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We determine the number of projectively inequivalent nonsingular plane cubic
curves over a finite field F, with a fixed number of points defined over F,. We count
these curves by counting elliptic curves over [, together with a rational point which
is annihilated by 3, up to a certain equivalence relation.  © 1987 Academic Press, Inc.

1. INTRODUCTION
We give a complete answer to the following question:

(1.1) QuesTioN. Given a finite field F, and an integer N >0; how many
projectively inequivalent nonsingular plane projective cubic curves are
there over F, that have exactly N points defined over F,?

Here F, denotes a finite field with ¢ elements. Two plane curves are said
to be projectively equivalent if there is a projective transformation of the
projective F -plane mapping the equation of one curve to the equation of
the other; see Hirschfeld [12].

This question has been studied from the point of view of combinatorics.
Partial answers have been obtained [1,4-6]. Oddly enough, the matter
had essentially been settled by Max Deuring in 1941. In his paper [8] he
determined which rings occur as rings of endomorphisms of elliptic curves
defined over a finite field. From this he deduced how many isomorphism
classes of elliptic curves over a finite field there are in a fixed isogeny class,
which implies a good deal of the answer to Question (1.1).

In this paper we explain how to obtain an answer to Question (1.1) from
Deuring’s results. There are two complications: there is a difference
between the notions of projective equivalence of curves in the sense of
Hirschfeld and isomorphism of abelian varieties in the sense of algebraic
geometry; we overcome this difficulty by studying the 3-torsion points on
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elliptic curves over finite fields. The second complication is the fact that
Deuring considers two elliptic curves to be isomorphic over F if they are,
in our sense, only isomorphic over F,, the algebraic closure of F,. For this
reason we will consult Waterhouse’s 1969 thesis [19] rather than Deuring’s
paper. : ’ o

Before we state the main result we introduce some notation: for every
AeZ o with 4=0 or 1 (mod 4) we denote by H(4) the Kronecker class
number of 4; the definition of the. Kronecker class number is given in Sec-
tion 2 and a small table of these numbers is given in Section 6. The Jacobi
symbol is denoted by (%) or (x/p) and is defined as follows: for xe Z and p
and odd prime

. if x=0 (mod p);
(—) = 1  if xisanonzerosquare (mod p);
-1 if xisnotasquare (mod p).

if x=+1 (mod 8);

X
(§>= 0 if x=0 (mod2);
—1 if x= 43 (mod 8)

The main result is the following: :
Let F, be a finite field of characteristic p. Let M(¢) denote the numbe
projectively inequivalent plane cubic curves over F, with exactly ¢ + 1
- points defined over F,. We have that :

M(t) = N(t) + Ns(t) + 3N; . 5(1) —&(2),
where

N(t)=H(>—4q)  if r<4qandp]s;
= H(—4p) it =0,
= if p=2and*=2q,
= . if p=3andf*=3q

1 ( -3 —4
hfere- ()5
12 p p
if =4dq
(—3) it =g | “and if ¢ is-a square;

=,1_’(:.£). “if =0
P, -

=0 , otherwise;

andif g is
not a square;
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- Ny()=N(1)
o

. ; 2y
N3x3(t)=H<t 9 q)

~if t=g+1 (mod 3);
" otherwise; o

if g=1 (mod3),p)t
andt=q+1 (mod9);
if gisasquare, p#3

na=2()

otherwise;

if (t=tyort=t,)and ty#1,;

if t=ty=t and p=2;

otherwise.

The numbers #, and ¢, are defined as follows:
to is only defined if g=1 (mod 3):

1, = the unique solution € Z to

t=q+1 (mod?9)

plt

*+3x>=4q forsome xeZ

()

if p#1 (mod3).

t; is only defined if g=1 or 4 (mod 12):

1, = the unique solution te Z to- -

t=q+1 (mod9)

plt

P +4x2=4q forsome xeZ

-2 (¥)ve

"if p# 1 (mod 4).

if p=1 (mod3),

if p=1 (mod4);
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The paper is organized as follows: In Section 2 we give the definitions of
class numbers of complex quadratic orders, in terms of which the main
result is formulated. In Section 3 we give some definitions and facts concer-
ning elliptic curves over finite fields; for the proofs we usually refer to the
literature. In Section 4 we compute the number of isomorphism classes of
elliptic curves over a finite fields in a fixed isogeny class. For most of the
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proofs we refer to the thesis of Waterhouse [19]. In this section we also
compute the number of elliptic curves in a fixed isogeny class that have
their n-torsion points rational over the field of definition. For the
definitions of all this see Section 3.

In Section 5 we obtain a one-to-one correspondence between equlvalence
classes of nonsingular plane cubic curves in the sense of Hirschfeld and
elliptic curves furnished with an embedding in the projective plane modulo
a certain equivalence relation. In this section we deduce the main result: a
formula for the number of projectively inequivalent nonsingular plane
cubics over F, with a fixed number of F -rational points.

By counting F -rational points on the modular curves X(1) and X,(3) we
obtain a formula for the total number of projectively inequivalent non-
singular cubic curves over F_; our formula for the total number of curves
agrees with the one given by Hirschfeld [12, p. 315] column N.

Finally, in Section 6, we give a table of Kronecker class numbers and as
an illustration we count how many projectively inequivalent plane cubic
curves there are over F, with a given number of points over [, for some
small values of g.

We will use the following notations: for every n e Z and for every abelian
group A we denote by A[n] its n-torsion subgroup: A[n]=
{ae A:na=0}. By p, we denote the group of nth roots of unity in C. By ¢
we denote a primitive 3rd root of unity and by i a primitive 4th root of
unity.

2. CrASs NUMBERS

In this section we give the definitions of class numbers of complex
quadratic orders and of class numbers of the sets of binary quadratic forms
with discriminant 4eZ _,. Complex quadratic orders occur as rings of
endomorphisms of elliptic curves over finite fields. The set of isomorphism
classes of elliptic curves over [, which have a fixed complex quadratic
order ¢ as their ring of endomorphisms is a (usually principal)
homogeneous space over the class group of ¢. The study of binary
quadratic forms is very old; it was initiated by Gauss [10].

Let 4eZ _y with 4=0 or 1 (mod 4); by

A)={aX*+bXY+cY?’eZ[X, Y]:a>0 and b*>—dac=4)}

we denote the set of positive deﬁmte binary quadratic forms of discriminant
4 and by

A)={aX*+bXY +cY?e B(4): ged(a, b, c) =1}
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we denote the primitive forms of discriminant 4. The group SL,(Z) acts on
B(4) as follows: let f=aX>+bXY +cY*>e B(4) and let o = (7)€ SL,(Z);
we let

foo=a(pX+qY) +b(pX +qY)rX +5Y)+c(rX +sY)?

one checks easily that fooe B(4) and that SL,(Z) respects the subset of
primitive forms b(4).
It can be shown that there are only finitely many SL,(Z)-orbits in B(A4).

(2.1) DerFINtTioN. . We let CL(4)=B(4)/SLy(Z), the set of SL,(Z)-
orbits in B(4); similarly we let Cl(4)=b(4)/SLyZ). By H(4), the
Kronecker class number, we denote the cardinality of CL(4) and by A(4),
the (ordinary) class number we denote the cardinality of CI(4).

(2.2) PrOPOSITION. Let A€ Z _, congruent to 0 or 1 (mod 4). We have
| 4
Lh (;) = H(4),
d

where d runs over deZ .., for which d*| 4 and A/d*=0 or 1 (mod 4).

Proof. Sort the quadratic forms aX?+bXY + cY? in B(d4) according to
ged(a, b, c). We have a one-to-one correspondence between the sets
{feB(4): ged(a, b, c)=d}/SLy(Z) and {feB(4/d*). ged(a, b, c)=1}/
SL,(Z). This proves the proposition.

A complex quadratic order O is a subring of finite index in the ring of
integers in a complex quadratic number field. There is upto conjugation a
unique embedding ¢ 5 C. For a € 0 we let T(«)=a + & and N(a) = ad; here
« denotes the complex conjugate of a. Both T(«) and N(«) are elements in
Z. By 4(0) we denote the discriminant of @; see [2].

Let K be a complex quadratic number field. By ¢,,, we denote the ring
of integers in K. For every ke Z _, the ring 0,,, has precisely one subring
O of index k. The discriminant of this order equals 4(0),,,,) k> This implies
that complex quadratic orders are characterized by their discriminants: by
((4) we shall denote the complex quadratic order of discriminant 4. If « is
an algebraic number for which ¢ = Z[«] is a complex quadratic order then
4(0) equals the discriminant of the minimum polynomial of a. For more
facts concerning complex quadratic orders see [2]. '

(2.3) DerFINITION. Let '@ be a complex quadratic order; by CI(0) we
denote the class group of ¢: it is the group of invertible @-ideals modulo
invertible principal ¢-ideals. The class group is a finite group and its order,
the class number of ¢, will be denoted by h(0).
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We have in fact that h((9) h(4(0)) in the sense of Definition (2.1).

(2.4) PROPOSITION Let O be a complex quadratic order. We have that

Y WO)=H(4(0))
‘_DC(O’C@max ‘
Proof. For every order (' Wlth Oc0 <c0,,, we have that A)('(O’)=
A(0)/[0":0]% Since h(O')=h(4(0!)) the result follows immediately from
Proposition (2.2).

The definitions of H(4) 'and h(4) given above are not very suitable for
computation; below we give another, less natural deﬁn1t1on which is
suitable for actual computation.

(2.5) PrROPOSITION. Let A€Z _ congruent to 0 or 1 (mod 4). Put
E(A): {(a,b,c)eZ* a>0,b*—4dac=4, |b| ’<a<c,"
and b0 whenever a= |b| or a = ¢
b(4)={(a, b, c)e B(4): gcd(a, b, ¢)=1},
We have that |

H(A)=#B(4) and  h(4)= #b(4).

Proof. 1In every SL,(Z)-orbit of B(4) or b(4) there exists one and only
one quadratic form aX?>+bXY+cY? for which |b|<a<c, and b>0
whenever a = |b| or a=c. Such a form is called reduced. Identifying aX 2
bXY +cY? with (a, b, c)e Z* gives the required result.

We see that (a, b, ¢)e B(4) implies that 4a”<4ac=|d4|+b*<|4| + a?
and hence a<./|4|/3. From this we get at once that B(4) is a finite set.
Our answer to Question (1.1) involves the numbers H(4). It should be
stressed that H(4) and h(4) should be considered to be easily computable
numbers, For a given field F, it is much quicker to compute the class num-
bers H(1>—4q) for te Z, t* <4q and apply Theorem (2.5) than to compute
all inequivalent cubic curves and count their F -rational points like
De Groote and Hirschfeld did for ¢ <13 in [6].

At the end of this paper we give a small table of the numbers H(4) for
|4] <200. This table can be computed by hand in a few minutes and suf-
fices to give an answer to Question (1.1) for all fields F, with ¢ <49. Larger
tables of h(4) and H(4) have been computed; for instance Buell computed
h(4) for all 4 with |4] <25x10% see [3]. Using Proposition. (2.2) one
obtains easily the numbers H(4) from this table.







