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- ON THE NORMAL SUBGROUPS OF RUBIK GROUPS'

s b0 : J. van de CRAATS & R.J. SCHOOF

1. INTRODUCTION

Rubik's Cube and related toys like Meffert's Pyraminx or the 4x4x4

 Master Cube ('Rubik's Revenge') provide examples of nontrivial finite groups,
g g

and thus are important didactical tools in a first course on group theory.
Concepts like group, subgroup, coset, normal subgroup, conjugation, factor
group, commutator subgroup, center, generator, transitivity, direct product,
homomorphism, isomorphism, are vividly illustrated with a cube at hand.
In this note we shall concentrate upon normal subgroups, and among
other results, we shall give a proof'ofithe fact, first discovered by the
second author in 1981, that the group of Rubik's .Cube has exactly 13 normal

subgroups.
2. RUBIK GROUPS

Rubik's Cube has three kinds of pieces: six center pieces, having fixed
locations relative to each other, twelve edge pieces, and eight corner 7
pteces. The six center pieces form a natural reference frame. With respect
to this frame, every edge piece and every corner piece has a well-defined
home-location and home-orientation.

‘Any state of the cube may be described by a quadruplet (p,v, o,y) where

the permutation p ¢ S,, describes the location of the twelve edge pieces,

12

i : 12
the l2—tuP1e Vo= ("1"""’12) € C2

edge pieces, the permutation ¢ e’S8 describes the location of the corner

characterizes the orientations of the

_ pieces and the 8 - tuple w = (wl,...,ws) € Cg their orientations (Sn denotes

the symmetric group of all permutations on n objects,. Al will be the alter-
nating group of all even permutations and Cq the cyclic group with q
Flemeﬁts). ' ‘

To be specific, we number the edge pieces and the corner pieces in an
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arbitrary way, and mark one of the faces of every piece. This induces a num-
bering and marking of every home-location, determined by START, the state
of the clean cube. In a state described by (P, Vs G5 W)> p(1) is the num-
ber of the actual location of edge piece i; vy = 0 or | means that the edge
piece mow on location j (i.e. piece number p =1(j)) has a marking that does
or does not coincide with the home-marking of location j. imilarly,io(i)
defines the location of cormer piece i, and wJ = +1, =1 or 0 describes a
clockwise twist, an anticlockwise twist, or no twist at all of the cormer-
piece on location J.

It is well-known (see, e.g. SINGMASTER, 1980; VAN DE CRAATS, 1981,
ch. 5; FREY & SINGMASTER, 1982, ch.7, or BERLEKAMP, CONWAY & GUY, 1982,
p. 760-768) that for any state (p, v, g, w) of the cube
(i) sgn p = sgn O,

12
i Vit %

(ii)

8
(iii) iE1 YT 0.
Conversely, any quadruplet (p,V, o, w) satisfying (i), (ii) and (iii) can

be realized by turning a cube in an appropriate way.

A quadruplet (p, Vv, O, w) also may be interpreted as a transfbrmatzon
of the set of states of the cube. A state is' transformed by (p, Vs, Oy w) imy
the following way: the edge piece on location i is brought to location p(i)
‘w1th4or1entat1on flipped iff vp(i) = 1, and similarly for the cornerpieces.
The two interpretations of (p,V , 0, w) are connected by the\effect of the
transformation on START.

Considered as transformations, the quadruplets form a group R. We shall

use the convention that the composition
¢)) (0rvs Gy w) (PsV,0,W

means that first (p,V, o, W) is taken, and then (p, Vv, O, w). When (1) is

applied to START, then edge piece i first goes to location p(i) with orien-

tation v- , and then to pp(l) with orientation v- . If we put
() 12 p(i ) ¥ Voo (i)
pp(i) = j and define pv € C2 by (DV) = v o1 , then
(J)
Y=oy ¥V = =V +v, = (pv+V),
Vo) T Voe(d) Vo l(j) v (pv v)J ?

so the new orientation vector is ov + v.

In a similar way the corner pieces are affected, and we see that
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\ :(p,:v,d,w‘) (Os‘—’n 3,5) = (DS: p\—7+V, 05, 0‘—’+W)-
‘Notg tﬁat‘if 1 is the identity permutation, the neutral element of the
group (also denoted by 1) is (1, 0, 1,0) and

(p,_v,cr,w) = (p l,—p lv:OI,-U]W).

‘ Thé black edges group

, With Rubik's Cube modified, other interesting groups may be obtained

For example, if we color all edge pieces black, so that they canﬁﬁt be

%fstinguished from each other, the group becomes

G(8,3) = {(c,w)|c eSS; W= (wl""’w8) € Cg,

i
w, = 0}.
i=1 *

(The notation G(8,3) will be explained later). Note that in this group no

limitation on the parity of o occurs: any o € 88 can be realized!

The black cormers group

Another interesting group occurs when the cormers are colored black:

G(12 =
(12,2) {(o,v)lpe S0V = (Vl""’vlz)e C‘;z

s

12
2 v, = 0} .
~ i=1

The black centers group

When all center pieces are colored black, our reference frame disap-
pears. However, with respect to one particular corner piece, the other
s . .
even corner pieces and the twelve edge pieces again have well-defined home-

locations and home-orientations, and the group becomes

\

G(IZ,Z) x G(7,3) =.{(p,v ,O',W)l p € 512, o€ S7s

- 12 '
v (vl""’v12) € C2 , W= (wl,...,w7) € C7

3
7
\ w., = 1

It is interesting to note that indeed there are no limitations on the parity
of the permutations, and therefore this group is a direct product of the
action on the corners and the action on the edges. .-
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The 2x2x2 group

1f the edge
, again taking one corner piece as point of reference, its

s and the.centers are colored black, a simulated 2x2%2 cube

results, and

group is

G(7,3) = {(U,W)I'U € Sy,w = (Wyseeeswy) € C;,

A
‘Am}

Meffert's Pyraminx

I’I’lg.

v N
>
=D

A‘I

/7R

Meffert's Pyraminx (a), with corner piece, s
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(c)

fig.1 ubcorner piece (b)
and edge piece (c) |

This object has four cormer pieces, four subcorner pieces and six edges

pieces. In turning, the cornmer- and subcornmer pieces keep their locations

e to each other, and any orientation of these eight. pieces can be
So

relativ
realized without affecting the edges by a suitable sequence of moves.

the only interesting part is formed by the possible locations and orien-
tations of'the six edge pieces. Any move of the pyraminx engenders a 3-

cycle on edges, so only even permutations can be realized. Furthermore,

as with Rubik's Cube, the orientations are such that in any state the total

mmber of 'flipped' edges is even. The edge group, denoted by H(6,2), thus

is

o : 6
}I(B:Z) = {(p,V)| p € A6’ v= (Vl"'O’VG) € Cg: iZ] Vi = 0})

and the complete groupvof Meffert's Pyraminx is the direct product

'

8
H(6,2) xc3.

| fig.3
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The 4%x4x4 Master Cube

A\

fig.2 The Master Cube

This most astonishing toy has eight cormer pieces, 24 edge pieces (two
on every gdge), and 24 center pieces (four on every face). The edge pieces
?ppear with equal colors in pairs , but since the side of such a piece that
is adjacent to a middle plane of the cube always keeps such a position, the
t?o p%eces are mirror images and in any state of the cube they can be ;ié—
tinguished from each other. Consequently, such a piece cannot be flipped
on its place: each piece can occupy each edge position in only one orien-
tation! Similarly, the center pieces always keep their innermost corner in
the center of a face, and thus every center piece also has only ome possi~

ble ori i i
‘ orientation on every center location: centers cannot be twisted on
their place!

Tt

. Edge pieces and center pieces of the Master Cube have only~~

one possible orientation

\






