to the absolute value of det(a;;). Here R™ is equipped with its usual scalar product.

Proposition 4.1. Let V be a real vector space equipped with scalar product and let
L C V be an additive subgroup. The following are equivalent:
(i) L is a lattice;
(ii) L is discrete and cocompact;
(iii) L contains a basis of V and L C B is finite for every bounded subset B C V.

Proof. Let eq,...,e, be a Z-basis of L. Since for every x € L, the intersection of L and
the open set @' ,(—1/2,1/2)e; is equal to {z}, the group L is discrete. The canonical
map @} ,[0,1]e; — V/L is continuous and surjective. This shows that V/L is compact.
This shows that (i) implies (ii). To see that (ii) implies (iii), let W be the subspace of V'
generated by L. Then there is a continuous surjective map V/L — V/W. This shows that
the vector space V/W is compact. Therefore it is zero and L contains a basis. If for some
bounded set B, the intersection B N L were infinite, then L would not be discrete.

Finally we show that (iii) implies (i). Let e;,...,e, € L be a basis of V. The
intersection of the L with the bounded set B = @] [0, 1]e; is finite. Then L is a finite
union:

— n ,
L= a;efLBJmL (z+ &1 Zei)
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It follows that the index m = [L : @;—1Ze;] is finite. This implies that mL C ®;—Ze;.
Therefore L, being a subgroup of finite index of a free group of rank n, is itself free of
rank n as required. This follows from Cor. 2.12 applied to the principal ideal domain Z.

Theorem 4.2. (Minkowski’s Convex Body Theorem) Let L be a lattice and let B C'V =
L ®z R be a bounded symmetric convex set containing 0. If the volume of B exceeds
2"covol(L), then there is a non-zero vector in BN L.

Proof. Consider the combined map
B — V — V/2L.

It preserves distances. Since vol(B) is strictly larger than vol(V/2L) = 2"covol(L), the
map cannot be injective. There are therefore two distinct elements by,bs € B that map
to the same element in V/2L. In other words, z = $(by + (—b2)) € L. Since by # b, the
vector x is not zero. Since B is symmetric, the vector —bs is contained in B and since B
is convex, it contains x. Therefore z is a non-zero vector contained in B N L. This proves
the theorem.

Definition. Let L be a lattice and put V = L ®z R. The dual or Z-dual LY of L is given
by
LY={veV: (v,w) € Zfor all w € L}.

When V = R" and L is generated by the columns of an invertible matrix (a;;) as above,
then the functionals f; : L — Z defined by f;(w) = (b;, w) where b; denotes the i-th row
of the inverse of the matrix(a;;) are clearly a Z-basis for Hom(L, Z). This shows that LY
is the lattice generated by the columns of the matrix t(aij)_l in R™. The covolume of LY
is equal to the absolute value of the determinant of the matrix *(a;;) !, which in turn is

equal to covol(L)~!.

Theorem 4.3. (Poisson summation formula) Let L be a lattice and let LY denote its

Z-dual. Then .
—mlz|* _ - —r|z|?
Ze covol(L) Z ¢ '
xeL xELY

In order to prove this theorem, we consider the Schwartz space of rapidly decreasing
functions.

_for every polynomial g € C[X7,...,X,] and every (higher) )

S={fR"—C: partial derivative Of of f, the function ¢ - df is bounded

The Fourier transform f of a function f € S is defined by

flay= [ fe >0t
Rn

Here z = (z1,...,x,) and t = (t1,...,t,). Similarly ‘dt’ indicates dty - - - dt,,.
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Lemma 4.4. If f € S then also f eS.

Proof. Let f € §. Then it satisfies

C
(1+22) - (14 22)

flzy,...,2n) <

for some constant C that depends on f. Therefore |f| < Jrn [fldzy ... dz, is bounded.

We need to show that not only f, but that any function ¢-8f with g € C[X1,...,X,] and
any (high) partial derivative of f is bounded.
We have that

n

oFf ‘ .

OF _ [ pyezmistgy — / (—2mity) f(£)e 2T .

Since the function (—2mity)f(t) is contained in S, the integral is bounded. It follows
inductively that all higher derivatives of f are contained in S. In a similar way, integrating
by parts gives that

a . .
_fe—27”w'tdt =0— [ (—2mizy)e 2™ dt = 2mizy f.

This shows that z1f € S. Similarly and inductively, g - f € S for every polynomial
g € C[Xl,,Xn]
This proves the lemma.

—mz|?

Lemma 4.5. The function R™ — C given by z + e has a Fourier transform equal

to itself.

Proof. We want to show that

. 2 2
/ o= 2mite,t) o=t gy — o= mll?
n

Proof. Since both sides can be written as products of expressions that depend only on
one variable, it suffices to deal with the case of one variable: we need to show that

> 2 2
/ e—27mxt—7rt dt = €—7r9: )
—00

We integrate the function =™ of a complex variable z over the contour in C given by

—A— A— A+ir — —A+ixr — —A and let A tend to infinity. The integrzals over
the vertical segments tend to zero. The integral from —A to A tends to ffooo e T dt = 1.
Therefore the integral from A + iz to —A + ix tends to

/ e~ (tFiz)* gp — 1,

20
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Theorem 4.6. Let f be a function in the Schwartz space S of rapidly decreasing functions

R"™ — C. Then )
d @)=Y f).

TEZL™ TEZL™

Proof. Consider the function

gy = 3 Jim+a)

Since the sum converges absolutely and uniformly, this is a well-defined function on the
torus T = R"/Z". For k € Z™ we define its Fourier coefficient ¢ by

ck:/ g(x)e 2k gy,

Since for every d > 0 there is a constant C(d, g) > 0 for which |cx| < C(g,d)/|k|?, we have
that

mikx 1 1
> o < C(d,g) Y W:O(W)’
I1kI>N I&I>N

2mikx

and we conclude that the Fourier series ), . cxe converges uniformly and hence

pointwise to g(z). In particular,

> fm)=g0)= > a.

mezZn kezZn

Moreover,

Cp = / Z f(m + x)e—QTri(k,m)dx’
Tn

mezZn

:/ Z f(m+x)€—2ﬂi<kz,x+m>dx,
T

" mezn

_ f(m)e—Qﬂi(k,@dx’
R"

f (k).

This proves the theorem.

Proof of Theorem 4.3. We may assume that V = L ®z R is just R" with its usual
scalar product and that L = A(Z) for some matrix A € GL,(R). In this way the Z-dual
lattice LV is equal to *A~1(Z). The left hand side of the Poisson summation formula is

equal to
Ze—ﬁlle - Z e mlA@)?

zeL keZn
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The function f(x) = e~IA@I° ig in the Schwartz space S and by Lemma 4.5 its Fourier
transform is equal to

() = / ¥ e t) ol AP gy

T tl(A |/ e 2T @ el gy,
(]

L |/ e 2mila A7 () g=rlel? g

\det(A
L rta@)?
~ Jdet(A)]°
It follows that
—r|A@)? _ —rlz]?
Z ° |det Z

kezZm zeLY

and the result follows.

Exercises.

4.1
4.2

4.3

4.4

4.5

4.6

4.7

Let L' C L be two lattices in R™. Show that covol(L) = [L : L'|covol(L).
Let

T

L:{(y) €Z’:x+y+2=0 (mod7)}.
z

Show that L ¢ R? is a lattice and compute its covolume.

Let L C R™ be a lattice. Let A be an invertible n X n-matrix. Show that A(L) is a

lattice. Show that covol(A(L)) = |det(A)|covol(L). Let m € Rso; show that covol(mL) =

m"covol(L).

Identify the quaternions H = {a+bi +cj+dk : a,b,c,d € R} with R* via a+bi +cj + dk «

(a,b,c,d). What is the covolume of the ring of Hurwitz integers

Zli, ], k, w]
2
in H = R*?
Let F' be a number field. Suppose R C F' is a subring with the property that its image in

F ® R is a lattice. Show that R C Or.

(Euclidean complex quadratic rings.) Let F' be an imaginary quadratic number field. We
embed F' in C.
(i) Show that O is Euclidean for the norm if and only if the disks with radius 1 and centers
in Of cover C.
(ii) Show that OF is Euclidean for the norm if and only if Ap = -3, —4, -7, -8 or —11.

Show that the symmetric space is GL2(R)/O2(R) homeomorphic to R%y x SL2(R)/SO2(R).
Show that the map SL2(R)/SO2(R) — H = {z € C : Im(z) > 0} given by

a b ai+b
— _—
c d ci+d
is a homeomorphism.
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5. Number fields.
In this section we ‘generalize’ the three rings Z C Q C R to an arbitrary number field F'.

Definition. Let F' be a number field of degree n over Q. The algebra Fg is defined by
Fr =F®qR.

In more explicit terms, writing F' = Q(a) with f(X) € Q[X] the minimum polynomial
of a, we have that F' = Q[X]/(f(X)) and hence that Fg = R[X]/(f(X)).

Since irreducible polynomials in Q[X] don’t have double zeroes, the Chinese Remainder
theorem implies that the R-algebra is isomorphic to a product of copies of R and C.
In these terms the natural map ' — Fgr can be described as follows. Since a field
homomorphism o : FF — C is entirely determined by the zero z in C of f(X) for which
o(a) = z, there are exactly n distinct embeddings

c: F— C.

Since f(X) € R[X], the ring homomorphism & given by 7(a) = o(«) is an embedding,
whenever o is. If z = o0(a) € R, we have that @ = . The o corresponding to z € R come
in complex conjugate pairs.

Definition. An infinite prime of a number field F' is an embedding o : F' — C considered
up to complex conjugation. An infinite prime o is called real if o(F) C R and complex
if o(F) ¢ R. The number of real and complex infinite primes is denoted by 71 and 79
respectively.

We have that r; + 2ro =n = [F': Q]. The R-algebra morphism

Fr =R[X]/(f(X)) —]]F-

given by mapping X +— (o(«)) is an isomorphism. Here F, denotes R or C depending on
whether o is real or complex. The product runs over the infinite primes o : F' — C.

Lemma 5.1. Let F' be a number field and let x € F'. Then

e (@) = [ (T = o(2))

all o

and hence N(z) =[], ,o(x) and Tr(xz) = ), , o(x). Here “all ¢” means that the sum
is extended over all embeddings F' — C, not merely up to complex conjugation. In terms
of infinite primes o one has that N(z) = [[, o(z)4°8(°) and that Tr(z) = Y deg(c)o ()

Proof. The characteristic polynomial of x viewed as element of the Q-algebra F' is the
same as the one of z viewed as element of the R-algebra Fr. We compute the characteristic
polynomial by writing Fr as a product of copies of R and C. In this way the element x € F
is identified with the vector (o(z)) where o runs over the embeddings o : F' — C up to

23



complex conjugation. Since the characteristic polynomial of z is equal to the product of the
characteristic polynomials of the various o(x), we may proceed coordinate by coordinate.
For the real coordinates the characteristic polynomial is simply 7' — o(x). For complex
coordinates, we use the R-basis {1,i} of C and it is the characteristic polynomial of the

2-by-2 matrix
(Feote) “moto)),

which is (T'— o(z))(T — o(z)). Taking the product now gives the result.

Definition. Any étale R-algebra A admits a canonical involution and a canonical scalar
product as follows. Writing A as a product of copies of R and C, the involution is given
by complex conjugation on each coordinate. This involution is functorial. It is a functor
on the category of étale R-algebras. We denote it by a — @ and in terms of it we define a

scalar product by B
(a,b) = Tr(ab), for a,b € A.

Definition. Let F' be a number field. Its ring of integers Op is the integral closure of Z
in F:
Or = {x € F : z is integral over Z}.

By Cor. 1.9 the ring Op is a subring of F'. We view it as a subring of the algebra Fgr
through the natural map F' — FR.

Definition. Let I’ be a number field. The discriminant Ar of F' is the discriminant
A(Op) of the Z-algebra Op.

Lemma 5.2. Let F' be a number field. Let x € F'. The following are equaivalent.
(i) the element x is contained in Op;

(ii) the minimum polynomial of = is in Z[X];

(iii) the characteristic polynomial of x is in Z[X].

Proof. Gauss’s Lemma (Prop. 2.13 with R = Z) shows that (i) implies (ii). Part (iii)
follows from (ii) because f3 . is a power of f2. by Exer. 3.2. Finally, it is trivial that (iii)
implies (i).

Proposition 5.3. The ring O is a lattice in Fgr. Its covolume is equal to \/|Ap]|.

Proof. Suppose wq,...,w, is a basis for F' as a Q-vector space. Then it is also a basis for
Fr as a R-vector space. Multiplying the w; by a large integer M does not change these
properties. However, we can choose M in such a way that all Mw; are integral. This shows
that O contains an R-basis for FR.

Let p > 0 and consider the bounded subset B = {z € Fgr : |z| < p} of Fr. Suppose
that z is contained in O N B. Then Tr(zT) < p? and hence o(x) < u for every embedding
o: F — C. It follows then from Lemma 5.1 that the coefficients of the characteristic
polynomial of x are bounded by (27?) ©". By Lemma 5.2 all these coefficients are in Z.
Therefore there are only finitely many possibilities for f3 . and hence for z. It follows

that Or N B is finite.
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The criterion of Prop. 4.1 implies then that O is a lattice in Fr. Its covolume is the
absolute value of the discriminant of the matrix

Corollary 5.4. Let F' be a number field of degree n. Then there are elements wy, . ..,w, €

F' so that
OF :Zw1@~-@an,

<

F :Qw1@"'@me

<

Fr =Ruw1 @ - % Ruw,.

Definition. Let F' be a number field and let I C O be a non-zero ideal. The norm N (I)
of I is defined as N(I) = [Op : I].

The following proposition shows that N(I) is a well defined natural number.

Proposition 5.5. Let F' be a number field. Then
(i) for any non-zero ideal I C Op the index of I in Op is finite;
(ii) any non-zero ideal I C Op is a lattice in Fr. Its covolume is given by

covol(I) = N(I)|Ap|*>.

(iii) There are only finitely many Op-ideals I C O of bounded norm.

Proof. (i) Let 0 # = € I. Then the constant term aq of its minimum polynomial f is not
zero. It is contained in I because ag = ag — f(x) is a multiple of x. Therefore agOp C I.
Since Op/agOp = Z/(ag) X ... x Z/(ap) is finite, so is Op/I.

(ii) Since I C Op, it is a discrete subgroup of Fr. Since I contains a group of the form
agOp, it contains an F-basis. It follows that I C Fgr is a lattice. By Exercise 4.2 its
covolume is equal to covolume(Op) times [Op : I]. The result now follows from Prop. 5.3.
(iii) Any ideal I C Op of index m contains mOp. Since Op/mOpF is a finite group, there
are only finitely many ideals of index m.

This proves the proposition

Theorem 5.6. Let F' be a number field. Then the ring of integers O is a Dedekind ring.

Proof. Since Z is Noetherian and since Op is a free abelian group of rank n, any ideal
I C Op is finitely generated group. So it is certainly also finitely generted as an Op-
module. Therefore Op is Noetherian. Any non-zero prime ideal of Op has finite index.
Therefore it is maximal. This shows that the Krull dimension of O is 1. Finally, Op is
the integral closure of Z in F. By Exerc.1.5 it is therefore a normal ring.

This proves the theorem.
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Proposition 5.7. Let F' be a number field.
(i) For any non-zero x € Op we have that |[N(x)| = N((z));
(i) N(IJ) = N(I)N(J) for any two non-zero ideals I,J C Op.

Proof. (i) We prove that |N(z)|N(I) = N(xI) for any non-zero Op-ideal I. Let w1, ...,wy,
be a Z-basis for O, let 3, b;jw; (fori =1,...,n) be a Z-basis for I and let A be the matrix
of the multiplication my x map with respect to the basis wy, ..., w,. Then N(I) = |det(A)|
and N(zI) = |det(AB)|. Since N(x) = det(A), the result follows.

(ii) We use the fact that Op is a Dedekind ring. By the proof of Prop. 2.6, there are
non-zero x,y € Op and there is an ideal J' C Op that is coprime to I so that zJ = yJ’.
By the Chinese Remainder Theorem we have that Op/IJ = (Or/I) x (Or/J’) so that
N(1J") = N(I)N(J'). Therefore

IN@)IN(I1J) = N(@lJ) = N(yLJ") = [N@)IN(I)N(J') =
— N(I)N(yJ') = N(I)N(xJ) = |N(2)| N(D)N(J),

as required.

Exercises.

5.1 Let F' be a number field.
(i) Let o € F. Show that there exist an integer 0 # m € Z such that ma € OF.
(ii) Show that for every number field F' there exists an integral element o« € Op such that
F = Q(w).
(iii) Show that the field of fractions of OF is F.
(iv) Let F' C K be an extension of number fields. Show that Ox N F' = OpF.
5.2 Let F' be a number field. Show that every ideal I # 0 of Of contains a non-zero integer
m € Z.
5.3 Let F' be a number field and let a € Op. Show that N(«) = %1 if and only if « is a unit of
the ring OF.
5.4 Let F' be a number field. Let r; and r2 denote the number of real and complex infinite primes
respectively. Show that the sign of Ap is (—1)"2.
5.5 Let A be an étale R-algebra. Show that Tr(ab) defines a scalar product on A: show that it
is symmetric, bilinear and positive definite.
5.6 Let I' be a number field. Show that L ={z:2¢€ L} C Fr is a lattice if and only L is.
Moreover, L and L have the same covolume.
5.7 Let F' be a number field.
(i) Show that |z| = |z| for all z € Fr.
(ii) For z = (xs) € Fr we let |x| € Fr the element whose o-th component is equal to |zs]|.
Show that |z| = ||=]].
(iii) Let ¢ : Fr — Fr be Fr-linear. Show that ¢ is given by multiplication by some
element x € FRr.
(iv) Let * € Fr. Show that the multiplication by x map preserves the canonical scalar
product if and only if |z| = 1.
5.8%(Stickelberger 1923) Let F' be a number field of degree n. Let {w1,w2,...,w,} be a Z-basis
for the ring of integers of F. Let o; : F' — C denote the n distinct embeddings of F' into C.
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By A, we denote the normal subgroup of even permutations of the symmetric group S.
We define AT = ZTeAn I, ¢i(w-i)) and A~ = Zresn—An [I—, ¢i(wr()). Prove, using
Galois theory, that AT +A~ e ATA™ arein Z. Conclude that Ap = (AT+A7T)2—4ATA™ =
0 or 1 (mod 4).

6. Rings of integers.

In this section we explain how to compute the ring of integers O of a number field F'.
Once we have a presentation of Op as a Z-algebra, we show how to compute explicit
generators for the prime ideals of Op.

Suppose that F' is a number field F' given as Q(«) for some element o € F'. Suppose in
addition that @ € Op. This is not a real restriction since M« is integral for an appropriate
choice of a non-zero integer M. Since Z[a] contains a Q-basis for F' and is contained in
Op, it is a lattice and has the same rank as Op. Therefore the index [Op : Z[«]] is finite.

Rather than sticking to Z[a], we consider more generally a subring R C Op of finite
index [Op : R]. In the applications, R is explicitly given and we want to either decide that
R = Op or, if it isn’t, construct generators for Op. This is done inductively. The ring R
is called mazimal at a prime number p, if p does not divide [Op : R].

We first make a useful observation.

Lemma 6.1. Let F' be a number field and let R be a subring of O of finite index. If R is
not maximal at a prime p, then p* divides A(R/Z). In particular, if A(R/Z) is square-free,
we have that R = Op.

Proof. The lemma follows from the fact that A(R/Z) = [OF : R]?A(Or/Z).

Let R and p be as above and put N = {t € R : t™ € pR for some m > 1}. Since
N is a finitely generated R-ideal, we actually have N™ C pR for some m. Consider the
following two subrings of Op:

R ={t€Op:tN C N} and R" ={t € Op : pt € R}.

We have R"” C %R. Since p is in N, every t € R’ has the property that pt isin N C R. It
follows that R C R ¢ R” C Orp.

Proposition 6.2. In the above notation, if R = R’, then R = R".

Proof. Let z € R” and let y € N. We claim that (zy)™" € pR where n = [F : Q] and
m satisfies N™ C pR. Indeed, we have y™ € pR. It follows that xy™ € R and hence
ym kD gk — y™ (xy™)¥ € pR for all k > 0. Since x is integral, it satisfies a monic relation
of the form "™ + ...+ a1z + ag = 0 with a; € Z C R. This implies that

y"™"z* € pR, for all k > 1.

In particular, we have (xy)™" € pR as claimed.
To show that R” C R, we pick x € R” and show

N1 c N = zNFcN  forany k>1.
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Since xN™+! C pN C N, it follows then inductively that N C N. Therefore z is in R’
which is equal to R by assumption.

So, let z € R” and suppose that zN**1 C N for some k > 1. Let y € N*. For any
z € N we have zyz € tNF¥N C N. This shows that zyN C N and hence zy € R’ = R.
Since we have (zy)"™™ € pR, this implies xy € N as required.

This proves the proposition.

Corollary 6.3. In the notation of Proposition 6.2, we have R = R’ if and only if the
homomorphism

m:R/pR — End(N/pN)

given by x +— m,, where m, is the multiplication by x map, is injective. Moreover, if
the map is injective, then R is maximal at p. If it isn’t, then for any x € R for which
x (mod pR) is contained in ker h, we have that

R C R[f] c R c Op.
# p

Proof. Suppose that m is injective and let x € R’. Then N C N and hence zpN C pN.
Since x € R’ C R”, the element xp is contained in R. It follows that zp is in the kernel
of m. Since m is injective, we have that px = pz’ for some 2/ € R. It follows that
x =2’ € R showing that R = R’.

By Proposition 6.2 we have R = R’ = R”. This implies that [Op : R] is prime to p,
so that R is maximal at p

In the other direction, suppose that R = R’ and let x € R with m, the zero-map.
Then N C pN. This implies that ]"L’—)N C N. Since N is finitely generated, this implies

that % € Op. By definition, % is contained in R’ = R. In other words, x = px’ for some

x' € R. This shows that x (mod pR) is zero and that m is injective.
This argument also shows that % € Op for every x € R in the kernel of m. Therefore

the subring R[%] of OF is strictly larger than R, as required

This leads to the following algorithm. Let F' = Q(«) be a number field with a € Op.
We put R = Z[a] and make a list of the primes p for which p? divides A(R/Z). By
Lemma 6.1 the ring R is maximal at all other primes. For each prime p in the list we
compute the nilradical of the finite ring R/pR and check whether the map m of Cor. 6.3
is injective. This involves only linear algebra over F,. When m is injective, we know
that R is maximal at p and we are done with p. If m is not injective, we pick z € R
with # # 0 (mod p) but m(z) = 0 and replace R by the strictly larger ring R[7]. If the
discriminant of this new ring is not divisible by p? we are once again done with p. If not
we repeat this procedure.

Since each time the ring R ‘becomes’ strictly larger, the algorithm terminates. At the
end we have R = Op.

Corollary 6.4. Let ' = Q(«) be a number field and let p be a prime. Suppose that
a € Op and that the minimum polynomial of « is an Eisenstein polynomial with respect
to p. Then p does not divide the index [OF : Z|o/]]
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Proof. Put R = Z[a]. Since the minimum polynomial f(X) of « is Eisenstein, the ring
R/pR is isomorphic to (Z/pZ)[X]/(X™). Here n = [F : Q]. The ideal N of Prop. 6.2
is therefore equal to (a,p) C R. We check that the map m of Cor. 6.3 is injective. Let
x € R be in the kernel of m. Then z = g(«) for some polynomial g(X) € Z[X] of degree
at most n — 1 and g(a)N C pN. This implies that

9(X)X = p*hi(X) + pXho(X) + f(X)h3(X)

for certain polynomials hi,hs,hs € Z[X]. Putting X = 0, we see that f(0)h3(0) =
0 (mod p?). Since f is Eisenstein, this implies that p divides h3(0). Now take the equation
modulo p. This leads to the congruence g(X)X = X"h3(X) (mod p). The degree of the
polymonial on the left is at most n while the degree of the polynomial on the right is at
least n + 1. This shows that g(X) = 0 (mod p) and hence that x € pR and that m is
injective.
The result now follows from Cor. 6.3.

Example. Consider F' = Q(+/17) and put R = Z[/17]. Then R C O has finite index.
A Z-basis for R is given by {1, V/17,(/17)?]} and the discriminant of R is equal to the
determinant of the matrix of traces

3 0 0
0 0 3-17)|=-3%-17°
0 3-17 0

Therefore R is maximal at all primes p except possibly p = 3 and 17. Since the minimum
polynomial X?®—17 of /17 is Eisenstein with respect to the prime 17, Cor. 6.4 implies that
R is maximal at 17. In order to study the prime p = 3, we compute the nilradical of the
ring R/3R = Z[X]/(X?3 —17). Since X3 — 17 = (X +1)3 (mod 3), the nilradical of R/3R
is generated by X + 1 and the R-ideal N of Cor. 6.3 is equal to (3, ) where aw = /17 + 1.
Note that a® — 30?2 +3a— 18 = (o —1)3 —17=10

A Z-basis for R is given by {1,a,a?} and a Z-basis for N by {3,a,a?}. Next we
study kernel of the homomorphism

m:R/3R — End(N/3N)

that maps x € R to the multiplication by x map. Suppose that a,b,c € Z and x =
a + ba + ca? € R. We multiply the three Fz-basis vectors of N/3N by z. We have
that = - 3 = 3a + 3ba + 3ca? = a - 3 (mod 3N). Since a® = 0 (mod 3N), we have that
z-a=a-a+b-a? and z-a? = a-a?. Therefore the matrix that describes the multplication
by z map with respect to the basis {3, o, a?} is given by

a 0 0
0 a O
b a O
It follows that ker(m) is a 1-dimensional F3-vector space generated by o?. By Corollary 6.3,

the rin
° 3 o? (14 v/ 17)2
R = Z[V17, 7], with B = 5T 3
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is a subring of Op strictly containing R. Since A(R/Z) = 32 - 172, the index satisfies
[R': R] = 3 and the discriminant of R’ is equal to 3-172. It follows that Op = R'.

In the remainder of this section we explain how one can explicitly compute the prime
ideals of the ring of integers O of a number field F'

By Proposition 5.5 any non-zero prime ideal contains an integer and hence a prime
number p. Therefore, fixing a prime number p, the prime ideals containing p correspond
exactly the prime ideals of the quotient ring Op/pOpr. More precisely, the prime ideals p
dividing p are of the form

p={x €Op:x (modp) € P}, for some prime ideal P of R/pR.

The ring R/pR is a finite F,-algebra and therefore it is a product of local F,-algebras
R/pR = 1], A;, where A; is local with nilpotent maximal ideal. This is a computation
with a finite F,-algebra that is in practice not very difficult.

It is easy to make this explicit in terms of the prime ideals p of Op that divide p.
Indeed, since O is a Dedekind ring, the Op-ideal (p) admits a factorization as a product
of prime ideals (p) = Hp p¢®. Here the product runs over distinct prime ideals p. By the
Chinese Remainder Theorem we have then that

R/pR = []Or/p".
plp

Each of the factors is a local F,-algebra with maximal nilpotent ideal p/p».

Before we give some explicit examples, we introduce some terminology. For a prime
ideal p oif Op, the exponent ey is called the inertia index of p. Prime ideals p for which
ep exceeds 1 are said to be ramified. If p contains the prime number p, then the residue
field Op/p is a finite field extension of F,,. We denote by f, the degree of this extension.
We have that N(p) = p/r. A prime number p is said to be inert if the Op-ideal (p) is a
prime ideal of Op. It is said to be ramified if some prime ideal divising it is ramified. A
prime number is said to be totally split if (p) =[], p and f, =1 for every p.

Proposition 6.5. Let I' be a number field and let p be a prime number. Then
(i) Denoting by p the prime divisors of the Op-ideal (p), we have that

prepznz[F:Q].

plp

(ii) The prime p is ramified if and only if it divides A(Op/Z). In particular, there are
only finitely many ramified primes.

Proof. To prove (i), just take the norm of the relation (p) = [, p**. To prove part (ii),
note that the discriminant of the F,-algebra Op/(p) is just A(Op/Z) (mod p). Therefore
p divides the discriminant of O if and only the F-algebra is not a product of fields. This
means that one of the local factors is of the form Op/p®» with e, stricly larger than 1. In
other words, if and only if p is ramified.
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Example. Take F' = Q(+¥/17) and p # 3. Since the index of the ring R = Z[¢/17] inside
Or is 3, which is prime to p, the natural map R/pR — Op/(p) is an isomorphism. It
is convenient to work with R rather than Op. For instance R/2R = Fo[X]/(X3 — 17) &
Fo[X]/(X 4+ 1) x Fo[X]/(X? + X + 1) since X? —17 = (X + 1)(X? + X + 1) (mod 2).
Therefore (2) = popy with po = (2,14 ¥/17) and py = (2,1 + V17 + \‘q’/ﬁQ) We have that
fp, =1 and f,, = 2. Since R/2R is a product of fields, the inertia indices e,, and e, are
equal to 1. Indeed, we have that fy, ey, + fo,ep, =1+2=[F:Q].

For the prime 3 we do not use the ring R and turn to the ring Op instead. We have
shown above that Op = Z[a, 8] with a = /17 + 1 and 8 = (/17 + 1)?/3. In order to
write a presentation of Op as a Z-algebra, we compute all possible products between the
two generators:

a? =3p,
3 2
3041
aﬁ:a_:?ua 3o+ 8:36—a+6
3 3
4 2
@2:%:350‘ §‘+6a:@a_ﬁ+2a:25+a+6.

This means that
Op 2 Z[X,Y]/(X? -3Y,XY —3Y + X —6,Y? —2Y — X +6)

and hence OF/(3)gFg[X,Y]/(X27XY+X’Y2+Y_X)’
= F3[V]/(Y2+Y)%, (V2 +Y)(Y +1)),
= Fs[Y]/(V2 +Y)(Y +1)),
~ Fy[Y]/(Y) x Fs[Y]/((Y +1)2).

It follows that (3) = p3p4 with p3 = (8 +1,3) and ps = (5, 3).

Exercises.

6.1 (Kummer’s Lemma) Suppose f € Z[T] is an irreducible polynomial. Let o denote a zero of
f and let F' = Q(«a). Let p be a prime number not dividing the index [Op : Z[a]]. Suppose
the polynomial f factors in F,[T] as

f(T)=hi(T)? ... hg(T)"*

where the polynomials hi,...,hy are the distinct irreducible factors of f modulo p. Show
that the prime factorization of the ideal (p) in OF is given by

POF =pi' ... pg’,
where the p; = (hi(a),p) are distinct prime ideals with N (p;) = pes(hs),
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6.2

6.3

6.4

6.5

6.6

Let F = Q(«) where a be a zero of the polynomial 7° — T'— 1. Show that the ring of integers
of F'is Z]a]. Find the factorizations in Z[«a] of the primes less than 10.

Let d be a squarefree integer and let F = Q(\/a) be a quadratic field. Show that for odd
primes p one has that p splits (is inert, ramifies) in F' over Q if and only if d is a square
(non-square, zero) modulo p.

Let (5 denote a primitive 5th root of unity. Determine the decomposition into prime factors
in Q({s5) of the primes less than 14.

Show that the ring of integers of F = Q(~/20) is equal to Z[+/20, v/50]. Show there is no
a € O such that Op = Z[a].

Show that the following three polynomials have the same discriminant:
T% — 18T — 6,
T° — 36T — T8,

T3 — 54T — 150.

Let «, B and v denote zeroes of the respective polynomials. Show that the fields Q(«), Q(53)
and Q() have the same discriminants, but are not isomorphic. (Hint: the splitting behavior
of the primes is not the same.)

6.7*(Samuel) Let f(T) = T% +T? — 2T + 8 € Z[T]. Show that f is irreducible.

(i) Show that Disc(f) = —4 - 503. Show that the ring of integers of F' = Q(«a) admits
L,a,3 = (a® —a)/2 as a Z-basis.
(ii) Show that Op has precisely three distinct ideals of index 2. Conclude that 2 splits
completely in F' over Q.
(iii) Show that there is no o € F such that Or = Z[«]. Show that for every a € Or — Z,
the prime 2 divides the index [OF : Z[a]].

6.8%(Dedekind’s Criterion.) Suppose « is an algebraic integer with minimum polynomial over

f(T) € Z|T). Let F = Q(«). For p be a prime number, let fi,..., f; € Z[T] and e1,...,e4 €
Z>1 such that f = f;'-...- fg? is the decomposition of f into distinct irreducible polynomials
fi modulo p. Show that

p divides the index [OF : Z[a]]

if and only if there is an index j such that

1)~ T1, £5(T)°
p

f; divides ( ) in Fp,[T] and e; > 2.
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7. Arakelov divisors.

In this section we introduce the Arakelov class group. Let F' be a number field. To every
prime ideal p of its ring of integers O we associate a p-adic absolute value on F' by putting

2|, = e T for x € F*
and |0], = 0. We have the following properties:

|$y|p = |$|p|y|pa
|z + y|p < max(\x]p, |y|p) < |$‘p + ‘y|p

for x,y € F'. The second property is called the Triangle Inequality. In this way, F' acquires
the structure of a metric toplogical space. The two properties are shared by the usual
absolute values on R or C. Inverting the process, we now define for each infinite prime
the homomorphism ord, : F* — R given by

ord,(z) = —log|o(x)|.

Definition. Let F' be a number field. The Arakelov divisor group or divisor group Divg
of F' is defined as

Divgp = GPBZ x @®R.
Here the first sum runs over the non-zero prime ideals of the ring of integers Op of F' and
the second sum runs over the infinite primes o : I — C. Elements of Divy are called
divisors or Arakelov divisors. We write elements D € Divp as finite formal sums

D:anp+2maa
P o

with z, € R and n, € Z. All but finitely many of the n, are zero. The support of D is
the set of primes p and o with non-zero coefficients.

Consider the homomorphism
d: F* — Divp
that maps « € F™* to the principal divisor (x) =, npp +>_, 2,0 given by n, = ordy(z)
for primes p of O and z, = ord,(x) for infinite primes o.

Proposition 7.1. Let F' be a number field. The kernel of the map d : F* — Divg given
by z — (z) is a finite group equal to the group of roots of unity up of F.

Proof. Let x € pup. Then 2™ = 1 for some integer m > 1. Then x is a unit so that
ordyx = 0 for all primes p. In addition, |o(x)|™ = 1 and hence |o(x)| = 1 so that
ord,(x) = 0 for every . This shows that pp is contained in the kernel of d. Now we show
that ker(d) is finite. Any « € ker(d) satisfies ord, (z) = 0 for all primes p and |o(z)| = 1 for
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every o. This implies that x is in Op and that x € O C FR is contained in the bounded
set of vectors (vy) € Fr =[], Fo satsifying |v,| < 1. Since Op is a lattice, there are only
finitely many possibilities for z and hence the kernel of d is a finite group. It follows that
there is an integer m > 1 for which ™ =1 for all x in ker d, showing that the kernel of d
is contained in pp as required.

We identify the real vector space @®,R with the subalgebra [[ R of Fr =[], F5
and equip it with the canonical scalar product of Fr. It induces the usual topological
group structure on ®,R. Providing the group ©,Z with the discrete topology, the group
of Arakelov divisors Divg acquires the structure of a locally compact Hausdorff topological
group. It is a countable union of copies of the vector space ©,R. Since we have a scalar
product on &,R, the group Divp is actually a Riemannian manifold.

Proposition 7.2. Let F' be a number field. Then the image of the map d : F* —
Divg is a closed discrete subset of Divp.

Proof. For any divisor D = nyp + >, 2,0 and any € > 0, the set
UD)={Y_npp+ D o0 : |yo — o] <e}
p o

is an open neighborhood of D in Divg. Moreover, such sets form a basis for the topology
on Divpg. It suffices to show that these kind of sets contain only finitely many principal
divisors. Suppose there is at least one such divisor (z) in U(D) and let (y) be a second one.
Then u = y/z has the property that ord, (u) = n, —n, = 0 for all primes p. Therefore u is
contained in O3}.. From | —log |o(x)| — 25| < € and | —log |o(y)| — x| < € we deduce that
|log |o(u)|| < 2¢ for every o. It follows that the collection of such units u is contained in a
bounded subset of Fr. Therefore there are only finitely many and the proposition follows.

Definition. Let F' be a number field. By Picy we denote the quotient of the group Divg
by the image of F™* under the map d. In other words, Picy is the group of Arakelov divisors
modulo principal Arakelov divisors.

Since the image of F'* is closed in Div g, the group Picg has a natural induced structure
of a topological group. It is Hausdorff and locally compact. In addition, Picg inherits the
Riemannian structure from Divg.

Definition. Let F' be a number field. The degree of a non-zero prime ideal is defined by

deg(p) = log N (p).
The degree of an infinite prime o is defined to be 1 or 2 depending on whether o is real
or complex. We extend the degree linearly to the entire divisor group and in this way we
obtain a continuous homomorphism
deg : Divp — R.

. . . . .0
The degree map is surjective. Its kernel is denoted by Divy.
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Proposition 7.3. (Product Formula) Principal Arakelov divisors have degree zero.

Proof. Let x € F*. By Prop. 5.7 we have that

Let zOp = Hp p"™* be the prime decomposition of the principal ideal generated by x. It
follows from the multiplicativity of the norm map and Lemma 5.1 that

[INw)™ =[] lo) =
p o

Taking logarithms implies the result.

Proposition 7.3 says that the image of F* under the map d is contained in the sub-
group Div%. This leads to the following definition.

Definition. Let F be a number field. The Picard-Arakelov class group or Arakelov class
group Pic% is the group Div% modulo the image of F* under the map d.

There is a natural exact sequence

0— Pic — Picp <& R —0.

The Arakelov class group inherits its structure of a topological group and Riemannian
manifold from the group Picp. In the rest of this section we relate it to the class group
and the unit group of the Dedekind ring Op. The image of the principal Arakelov divisors
under the projection map from Divg to the group of fractional ideals ©,Z is precisely the
group Prg of principal fractional ideals. This leads to the following commutative diagram
with exact rows and columns.

0 0 0

J l !

0 — Opn/up — F*Jup — Prr — 0

! ! l

0 — R —  Divp — D7z — 0
o p

l l !

0 — T — Picp — Cl(Op) — 0

J l |

0 0 0

Here T is defined as the cokernel of the homomorphism O} — @©,R. Recall that the
latter homomorphism maps a unit u to the vector(—log|o(u)|). Note that the quotient
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topology on Cl(Op) is discrete. All homomorphisms in the diagram all continuous. This

is either trivially so or it follows from the universal property of the quotient topology.
Now we take degree zero parts. First in the central column. Since F' has at least one

infinite prime, the projection map Div% — @pZ is still surjective. Its kernel is given by

(EBUR)O ={(zys) € &R : z:deg(a)m(7 = 0}.

Denoting the cokernel of the homomorphism O%/pup — (G,R)° by T° we obtain the
following commutative diagram with exact rows and columns and continuous homomor-
phisms. The bottom row shows that Pic% is an extension of the discrete ideal class group
CIl(OF) by the connected group T°.

0 0 0

l | J

0 — Op/prp — F'lup — Prp — 0

l l !

0
0 — (@R) —  Div) — D7 — 0

o p
| I I
0 — T° —  Pic%, — CI(Op) — 0
l l l
0 0 0

For F' = Q there is only one infinite prime and therefore T is trivial. Since Z is a unique
factorization domain, the class group is trivial as well. It follows that Picq is trivial and
that

PiCQ % R
is an isomorphism. See sections 10 and 13 for non-trivial examples of Arakelov-Picard
class groups.

Definition. Let F' be a number field. We define a norm on the connected component T’
of Picp by putting

|z|pic = min |ex].
g€

F

Here |ex| denotes the length of ex € Fr with respect to the canonical scalar product.

The norm on Picp satisfies the triangle inequality and induces the usual metric struc-
ture on Picp.
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Exercises.

7.1 Let G be a topological group with neutral element 1.
(i) Show that for every open neighborhood U of 1 € G, there is an open neighborhood V/
of 1 for with V2 Cc U. Here V? = {vw : v,w € V'}.
(ii) Show that G is Hausdorff if and only if 1 is closed.
7.2 Let G be a topological group.
(i) Show that every open subgroup of G is also closed.

(ii) Let H C G be a normal subgroup. Show that G/H, equipped with the quotient
topology, is Hausdorff if and only if H is closed in G.

7.3 Let FF = Q(v/—2). Let x = 1 — v/—2. Compute the coordinates of the principal
Arakelov divisor (x). Check that deg((x)) = 0.

7.4 Show that the Pic% = 0 for F = Q(i).

7.5 Let F' be a number field and let z,y € T = (®,R) /im(O}). Show that |z + y|pic <
[z ]pic + Jylpic-

8. Ideal lattices.

In this section we interpret Arakelov divisors as ideal lattices. We show that the Arakelov
class group classifies ideal lattices up to isometry. We first introduce the Hermitian line
bundle associated to an Arakelov divisor.

Let F' be a number field and let D = Zp npp + >, -0 be an Arakelov divisor. We
put [ = Hp p~ " and call it the ideal associated to D. Then we let u denote the vector
(us) € I, R% for which u, = exp(—x,) for each o. Since the group [[, R% is contained
in Ff, =[], F7, we may view u as an element of Ff;. It is totally positive in the sense that
each coordinate u, is contained in the subgroup R%, of F}.

Notation. Let F' be a number field and letD = nyp+>_, 2,0 be an Arakelov divisor.
Then the Hermitian line bundle associated to D is the pair (I,u) where I is a fractional
ideal and wu is a totally positive unit in F}; as explained above.

For any Arakelov divisor D = (I,u) we have that N(D)™! = N(u)N(I). To D we
associate the Op-submodule

ul ={uxr:ze€l} C Fr.

Since [ is a lattice in FRr, so is ul. We have by Prop. 5.5 that
covol(ul) = N(u)N(I)/|Ap| = e~ 4P\ /|AR|.

Definition. Let F' be a number field. An ideal lattice associated to F' is a projective
Op-module M of rank 1 together with a scalar product on the Fr-module L ®z R that
satisfies (\z,y) = (z,\y) for all z,y € L ®z R and all A € Fr. Two ideal lattices L and
L’ are said to be isometric if there is an isomorphism f : L — L’ of Op-modules that is
compatible with the scalar products on L ®z R and L' ®z R.
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Proposition 8.1. Let F' be a number field. Then two Arakelov divisors D = (I,u) and
D’ = (I';u") have the same classes in Picg if and only if the associated ideal lattices ul
and u'I' are isometric.

Proof. If D+ (f) = D’ for some f € F"*, then we have that I = fI’ and u|f| = «/. This
means that the map Fr — Fgr given by multiplication by v~ f =14/ is Op-linear and maps
I to I'. Since [u=tf~1u/| = 1 it also preserves the canonical scalar product on Fgr. This
is the content of by Exer. 5.7. Conversely, suppose that ¢ : ul — I’ is Op-linear and
compatible with the scalar products on ul ®z R = v'I’ ®z R = Fr. Then the induced map
Fr — FR is Fr-linear and compatible with the canonical scalar product. By Exer. 5.7
it is therefore given by multiplication my some element x € Fp with |z| = 1. It follows
that the element f = v~ 'z~ !/ is in F* and satisfies |[u~!f~ /| = v | f|7*' = 1. Since
fI' = I, we see that D + (f) = D’. This proves the proposition.

Proposition 8.2. Let F' be a number field. The map that associates to an Arakelov
divisor D = (I,u) the ideal lattice ul induces a bijection

Picy — {ideal lattices up to isometry}.

Proof. By the previous proposition the map that associates the lattice ul to an Arakelov
divisor D = (I, u) is well defined and injective. We need to show it is surjective. Let L be
an ideal lattice. Then there is an isomorphism of Op-modules L = [ for some fractional
ideal I. By means of this isomorphism we identify L ®z R with I ®z R = Fr. In this
way, the scalar product on L ®z R leads to a scalar product (—, —);, on Fr that satisfies
(Ax,y)p = (z,\y)r for z,y, A\ € Fr. For every infinite prime o, let e, € Fr denote the
idempotent that has all its coordinates in Fr = [[, F, equal to zero, except the o-th one,
which is 1. Put u =) _(e,, 60&/260 € F}. Since the idempotents e, are orthogonal, we
have for every x,y € Fr that

(u,uy) = Y uptolo = Y Yo (Coreo)r = (2, y)1.
g e

>~

Therefore the isomorphism L — I above induces an isomorphsm of ideal lattices (I, u)
L as required.

The following result says that ideal lattices are ‘beautiful’ in the sense that they admit
bases that are not very skew. In other words, ideal lattices do not contain any very short
vectors.

Proposition 8.3. Let F' be a number field of degree n and let D = (I,u) be an Arakelov
divisor. Then for every non-zero y in the associated ideal lattice ul we have that

ly|? > ne~ndes(D),

In particular, when deg(D) = 0, the shortest non-zero vectors of the lattice ul have length
at least \/n.
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Proof. Let 0 # y € ul. By the Arithmetic-Geometric Mean inequality we have that

1/n
lyl? = deg(o)lyo|* = n (H Iya|2deg(”)> = n|N(y)|*'".

Since y = ux for some non-zero x € I and since |N(x)| > N(I) we have therefore that

[ol> > n|N ()N (@)™ > 0N ()N (D" = ne~ s,

The last inequality follows from the fact that e~4°8(P) = N(D)~! = N(U)N(I). This

proves the proposition.

Exercises.

8.1 Let D = (I,u) and D' = (I',u’) be two Arakelov divisors of a number field F'. Check that
D+ D' = (II';uu'). Check that the neutral element of Divg is the pair (Or,1). Show that

the degree of D = (I, u) is equal to —log(N(u)N(I)).

8.2 Let F be a number field of degree n. If the lattice associated to an Arakelov divisor D = (I, u)
of degree 0 contains a vector uz of length y/n, then D is the principal divisor generated by z.

8.3 Show that under the isomorphism deg : Picq = R, the Arakelov divisor corresponding to
x € Risx-0 where o : Q — R is the inclusion map. Show that the ideal lattice corresponding

to z € R is given by e”“Z.

8.4 Let F' = Q(v/—5). Let I be the Op-ideal generated by 2 and 1 4 v/—5. Show that D =
(I,1/4/2) is a Hermitian line bundle of degree 0. Draw pictures of the ideal lattices associated

to (Op,1) and D.
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9. Minkowski and Dirichlet.

In this section we show that the Arakelov divisor class group Pic% of a number field F'is a
compact topological group. The proof is constructive in the sense that we cover Pic(}); with
an explicit finite set of closed simplices. As a consequence we obtain Minkowski’s Theorem
that the ideal class group Cl(Op) of the ring of integers O of a number field F is finite
and Dirichlet’s Unit Theorem that the unit group O% is finitely generated.

Proposition 9.1. Let F be a number field. For any divisor D = (I,u) in Div}. there
exists an element x € I, so that the Op-ideal J = xI~! satisfies

N(J) < (3) VIAE|

™

and v = ul|z| € Ff satisfies
1
log |v,| = log |uso(x)| < —log(v/|AFr]) — ~ log(g), for all infinite primes o.
n n

Proof. Let D = (I,u) be a divisor of degree 0. The corresponding ideal lattice ul C Fr
has covolume /|Ap|. The volume of the bounded symmetric and convex ‘box’

B(R) ={(z,) € Fr : |z,| < R}

is equal to 2" (27)™ R™. Here r1 and ry denote the number of real and complex primes
of F respectively. Let € > 0 and let R > 0 be determined by 2" (27)"2 R™ = 2™/|Ap| +¢.
By Minkowski’s Convex Body Theorem Thm. 4.2, there is a non-zero element in I N B(R)
when ¢ > 0. Since ul N B(R) is finite, it follows then that there exists also a non-zero
x € ul N B(R) when ¢ = 0.

In other words, there is a non-zero x € I for which |u,o(z)| < R for all 0 and hence

2" \/|AF|

IN(@)N(u)| = ][ luoo(z)|*5) < R* = 7 @m)

o2

We put J = zI~1. Since deg(D) = 0 we have that |N(u)| = N(I)~! and we find that

NO) = @l < (2) VIR

Moreover

1 2
log |ugo(z)| < —log ((—)”\/ |AF|) ) for all o,
n T
as required.
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Theorem 9.2. Let F' be a number field. Then the group Pic% is compact.

Proof. By Prop. 9.1 there exists for every divisor D = (I, u) of degree 0 a principal divisor
(z) and a divisor of the form (J~!,v) with J C O and v € F§ totally positive satisfying

N(J) < (2)” VIAF,
log(ve) < 2 log(v/|AFp|) — 2log(Z) for all o,

so that
D+ (x) = (J ho).

In other words, Pic% is the continuous image of the subset S of Arakelov divisors of degree
zero that are of the form (J~! v) with J and v as above.

Since deg(J™!,v) = 0, we have that )__ deg(c)log(v,) = 0. Therefore the elements
v € I satisfying the conditions above form a compact simplex. Indeed, the inequality of
Exercise 9.1 implies that

n(n

—1
ol < 3 deg(o) log? [upo(z)] < oD 10g? \/[AL

n

and hence |v|pic < 3log|Ar|.

By Prop. 5.7 there are only finitely many ideals J C Op of bounded norm. This
implies the set S is a compact subset of Divg. It follows that Pic% is itself compact.

Corollary 9.3. Let F' be a number field. Then
(i) (Minkowski) the ideal class group Cl(Op) is finite;
(ii) (Dirichlet) the image of O% in the Euclidean space (,R)" is a lattice. In particular,
Or is a finitely generated abelian group isomorphic to Z™ 1271 x pup.

Proof. By section 7 there is an exact sequence
0 — T% — Pich — Clp — 0.

with continuous homomorphisms. Since Pic% is compact, so is Clg. On the other hand
Clr has the discrete topology. It follows that Clp is finite. This proves (i). The T is of
the form (®,R)°? modulo the discrete subgroup formed by the image of the unit group.
Since TV is a closed subgroup of Pic%, it is compact. It follows that the image of the
unit group is a lattice inside the real vector space (®,R)? of dimension r; +ry — 1. Since
the kernel of the map O% — (©,R)° given by ¢ — (log|o(¢)|), consists precisely of the
subgroup of roots of unity, part (ii) follows.

Proposition 9.4. Let F' be a number field of degree n with r1 real and ro complex infinite
primes. Then the natural volume of the Arakelov class group is equal to

1 logloier| ... logloier—i|

ra h 1 loglozer| ... loglozer—1f
27 \/ﬁ|det : : : |.

1 logloyer| ... logloyer—1|

41



Here r = 11 + ry denotes the number of infinite primes o;. By h = #CIl(Op) we denote
the class number of F' and by €1, ...,e,—1 a set of generators of the unit group O} modulo
torsion. The matrix is therefore an r by r-matrix.

Proof. The vector 1 € @, R is orthogonal to (®,R)" and has length /n. Therefore the
volume of the torus TP is equal to the determinant above times the volume of the unit
block {(vs) € Fr : |vs| <1 for all ¢} divided by y/n. The unit block has volume 272/2,
The proposition now follows from the fact that the volume of Pic% is equal to the volume
TP times the class number.

It follows from Theorem 9.1 that for a number field F', every ideal class in Cl(Op)
contains an integral ideal of norm at most (%)r2 /|Ap|. This result can be improved
somewhat by choosing another kind of ‘box’ in FR.

Proposition 9.5. Let F' be a number field of degree n with ry real and ro complex infinite
primes. Then every ideal class contains an ideal I C O with

ORE

n!
N(I) < —
< (2

==
Proof. Let R > 0 and consider the set
B’(R) ={(zy) € Fr : Tr|z,| < R}.

This a bounded symmetric convex set and by Exercise 9.3, its volume is equal to

n

vol(B'(R)) = 2" am 1

n!’

Let I’ be an ideal in the inverse of a given ideal class in Cl(Op). The covolume of the
lattice I’ C F' C Fr is N(I')\/|AF|. Let € > 0 and let R be such that

n

R
27‘17“-7‘2? — an(I/) |AF| + c.

If ¢ > 0 there is by Theorem 4.2 a non-zero vector x € I’ N B/(R). This implies that
the ideal I = zI'"" is contained in Op. It is contained in the ideal class that was given
above. By an argument similar to the one used in the proof of Thm. 9.1, the same is true
with € = 0. By the Arithmetic-Geometric Mean inequality of Exer. 9.2 we have that

V@) = [Jle@[*< < (E)"

n

and hence

=< (2 sy EHLT
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This proves the proposition.

Corollary 9.6. Let F' be a number field of degree n with ry real and ro complex primes.
Then

) 2
Arl 2 (505

n!
i) |Ap| > Z-. In particular, |Ap| > 1 whenever F # Q.
1

Proof. Part (i) follows by applying the proposition to the trivial class. To prove (ii) one
verifies inductively that n™ > 2"~1n! for all n > 1. Part (i) implies then that

Ap| > (%) (g)“ > () =T

This proves the corollary.

In the rest of this section we consider the covering of Pic% of Theorem 9.2 in some
more detail. Let F' be a number field of degree n. For every ideal J C Op, we let ¥,
denote the set of divisors given by

Yy ={(J1,v) € DivL : log(v,) < +log(y/|Ar]) — 2 log(Z) for all o}.
F n n 2

If N(J) < (g)r2 V|AF|, the set ¥ is a simplex. To see this, notice that in that case X
contains the divisor (J~*, N(.J)*/") and that the elements in ¥ ; are sums of (J~*, N(J)*/™)
and an element in the following subset of (&,R)’ C Div%:

() € (OR) s < Llog(VAR/N() - 3 log().

In order to compare the size of the images of the various ¥; in Pic%, we fix a connected
component, i.e. a coset of the torus 70 = ($,R)° /im(O7%), and choose an ideal I C Op
in the ideal class that corresponds to it. Then the divisor (I=', N(I)'/™) lies on the
component. Let J C Op in the same ideal class as I. We have that I = (3.J for some § € F'™*.
The divisors of degree zero of the form (J~!, v) lie on the component (I=%, N(I)'/™) +T°
and we have that

(J7H ) = (B v) ~ (I, 1Blv),

. n 18l v
~ (I, N(Y )—f—(OF,W)—F(OFvW)'

Suppose now that N(J) < (%)T2 V/|AFr| and consider the image of the simplex ; in
the component (1=, N(I)*/™) + T°. The elemenst of ¥; are sums of (I~*, N(1)*/") and
elements of the set

o

LU :
(le(qrs)) + ) © @R

43



|AF|
N
smaller as the norm N (J) of J becomes larger.

with w, < L log( ) — 22 log(%) and }_ _deg(c)ws = 0. The size of the simplex gets

Exercises.

9.1 Let z; € R for 1 <14 < n. Suppose that Zl x; > 0 and that x; < a for some a € R. Then
o @i <n(n—1)a>
9.2 (Arithmetic-Geometric Mean Inequality) Let z; € R>¢ for 1 <4 <n Then

(x1-~-xn)1/”§ .721—|-...—|-xn.

(Hint: Put p = Z1+=42n and show that emi/hml > “1 for each ¢ with equality holding if and
only if z; = pu.
9.3 Let r1,72 € Z>o and put r1 +r2 =n. Let R > 0 and put

T1 79
W(ri,r2, R) = {1, @ry, 21,0, 20,) ERT X CT2 0 o V2 |z] < R}

=1 j=1

(i) Show that the volume of the subset B’(R) of Fr is equal to the volume of W (ri,r2, R)
(with respect to the usual metrics on R and C.
(i) Show that vol(W (1,0, R)) = 2R and that vol(W (0,1, R)) = 7R
(iii) Show that
R"

vol(W(ry, 72, R)) = 2" m"™ —-.
n!

(Hint: proceed by induction.)
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10. Explicit computation.

In this section we present two explicit examples. We compute the Arakelov class groups
of two quadratic fields.

Example 10.1. F = Q(1/—26).

The field F' is a complex quadratic field. This means that it cannot be embedded into R
and admits, up to conjugation, only one embedding into C. In other words, F' has r; =0
real infinite primes and ro = 1 infinite complex prime. It follows that the vector space
(IT, R)° and hence the torus T are both trivial. As a consequence the natural map

Picd, —  Cl(Op)

that maps Arakelov divisors D = (I, u) to the class of the ideal I, is an isomorphism.
Since —26 #Z 1 (mod 4), Exer. 3.4 implies that the ring of integers of F' is given by Op =
Z[\/—26]. The minimum polynomial of a = /=26 is equal to f(T') = T? + 26. The unit
group O% is finite. Any unit € = x + ya € O% has norm z2 + 26y? equal to 1. In order to
compute them we solve the equation

2 + 2697 = 1, for z,y € Z.

The only solutions are x = £1 and y = 0. It follows that O} = {£1}. The discriminant
Ap is defined as the discriminant of the free Z-algebra Op over Z. By Prop. 3.1 is equal to
the discriminant of f(7), i.e., we have that Ap = —4-26 = —104. Alternatively, one may
compute Ap using its definition. Since {1, a} is a Z-basis for Op and since Tr(a) = 0, we

have that W ()
Tr(1 Tr(a 2 0
AF_det(Tr(a) Tr(QQ)) —det(o _52) = —104.

By Prop. 6.5 the only ramified primes are 2 and 13. By Prop. 9.5, the ideal class group
Cl(Op) is generated by the primes of norm less than % 104 = 6.49 .... We now compute
explicit generators for these prime ideals and find relations among them by factoring suit-
able principal ideals into products of prime ideals. This is conveniently done simultaneously
as follows.

We first compute f(k) = k? + 26 for several small integers k and factor these numbers

into a product of prime numbers. The result is given below.

Table 10.2.
k| f(k)=k*+26 | (o« —k)
(i) | 1| 27=3° ps’
(iii) | 2 30=2-3-5 Paphips
(iv) | 3 35=5-7 pEp7

Since 2 is ramified there is only one prime po that divides 2. We have that po = (2, @)
and p3 = (2). It follows from the table that the polynomial f(7) has zeroes modulo the
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primes 3 and 5. This implies that these primes split in F'. We have that (3) = p3p% with
ps = (o —1,3) and ps = (o + 1,3). This follows from the fact that the maximal ideals
of the ring Or/(3) = F3[X]/(X% — 1) = F3[X]/(X — 1) x F3[X]/(X + 1) are generated
by X — 1 and X + 1 respectively. The ideals ps and p5 are then the kernels of the
maps Op — F3[X]/(X — 1) and Op — F3[X]/(X + 1) respectively. Similarly, (5) = psp
with ps = (a — 2,5) and p; = (o + 2,5).

The class group Clp is therefore generated by the classes of the ideals p5, ps, ph, ps
and pi. In order to determine the structure of Clp factor certain principal ideals into
products of prime ideals. The factorizations (2) = p2 and the ones of (p) for p = 3, 5 and 7
give rise to the relation p2 ~ 1 and the relations p4 ~ p3 ' and p5 ~ p; ' respectively. Here
“~” denotes equality up to principal ideals and ‘1’ denotes the trivial class. It follows at
once that Clp is already generated by the classes of po, p3 and p5. We use Table 10.2 to
obtain more relations. Entry (iii) of the table implies that ps ~ p5 1pg_1 ~ pops. Therefore
p5 is contained in the subgroup generated by po and p3 and we don’t need it as a generator.
Entry (i) of the table implies that p3 ~ 1. It follows from entry (i) and the fact that
p3 ~ 1 that Clr is a quotient of the free group generated by ps and ps modulo the relations
p3 ~ 1 and p3 ~ 1. Therefore ClF is a quotient of the group Z/6Z.

When one does more computations like this, one keeps finding relations that are
implied by the ones already found. For instance, since f(7) = 49 + 26 = 75 = 3 - 52, the
principal ideal (o — 7) factors as p2ps. It follows that p2 ~ p3'. But this already follows
from entry (iii). Indeed, from ps ~ p3p, ' we deduce that pz ~ p2p,? ~ p3'. Instead,
we are going to try to prove that Clp = Z/6Z. It suffices to show that ps and ps are
not principal. Suppose that py is principal. Then po = (3) for some g € Op. Since
Or = Z[v/—26], we have that 8 = = + y/—26 for some x,y € Z. Taking norms we find
that

2 =z + 26y°.

It is easy to see that this equation has no solutions x,y € Z. Therefore 3 does not exist
and ps is not principal. One shows in a similar way that ps is not principal. In this case
it is the Diophantine equation z? + 26y? = 3 that does not admit any solutions z,y € Z
with y # 0. Finally we notice that the six ideal classes are the classes of Op, ps, ps], p2,
paps and pops. The two ideals ps and pi are contained in the classes of paps and poph
respectively.

Example 10.4. F' = Q(+/105).

The field F' is an real quadratic field. It admits two embeddings o and ¢’ into R. This
implies that r; = 2 and o = 0. The Arakelov class group fits therefore in an exact sequence

0 — (R xR)" /im(0%) — Pic% — Clp — 0.

Here (R x R)? is the one dimensional vector space {(z,—z) : * € R} and by im(O%)
we denote the discrete subgroup of elements of the form (—log|o(u)|, —log|o’(u)|) where
u € O%. As a Riemannian manifold, Pic% is a finite union of circles having the same
circumference.

Since 105 = 1 (mod 4), the ring of integers of F' is equal to Z[a] with a = %ﬁ.
The minimum polynomial of « is given by f(T') = T? —T — 26 and the discriminant of F is
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equal to the discriminant of f(7") which in turn is equal to 105. We observe that the only
ramified primes are 3, 5 and 7. Let ps = (3, a+1), p5s = (5, a+2) and p; = (7, a+3) denote
the unique primes of norm 3,5 and 7 respectively. We have that p3 = (3), p2 = (5) and
p2 = (7). Since f(T) = T(T + 1) (mod 2), the ring Or/(2) is isomorphic to a a product
of two finite fields of order 2. Therefore 2 = pop,, where po = (2,«) and p, = (2, + 1)
are two distinct prime ideals of norm 2. By Theorem 9.3, the group Pic% can be covered
by open intervals of the form (J~! u) where J C O is an ideal of norm N(J) at most
V105 = 10.2469.. .. and log |us|, log|us| < 4 log /105 = 1.16.... In particular, the ideal
class group Clp is generated by the prime ideals in the set P = {pa, p5, ps, p5s, p7}. This
implies that there is an isomorphism

0
Pic}, = ( ® ZxRx R) /Princ(P)

peP

where Princ(P) denotes the subgroup of principal divisors that are supported in the set P
and the two infinite primes. Next we search for elements in Pr(P) by factoring principal
ideals of Op. As in the previous example, we consider elements of the form a — k with
k € Z, because by Exer. 3.5 their norms are equal to k2 — k — 26 and are easy to compute.

We take k close to the zero 19 = 5.6234. .. of f(T) =T? — T — 26.

Table 10.5.
k| fk)=k —k—26 | (a—k)
(i) | 3| —20=-22-5 phps
Gi) | 4| —14=-2-7 pap7
(iii) | 5| —6=-2-3 pops
(iv) | 6 | 4=22 p2
(v) | 7] 16=2* p,*
(vi) | 8| 30=2-3-5 p2b3ps
Table 10.6.
x P2 | P2 | P3| Ps | b7 o o’
2 1 1 0 0 0 —log 2 —log 2
3 0| o 2] 0] 0 —log 3 —log 3
5 0 0 0 2 0 —log 5 —log 5
7 0 0 0 0 2 —log 7 —log 7
() |a=3] 0| 2] 0| 1| 0| —log|=5H/05| | _]og|=2=)/105
i) [@—4| 1] 0] 0] 0| 1] —log|=tA05| | _log|=T=3105]
(i) |a=5] 0] 1| 1] 0| 0] —log|=2£/105] | _]og|=2=/105]
(iv) [@a=6| 2] 0] 0| 0| 0] —log|=HEI05| | _]og|=L1=V105
(V) | a=7] 0| 4] 0| 0| 0| —log|=85/105| | _ g |=13=V105|
(vi) [ @=8 | 1] 0| 1| 1| 0] —log|=8£105| | _]og|=15=v105

W
\]




In Table 10.6 we list the ten principal Arakelov divisors that correspond to the six entries
of Table 10.5 plus the four ‘trivial’ factorizations (2) = pop5 and (p) = p3 for p = 3,
5 and 7. They happen all to be supported in the set Princ(P) mentioned above. The
row corresponding to an element x contains the coefficients n, and z, of the principal
divisor (z).

These principal divisors lead to relations between the generators of Pick. In this way
we can eliminate some of the generators. More precisely, the principal divisors (ii), (i) and
(iii) express p7, ps and p3 in terms of py, p5 and the infinite primes in Pic%. Similarly,
the principal divisor (2) expresses p, in terms of py and the infinite primes. We apply
the Gaussian elimination method. First eliminate p;: subtract relation (ii) twice from the
fourth row and then omit it. Eliminate ps: subtract relation (i) once from relation (vi)
and twice from the third row. Then omit it. In a similar way one eliminates the primes
ps and pS. Of course, in the z column one multiplies and divides rather than adds and
subtracts.

This leads to the following list of six principal divisors supported in po, o and ¢’. The
numbers in the last column are merely approximations.

Table 10.7.
T Po o o’

12/(a — 5)? 2 | —3.4298 2.0435

80/(a — 3)? 4 | —2.4530 | —0.3196

7/ (o — 4)? —2 | —0.9768 2.3631

a—6 2 0.9768 | —2.3631

(a—17)/16 —4 2.4530 0.3196

8(a—8)/(a — 3)(a — 5) 4 | —2.4530 | —0.3196

There is an isomorphism
Picd =~ (ZxRxR)"/Pr(P)

where the factor Z corresponds to the prime ps and Pr(P’) denotes the group of principal
divisors that are supported in ps, o and ¢’. In particular, the class group Clr is generated
by po. In the pso-column all entries are even. This means that we cannot eliminate po. If
we were to search for additional relations, we would continue to find even entries in the
po-column.

Table 10.8.
x o o’
12/(a — 5)*(a — 6) —4.4066 4.4066
80/(a — 3)%*(a — 6)? —4.4066 4.4066
(o —6)/(a — 4)? 0 0
(o —7)(a—6)?/16 4.4066 | —4.4066
8(a—8)/(a—6)*(a— 3)(ax — 5) | —4.4066 4.4066
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We proceed as follows. The fourth row of Table 10.6 says that p3 = (o — 6). Therefore the
ideal class group Clp has order at most 2. Before showing that Clp = Z/2Z, we perform
Gaussian elimination with the fourth row and obtain Table 10.8: a list of Arakelov divisors
(z) that are supported in the infinite primes. All elements x in this table are units of Op.
The element in the third row is equal to 1 because both coefficients at the infinite
primes vanish. Looking at the other entries in the last two columns, one sees that the
corresponding units are equal to +e*! for some unit . Using the fact that o> —a—12 =0,
we simplify the expression for the unit in the fourth row.

(a—T)(—6)%  128a— 720
16 B 16

If we were to search for any additional units, we would continue to find the same unit ¢
or powers of it. Therefore we suspect that the unit group O7 is actually generated by &
and —1.

= 8a — 45 = —41 4+ 4V 105.

E =

Class group computation. Before determining the unit group, we come back to the issue
of whether the class group is trivial or isomorphic to Z/2Z. We suspect that Clg is not
trivial. Suppose the contrary is true. Then ps = () for some § € O%. The Diophantine
equation that expresses the fact that 4 has norm 2 is

z? — 26y° = +2, for z,y € Z,

is not so easy to solve as in the previous example. We proceed in a different way. Since
p2 = (o — 6), we would have that 32 is equal to o — 6 times a unit u € O%. We suspect
that O% is generated by ¢ = —41 + 4v/105 and —1, so that we would have that

(a — 6)(—1)'e™ is a square for some I, m € Z. (%)

The multiplicative group U generated by o — 6, —1 and € modulo squares is a vector space
over F5. We now show that its dimension is equal to 3. This implies first of all that —1
and ¢ generate O modulo squares. But then the hypothetical unit u above is actually
equal to (—1)'e™ times a square. This means that we the relation (*) actually would hold.
However, if U has dimension 3 this is impossible.

To show that U has dimension 3, we construct a homomorphism to a suitable explicit
vector space V over Fy and compute the image. We put

V= (R"/R"?) x (R*/R™) x (Op /p3)" x (Or/p5)"/(Or [ps)"*.

This is a vector space of dimension 4 over F5. The homomorphism U — V is given by
ur (o(u),o’'(u),u (mod p3),u (mod ps)). It so happens that all three elements o — 6, —1
and e have the property that their images under o and ¢’ are all negative. The element
—1 is a square modulo ps bot not modulo ps. The unit e = —41 + 44/105 is congruent
to 1 (mod 3) and congruent to —1 (mod 5). Therefore it is a square modulo both primes.
Finally o — 6 is not a square modulo any of them. Identifying V with F3 in the obvious
way, the image of U is therefore spanned by the rows of the matrix

1 1 10
1 1 0 0
1 1 11
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Since the rank of this matrix is 3 over Fy, the dimension of U is equal to 3. We conclude
that Clp has order 2 as required.

Unit group computation. Next we show that —1 and ¢ generate O%. Since we already
know that this is so modulo squares, we must have that
e =+nk, for some integer k > 3

if —1 and € do not generate O7. This implies that

lo(n)| < |o(e)|V/? = 4.3442.. . .,

o’ (n)| <o’ (e)]Y/? =0.2302...,
Writing n = z + ya for some x,y € Z we have that |n|? = (z + yo(a))? + (x + yo'(a))? =
222 + 2zy + 53y2. It follows that

22 4 22y + 53y% = |n|? < (4.3442...)% +(0.2302...)* = 18.9256....

However it follows easily by completing the square of the quadratic form that necessarily
y = 0, so that n € Z which is absurd. We conclude that O} is generated by —1 and e.
The group Pic% is therefore isomorphic to

(Z xR x R)? /(vy,v2)
where
v1 = (2,—In|(=11 + v/105) /2|, — In|(=11 — v/105)/2|),
vy = (0, —In| — 41 + 4V105|, — In| — 41 — 4/105)).

Its volume is equal to 2v/2 - In |41 + 41/105| = 12.4636. ... Finally we project the group
(Z x R x R)O on its first two coordinates. This simplifies the presentation:

Pic% = (Z x R) / (w1, ws),

with

wi = (2, — In|(~11 + v/105)/2]),
wy = (0,—In| — 41 + 41/105)).

The topological group Pic% consists of two circles Putting R = log |41 + 41/105|, these
are the connected component of identity {(0,y) : y € R/RZ} and its non-trivial coset
{(1,y) : y € R/RZ}.

Covering the Arakelov class group. We now verify that Pic% is covered by simplices of
the form (J~!,v) where J C Op is an ideal of norm at most v/105 = 10.2... and v has
the property that log |v,| and log v,/ | are at most ;log(105) = 1.16.. ... The simplices are
1-dimensional intervals in this case. We show that the intervals associated to the ideals J
of norm at most 7 already suffice to cover Pic%. There are ten such ideals.
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It follows from the factorizations in Table 10.4 that for the ideals J = O, (2), p3 and
.2, ps, pops and phps the simplex (J~1,v) is contained in the connected component of
the identity of Pic%. On this component we choose, in the notation of section 9, I = Op.
The elements 3 for which I = (3; are listed in the second column of Table 10.8. It is
convenient to project the intervals on the first coordinate of T° = (®,R)°. The third
column contains the center log |W of the intervals and the fourth column contains the

endpoints log |W| + %log(%).

Table 10.9.
J p1 center simplex
Op 1 0 | (-1.163, 1.163)
p2 U=y105 | og |74z = 1670 | (1.199, 2.140)
p? LEI05 | log | i | = —1.670 | (—2.140,—1.199)
(2) 2 0 | (—0.470, 0.470)
ps | 10 — /105 1og|10_{§ﬁ = 2203 (1.845, 2.562)
paps 9EvI05 | Jog |2V | = —1.368 | (—1.636,—1.101)
phPs 0=yl | log| 2| = 1.368 | (1101, 1.636)

On the other component we choose I = p3 and the divisor (p3',v/3) as our point of
reference. Recall that both cosets are circles with circumference equal to R = 41+4+1/105 =

4.4065. ..

by the intervals listed in the fourth column.

The reader easily checks from the data in the tables that both circles are covered

Table 10.10.
J -1 center simplex
p3 1 0 | (—1.228, 1.228)
Po 9+\/ﬁ 10g|9+ 10 | = —1.368 | (—2.185,—0.551)
Pl 9— \/W 10g| 10 | = 1.368 (0.551, 2.185)
pr | 2= 26«/W 1082‘21 / 10,]— 2.203 (2.012, 2.394)
Exercises.

10.1 Compute the ideal class group CI(Or) and the unit group O% for the number fields F =
Q(Vd) for d = —47, —71, —163 and —147.

10.2 Compute the ideal class group Cl(Or)and the unit group O% for the number fields F' =
Q(V/d) for d = 19, 145, 46 and 200.
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11. The Riemann-Roch Theorem.

The main result of this section is Theorem 11.4. At the end of the section we explain why
it should be viewed as the arithmetic analogue of the Riemann-Roch theorem.

Definition. Let F' be a number field. Let D = (I,u) be an Arakelov divisor. Then we
put

h°(D) = log Z e lyl?

yeul

We have that h°(D) € R~q. Since h°(D) only depends on the lattice ul C Fr associated
to D. By Prop. 8.1 lattices associated to equivalent divisors are isometric. Therefore the
map D — hY(D) induces a well defined function on the quotient group Picr. We

Lemma 11.1. Let F' be a number field of degree n and let D = (I,u) be an Arakelov
divisor. Let A\ denote the length of the shortest non-zero vector in the ideal lattice ul.
Then

oo

Z o—lyl’ §7T/ (1+¥)ne—ﬂtdt.

2
yeul A
y#0

Proof. We have that

Z e~mlvl® — Z / me Tt < #Bie” " dt,

yeul yeul ||?J||2 A2
y#0 y#0

where B; = {y € ul : |y|?> < t}. The balls with centers in y € B; and radius \/2 are
disjoint. Their union is contained in a ball with center 0 and radius v/t + A/2. Therefore

(GBS (V42"

and hence #B; < (1+ Q‘Tﬁ)” This implies the lemma.

Proposition 11.2. Let F' be a number field of degree n and let D be an Arakelov divisor.
Then

(i)
hY(D) < deg(D) + 1, when deg(D) > 0;
(i)
h(D) < D) _1<2.3". exp (—Wne*%deg(D» , when deg(D) < 0.

Proof. (i) We use the lemma and the fact that 1 4 %{ < %{ for t > \2. This leads to

Z o—lyl? SW/ (3&) e_”dt:/ (3ﬁ> e dux,
yeul A2 )\ ﬁ ﬁA

T
y#0

n e 3" -1
3 / 2" 2e % dy = #)\_".
0

- qn/2)\n an/2
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Here T' denotes the Gamma function. See Exer 11.3. Since A satisfies A > /nN(D)~1/"
we find that

3T(2 —1)
—mlyl® « 2 Z\2 T ) 3

EE Ie < 2] N(D) < $N(D).
y#0

Since deg(D) > 0, this implies that
h(D) <log(l + 2N (D)) < log(N(D)) + 1 = deg(D) + 1,

as required.
(ii) The first inequality is clear. For the second we use the estimate of the lemma together
with the the rough estimate 1+ 2(£/A2)Y/2 < 3t/A" for ¢ > A2. This leads to

Te™ log(3)—m A2

—rlyl? < /OO nt/3? =t gy
Ze =7 3 ¢ 7w —nlog(3)/A\2’

yeul A2
y#0

Since deg(D) < 0 we have that A> > n and hence

2 3” 2
—mlyl? « O —mx
Z c - 10g(3)6 '

yeul
y#0

The result now follows from the estimate for A provided by the lemma.

By section 4, the Z-dual of the lattice ul associated to an Arakelov divisor D = (I, u)
is the lattice
{ye Fr : Tr(yz) € Zforall z€ I} C Fr.

It is in general not an ideal lattice because multiplication by O does not map I to itself.
However the conjugate of the Z-dual is. It is given by

ul = {y € Fr:Tr(yz) € Z for all z € I}.

Definition. Let F be a number ﬁeld._T%e canonical divisor class k of F' is the divisor
class corresponding to the ideal lattice O .

The ideal lattice
k={y € Fr: Tr(yz) € Z for all z € O}

contains Op and is contained in ﬁOF. The second inclusion follows by choosing a Z-
basis w1, ...,w, for Op and writing z = \jwi + ... + Ayw, with A\; € R. The conditions
Tr(yz) € Z for z = w; lead to a linear system with coefficient matrix (Tr(w;w;)). By
Cramer’s rule, the solutions \; are rational numbers with denominators dividing Ap =
det(Tr(w;w;)).

Therefore  is the ideal lattice associated to the divisor (97!, 1) where & C Op is the
different of F. It is the inverse of the fractional ideal {y € F': Tr(yz) € Z for all z € Op}.
We often call (971, 1) itself the canonical divisor and denote it by x.
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Proposition 11.3. Let F' be a number field with canonical divisor k. Then
(i) deg(k) =log|Ap| and N(0) = |A].
(ii) Let D = (I,u) be an Arakelov divisor. Then the Arakelov divisor class corresponding

to the ideal lattice ul " is k — D.
(iii) There is an isomorphism of Op-modules Q})F/Z ~ Op/0.

Proof. The covolume of x is equal to 1/covol(Or) = |Ap|~*/2. Since covol(k) =
e~de8(%)\ /]A |, part (i) follows. The ideal lattice associated to the divisor kK — D is given

by u=t9~ 1171, It is contained in ul because Tr(utzyuz) € Zforallz € 971, ye I}
and z € I. On the other hand, by Prop 5.5 the covolume of the lattice associated to k — D
is e~dee(x=D) | /|A | which by part (i) is equal to 1/covol(D). This proves the proposition.

Theorem 11.4. (Riemann-Roch) Let F' be a number field. Then for every Arakelov
divisor D we have that

h°(D) — h°(k — D) = deg(D) — % log |AF|.

Proof. Since the ideal lattice associated to k — D is the conjugate of the dual of the lattice
associated to D = (I,U), an application of the Poisson summation formula of Thm. 4.3 to
the lattice ul gives us that

2 1 2
-yt — —llyl
Z ¢ covol(D) Z c '

yeul ycu—1o—-11-1

Taking logarithms gives the required result.

In the remainder of this section we explain why Theorem 11.4is analogous to the
Riemann-Roch Theorem for algebraic curves. First we introduce the analogue of the
geometric notion of an effective divisor D on a curve. The corresponding arithmetic notion
eff (D) is a real number between 0 and 1. It varies continuously in the coefficients of the
infinite primes in the support of D. If eff(D) is 0 or close to zero, D should be thought of
as being not effective or ‘close to being not effective’. On the other hand, if eff(D) is close
to 1, the divisor D is close to being effective.

Definition. Let F' be a number field. The effectivity eff(D) of an Arakelov divisor
D = (I,u) is defined as

—7Tu2. 3
D) — {e I, i Op C 1,

0; otherwise.

It D =53, npp+>, 2,0, the condition that Op C I =[], p"» means precisely that all
coefficients n, are non-negative.

We have that

e~ Iul® = exp (—7‘(‘ Z deg(a)e_%")
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and this shows that the effectivity function behaves in a way that is analogous to the
geometric function. Indeed, if D =3 nyp+>_, 2,0 is a divisor and we have that n, <0
for some prime p, then eff (D) = 0. If all n, are non-negative, but at least one coeffient z,
is negative, the exponential 2= is large and so is the sum Y__ deg(c)e ?*<. Therefore
eff(D) is a small positive number. The more negative z, becomes, the closer it gets to 0.
Conversely, if n, > 0 for all p and the coefficients x, are positive, than the exponents
e~ 2% are all small, so that eff(D) is close to 1. The larger the coefficients x, become, the
closer the effectivity eff(D) is to 1.

Definition. Let F' be a number field. Let D = (I,u) be an Arakelov divisor. Then we
put
HY(D) = {x € F*:eff(D + (x)) > 0} U {0}.

We have that eff(D + (z)) > 0 if and only if Op C I. Since this is precisely the case
when z € I, the set H°(D) is equal to the ideal I. We view H°(D) as being analogous to
the space of sections of the line bundle associated to the divisor on an algebraic curve. In
order to measure the size of H%(D) in some way, we weight its elements x by the effectivity
eff (D + (z)) of the divisor D + () to which they give rise. Since D + (z) = (2711, |z|u)
we have that

eff(D + (z)) = e~ mlzul®,

The logarithm of the sum of all these ‘effectivities’ should be viewed as some kind of
dimension of H°(D). Adding 1 for the contribution of 0 € I we recover the definition of
h°(D) given above.

RY(D) =log | 1+ Z e~mleul® | = log Z e~ lvl?
:ié yeul
The canonical divisor class k defined above is the analogue of the canonical divisor kx of
an algebraic curve X. We briefly explain why. In the geometric situation, the degree of
the canonical divisor is equal to 29 — 2, where g is the genus of X. The functional equation
of the zeta function Z (s) and algebraic curve X over F, can be expressed by saying that
the function

q(g_l)SZX(S)

is invariant under the substitution s <+ 1 — s. In Chapter 12 it is shown that the zeta
functionZ(s) of a number field F has the property that |Ag|*/2Z(s) is invariant under
the substitution s <> 1 — s. Therefore the analogue of g — 1 is 5log|Ap|. This means
that for F' = Q, the degree of k must be zero. In section 7 we saw that the degree map
induces an isomorphism Pic% = R. Therefore we put x = 0 for the number field Q. The
Riemann-Hurwitz formula says that for a finite cover 7 : Y — X of curves we have that
Ky = T'kx + dy/x, where dy,x denotes the different. The arithmetic analogue of this
formula for 7 : Spec(Op) — Z leads to our definition of the canonical divisor.

Exercises.
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11.1 Let D = (I,u) be an Arakelov divisor associated to a number field F. Show that (ul)" =
(ulV). Show that wl’ is an Opr-submodule of FR.

12. Zeta functions.

In this section we discuss the zeta functions associated to number fields. We derive their
functional equations and determine their residues in s = 1.

Definition. The Riemann zeta function ((s) is defined as
= E —, for s € C with Re(s) > 1.
nS

By comparing ((s) to the integral floo i—f it follows easily that ((s) converges absolutely

and uniformly on compact subsets of {s € C : Re(s) > 1}.
Proposition 12.1. We have that

1
)= ] et for s € C with Re(s) > 1.

p prime

More precisely, the product converges absolutely and its limit is {(s).

Proof. Let s € C with Re(s) > 1. We take the logarithm of the absolute value of the
product. Since |1 — p~%| = 1 — p~Re()|, this gives

1 1 1
Z 10g< Re(s )) = Z <pRe(s) + 2p?Re(s) +. )

p prime p prime
- 1
= Z Re(s) -1 - Z nRe(s) —1°
p prlme n=2

Comparing the latter sum to the integral f2 W shows that the product converges
absolutely when Re(s) > 1. To show that the limit is (s), we consider the partial products.
Since every integer n > 0 is a product of prime numbers in a unique way, for every n < M
there is exactly one term n~=% in

1 ( 1 1 ) 1
11 _ 14—+ —+...) = > —.
—_ pn—S H s 2s s
L-p p p n is product "
of primes p < M

Therefore

1 1
H 1—p_8 _C(S) < Z m:



which tends to zero as M — oo, because the sum converges absolutely. This proves the
proposition.
Definition. The Dedekind zeta function (r(s) is defined as

1
Cr(s)= > N for s € C with Re(s) > 1.
0#£ICOFp

Here I runs over the non-zero ideals of Op.

The convergence of (r(s) is guaranteed by the next proposition.

Proposition 12.2. Let F' be a number field. For every s € C with Re(s) > 1 we have

that ) ]
w= 2 v = AL e

0#£ICOF 0#pCOF

(the product runs over the non-zero prime ideals of O ). Both product and sum converge
absolutely and uniformly on compact subsets of {s € C : Re(s) > 1} and the limits are
equal.

Proof. By Prop. 6.5 we have for every prime number p that

— Hpe!ﬂ

plp

and that >°, epfp =n = [F: Q]. Here f, is the degree of the finite field Op/p over F,.

In other words, N(p) = p/». Since e, and f, are at least 1, we see that N(p) > p and that
(p) admits at most n distinct prime divisors p. Therefore

og| TI | = >0 —loa(l— N(p) ™),

0#pCOF

1 1
- Z (N(p)Re(s) + 2N(p)2Re(s) + .. ) ’

0#pCOF
< -0
- Z N(p)Re(s) _ 1 Z Z Re(s)
0#£pCOp p prime p|p
n n
CY =Y
— Re(s) _ - Re(s) _
p prime p (*) 1 m>2 m ) 1

Comparing with the integral f2 W? it follows that the product converges absolutely

when Re(s) > 1. By Thm. 2.3 every non-zero ideal of the Dedekind ring O is a product
of prime ideals in a unique way. It follows that

Z N( e S H —Re(s)

N(I)<M o;épcoF
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Therefore the series converges absolutely when Re(s) > 1. The infinite product converges
to the same limit because

1 1 1
> v~ Al we=s 2 spEe

0#£ICOF N(p)<M N(I)>M

which tends to zero as M — oo. This proves the Proposition.

For an irreducible projective smooth algebraic curve X over a finite field F, the zeta
function Zx(s) is defined as

Zx(s) = Z N(D)™?, for s € C with Re(s) > 1.
D>0

Here N(D) = e~48(P) and the sum runs over the effective divisors D of X. This suggests
to involve the effectivity of section 11 and leads to the following definition.

Definition. Let F' be a number field. The zeta function Zp(s) associated to F is the
function of a complex variable defined by

Zp(s) = N (D) ®eff(D)dD, for Re(s) > 1.

Divpg

To see that Zr(s) converges for Re(s) > 1, we write D = (I, u) and observe that N (D)™t =
NuN(I). Since the integrand is non- zero only when Op C I, putting J = I~! this leads
to

Zr(s)= > N /H N

0#JCOFr

Here dpv denotes the measure induced by the natural metric on [[, R = [[_  R%,. Since
N(u) =[], udee? and |u|®> = Y, deg(o)u2, the integral over [[, R%, is a product of

integrals Of the forrn
deg(o)s ,—mdeg(o t2 dt
\/deg(O')/O t g(o) e (@) 5 -

This is equal to

™

N|ow

I'(5) or \%(2%)_511(5)

depending on whether o is real or complex. Since the sum » o ;-o, N(J)™* converges
to the Dedekind zeta function (r(s) when Re(s) > 1 and since the integral defining the
Gamma function converges on {s € C : Re(s) > 0}, the integral that defines Zp(s)
converges for s € C with Re(s) > 1.

D[ =

—S

Theorem 12.3. Let F' be a number field of degree n and discriminant Ar. The zeta func-
tion Zp(s) admits a meromorphic continuation to C. It satisfies the functional equation:
the function

|Ap|%Zp(s)
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is invariant under the substitution s <> 1 — s. The only poles of Zp(s) are at s = 0
and s = 1. They are of order 1. We have that

vol(Pick)

wr~/n/|AF|

Proof. We compute Zp(s) by first integrating the function N (D)™ %eff(D)dD over each
coset of the subgroup of principal divisors of Divy and then integrating over Picgp. We
write the integral over the cosets of the discrete subgroup of principal divisors as sums
rather than integrals. Since N (D) only depends on the class of D in Picp, this leads to

1(PicY
and R_eg Zp(s) = vol(Picy)

ZF(s):/. > "eff(D + (z)) | N(D) *dD,
Pier \ ()

:/‘ (L 3 eff(D+(x))> N(D)~*dD.

w
F xEF*

Here wr denotes the order of the group pup of roots of unity. The second equality follows
from the fact that the kernel of the map = — (z) from F* to Divp is equal to pp. In terms
of the function h°(D) introduced in section 11, we have therefore that

(D) — 1
Zp(s) = / —— | N(D)™%dD, for s € C with Re(s) > 1.
Picp wg

Next we split the integral into two parts: the first integrates over the divisor classes D of
deg(D) < ideg(r) or equivalently with N(D) < N(x)'/? = /|Ar|. The second integral
involves the divisor classes D with N(D) > /|Apr|. In the second integral we make
a change of variables: we replace D by k — D. Since N(k — D) < N(k)'/? whenever
N(D) > N(x)'/2, this gives us the following expression for Zp(s) when Re(s) > 1.

wrZp(s) = / ("' 1) N(D)~*dD + / (=P~ 1) (]]\\;((g)))_s dD.

DegPicp DePicp
N(D)<N(r)1/2 N(D)<N(x)1/2

The key step is an application of the Riemann-Roch Theorem: in the second integral we
use the equality
(D) = M (DIN ()12 IN (D).

The second integral becomes equal to

[ oG e [ () G)

DePicp DePicp
N(D)<N(x)1/2 N(D)<N(x)1/2
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This leads to the following expression for the zeta function.

vz~ [ ) () (i) )

DePicp
N(D)<N(x)1/2
N(H)l/Q )(N(K)1/2>_3
+ / (——1 =) 4D
, (D) (D)
DePwF

N(D)<N(x)1/2

We evaluate the second integral. Since the integrand does depend on the norm N(D)
rather than D itself, we use the exact sequence

0— Pic% — Picp e R0

Therefore the second integral is equal to the volume of Pic% times an integral over R. Note
however that the degree map is not compatible with the metrics on Picy and R. Indeed,
the element 1 € ®,R C Fr has length y/n, but its degree n € R has length n. Therefore
the integral is smaller by a factor y/n when we integrate with respect to the usual Haar
measure on R. Switching to the multiplicative variable ¢t = e = e%8(P) we have that
dr = %. The second integral becomes

1 VNG gt VN gy
vol(Pic%) —— (N(ﬁ)<1—s>/2 / 18 N ()2 / g
vn e t e t

which is equal to vol(Pic%)/s(s — 1)y/n. We find that

wFN(F&)S/QZF(S) — % + (ehO(D) — 1) ((N]\(/Z;)/2>S+ (N]\(f,a)lgz)l—5>dD~

N(D)<N(x)1/2

We claim that the integral expression on the right converges absolutely and uniformly
in compact subsets of C. This means that we have found a meromorphic continuation
for Zp(s). The symmetry under s <> 1 — s is evident and since the volume of Pic% is not
zero, there are two simple poles at s = 0 and s = 1 with the required residues.

The convergence follows from the estimate

h%(D) <2-3"-exp <—7me_%deg(D)>

of Propososition 11.2. It shows that the absolute value of the integral is at most

60



It suffices to show that the integral

e—mw_ﬁ

0 t

/\/N(K) >t
t°—

has the required convergence properties. This becomes clear when we make the change of
variable y = t=2/™. The integral becomes

> e—mwynﬂ2§y

1
o] Y
and is easily seen to converge absolutely and uniformly in compact subsets of C. This
proves the theorem.

Since the product expression for the Dedekind zeta function

1
Cr(s) = H T-N@p)

0#pCOF

converges for s € C with Re(s) > 1, it follows from the functional equation that Zp(s) has
all its zeroes in the critical strip {s € C : 0 < Re(s) < 1}. Conjecturally all zeroes are in
the center of the critical strip:

Generalized Riemann Hypothesis. Let F' be a number field. Then every zero of Zg(s)
has real part equal to %

The zeroes of Zp(s) form a discrete subset of C. For F' = Q, the first few zeroes are

5 £14.134725 .. .4,
3 £21.022040. . 4.
5 £ 25.010856. . . 4.
5 £30.424878 .. ..

The Riemann Hypothesis was formulated by G.B. Riemann for the Riemann zeta function
((s) = (q(s) in his 1859 paper on the distribution of prime numbers. It appears in
D. Hilbert’s famous list of problems presented at the international congress in 1900 in
Paris. More recently, the Clay Institute (www.claymath.org) included the conjecture in
its list of seven major unsolved problems. The institute pays $1,000,000 for a correct proof
of the Riemann Hypothesis.

Recently it has been verified by computer that the first 10'! zeroes are on the critical
line (www.zetagrid.net/zeta/math/zeta.result.100billion.zeros.html). The com-
putation implies that all zeroes s with |Im(s)| < 29,538,618,432.236... have real part
equal to %
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For curves over finite fields the analogue of the Riemann Hypothesis has been proved
by A. Weil in 1940-1948.

Exercises.

12.1 Let I'(s) = fooo t*e "4 denote the Gamma function.
(i) Show that the integral converges for s € C with Re(s) > 0.
(ii) Show that I'(1) = 1 and that I'(3) = /7.
(iii) Show that I'(s + 1) = sI'(s) for s € C with Re(s) > 0. Deduce that I'(n + 1) = n! for
every integer n > 1.
(iv) For any s € C that is not a negative integer we define

'(s+k+1)
s+1)---(s+k)’

I'(s) = o

where k is any integer for which Re(s) > —k. Show that this defines a meromorphic
continuation of I'(s) to C. Show that I'(s) only admits poles at k = 0,—1,—2,.... Show
that the poles are simple and determine the residues.

(v) Show that I'(s)['(1 — s) = «/sin(ws). (Hint: it suffices to show this for s € C with
0 < Re(s) < 1.)

12.2

13. An explicit example.

Consider the following (randomly selected, Trento, december 1990) polynomial
f(T)=T*-2T?4+3T -7 c Z[T).

This polynomial is irreducible modulo 2. This follows from the fact that it is an Artin-
Schreier polynomial, but it can also, easily, be checked directly. We study the number field
F = Q(«), where « is a zero of f(T). In order to evaluate the discriminant of f(T'), we
compute the sums p; of the ith powers of its roots in C using Newton’s relations (Exer.3.9):

p1 =20

P2 = —289 +p1s1 =-2-2+0=4

p3 =3s3+pasi —p1s2=3-(—-3)+0+0=-9
pa=2p2—3p1+Tpp=2-4-0+7-4=236

ps =2p3 —3p2+Tp1 =2-(—9)—3-44+0=-30
P6 =2ps —3p3+Tp2=2-36—-3-(=9)+7-4=127

We have that

4 0 4 -9
. 0 4 -9 36
Disc(f(X)) = det i —9 36 -30 |7 —98443

-9 36 30 127
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which is a prime number. We conclude from Prop.4.8 that Ap = —98443 and that Op =
Z[a]. From the fact that the complex zeroes of f(X) are approximately equal to

o) = —2.195251731 ...,
ag = 1.655743097 . . .,
asg, oz = 0.269754317 ... £ 1.361277001 . . . 3.

we deduce that r; = 2 and that v, = 1.
Next we substitute all integers n with —18 < n < 18 in f(7') and factor the result
into a product of prime numbers:

Table 13.1.
n | f(n)=N(n-a) n | f(n)=N(n-a)
0 -7 0 -7
1 -5 —1 —11
2 7 —2 -5
3 5-13 -3 47
4 229 —4 5-41
5 11-53 -5 779
6 5-13-19 —6 11-109
7 7-331 —7 52.7-13
8 5797 -8 31-127
9 72.131 -9 5-19-67
10 11-19-47 —10 13- 751
11 52 . 577 —11 83-173
12 20477 —12 5.7-11-53
13 5- 5651 —13 19 - 1483
14 75437 —14 52.72.31
15 149 - 337 —15 50123

By Minkowski’s Theorem (Prop. 9.5), the class group Cl(Op) is generated by ideal I C Op
of norm at most i

4—;1;\/ 98443 = 37.45189. ...
In order to calculate the class group, we determine the primes of small norm first.

We see in Table 13.1 that the polynomial f(7") has no zeroes modulo p for the primes
p=2,3,17,23 and 29. We leave the verification that f(7") has no zeroes modulo 37 either,
to the reader. By Kummer’s Lemma (Exer. 6.1) we conclude that there are no prime ideals
of norm p for these primes p. It is easily checked that f(7T') is irreducible modulo 2 and
3 and that f(T) = (T — 1)(T +2)(T? — T + 1) (mod 5). The polynomial T2 — T + 1 is
irreducible mod 5.

This gives us the following list of all prime ideals of norm less than 37.45 .. .: the ideals
(2) and (3) are prime and (5) = psp5pas, where ps and p; have norm 5 and pas is a prime
of norm 25. The other primes p, and p; of norm less 37.45 ... have prime norm p. They
are listed in Table 13.2 and are easily computed from Table 13.1.
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Table 13.2.

ps = (5,a—1) ps—(5a+2)
pr=(7,a) 107 (7,0 —2)
pi = (11, a+1) P11 (11, = 5)
p13 = (13,0 —3) P13 (13, —6)
p1o = (19, — 6) plg (19, +9)
P31 = (31, o+ 8) p31 (31 o+ 14)

The class group is generated by the classes of these primes and the class of ps5. There
exist, however, many relations between these classes. In the following table we list the
factorizations of some numbers of the form ¢ — pa, where p,q € Z. We have chosen
numbers of this form because the norms N(q — pa) = p*f(q/p) can be computed so easily
(Exer. 3.5). The factorizations into prime ideals of the principal ideals (¢ — pa) give rise
to relations in the class group. For instance N(1 — 4a) = —2015 = —5- 13 - 31 and
(1 — 4a) = psp13ps1. This shows that the ideal class of pspi3ps; is trivial. Therefore the
class of p31 can be expressed in terms of classes of prime ideals of smaller norm:

P31~ pglpfgl.

We conclude that the ideal p3; is not needed to generate the ideal class group. In a similar
way one deduces from Table 13.3 below that the ideal classes of the primes of norm 31,19,13
and 11, can all be expressed in terms of ideal classes of primes of smaller norm.

Table 13.3.

g N(5) (6)

i) | da+1 —5-31-13 | pspishar
(ii) 3a — 2 —31 Pa;
(iii) a—06 5-13-19 P5Pish1o
(iv) | 2a—1 ~5-19 p5P1o
(v) | a+7 | 52713 | pi’phpl,
(vi) 3a —5 13 Pis
(vii) a—3 ~5-13 p5P13
(viii) a+1 —11 P11
(ix) | 3a-4 5211 | pi%ply

We conclude that Cl(Op) is generated by the primes ps, p5, p7, p5 and pas. One does not
need entry (vi) to conclude this, but this entry will be useful later. The primes of norm 5
and 7 are all principal. This follows form the first few lines of Table 13.1. Finally, since
pspLpas = (5), one concludes that pos is principal. We have proved that the class group of
Q(«) is trivial.

By Dirichlet’s Unit Theorem, the unit group has rank r; +1ro —1=24+1—-1= 2.
The group of roots of unity is just {£1}. In all our calculations, we have not encountered
a single unit yet! To find units, it is convenient to calculate the norms of some elements of
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the form a + ba + ca? with a,b,c € Z. This can be done as follows. We use the accurate
approximations of the roots aq, as, az, a3 of f in C. By Lemma 5.1 one has that

N(a+ba + ca®) = (a+ bay + ca) (a+ bas + caj) |a+ baz + ca3 ?

Calculating norms of some small elements of the form a + ba + ca? one soon finds that
N(1+ « — a?) = 5. This shows that the ideals 1 + a — a? and p% are equal. In Table 13.1,
we read that pt = (a + 2). We conclude that

B 1+a—a?

g1 = P =a®—2a%+3a—14

is a unit. Similarly one finds that N(2—2a+a?) = 65. One easily checks that (2—2a+a?) =
pip’s. In Table ITI(vi) we see that pi;3 = (3a — 5). We conclude that the principal ideals
(2 — 2a + a?) and ((a + 2)(3a — 5)) are equal. This implies that

2 — 20+ a?

3 2
= 3
Ba—5)atz ¢ THTeT

Eg =

is a unit.

Rather then proving that the units €1, and —1 generate the unit group, we provide
merely evidence that these units generate the whole group. For this we use the main
result of the section 12. We use the (-function of the field F. Theorem 12.3 gives us an
expression for the residue of the zeta function Zp(s) associated to F' at s = 1. Since the
Riemann (-function (q(s) has a residue equal to 1 at s = 1 and the since the Gamma
factors $m*/?T'(£) and \%(QW)SF(S) have values in s = 1 equal to 3 and ﬁ respectively,
one can express the content of Theorem 12.3 for a number field of degree n as follows

o S2(5) _ 2 2mv/D)"
Q) " wryi/IAr]

Using the Euler product formula for the (-functions and ignoring problems of convergence
this gives rise to

vol(Pic}).

We can compute the right hand side: 1, =2, 79 = 1, wp = 2 and A = —98443. By the
calculation above we have that hp = 1. If we assume that the units €1, €5 are fundamental,
we can compute the regulator using the two real embeddings ¢1,¢s : ' — R given by
a — a1 and o — a9 respectively. Denoting the three infinite primes by o1, 02 and o3 this
gives

 h 1 logloi(e1)| log|oi(ez)]
vol(Pic%):27ﬁ|det 1 logloa(e1)| logloa(e2)] | |-
1 loglos(e1)| log|os(ez)]
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Substituting approximations to the o;(e;) this gives

. 1 3427619209  1.600462837
vol(Pic%) = —|det | 1 —3.752710586  2.479594524 | | ~ 20.513421788
V2 1 0.1625456885 —2.0400286805

So, assuming that the units €1, €5 are fundamental we find that the right hand side of the
equation is equal to

4.27/2
2/4+/98443

If the units would not be fundamental, the volume of Pic% would be k times as small, for
some positive integer k. This would imply that the value 0.5809524077 would be replaced
by 0.2904762039 (when k = 2) or 0.1936508026 (when k = 3) or ... etc.

It can be shown that the Euler product on the left hand side converges. It converges
only slowly and not absolutely: the contributions of the various prime ideals p must be
multiplied in increasing order of N(p). We explicitly determine the factors in the Euler
product on the left hand side. For a given prime p, the factor is

DI w)

1-=J[(1- =) -

( P/ N(p)

To determine it, we must find the way the prime p splits in the extension F' over Q. Apart
from the ramified prime 98443, there are five possibilities. Using Kummer’s Lemma they
can be distinguished by the factorization of f(T") € F,[T:

1111

(i) pppppppy’, if f(T) has 4 zeroes mod p,
(i)  pppppp2,  if f(T) has exactly 2 zeroes mod p,

-20.513421788 ~ 0.5809524077.

pOp = < (i) pppys, if f(T) has only one zero mod p,
(iv)  pp2pe if f(T) has two irreducible quadratic factors mod p,
(v) (p), if f(T) is irreducible mod p.

here p,, p,2, etc. denote primes of norm p, p? etc. We find that the product on the left
hand side is equal to

where

(1 - —)3 in case (i),
(1 - }9) (1 - ]%) in case (i),
— (1 - %) in case (i),
(1 + 1) (1 _ %) in case (iv),
(

1 1
1—|——+——|——> in case (v).
ot (v)



We approximate the left hand side product by evaluating the contributions of the primes
less than a certain moderately large number. A short computer program enables one to
compute this product with some precision. It suffices to count the zeroes of f(7") modulo p.
This done by computing ged(T? — T, f(T')) in the ring F,[T]. Most of the work is the
calculation of T” in the ring F,[T]/(f(T)). To distinguish between cases (iv) and (v) one
observes that in case (iv), the discriminant of f(7T') is a square modulo p, while in case (v)
it isn’t.

Using the primes less than 1657 one finds 0.5815983 for the value of the Euler product.
This is close to the number 0.5809524077 that we found above. In view of the slow
convergence of the Euler product, the error is not unusually large. It is rather unlikely
that the final value will be two times, three times or even more times as small. This
indicates, but does not prove, that the units €1 and €2 do indeed generate the unit group
O7 modulo torsion. To prove that they do, one should employ different techniques, related
to methods for searching short vectors in lattices.

Exercises.
13.1 Let F = Q(+3/2). Compute ring of integers O, ideal class group C1(Or) and unit group OF.

13.2 Let f(T) = T?® +T? + 5T — 16. Show that f is irreducible and let F' = Q(«) where « is a
zero of f(T'). Compute ring of integers O, ideal class group CI(OFr) and unit group O%.
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