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Abstract. It is shown that sometimes one can read off the structure of the minus class groups of
abelian number fields from certain Stickelberger elements; the question is raised whether one can
always determine the structure of these class groups from Stickelberger elements. Some numerical

and theoretical evidence for an affirmative answer is presented.

1. — Introduction

Ideal class groups of cyclotomic or abelian number fields have been a subject
of study for a long time [5,14]. The problem naturally falls apart in two. The
class groups of real abelian number field are still relatively poorly understood.
But about the other parts, the minus parts of the class groups of imaginary
abelian number fields, much more is known. For an imaginary abelian number
field K the minus class group C¢x of K is defined to be Cl [im(Clk+) where
K* is the maximal real subfield of K. The analytic class number formula gives
an expression for the cardinality of C¢% in terms of certain generalized Bernoulli
numbers which are defined in terms of the Galois group Gal(Q™"/Q). This
formula is quite practical and can be used to compute the cardinalities of minus
class groups of abelian fields of small conductor, see [7,12,16). More precise
results were recently obtained by B. Mazur and A. Wiles [9). They took the
action of the Galois group Gal(Q/Q) into account. They obtained formulas for
the cardinalities of certain eigenspaces for this action. Apart from their results
there does not appear to be a general way to describe the structure of the minus
class groups as abelian groups in similar terms. For instance, in the case of a
complex quadratic field K, there does not seem to be a way to tell, in terms of
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generalized Bernoulli numbers or Stickelberger elements what the structure of
Clk as an abelian group is.

In this paper we will discuss a way that might possibly lead to a procedure to
describe the structure of minus class groups of abelian number fields in terms
of Stickelberger elements. In the case of a complex quadratic field and an odd
prime p this leads to a necessary and sufficient criterion for the p-part of the class
group to be a cyclic group [8]. This criterion is élementary and solely in terms of
Gal(Q / Q). While for quadratic fields there are definitely more practical ways
to compute the structure of the class group, it seems that for abelian fields of
high degree our method is quite practical.

Section 2 contains a preliminary discussion of Fitting ideals. In section 3
we introduce our “Stickelberger ideal” and we pose the question whether it is
equal to a certain “Fitting ideal”. An affirmative answer to this question would
imply that one can completely describe the structure of the odd parts of the
minus class groups of abelian number fields in terms of Stickelberger elements.
One might even hope that this, in combination with an effective Cebotarev
Density Theorem, leads to an efficient way to determine this structure. Finally,
in section 4 we present some numerical examples indicating that the answer
to our question is affirmative. Another indication in this direction is the result
mentioned above, joint with Hendrik Lenstra, on quadratic fields. The details of
the proof will be published elsewhere.

I'would like to thank Serge Lang for stimulating discussions concerning this
work and the Department of Mathematics of the University of California at
Berkeley, where part of this research was done, for its hospitality.

After this paper was written I became aware of Kolyvagin's results [4,11] on
p-class groups of Q((, ). He gives a new proof of the theorem of Mazur and Wiles
and he gives in addition a description of the Galois module structure of these
groups in terms of certain higher “Stickelberger elements”. His results can easily
be generalized to abelian fields F for which p does not divide [F : Q). His paper
does, however, not seem to contain an explicit answer to questions (3.2) and
8.2).
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2. — Fitting ideals

For the definition and the basic properties of the R-Fitting ideals of finitely
generated R-modules A we refer to the books by Lang and Northcott [5,10] and
the appendix to the paper by Mazur and Wiles [9].

We let R denote a discrete valuation ring with uniformizing element . Any
finitely generated R-module is a finite product of copies of R and modules of
the form R/(x"). The R-Fitting ideal Fitp(A) of an R-module A measures the

“size” of A : if A admits R as a direct summand then Fitp(A) = 0 and when
A= @l R/(r™)then Fit Rr(A) = (™) where m = E,_l n;. The R-Fitting ideal
does, in general, not reveal the entire R-structure of the module. One has, for
Instance, that Fitg(R/(r?)) = Fitr(R/(%) x R/(r)) = (x?). We can, however,
recover the R-isomorphism class of a finitely generated R-module A from the
Fitting ideal of A with respect to a larger ring as follows. We let A = R[[T]] denote
the ring of power series with coefficients in R. We turn every R—module nto a
A-module by letting T act as zero on A.

PROPOSITION 2.1. — Let A and ny < ny < n3 < ... denote non-negative integers.
For the R-module

A=R'e él R/(x™)
one has that
FxtA(A)——{ZaT' €Aia;=0for0<i< A
=0

d . '
a; =0 (mod wz:‘m'-* "")for,\ <i<A+d}).

Proof : From [5, Ch. XIII,Cor.10.6] we see that FitA(R) = (T) and that
FitA(R/(x")) "= (T,n"). Since moreover {5,Ch.XI11,Prop.10.8] one has that
FitA(A ® B) = Fit, (A)Fit,(B) we conclude that

d
Fits(4) = (Y [J (T, 7™)

i=1

It is easy to see that this ideal is actually equal to the ideal in the statement of
the proposition. This proves Prop.(3.1).
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It follows at once that one can read off the invariants ) and n;,n2, ... from the
A-Fitting ideal of A = R* @ %, R/(7™). We conclude that the R-isomorphism
class of any finitely generated R-module A can be recovered from its A-Fitting
ideal. For instance one has that A is cyclic over R if and only if T' € Fitp(4).
More generally the number of R-generators of A is at least d if and only if
Fita(A) C (T, 7). It is easy to see that the R-ideal generated by the coefficients
of T* of the f(T) € Fita(A) is precisely the k-th Fitting ideal of A as defined in

(10].

8. — Minus class groups

In this section we will discuss minus class groups of imaginary abelian
number fields. We will study one p-part at the time. Let us therefore fix a prime
p which we will suppose to be odd. Let F be a finite abelian extension of Q
of degree prime to p. The Galois group Gal(F/Q) acts on the class group Clr
and in this way its p-part C{r, becomes a module over the ring Z,[A). Since p
does not divide #A, the group ring Z,[A] decomposes as a product of discrete
valuation rings. We have

Z,[A]) %Rx

where the product runs over the characters x : A — Q; upto Gal(ﬁ,, /9Qp)-
conjugacy. By R, we denote the ring Z,[im x] which is a finite extension of
Z,;itisa Z,[Al-module via § - z = x(é)z for 6 € A and z € R,. The above
isomorphism of rings is given by 6 +— (x(6)),.. Accordingly the p-class group of
F' is decomposed as a direct sum

Clpp, = QBC'EF,,()()

where Clrpy(x) denotes Clr, ®z,(a] Rx. When F is an imaginary field, the
characters of A come in two types : they are even or odd according as x assumes
the value 1 or —1 on complex conjugation. The sum over the even characters x of
the groups CCr,(x) is just C£p+ , where F't denotes the maximal real subfield
of F. The sum over the odd characters is the p-part of the minus class group of
F.
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A standard argument shows that the R, -module C¢r ,(x) does not depend on
F. We will therefore just write C¢(x) for C¢r,(x). When x is even, very little can
be said about C/(x) in general. For odd x there is a beautiful explicit formula
for the cardinality of C¢(x) :

THEOREM 3.1 (Mazur and Wiles). — Let p be an odd prime and let x :
Gal(@/Q) — @, be an odd character of conductor f not equal to the Teichmiller
character w. One has

#CU(x) = #Ry/(B1,x-1)
where B, ,-1 denotes a generalized Bernoulli number

f
By = Z ;x"l(z) € R,.

z=1
Proof : This is Theorem 2 of the introduction of [9].

We view x as a function on Z/fZ in the usual way : first we identify
Gal(Q((s)/Q) with (Z/fZ)* using the action on the f-th roots of unity; the
character on (Z/fZ)* is then extended by O to all of Z/fZ. The Teichmiiller
character w : Gal(@/Q) — Z; is given by the action of the Galois group on the
p-th roots of unity u,. It is determined by

o(¢)=¢“)  for o € Gal(Q/Q) and ¢ € p,.

It is well known that C¥(w) = 0.

The result of Mazur and Wiles does not, however, give any information on the
isomorphism class of C/(x) as an R,-module. In the remainder of this section
we will explain how one may get information on the R, -structure of C¢(x). We
recall that we have fixed an odd prime p and from now on we also fix an odd
character x : Gal(Q/Q) — Q; not equal to w. Its conductor will be denoted by
Fr-

Let F' denote the fixed field of ker(x) and let A denote the Galois group
Gal(F/Q). For every prime £ which does not divide f, we consider the extension
F(Ce) of F. We write G for Gal(F((¢)/F). Clearly G = Gal(Q(,)/Q) is a cyclic
group of order £ — 1. The p-part M of the class group of F((,) is a module over






