GAUSSIAN MAPS AND GENERIC VANISHING I:
SUBVARIETIES OF ABELIAN VARIETIES

GIUSEPPE PARESCHI

Dedicated to my teacher, Rob Lazarsfeld, on the occasion of his 60th birthday

INTRODUCTION

We work with irreducible projective varieties on an algebraically closed field of any charac-
teristic, henceforth called varieties. The contents of this paper are:
(1) a general criterion expressing the vanishing of the higher cohomology of a line bundle on a
Cohen-Macaulay variety in terms of a certain first-order conditions on hyperplane sections. Such
conditions involve gaussian maps and the criterion is a generalization of well known results on
hyperplane sections of K3 and abelian surfaces;
(2) using a relative version of the above criterion we prove the vanishing of higher direct images
of Poincaré line bundles of normal Cohen-Macaulay subvarieties of abelian varieties'. As it is well
known, this is equivalent to generic vanishing, a far-reaching result known to hold for compact
Kahler manifolds thanks to a celebrated theorem of Green and Lazarsfeld. Our generic vanish-
ing in turn implies a Kodaira-type vanishing for normal Cohen-Macaulay subvarieties of abelian
varieties, holding for line bundles which are restrictions of ample line bundles on the abelian variety.

While part (1) consists of an essentially complete result, point (2) is an example, in a techni-
cally simple case, of a more general algebraic approach to generic vanishing applicable, in principle,
to all varieties mapping to abelian varieties. This will be the object of forthcoming work. However,
one should keep in mind the work of Hacon and Kovacs [HacKo] where — by exploiting the relation
between generic and Grauert-Riemenschneider vanishing theorems — are shown examples of mildly
singular varieties (over C) and even smooth varieties (in characteristic p > 0) of dimension > 3,
with a (separable) generically finite map to an abelian variety where generic vanishing fails?.

Now we turn to a more detailed presentation of the above topics.

0.1. Motivation: gaussian maps on curves and vanishing on surfaces. To introduce the
first part, we start from a particular case: the vanishing of the H! of a line bundle on a surface in
terms of gaussian maps on a sufficiently positive curve of the surface. To begin with, let us recall
what classical gaussian maps are. Given a curve C and a line bundle A on C, denote M4 the kernel
of the evaluation map H°(C, A) ® Oc — A. It comes equipped with a natural differentiation map
(of sections of A)

MA—>Qé®A
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by Poincaré line bundle of a subvariety X of an abelian variety A we mean the pullback to X x Pic’A of a
Poincaré line bundle on A x Pic®A

2this disproved an erroneous theorem of a previous preprint of the author
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defined as

My =p.(Ia ® ¢*A) = p((Ta @ A)a) = QU ® A
where p, ¢ and A are the projections and the diagonal of the product C x C'. Twisting with another
line bundle B and taking global sections one gets the gaussian map (or Wahl map) of A and B:

Yap : Rel(A,B) :== H(C,M4 ® B) — H°(C,Q} ® A® B)*®
In our treatment it is more natural to set A = N @ P and B = wc ® PV for some line bundles N
and P on the curve C, and to consider the dual map
(0.1) gN,P : Ethc(Qlc ® N, Oc) — Ethc«(MN®p, P)

Note that gy p can defined directly (even if we is not a line bundle) as Ext{ (-, P) of the differen-
tiation map of Mygp.

The relation with the vanishing of the H' of line bundles on surfaces is in the following result,
whose proof follows closely arguments contained in the papers of Beaville and Merindol [BM] and
Colombo, Frediani and the author [CFP]. Let X be a Cohen-Macaulay surface and let @ a line
bundle on X. Let L a base point-free line bundle on X such that also L ® ) is base point-free, and
let C' a (reduced and irreducible) Cartier divisor in |L|, not contained in the singular locus of X.
Let N¢ = L|c be the normal bundle of C'. We have the extension class

e € Ext(Q6 ® No, O¢)
of the normal sequence
0— ¢ — (@) — 2 — 0
We consider the (dual) gaussian map
(0.2) INoQc ExtH(Q8 ® No, Oc) — EX‘L};(MNC@)Q, Qi)
Theorem. (a) If H'(X,Q) =0 then e € ker(gne,Q )
(b) If L is sufficiently positive* then also the converse holds: if e € ker(gng,q ) then HY(X,Q)=0.

Note that e is non-zero if L sufficiently positive. For example, if X is a smooth surface with trivial
canonical bundle and Q = Ox then (a) says that if X is a K3 then e € ker(gx,, 0,). This is a result
of [BM]. Conversely, (b) says that if X is abelian and C'is sufficiently positive then e & ker(gx .00 )-
This a result of [CFP].

The proof is a calculation with extension classes which can be explained more geometrically
as follows. Suppose that C is a curve in a surface X and that C' is embedded in an ambient variety
Z. From the cotangent sequence

0— /72 — ()0 — Ok — 0
(where Z is the ideal of C' in Z) one gets the long cohomology sequence
(0.3) = Home(T/T2, NY) 22 Exth(Qb, N%) Z ExtL (%) 0, N&) — -
The problem of extending the embedding C' — Z to the surface X has an easy first-order obstruc-

tion: as it is well known, if the divisor 2C on X, seen as a scheme, is embedded in Z, then it lives, as
embedded first-order deformation, in the Hom on the left®. The forgetful map Hy, disregarding the

3the source is denoted Rel(A, B) because it is the kernel of the multiplication of global sections of A and B

4this means that L is a sufficiently high multiple of a fixed ample line bundle on X. This condition can be made
explicit.

Smore precisely, the ideal of 2C in Z induces the morphism of Oz-modules Z/Z? — N¢ whose kernel is IQC/Z/I2,
see e.g. [BaF] or [Fe]
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embedding, takes it to the class of the normal sequence e € Ext{ (2%, NY). Therefore e € ker(Gz).
Now we specialize to the case when the ambient variety is a projective space, specifically:

Z =P(H°(C,Nc ® Q)") :=Pg

(in this informal discussion we are assuming, for simplicity, that the line bundle L ® @ is very
ample). By the Euler sequence the map Gp,, is the dual gaussian map INc,Q ¢ of (0.2). Notice that
in this case there is the special feature that our extension problem can be relaxed to the problem
of extending the embedding of C' in Pg to an embedding of the surface X in a possibly bigger
projective space PP, containing Pg as a linear subspace. Since the restriction of Qﬂlm to Py splits, this
has the same first-order obstruction, namely e € ker(gng,Qc)-

The relation of all that with vanishing of the H' is classical: the embedding of C' in Pg can
be extended (in the relaxed sense above) to an embedding of X if and only if the restriction map
px  H(X,L® Q) — H°(C, Nc ® Q) is surjective. This is implied by the vanishing of H' (X, Q),
so we get (a). The converse is more complicated: by Serre vanishing, if L is sufficiently positive
the vanishing of H!(X, Q) is equivalent to the surjectivity of the restriction map px, and also to
the surjectivity of the restriction map poc : H°(2C, (L ® Q)p2c) — H°(C,N¢ ® @), hence to the
fact that 2C lives in Home(Z/Z% NY%). Now if e is in the kernel of INe.Qc = Gr,, then e comes

from some embedded deformations in Home (Z/Z2, NY). However these do not necessarily include
2C'. A more refined analysis proves that this indeed the case as soon as L is sufficiently positive.

0.2. Gaussian maps on hyperplane sections and vanishing. Extending the Theorem to
higher dimension is a bit more complicated. The relevant case deals with the vanishing of the
H™ of line bundle on variety of dimension n + 1 6. To this purpose, we consider ”hybrid” gaussian
maps as follows: let C' be a curve in a n-dimensional variety Y and let A¢ be a line bundle on C.
The Lazarsfeld sheaf ([L]) is the kernel F}{C of the evaluation map of A¢, seen as a sheaf on'Y:

HO(AC) ® Oy — Ac
(note that F}(C is never locally free if dimY > 3). As above, it comes equipped with a differentiation
map
FY. — Oy ® A
If B is a line bundle on Y, we define the gaussian map of Ac and B as
Vi : Rel(Ac, B) = HY(Y,Fa. ® B) — H°(Qy ® Ac ® B)
As above, we will rather use the dual map
913\/40,R : EX‘G@(Q%/ ® Mc, Oy ) — Exty (Froor, R)

where M is a line bundle on C' and R a line bundle on Y such that B = wy ® RY and A¢c =
Mc ® R. Again, this map can defined directly (even if we is not a line bundle) as Ext{ (-, R) of the
differentiation map of My or. The case n = 1 is recovered taking ¥ = C.

These maps can be extended to a relative flat setting. In this paper we consider only the
simplest case, namely a family of line bundles on a fixed variety Y, as this is the only one needed in
the subsequent applications. In the notation above, let T' be a another projective CM variety (or

6If0 < k < n then, by Serre vanishing, H*(X, Q) = H*(Y, Qv ), where Y is a sufficiently positive k+1-dimensional
hyperplane section. Hence this case can be reduced to the previous one.

Note: one could think to consider the equality A" (X, Q) = h'(X,wx ®Q") and then reduce, as above, to a surface.
However, this is not possible in the relative case, since in general there is no Serre duality isomorphism of the direct
images. Even in the non-relative case the resulting criterion is usually more difficult to apply
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scheme), and let R be a line bundle on Y x T'. Let v and 7 denote the two projections, respectively
on Y and T. We can consider the relative Lazarsfeld sheaf fA}jlc,R’ kernel of the relative evaluation
map

T (R@v*Mc) - RQv* M
where, as above, we see Mg as a sheaf on Y. The Oyypr-module F is a equipped with the
differentiation map (see Subsection 1.1 below)

(0.4) Frier — VH(Qy ® Mo) ® R

C
Applying Ext}, (-, R) and restricting to the direct summand Ext} (. @ M¢, Oy) we get the
(dual) gaussian map

9]1\//[0,7% : Ext{(Qy ® M¢,Oy) — EXt?’xT(}—]\}}C,R ,R)

The announced generalization of the above Theorem is as follows. Let X be a n + 1-
dimensional Cohen-Macaulay variety, let T' be another CM variety, and let Q be a line bundle
on X x T. Let be L a line bundle on X, with n divisors Yi,...,Y,, € |L| such that their
intersection is an integral curve C not contained in the singular locus of X. We assume also
that the line bundle v*L®" ® Q is relatively base point-free, namely the relative evaluation map
T (VL @ Q) — v*L®" ® Q is surjective. Let N¢ denote the line bundle Lic. We choose a

divisor among Y7,...,Y,, say Y = Y7, such that C is not contained in the singular locus of Y. We
consider the ”restricted normal sequence”

(0.5) 0 — N& — (Qx)jec — ()i — 0

Since

(0.6) Ext&(Q) ® Neo, Oc) =2 Exti (Q) @ N&™, Oy)

(see Subsection 1.1 below) we can see the class e of (0.5) as belonging to Ext{(Q}, @ N&", Oy).
Finally, we consider the dual gaussian map

(07) gNganWxT : EXt?/(Q%/ ® Ngn’ (’)y) — EXt?/XT(f}Vf@n,Q\yXT s Q|y><T)

C

Then we have the following result, recovering part (b) the previous theorem as the case n = 1 and
T = {point}

Theorem A. If L is sufficiently positive and e € ker(gji\/[®n ) then R"m,Q = 0.
C

Qly xT

The relative case will be especially interesting for us because the vanishing of R'm,Q for i < n
means generic vanishing (see below).

Concerning the other implication what we can prove is

Proposition B. (a) Assume that T' = {point}. If H"(X,Q) =0 then e € ker(gNg;n QIY)'
(b) In general, assume that Riw*(QWXT) =0 fori<n. If RPm,Q =0 thene € ker(g}\/f@n
C

).

QY xT

To motivate these statements, let us go back to the previous informal discussion. We assume
for simplicity that T' = {point}. Let X be a n+ 1-dimensional variety and C' a curve in X as above.
By the Koszul resolution of the ideal of C' and Serre vanishing, the vanishing of H"(X, @) implies
the surjectivity of the restriction map px : H(X,L®*" @ Q) — HY(C, Ng?” ® @), and it is in fact
equivalent to that as soon as L is sufficiently positive. Hence it is natural to look for first order
obstructions to extending an embedding of the curve C' (a 1-dimensional complete intersection of
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linearly equivalent divisors of X) into Pg = P(H°(C,N&" ® Q)") to X. More generally, we can
consider the same problem for any given ambient variety Z, rather than projective space. However,
to find a first-order obstruction one cannot anymore replace X with the first order neighborhood of
C' in X. We rather have to pick a divisor in |L| containing C, say Y = Y] and replace X with the
scheme 2Y NYoN---NY,. In analogy with the case of curves on surfaces, it is natural to consider
the long cohomology sequence

HY GY
(0.8) -+« — Home(Zy /I3, N =2 Exto((Qy)0, N&) =3 BExte ()10, N&) — -+

(where Zy is the ideal of Y in Z). As above, a necessary condition for the lifting to X of the
embedding of C' < Z is that the "restricted normal class” e of (0.5) belongs to ker(GY).

However note that, differently from the case when X is a surface, when Z = Pg the map
INE™ Qy is not GI’E;Q, but rather a more complicated ”hybrid” version of gaussian map. The reason

is that, looking for sufficient conditions (the most interesting for us) for the lifting to X of the
embedding C' — Pg, one cannot assume that the divisor Y is already embedded in Pg.

The following version of the vanishing criterion provided by Theorem A is technically easier
to apply

Corollary C. Keeping the notation of Theorem A, if the line bundle L is sufficiently positive then

the kernel of the map g%m is at most 1-dimensional (spanned by e). Therefore ifgjﬁ([@,l
C C

QY xT Qly xT

is non-injective then R"m,Q = 0.

Again, in the particular case T' = {point}, and X is a surface with trivial canonical bundle
this says that the dual gaussian map g..,0. is not injective if and only if X is a K3 surface, which
is well known by the result of Wahl (see [W]) and [CFP] Thm B.

0.3. Generic vanishing for subvarieties of abelian varieties. Although difficult — if not im-
possible — to use in most cases, the above results can be applied in some very special circumstances.
For example, in analogy with the literature on curves sitting on K3 surfaces and Fano 3-folds, or
Enriques surfaces and Enriques-Fano 3-folds (see for example [W], [BM],[V], [CLM], [KLM]) Propo-
sition B can supply non-trivial necessary conditions for a n-dimensional variety to sit in some very
special n + 1-dimensional varieties.

However in this paper we rather focus on the sufficient condition for vanishing provided by
Theorem A and Corollary C, as it provides an algebraic approach to gemeric vanishing, a far-
reaching concept introduced by Green and Lazarsfeld in the papers [GL1] and [GL2]. Namely we
consider a variety X with a map to an abelian variety, generically finite onto its image

(0.9) a: X — A

Denoting Pic’A = A the dual variety, we consider the pullback to X x A of a Poincaré line bundle
P on A x A:

(0.10) Q= (axidz)"P

We keep the notation of the previous section. In particular we denote v and 7 the projections of
X x A. A first way of expressing generic vanishing is the vanishing of higher direct images

(0.11) R'm,Q=0 for i<dimX

For smooth varieties over the complex numbers (0.11) was proved (as a particular case of a more
general statement) by Hacon ([Hac]), settling a conjecture of Green and Lazarsfeld. Another way
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of expressing the generic vanishing condition is the original one of Green and Lazarsfeld [GL1] and
[GL2]. This involves the cohomological support loci

ViX)={aecPic®A|h(X,a*a) >0} .
Green-Lazarsfeld’s theorem is that, if the map a is generically finite, then
(0.12) codim; V;(X) > dim X —4 ”.

It is easy to see that (0.11) implies (0.12). Subsequently, it has been observed in [PP1] and [PP2]
that (0.11) is equivalent to (0.12)%. The heart of Hacon’s proof of (0.11) consists in a clever reduction
to Kodaira-Kawamata-Viehweg vanishing. The argument of Green and Lazarsfeld for (0.12) uses
Hodge theory. On the other hand a characteristic-free example of both (0.11) and (0.12) is given
by abelian varieties themselves ([M] p.127). Here we show that (0.11) (and, therefore, (0.12)) holds
for normal Cohen-Macaulay subvarieties of abelian varieties on an algebraically closed field of any
characteristic

Theorem D. In the above notation, assume that X is normal Cohen-Macaulay and the morphism
a 1s an embedding. Then R'm,Q =0 for all i < dim X.

The strategy of the proof consists of course in applying Theorem A to the Poincaré line
bundle @. In order to do so we take a general complete intersection C =Y NYoN---NY, of X,
with Y; € |L|, where, as above, L is a sufficiently positive line bundle on X and n+1 = dim X. The
main issue of the argument consists in comparing two spaces of first-order deformations: the first
is the kernel of the gaussian map Inem 0, The second is the kernel of the map G of (0.8) with

Z = A ? (by (0.6) the two maps have the same source). As in the discussion following Theorem
A, the variety X C A induces naturally, via the restricted normal extension class e, a non trivial
element of ker GX. In view of Corollary C, to get the vanishing of R"m,Q it is enough to prove that
the intersection of ker GX and ker g NE™.Qpy s 4 is non-zero. This analysis is accomplished by means

of the Fourier-Mukai transform associated to the Poincare line bundle!®. In doing this we were
inspired by the classical papers [Mul] and [Ke| where it is solved the conceptually related problem
of comparing the first-order embedded deformations of a curve in its jacobian and the first-order
deformations of the Picard bundle on the dual. The vanishing of Rirm, Q for i < n follows from this
step, by reducing to a sufficiently positive ¢ + 1-dimensional hyperplane section.

Note that conditions (0.12) can be expressed dually as
codimp;0 4 {a € Pic’A | W (wx ®a) >0} >i  forall i>0

According to the terminology of [PP2], this is stated saying that the dualizing sheaf wx is a GV-
sheaf. As a first application we note that, combining with Proposition 3.1 of [PP3] ("GV tensor
ITy = ITy”) we get the following Kodaira-type vanishing

Corollary E. Let X be a normal Cohen-Macaulay subvariety of an abelian variety A, and let L
be an ample line bundle on A. Then H'(X,wx ® L) =0 for all i > 0.

"In general, if the map a is not generically finite, Hacon’s and Green-Lazarsfeld’s theorems are respectively
Rim.Q = 0 for i < dima(X) and codimp;.04 Vi (X) > dima(X) — i. However this can be reduced to the case of
generically finite a by taking sufficiently positive hyperplane sections of dimension equal to the rank of a

8in [PP2] this is stated only in the smooth case, but this hypothesis is unnecessary

9this is simply the dual of the multiplication map V ® H°(Ne @ we) — H°(Q% ® No ® we), where V is the
cotangent space of A at the origin

10ye remark, incidentally, that (0.11) for abelian varieties is key point assuring that the Fourier-Mukai transform
is an equivalence of categories
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1. PROOF OoF THEOREM A AND PROPOSITION B

1.1. Preliminaries. The proof consists in a computation with extension classes, similar to the one
of [CFP] Lemma 3.1. The geometric explanation of the argument is outlined in the Introduction
(Subsections 0.1 and 0.2). In the first place, some warning about the notation:

Notation 1.1. We have the three varieties C C Y C X (respectively of dimension 1, n and n+1).
The projections of X x T on X and T are denoted respectively v and 7. It will make a difference
to consider the relative evaluation maps of a sheaf A on C' x T seen as a sheaf on Y x T, or on
X xT,or on C x T itself: their kernels are the various different Lazarsfeld sheaves attached to A
in different ambient varieties. Therefore we denote

TY = Ty xT TC = MOoxT
For example, on Y x T we have
(1.1) 0— ’FXQWXT — Ty (QRV'A) - QR VA
and on X x T
(1.2) O—>.7:j§Q—>7r*7T*(Q®I/*A) — Q®UA

Next, we clarify a few points appearing in the statements.

The differentiation map (0.4). We describe explicitly the differentiation map (0.4) mentioned
in the Introduction. We keep the notation there: M¢ is a line bundle on the curve C' while R is
a line bundle on Y x T. Now let p,q and A denote the two projections and the diagonal of the
fibred product (Y x T') xp (Y x T). Concerning the Lazarsfeld sheaf .7-']\5}0773 we claim that there is
a canonical isomorphism

(1.3) Frier = pa(Zz @ ¢*(R® v* M)

Admitting the claim, the differentiation map (0.4) is defined as usual, as p, of the restriction to A.
The isomorphism (1.3): in the first place p.(Zx ® ¢*(R ® v*M¢) is the kernel of the map (p. of the
restriction map)

ripeq (RO v Mo) — peq”(R®@ V" M) 3) = R @v*Mc

(it is easily seen that the sequence 0 — Ix— Oyx,;vy — (’)5 — 0 remains exact when restricted to
(Y xT) xp (C xT)). To prove (1.3) we note that, by flat base change,

Ty (Q® v Mc) = puq*(Q ® v* Mc)
and, via such isomorphism, the map r is identified to the relative evaluation map.
The isomorphism (0.6). This follows from the spectral sequence

Exti(QF ® NE™, Extd, (O, Oy)) = Exti (0} @ NE", Oy)
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using that, being C' the complete intersection of n — 1 divisors in [Ly|, é'act{/((’)c, Oy) = Nl%m_l if
j =n — 1 and zero otherwise. Seeing the elements of Ext-groups as higher extension classes with

their natural multiplicative structure (Yoneda Ext’s, see e.g. [E] p. 652-655), we denote

n— —(n—1
(1.4) K € Bxty ™ (Oc, Liy " 7Y)
the extension class of the Koszul resolution of O¢ as Oy-module
(1.5) 0— L(ﬁ),—(n_l) — = (L%,_l)egnil — 0y - 0c — 0.

Then the multiplication with ICg

Ky
ExtH (0 @ No, Oc) =5 Extl () @ NE", Oy)

is an isomorphism (coinciding, up to scalar, with (0.6)).

1.2. Statement of first step and proof of Proposition B.

Notation 1.2. From this point we will adopt the hypotheses and the notation of Theorem A. We
also adopt the following typographical abbreviations:

Y _ Y X _ X _
7= ]:Ng" QlyxT 7= ]:N§R7Q 9= gNgan\YxT

The first, and most important, step of the proof consists of an explicit calculation of the class
g(e) of the statement of Theorem A and Proposition B. This is the content of Lemma 1.3 below.
The strategy is as follows. Applying Exty (-, Qyx7) to the basic sequence

0—FY - mm(Qe vV NG") - Q@ v NG" — 0

(namely (1.1) for A = Ng" and R = Qy«7) we get the following diagram with exact row
(1.6)

Exty, r(Q® V*N(%na Q\YxT) —n EXtTXfoT(WrYW*(Q ® V*Ngn)> Q|YxT) f*> EthL/XT(]:Y, Q|YXT)
d
Ext} (O ® Ng", Oy)
We will produce a certain class b in the source of f, namely
(1.7) be EXtT}L/xT(WTYﬂ*(Q@V*Ngn)vQ|Y><T)
such that its coboundary map
8 : m(Q@VNE™) = R (Q)y x1)

is the composition

(1.8) m(Q @V NE™) —— R"m.(Q)
\ iﬁ
R (Q)y x1)

where the horizontal map « is the coboundary map of the natural extension of Ox xpr-modules

(1‘9) 0—>Q—>--'—>(Q@V*L®n_1)®n—>Q@V*L®n—>Q®I/*N§n—>O
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(v* of the Koszul resolution of O¢ as Ox-module, twisted by Q ® v*L®") and the vertical map (3
is simply R"m, of the restriction map:
R'm(Q) — R"mu(Qpy )
Then main Lemma is

Lemma 1.3. f(b) = g(e).

Note that this will already prove Proposition B. Indeed, if T = {point} then the space of
(1.7) is

(110)  Extp(H'(C, Q@ v NE™) @ Oy, Q) = Homy(H'(C, Q @ v NE™), H (Y, Qjy))

hence the class b coincides, up to scalar, with its coboundary map 6. If H"(X, Q) = 0 then J, = 0.
Then the Lemma says that g(e) = 0, proving Proposition B in this case. If dim7T > 0 we consider
the spectral sequence

Extf(1.(Q® NG") , RImu(Qyxr)) = Bxty I (nym.(p"(Q @ V' NE™)) s Qpyr)-
coming from the isomorphism
RHomyp (. (Q @ N&"), Ry (Qy x7r)) = RHomy (757 (p* (Q @ V* NE™)) , Qpy 1)

Since we are assuming that RiTF*(Q‘YXT) = 0 for i < n then the spectral sequence degenerates
providing an isomorphism as (1.10) and Proposition B follows in the same way. ]

Definition of the class b of (1.7). We consider the exact complex of Ox xr-modules (1.9).
Composing with the relative evaluation map of Q ® Z/*Ng?" (seen as a sheaf on X x T)

T (Q®VNE") — Q@ VUV NG"
we get the exact complex
(1.11) 0—-Q— = (Qav L P ¢ 5 "1 (QeV*NG") — 0

where € is a Oxyr-module. Since tor’y ,(7*7.(Q @ V*NE™),v*Oy) = 0 for i > 0, restricting
(1.11) to Y x T we get an ezact complex of Oy yxr-modules

(1.12) 0— Qyxr — - —(2® V*L®n71)|€19/nx:r — Eyxr — Tym((QOVNE™)) — 0
We define the class b of (1.7) as the extension class of the exact complex (1.12). The assertion

about its coboundary map follows from its definition.

1.3. Proof of Lemma 1.3. We first compute g(e) !*. The exact sequences defining FX and FY
(see Notation 1.2) fit into the commutative diagram
0 FX T (Q@VNE") —= QR V*NE" —=0

| | -

0 — 7Y —=mym(Q®V*NE") —= Q@ V*N§" —=0

yielding, after restricting the top row to Y x T', the exact sequence
(1.13) 0= Q@ VNG = (FX)yxr — F¥ =0
where the sheaf on the left is tor?XXT(Q ® V*Ng?", Oy xT).

HThis argument follows [V] p. 252)
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This sequence in turn fits into the commutative diagram with exact rows

0—= Q®v*Ng" ! (FX)yxr FY 0

| | |

0—= Q@ VNG —= Qe v* (% ® N&") — Q® v (2} @ N&") —=0

where the class of the bottow row is e € v*Ext& () @ No, O¢) It follows that g(e) (where now e is
seen in v*(Ext} (Q), @ N&", Oy)), see (0.6) and Subsection 1.1) is the class of the sequence (1.13)
with v* of the Koszul resolution of O¢, as Oy-module, (tensored with Q ® v*N&") attached on
the left:

(114) 0— Q|Y><T e —» (Q® V*L%an)@n—l _ (Q@ V*L%/nfl) _ (‘7:X)|Y><T _ ]:Y 0.

Next, we compute f(b). The exact complex (1.11) is the middle row of the commutative
exact diagram

(1.15) 0 0
fX - fX
0—>Q—>---—>(Q®V*L®n*1)®n £ W*W*(Q®V*N§n)*>0

l_

0-Q—- = (QeVL ¥ — Q9gy*Len

This provides us with the commutative exact diagram
(1.16)

0 0
0= Quxr — - = (Q@V LT - Q@ v L™ —— (F¥)yyp FY 0

| |

Eyxr ——= T (Q RV NE") —= 0

where the long row is (1.14), whose class is g(e).

Next we claim that the exact complex (1.12) defining the class b is equivalent, as extension,
to the exact complex:
(1.17)
0= Qar =+ = (QE VL) = Qv L™ = Eyr — mim (Q@ Y NE") = 0
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Admitting this for the time being, we can complete diagram (1.16) as follows

(1.18)
0— Q|Y><T RN (Q ® I/*L%/n_2)®n_l ~0® I/*L%/n_l (}-X)\YXT P 0
0= Qyxr- —(2® V*L%/nd)@n_l - Q® V*L%/nfl Eyxr mm(Q @V NE") —=0

The class of the bottow row is b. By definition, the class of the top row is f(b), and it is equal to
g(e). This proves Lemma 1.3.

Finally, we prove the claim. For n = 1, i.e. C =Y there is nothing to prove. For n > 1,
since C = Y1 N---NY,, with ¥; € [L| and Y = Y3, restricting the ideal sheaf Zo,/x to Y one

gets a sheaf with a torsion part, namely Z¢/y & N . Accordingly the Koszul resolution of Toix,
0— K% — Zg/x — 0, restricted to Y, splits as the direct sum sum of the Koszul resolution of

Ic/yi

0— Ky —ZIg/y — 0
and of the twisted Koszul resolution
0— Ky ®Ly' — Lt = Ng' =0

shifted by one. At this point the claim follows from the fact that, restricting the exact complex (1.11)

to Y, in the "tail” of (1.12) namely the exact complex 0 — Qyyp — --» — (@ ® V*L®”’1)%,”XT

one can eliminate the part corresponding to the resolution of Z¢/y . O

1.4. Conclusion of the Proof of Theorem A. The last step is

Lemma 1.4. We keep the notation and setting of Lemma 1.3. Assume that the line bundle L on
X s sufficiently positive. If f(b) =0 then b = 0.

Assuming this, Theorem A follows: if g(e) = 0 then, by Lemmas 1.3 and 1.4 it follows that
b = 0, hence its coboundary map Jd, = [ o « is zero (see (1.8)). Taking L sufficiently positive, it
follows easily from relative Serre vanishing that « is surjective and 3 is injective. Therefore the
map 0 is zero if and only if its target, namely R"7,.(Q), is zero. O

Proof. (of Lemma 1.4) The proof is a somewhat tedious repeated application of Serre vanishing.
From the basic exact sequence of diagram (1.6) we have that if f(b) = 0 then there is a

c € Exty, p(Q® V*N‘%na Q\YXT)
such that

(1.19) h(c)=b .



12 G. PARESCHI

Now we consider the commutative diagram

(1.20) Exty, 7 (Q® v*NE", Qiy 1) Ext%, p(Q® v L, Qiy 1)

: -

Exty p(m5 1 (Q @ V¥ NE™), Qy xr) — > Ext (71 (Q @ v* LE™), Qiy 1))

Homy (7 (Q ® v*N&™), R (Qy xT)) —'s Homp(m(Q ® v* L&), R (Qpy xr))

where:
a) h is as above and A’ is the analogous map Ext%(evy, Q , where evx is the relative
g X Y xT
evaluation map on X x T: 7*m,(Q @ v*L®") — Q @ v*L®" ;
b) u is the map taking an extension to its coboundary map. Consequently the ma oh takes
I p g y map quently p W
an extension class e € Ext{ (Q ® v*NZ") Qyxr) to its coboundary map

T«(Q® V*Ngm) — R"m(Qjy x1)

The map ' o b’ operates in the same way;

(c) notice that the target of r is simply H"(V*L%‘X”T), ie. Ext@xT(V*L%,”, Oy xr). Therefore r is

the natural map Ext?,xT((V*L®")|C, Oy 1) — Ext’{,xT(y*L%/", Oy x71);

(d) s and t are the natural maps.

We know that the coboundary map of b, factorizes through the natural coboundary map
a:m(Q®V*NE") — R'r.(Q). This precisely implies that ¢ o zu(b) = 0. Therefore (1.19) implies
that ¢/ o b’ o r(¢) = 0. The Lemma follows from the fact that r» and u' o b’ are injective.

Injectivity of r: if n =1, 1e. Y = C, r is just the identity (compare (c) above). If n > 1, from
chasing in the Koszul resolution of O¢ as Oy-module it follows that the injectivity of r holds as soon
as EXt?/;zT(V*L%/n_Z, Oyxr)=0fori=1,...,n—1. But these are simply H" (Y x T, L%}_”ﬁ(’)ﬂ
and the result follows easily from Kiinneth decomposition, Serre vanishing and Serre duality.
Injectivity of ' o h': We have that Ext%, p(Q ® v*L®", Qiyyp) = H™(Y x T, L‘;," X Or).

If L is a sufficiently positive, it follows as above that this is isomorphic to

H"(Y, L‘_Y”)®H 9(T, Or). Therefore u'oh’ is identified to the H® of the following map of Op-modules
(1.21) H™(Y,Ly") ® Or — Homp(m.(Q & V' LE"), R (Qy 1))

Since the source is torsion-free, the injectivity of p’ o A’ holds as soon as (1.21) is injective at a
general fiber. For a closed point ¢ € T', let Q; = Q|x ;. By base change, for ¢ general, the map
(1.21) at the fiber over ¢t is

(1.22) H"(Y,LF™") — HY(X, Q¢ © L%")Y @ H™(Y, Quy).

that is the the Serre-dual of the multiplication map of global sections
(123)  HUX,Q® L) & HUY, (wx ® Q' ® L)y) — BV, (wx ® L& )yy).

At this point a standard argument with Serre vanishing shows that (1.23) is surjective as soon as
L is sufficiently positive. This will proves the injectivity of 4/ o h’. This concludes also the proof of
the Lemma. (|
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2. PROOF OF COROLLARY C

The deduction of Corollary C from Theorem A is a standard argument with Serre vanishing.
However, there are some complications due to the weakness of the assumptions on the singularities
of the variety X.

Definition of the gaussian map on the ambient variety X x T. The argument makes use
of a (dual) gaussian map defined on the ambient variety X x T itself. Namely, for a line bundle A
on X we define MXQ as the kernel of the relative evaluation map

T (QRVA) - QR VA
As in (0.4) and Subsection 1.1 there is the isomorphism
(2.1) Mo Zp.(Tx @ ¢ (QrA))
and the differentiation map M)A{Q — Qv (L ® A).

Now, taking as A = L®" and taking Ext’;" (-, Q ® v*L") we get the desired dual gaussian
map on X:

gx : Exty Q% @ L Ox) — Ext}t}T(ML@n’Q, QevLY).
First step. We consider the commutative diagram

(22) EthL/(Q%/ X ]\]'(Xm7 OY) g EXt%XT(fﬁtgn ) QYXT)

& QY xT

ExtiH QY @ LOH, Oy) = Exti (M, o, Q@ v*LY)

where, as in the previous section, g denotes the main character, namely the (dual) gaussian map
INE™ Oy The maps p and n are the natural ones, and the definition is left to the reader. However

such maps are most easily seen by considering the commutative diagram

/

(2.3) HI(X x T, Mo o ® Q" @ v*(wx ® L)) P> HO(X, 0 ® Lo @ wy)
[ |
HI(Y x T,]-"]’ngQ@ QY ®vtwy) Y HY(Y, 0 ® L®" @ wy)

where ¢ = dim 7. (Note that, since X is Cohen-Macaulay, adjunction formulas for dualizing sheaves
do hold. Incidentally we note also that, if X is Gorenstein, then (2.3) is the dual of diagram (2.2).

As it is easy to see, after tensoring with we ® N¢ the restricted normal sequence (0.5) remains
exact:

(2.4) O—>wc—>Q}(®L®wc—>Q%/®Nc®wc—>0

Therefore e defines naturally a linear functional on H°(Qj, ® No @ we) (compare also (2.9) below),
still denoted by e. We have

Claim 2.1. If L is sufficiently positive, then the map ¢’ is surjective, while cokery' is one-
dimensional since (cokeru')Y is spanned by e.
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Proof. The Claim for y' follows immediately from the exact sequence (2.4). This is because Serre
vanishing ensures the surjectivity of the restriction

H QY @ L®" @ wyx) — HY(Q% @ L @ we).
Concerning the surjectivity of the map ¢', we first note that by Serre vanishing,

. 0 fori>0
2.5 R'p.(Ix @ ¢ W' L®"® Q)) =
(2:5) Pa Ax 4 (v 2) {locally free fori=20

Now we project on T'. A standard computation using (2.5), base-change and Serre vanishing, Leray
spectral sequence and Kiinneth decomposition show that the map ¢’ is identified to

(2.6)

HY(T, me(p+ (T3, @ ¢"(V'L¥" ® Q) @ V' L ® Q7' @ wxxr)) — HYT, H'(X, 0% ® L¥") @ wr))

This the H? of a map of coherent sheaves on the ¢-dimensional variety T'. Hence the surjectivity
of (2.6) is implied by the generic surjectivity of the map of sheaves itself. By base change, at a
generic fibre X x t the map of sheaves is the gaussian map

v HOX,pe(Zax ® ¢ (L@ Q) © L® Q' @ wx) — HY(X, 0 © L @ wy)

The map ~; is defined by restriction to the diagonal in the usual way. Once again it follows from
relative Serre vanishing (on (X x T') x7 (X x T')) that, as soon as L is sufficiently positive, ~; is
surjective for all ¢. This proves the surjectivity of the ¢’y and concludes the proof of the Claim. O

Last step. If C is Gorenstein, Claim 2.1 achieves the proof of Corollary C. Indeed, diagram

(2.2) is dual to diagram (2.3) and it follows that the kernel of our map g = g]};@n o is at most
c bl

one-dimensional, spanned by e. In the general case, Corollary C follows in the same way once
proved the following

Claim 2.2. As soon as L is sufficiently positive, the maps g’y and p' are respectively Serre-dual of
the maps gx and p.

Proof. To prove this assertion for g’y we note that, concerning its source, by (2.5) the sheaf Mfm’g
is locally free. Therefore

EXt%tlT(Mi(@n,Qy QR V*LY) = Hq(Mi(@nQ ® QR viwx)
Next, we show the Serre duality
(2.7) H(X, Q% @ wy @ LYY = ExttH (0% @ L€, L71)

Indeed, since, by definition of dualizing complex ([H], Ch.V,§2, Prop. 2.1 at p. 258) in the derived
category of X, Ox = RHom(wx,wx), we have that

RHomy (24 ® L®"™ Ox) = RHomy (Q% ® L¥"™ RHom(wy,wx)) =
= RHomy (% ® Ox ® L¥" T Heluy,wy)
By Serre-Grothendieck duality, this is isomorphic to
(2.8) RHomy, (RI(X, (Q% ® L Hetwx[n + 1)), k)
The spectral sequence computing RI'(X, (Q} @ L¥" T @Lwy) degenerates to the isomorphisms

H'(X,0% ® L*" ' glwx) = @O HY(X, tor]* (0, wx) ® L&)
%
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(if L is sufficiently positive, by Serre vanishing there are only H"’s). Therefore (2.7) follows. This
proves the Claim for ¢’y .

Concerning y’, at this point it is enough to prove the Serre duality

(2.9) Ext}(Qx o © L", Oy) = Exte(Qy o ® L, Oc) = H)(Q6 @ N @ we)”

where the first isomorphism is (0.6). Arguing as above, it is enough to prove that the O¢c-modules
tore ()10, we) @ Ne

have vanishing higher cohomology for all . For ¢ > 0 this follows simply because they are supported

on points. For i = 0 note that, by the exact sequence (2.4), it is enough to show that

(2.10) HY QL ® No @ we) =0

To prove this, we tensor the Koszul resolution of O¢ as O x-module with QY @ wx @ L& getting

a complex (exact at the last step on the right)

00k Quwx®L - = (A @wxy @ L) - QL @wx @ L™ = Ok @ we @ No — 0

Since C is not contained in the singular locus of X, the homology sheaves are supported on points.
Therefore the required vanishing (2.10) follows from Serre vanishing via a diagram-chase. This
concludes the proof of Claim 2.2 and of Corollary C. g

3. GAUSSIAN MAPS AND FOURIER-MUKAI TRANSFORM

We begin the proof of Theorem D. This section serves to establish the notation and the
setup. The main goal is to show that, when the parameter variety 7' is an abelian variety, the
(dual) gaussian map INE™ Qpy w1 of the Introduction can be naturally intepreted as a piece of a

certain relative version of the classical Fourier-Mukai transform associated to the Poincare line
bundle, applied to a certain space of morphisms.

Assumptions/Notation 3.1. We will keep all the notation and hypotheses of the Introduction.
Explicitly:

- let X be a n + 1-dimensional normal Cohen-Macaulay subvariety of an abelian variety A. As
usual we choose an ample line bundle L on X such that we can find n divisors Y =Y7,...,Y, € X
such that their intersection in an irreducible curve C'. The line bundle L|c is denoted Nc.

- Let P be a Poincaré line bundle on A x A. We denote
Q= 7D|X><E and R = 7D|Y><A\

- v and 7 are the projections of Y x A.
- We assume that the line bundle v*L®™ @ Q is relatively base point-free, namely the evaluation
map T (VL @ Q) — v*L®" @ Q is surjective.

- p, g and A are the projections and the diagonal of (Y x A) x7 (Y x A)
- The gaussian map of the Introduction (see (0.7)) is

(3.1)
9= gnen g Bxte(Qy ® Ne, Oc) = Exty (Qy @ No, Oy) — Exty, 2(p.(q"(Ix ®R®V*NE")), R)
obtained as (the restriction to the relevant Kiinneth direct summand) of Ext? ~(-,R) of the

Y xA
differentiation (i.e. restriction to the diagonal) map (see also Subsection 1.1).

- The projections of Y x A will be denoted p; and ps.
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Warning 3.2. Since the variety X is assumed to be smooth in codimension 1, and our arguments
will concern a sufficiently positive line bundle L, we could have assumed from the beginning that
the curve C is smooth and the divisor Y is smooth along Y. This would simplify some points of the
argument. For example, under that assumption the restricted equisingular normal sheaf of the next
section becomes a honest locally free restricted normal bundle, making much easier some of the
steps (e.g. Prop. 4.2(b) below). However, in view of possible future generalizations, we preferred to
develop the arguments in greater generality as far as we could, making the smoothness asumption
only at the end of the proof. See also Remarks 4.1 and 5.5 below.

mFourier-Mukai transform. Now we consider the trivial abelian scheme ¥ x A — Y and
its dual Y x A — Y. The Poincaré line bundle P induces naturally a Poincaré line bundle P on
(Y x A) xy (Y x A) (namely the pullback of P to Y x A x A) and we consider the functors

RO:D(Y x A) > DY xA) and RU:D(Y x A) - D(Y x A)

defined respectively by Ry, 7 (7§, 4(+) ® P) and R?TYXA*(TI';XE( ) ® P). By Mukai’s theorem
([Mu2] Thm 1.1) they are equivalences of categories, more precisely

(3.2) RUoR® = (—1)"[—¢q] and RPoRY = (—1)"[—¢q]
It follows that, if 7 and G are sheaves on Y x A then we have the functorial isomorphism
(3.3) FM; : Bxtly 4(F,G) — Ext!,(R®(F),RS(G))

(note that the Ext-spaces on the right are usually hyperexts).

The gaussian map. Now we focus on the target of the gaussian map (3.1). Let Ay C Y x A
be the graph of the embedding Y — A. In other words, Ay is the diagonal of Y x Y, seen as
subscheme of Y x A. It follows from the definitions that

(3.4) R®5(0a,) = 73|ng =R
Moreover, we have that
(3.5) p(q" (I3 ® R © v NE") = ROD(Ta, ® pNE")
This is because

(Y><Y)xY(Yxﬁ)%YxYxA\%(Yxﬁ)xE(YxE)
and, via such isomorphisms, 75|(ny)xy(y><g) = q*(P‘YXg) =q¢*"(R).

Moreover, for any sheaf F supported on Y x C' (as Za, @ v*N&" ) we have that R'®(F) = 0
for ¢ > 1. Therefore the fourth quadrant spectral sequence

Ext? (RI®(F),R) = Ext’ *(R®(F),R)

reduces to a long exact sequence
(36) | | .
- — Ext ! (R®(F),R) — Ext![ (R'®(F), R) — Ext}, (R®(F),R) — Ext, (R'®(F),R)— -
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Putting together all that we are led to the following diagram, with right column exact in the middle
(3.7) Ext} () ® N&", Oy)

ExtR, ((Zay @ psNE™)jay» Oay) Ext?" L (R'®5(Za, ® p3NE"), R)

FM, "
Ext}, 4(Za, @ p3NG™, Oay) Ext? 2(R®5(Za, ® P3NE™),R)

:

Ext? (R°®5(Za, ® psNG™),R)

where u is the natural map (see also (4.13) below). In conclusion, the kernel of the gaussian map
can be described as follows

Lemma 3.3. The gaussian map g = InNgm R of (3.1) is the composition 3 o F M, owu. Therefore
ker(g) = Im(F M, ou) N Im(a)

Proof. The identification of the two maps follows from (3.5) and simply because they are defined
in the same way. O

4. COHOMOLOGICAL COMPUTATIONS ON Y X A AND A REDUCTION OF THEOREM D

In this section we describe the source of the Fourier-Mukai map F'M,, of diagram (3.7) above,
and related cohomology spaces of sheaves F on Y x A which are supported on Y x C'. We will use
the Grothendieck duality (or change of rings) spectral sequence

(4-1) EXt%’xC(]:a gxt{/xA(OYXC’ OAY)) = Eth;rgA(]:’ OAY)

With this in mind, we compute the sheaves Exti, . 4(Oyxc, Oa, ) in Proposition 4.2 below.

4.1. Preliminaries. The following standard identifications will be useful

(4.2) Pty a(Ony,0ny) =P A Tag @ Oa,y

(as graded algebras), where T4 o is the tangent space of A at 0. This holds because Ay is the
preimage of 0 via the difference map Y x A — A, (y,x) — y—a (which is flat), and Ext% (k(0), £(0))
is A*Thp ® k(0).

Moreover, letting Ac CY x C C Y x A the diagonal of C' x C' and
oc : C =, Ac =Y xC
the natural embedding, we have

(4.3) P Eath 4(Org, Ony) =@ A Tap & 6c, NG

i
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(as graded modules on the algebra above). This is seen as follows: since C' is the complete in-
tersection of n — 1 divisors of Y, all of them in [Ly|, Exty (Oap,Oay) = 0if j # n —1 and
&ctz;l(OAc, Onay) = 6c NG 1. Therefore (4.3) follows from (4.2) and the spectral sequence

Exth (Onc,Extl 4(Ony,0ny)) = ExtvtT,(Ong, Oay ).

4.2. The (equisingular) restricted normal sheaf. We consider the Oc-module N’ defined by
the sequence

(44) 0— (Ty)|c — (TA)\C — N/ — 0

When Y = C the sheaf N’ is usually called the equisingular normal sheaf ([S] Prop. 1.1.9).
Therefore we will refer to N’ as the restricted equisingular normal sheaf.

Remark 4.1. Note that, since X is non-singular in codimension one then the curve C' can be taken
to be smooth and the divisor Y smooth along C so that N” is locally free and it is the restriction to
C of the normal sheaf of Y. Eventually we will make this assumption in the last section. However
the computations of the present section work in the more general setting.

The sheaves Ext{/X 1(Oyxc,0n, ) appearing in (4.1) are described as follows

Proposition 4.2. (a)
P xtyxa(Oyxc: Oay) = P don (AN @ NG )

(as graded modules on the algebra (4.2)). In particular the left hand side it is zero for i <n — 1.
(b)

Ext%;lA(Och, OAY) = we .

Proof. (a) We apply Homy xa(-,Oa, ) to the basic exact sequence
(4.5) 0= Za,/vxc = Oyxc — Oac — 0

where Za,/y xc denotes the ideal of A¢ in Y x C. Since Ac is the intersection (in Y x A) of Ay
and Y x C, the resulting long exact sequence is chopped in short exact sequences (where we plug
the isomorphism (4.3))
(4.6) 0= &ty 4 (Tac vxosOny) = ATy 0@ NE"1 — Eatyy, 4(Oyxe, Ony) — 0 .
This proves that

; 0 ifi<n-—1
4.7 Euty @) ,O =
( ) YXA( Y xC AY) {5C*N§n—1 ifi=n—1

For i = n it follows from (4.7) and the spectral sequence (4.1) applied to Za,/y x¢ that

Exty M (Tac vxo: Oay) = Homy wco(Tag yxos Exty 4 (Oyxe, Ay) = 0. (Ty @ NG )

and that (4.6) is identified to (4.4), tensored with Nrgl, ie.

(4,8) 0— Ty ® Ngnfl N TA,O ® Ngnfl S N'® Ngnfl =0

This proves the statement for ¢ = n. For i > n, Proposition 4.2 follows by induction. Indeed

>~

Exty 4(Oyxc,Oa, ) is naturally a graded-module over the exterior algebra £ty 4,(Oa, O, ) =
(A*Ta0) ® Op, (see (4.2)). Assume that the statement of the present Proposition holds for the
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positive integer i — 1. Because of the action of the exterior algebra the sequences (4.6) and (4.8)
yield that the kernel of the surjection

Ai_n+lTA70 & Ngn_l — ExtgzxA«')yxc, OA) — 0
is surjected (up to twisting with Ngm_l) by Ai_”TA,g ® (Ty)|c- Therefore 8act§/xA((’)ch, Op) is
equal to (A" FIN") @ NS"1. This proves (a).
(b) If Y is smooth along C' then N is locally free (coinciding with the restricted normal bundle)

(see Remark 4.1). In this case (b) follows at once from (a). In the general case the proof is as
follows. We claim that for each ¢ the left hand side of (a) can be alternatively described as follows

5l‘t§/><A(Oy><0, Oay) = TOT};—Xléi (p3we Oay)

This is proved by means of the isomorphism of functors
RHomy « 4(Oyxc, Oa,) 2 RHomy « 4(Oy x ¢, Oy x4)®Y, 4Oay

and the corresponding spectral sequences. In fact, since C' is Cohen-Macaulay, we have that
Exty 4 (Oyxc,Oyxa) =0 for i # ¢ — 1 and equal to piwc for i = n — 1. The spectral sequence
computing the right hand side degenerates, proving the claim.

In particular, for = ¢ — 1 we have Ext%;lA(Och, Oa, ) = (phwe) ® Oay = dcwwe O

4.3. Reduction of the statement of Theorem D. As a first application of Prop. 4.2, we
reduce the statement of Theorem D — in the equivalent formulation provided by Lemma 3.3 — to a
simpler statement. This will involve the issue of ”comparing two spaces of first-order deformations”
mentioned in the Introduction (after the statement of Theorem D). All this will the content of
Proposition 4.4 below.

We consider the first spectral sequence (4.1) applied to F = pgNgn, rather than to Za ®
p§N§”. Plugging the identification provided by Lemma 4.2 we get

HI(C, A" MN @ NG = Ext) , (p3NE™, Oay)
Since the H"s on the left are zero for i # 0,1, the spectral sequence is reduced to short exact
sequences
(4.9  0— HY(C,AT"N' @ Nb) = Exth a(psNG™, Oy ) = HY(C, AN @ Ngb) — 0
At the beginning, for ¢ = n, we have in fact the exact sequence
0— HY(C,Ng") 2 Ext} s (05NG™, Ony) 23 HY(C,N' @ Ng') — 0
Combining with the exact sequence coming from the spectral sequence (3.6), applied to F =

PENG™ ! we get

(4.10) HY(C,N;Y) Ext!" L (R'®(p3NE"), R)

Un ian

FM, ; N
Exti, 4 (BNE", O, ) — ot Exti, (R®(p3LE"), R)

Wn, ibn

HO(C,N" @ N;1) Ext!, (R°®(psNE"),R)
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Remark 4.3. Note that, as shown by the exact sequence (4.4) defining the restricted equisingular
normal sheaf, we get that

HO(C,N' @ NY) = ker(H(C, Ty @ N%) S HY(C, Ty @ N%))

This map G is the (restriction to H*(C,7y ® NY)) of the map G of the Introduction (see also
Remark 5.3 below).

Proposition 4.4. If the map a,, is non-zero then the map w, o FM,; ' o a, is non-zero and its
image is contained in the kernel of the gaussian map (3.1).

Proof. We apply Exty-, 4(-,Oa, ) to the usual exact sequence

(4.11) 0= Inpjyxe @P3NG" — psNG™ — dc . NG" — 0

Using the spectral sequence (4.1) and the isomorphisms provided by Prop. 4.2 we get the commu-
tative exact diagram

(412) HY(C,Nz') @ A°Tyy

ill

HYC,N;') @ ATy

HY(C,NGY) @ ATy "= Bxt} 4 (p5NE", Oa,) ——— HO(C,N' ® NGY)
f
Exty, 4 (Zac/yxe @ P3NE™, Oy ) <—HY (Ty @ Ng')

HY(C,N) ®Tao

HY(C,N;") ® Tap le;

where:
- we have used Lemma 4.3 to compute

Extl o 4 (0c.NG™, 0y ) = HY(C,N5") @ ATy
and the map
(4.13) w: H'(Ty © Ng') — Exty o 4 (Zag v xe @ PsNE™, Ony)
is the composition of the natural inclusion
HY(Ty ® Ng') < Exty(Qy @ Ne, Oc) = Exty o (Zag vy xo S0+ Ng ') &
~ Exty o (Zag/vxc @ PsNE™, Exty  (Oyxo, Oay))

(see Prop. 4.2) and the natural injective map, arising in the beginning of the spectral sequence
(4.1),

EXt%/XC(IAC/YXC ® psNE", Exty 1 (Oyxe, Oay)) = Exty 4 (Zag /yxc @ PsNE", Oay) -

Next, we look at the Fourier-Mukai image of the central column of (4.12). In order to do so,
we first apply the Fourier-Mukai transform R® to sequence (4.11). We claim that we get the exact
sequence

0 — R'®(Za. yxc @ PSNG") — ROQ(psNE™) — v (NE™) @ R — 0
and the isomorphism

(4.14) R'®(Ta.jvxc ®@p3NE™) = R'O(p5NE™)
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Indeed we have that R'®(0c,(NS")) = v*(NE") ® R for i = 0 and zero otherwise. The map
RO®(psNE™) — v*(NG™ ® R) is nothing else but the relative evaluation map

TV (NG ) @ R) — NE" @R
whose surjectivity follows from the assumptions (see Notation/Assumptions 3.1). This proves what

claimed.

Now we apply to that RHom,, E(' , R) and the spectral sequence on the Y x ;{—Side, namely
(3.6). We get the exact diagram
(4.15)

H'Y(N;Y) @ H(O7) = H'(Ng') @ H(O3)

an

Ext™! (R1®(pyNE™), R)

Ext"(R®(p;NE"), R)

Ext™(R'®(p3NE"), R)
J{% FM,(f)
Ext™t ! (RI®(psNE™), R) — Ext"(RO(Iny jy o @ PINE"), R) — > Ext™(ROB(Tay v @ PENG™), R)

H'(Ng") @ H'(03) - H'(Ng") @ H™(O3)

where, for brevity, at the place on the left of the second row we have plugged the isomorphism (4.14)
into Eth(Rq)Q(ZAg/YxC @p3NE),R). It follows, in particular, that the map FM,(f) induces the
isomorphism of the images of a,, and «;

(4.16) FM,(f) : im(apn) — im(a)

A diagram-chase in (4.12) in (4.15) proves the first part of the Proposition, namely that if the map
ay, is non-zero then the map wy, o F'M, Lo a,, is non-zero. The second part follows from Proposition
3.3. O

5. PROOF OF THEOREM D

The strategy of proof of Theorem D now proceeds seeing the exact sequences of diagram
(4.10) (the one on the left column is induced by the spectral sequence (4.1) on Y x A and the one

on the right column is induced by the spectral sequence (3.6) on Y x E) as the first homogeneous
pieces of two exact sequences of graded modules over the exterior algebra. Namely, for each ¢ > n

we have

(5.1) D EXt}J(L%na AN @ Ng’”_l) D; EXti,t(lg(qu)(P;Ngn)a R)
@i EXtZYxA(pENg ) OAY) o ®Z EXtYXX(R(I)(pQNg )’ R)
w; lbi

@, Home(NE™, Ai=nt1N7 @ NE™1) @, Ext, (R'®(p3NE"), R)
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The exterior algebra acts on the left-hand side as A*Ty g = Exty, 4(Oa,,On, ) (see (4.2) and
(4.3)) and on the right hand side as A*H'(O5) — Ext], (R, R).

5.1. Computations in degree q — 1. In this subsection we will perform some explicit calculations
in degree ¢ — 1. Although not strictly necessary for the proof of Theorem D, they render the
argument more explicit. In degree ¢ — 1 we have the special feature that the Hom space at the
bottom of the left column is naturally isomorphic to Hom(NE", we) (Prof. 4.2(b)). The following
Proposition shows that what we want to prove in degree n, namely that the map w, o FM ! o a,
is non-zero, is true, in strong form, in degree g — 1.

Proposition 5.1. The map wg—1 has a canonical (up to scalar) section o and the injective map
7 = (FMg-1)|1m(s) factorizes trough a,—1.  Summarizing, in degree i = q — 1 diagram (5.1)
specializes to

(5.2) Exty (L2, A1 @ NG~ 1) Ext] L(R'®(piNE"),R)

c ;

_ FM,_ _ N
Ext? ;L (p3NE", Oay) <> Ext? L (RO(p;NE™), R)
¢ -

Home (NE™, we) Ext! (RO®(psNE™), R)

Proof. The section o is given (up to scalar) by the product map
(5.3) Exty 4 (p3NE", Oy xa) @ Homy x4(Oyxa, Oay) 2 Extl ! (BNE"™, Oy )
In fact, note that,
Ext{ 4y (BsNE", Oy xa) = piH(Oy) @ p3Exty | (NE", 0a) = piH’(Oy) ® psHome(NE", we)
The fact that s is a section of wy_1 is clear, as the latter is the natural map Extgfxl (D3N, g?", Oa,) —

HO(Eaty y(BNE"), Oy ) = HO(Ext 4 (D3NE", Oy x4)©0a, ) = p3Exty (NG, 04)0H (Oay).

Next, we prove the second part of the statement. On the Y x A\—Side, we consider the following
product map

(5.4)  Homy ;(R'®(PINE"), Oy, 5) @ Ext!, (Oy 4 R) — Ext! (RIO(pINE™), R)

i% i

—1 * 1
Ext | J(ROPING"), Oy yg) ® Ext! (Oy,5R) ——= Ext] (R®(p;NE"), R)

where the vertical isomorphism comes from the usual spectral sequence (3.6). By (3.2) the inverse
of the Fourier-Mukai transform is (—1)% o R¥[gq]. We have that

(=14 0 RU(Oy ) = (—1)% 0 RO¥(Oy5) = Oy

and, by (3.4),
(—1)3 o RU(R) = (1)} 0 RI(R) = O,
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Therefore, thanks to Mukai’s inversion theorem (3.2), the Fourier-Mukai transform identifies — on
the Y x A-side — the source of the bottom row in diagram (5.4) to

Extyl (05N [—q], Oy xa) © ExtI(Oy 4, Oa,[—q]) =

Exty ', (p5NE™, Oy« 4) © Homy x a(Oy x4, Oa,)

This concludes the proof of the Proposition. O

5.2. Proof of Theorem D.

Notation 5.2. We introduce the following typographical abbreviations on diagram (5.1): the iso-
morphic (via the Fourier-Mukai transform) spaces of the central row of diagram (5.1) are identified
to vector spaces E;, and we denote V;, E;, W; the spaces appearing in the left column of diagram
(5.1) (from top to down), and A;, F;, B; the spaces appearing in the right column (from top to
down). We denote also A*T" the acting exterior algebra. The structure of A®*T-graded modules in-
duces natural maps (we focus on degrees n and g — 1 as they are the relevant ones in our argument)

An

lan

Vi B, — W,

o

By,

Lo

AqflfnT\/ ® Aq—l

laql

ATV @ e L e g B L pe Y g,
lgq_l
ATV ® By
where we have denoted 7,1 = id ® v4—1 and so on. We denote also
ba, t Ap — ATV @ A,

and so on.

At this point we make the following assumption
(*) the extension class e of the restricted cotangent sequence
(5.6) 0— N — (2x)jc — ()je — 0

belongs to the subspace HY(Ty @ NY) of Exti(Q) ® No,Oc). Note that if C is smooth and Y
is smooth along C this is obvious, since the two spaces coincide.
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Remark 5.3. Note that, if (*) holds then e belongs to the subspace H(N'® NY) of H(Ty @ NY).
In essence, this follows from the deformatic-theoretic interpretation: as mentioned in Remark 4.3
from the exact sequence defining the restricted equisingular normal sheaf (4.4) we get that

HO(C,N" ® NY) = ker( HY(C, Ty ® N&) & HY(C,Ta ® N¥) )
The fact that e belongs to H(N” @ NY) follows from deformation-theoretic interpretation of this
map G (it is the (restriction to H(C, Ty ® NY) of the map G of the Introduction). More formally,
one sees that e belongs to ker G because the target of G is Homy (01 0 HY(C,NY)) and G takes an
extension class f to the map 9}47 — H 1( ~1) obtained by composing the coboundary map of f
with the map Q.lA,o — HO((Q%,)K;). If the extensmn class is (5.6) then this map factorizes through
H°((Q%)|c), hence e € ker G.

From diagram (5.5) we have the map
ow,  H'(C,N' @ N¢\) = ker(G) — Hom(AT 1T, H(we @ N5 ™))
Lemma 5.4. ¢w, (e) #0 .

Proof. Recall that T = T4 0. We make the identification AY~17"T o A”“Q}&O. Accordingly
ow, (e) is identified to a map

dw, () : APT1QY g — HO(we ® NY)
We consider the map
(5.7) A o — H((A"0x) 0)

obtained as A"*! of the co-differential 9114,0 ® Oc — (Q%()IC' Since the co-differential is surjective
the map (5.7) is non-zero. If C' is smooth and X and Y are smooth along C' then the target of (5.7)
is H'((wx)|c) = H°(Q¢ ® Ng"). Via the above identifications, the map ¢, () coincides, up to
scalar, with (5.7). The Lemma follows in this case, Even if X is not smooth along C the ¢, (e) is the
composition of the map (5.7) and the H of the canonical map A”+1((Q}()|C) — (wx)|c = w(;@Ngl
Such composition is clearly non-zero and the Lemma follows as above. O

At this point, the line of the argument is clear. Since ¢y, (€) is non-zero, by Lemma 5.4 and
by Proposition 5.1 it belongs to the image of a,—;. Thus it must come from a non-zero element of
the image of a,. By Lemma 3.3 and Proposition 4.4 we can apply Corollary C. This will prove
that R"m,.Q = 0.

However, some verification still has to be made. The point is that, since the maps in diagram
(5.5) at degree n does not seem to have any natural splitting compatible with the multiplicative
structure, it is not a priori clear that the fact that ¢y, (e) is non-zero, and belongs to Im(a,—1)
implies that there is a d € Im(a,) such that ¢(d) = ¢w,(e). (In fact, by Proposition 4.4, it is
enough to show that the map a, is non-zero). An argument ensuring that this is in fact the case
is as follows.

Again, we consider the vector space @, E; namely
P Exty o a(PsNE™, Oa,) @Ext S(RO(PINE™),R)
i
Besides being a graded module over the exterior algebra A*T| it is in fact a graded module over the
bigraded algebra H®(O¢)® A*T. This follows, for example, from the natural action of p5H®*(O4)
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on P, Exty 4 (p5NE", O, ), and this action factorizes trough p3 H*(O¢)'?. The action of H*(O¢)
on the left column of diagram (5.1) is by cup-product with H'(O¢), which is zero for elements of
Vi, and belongs to V;;; for elements of W; (see Notation 5.2). On the right column of (5.1), the
action is given by the cup-product RO®(NE")@ H'(O¢) — R'®(NE") and taking Ext’s. Therefore
the product of elements of A; with H 1((’)(;) is in B;11, while the product of elements of B; with
H'(O¢) is zero.
Now we claim that this cup-product induces an injective map
(5.8) W1 — HYOc)Y @V,
namely
H(we @ N;™) — H' (O¢)" ® H (we ® N5™)
Indeed such map is the dual of
HO(NE™) & HY(Oc) — HL(NE")
which is surjective, since it is the H! of the evaluation map H°(NZ") ® Oc — N§™ and N¢ is a
line bundle on a curve. This proves (5.8).

Now we are ready for the conclusion of the argument. We consider the commutative diagram

PEn
En E Aq—l—nT\/ ® Eq—l

HY(O¢)Y @ Epy1 —= ATV @ HY(Oc)Y @ E,

From Lemma 5.4 (and Proposition 5.1) ¢w, (€) is a non zero element of e,—1 € AT 1"TV® A, C
ATV @ B, 4. By the injectivity of (5.8) n(e,—1) is non-zero. It follows that there is a &, € E,,
such that 1(é,) = n(e4—1) is non-zero. Knowing how multiplication with H'(O¢) works, this
implies that there is a non-zero d € Im(a,) such that ¢(d) = v¥(e,). As explained above, this
proves that the gaussian map g is non-injective, hence that R"m,Q = 0, as soon as assumption (*)
can be made. This is certainly the case if the ambient variety X is normal, since in this case, for
sufficiently positive L, we can take C in the smooth locus of X, C smooth and Y smooth along C.

To prove the vanishing of Rim,Q for i < n one takes a sufficiently positive ample line bundle
M on X and a i+ 1-dimensional complete intersection of divisors in [M|, say X'. It follows easily
from relative Serre vanishing that R'm,.(Q) = Rlﬂ'*(Q| Ny 2). Therefore the desired vanishing

follows by induction. This concludes the proof of Theorem D.

Remark 5.5. The hypothesis that X is smooth in codimension one is used to ensure that assump-
tion (*) can be made.
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