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ABSTRACT. We investigate the CR geometry of the orbits M of a real
form G of a complex semisimple Lie group G in a complex flag manifold
X = G/Q. We are mainly concerned with finite type and holomorphic
nondegeneracy conditions, canonical Go-equivariant and Mostow fibra-
tions, and topological properties of the orbits.

INTRODUCTION

In this paper we study a large class of homogeneous C'R manifolds, that
come up as orbits of real forms in complex flag manifolds. These objects,
that we call here parabolic C R manifolds, were first considered by J. A. Wolf
(see [28] and also [I2] for a comprehensive introduction to this topic). He
studied the action of a real form G of a complex semisimple Lie group G
on a flag manifold X of G. He showed that Gy has finitely many orbits
in X, so that the union of the open orbits is dense in X, and that there
is just one that is closed. He systematically investigated their properties,
especially for the open orbits and for the holomorphic arc components of
general orbits, outlining a framework that includes, as special cases, the
bounded symmetric domains.

We aim here to give a contribution to the study of the general Gg-orbits
in X, by considering and utilizing their natural C'R structure.

In [2] we begun this program by investigating the closed orbits. These can
be combinatorially described in terms of their cross-marked Satake diagrams.
This approach was possible because their isotropy subgroup always contains
a maximally noncompact Cartan subgroup of Gg. This is no longer the
case for general orbits, and therefore we need here to deal with general
Cartan subgroups. This different situation lead us to introduce the notions
of adapted Cartan pairs and fit Weyl chambers, that we utilized to extend
to general Go-orbits, and even simplify, the criteria of [2], that characterize
finite type (see [7]) and holomorphic nondegeneracy (see [5]).

A deeper analysis of the equivariant Gg-maps between Gg-orbits of vari-
ous complex flag manifolds of G yields an accurate description of the smooth
structure of the orbits. We show here (Theorem [L2) that each orbit M is
Gy-equivariantly equivalent to a tower of fibrations over a canonically as-
sociated real flag manifold M,, with fibers that are products of Euclidean
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complex spaces and open orbits in complex flag manifolds. This result can
be utilized to investigate some topological properties of M. It turns out,
for instance, that the fundamental group 71 (M) of M only depends on M.,
and on the conjugacy class of the maximally noncompact Cartan subgroups
of the isotropy of the action of Go on M (see Theorem [Il). This explains
why the fundamental group of a closed orbit M is always isomorphic to that
of M, (see e.g. [2, §8]).

Let M be any Gg-orbit in X. Fix a maximal compact subgroup Kg of
Gy, containing a maximal compact subgroup of the isotropy subgroup I
of M, and let K C G be its complexification. The Matsuki-dual (see e.g.
7, [9]) complex K-orbit M* intersects M into a Kg-orbit N, that is the
basis of a Mostow fibration of M (see [22, 23]). We have N = M when
M is closed, but otherwise N is a Kp-homogeneous C'R manifold with the
same C R-codimension of M, but with a smaller C'R-dimension. From the
structure Theorem we obtain that N is Kg-equivariantly a tower of fiber
bundles, with basis M., and fibers that are complex flag manifolds. Since N
is a deformation retract of M, the Kg-equivariant fibration N — M, yields
information on the topology of M in terms of that of real and complex flag
manifolds. The latter has been investigated by several Authors, see e.g.
[, [0, T3, 24, 25].

We stress the fact that our methods and results are effective and permit to
explicitly describe the objects involved and actually compute some of their
invariants.

Let us turn now to a more detailed description of the contents of this
paper. In the first section we collect some general definitions and results on
CR manifolds M, homogeneous for the transitive action of a real Lie group
Gy of C R automorphisms, and on their corresponding C'R-algebras. These
objects were defined in [21]: they are pairs (go, q), where go is the real Lie
algebra of G, and q a complex Lie subalgebra of its complexification g = gg.
Having fixed a point 2o € M, the elements of q correspond to the left invari-
ant elements of the lift to G, by the principal fibering Go 2 g — g-zg € M,
of the complex tangent vector fields of type (0,1) on M.

The notions of finite type and holomorphic degeneracy of C'R geometry
translate, in the case of homogeneous C'R manifolds, into fundamentality
and weak degeneracy of their C'R algebras (see Definition and Proposi-
tion [CH). When M is not of finite type, or is holomorphically degenerate,
then it was shown in [21] that there are nontrivial canonical Gg-equivariant
C R-fibrations M — M’ called the fundamental and the weakly nondegen-
erate reductions, respectively.

We need to make a remark to fill a gap between the results of [21] and
the statement of Proposition of this article. G. Fels (see [I1]) pointed
out to us that the notion of holomorphic degeneracy of [5], in the case of
homogeneous C'R manifolds, coincides with our notion of weak degeneracy.
This equivalence is used in point (3) of Proposition [LG.

In this paper, since we consider orbits of real forms in complex flag man-
ifolds, we shall mostly restrict to C'R algebras (go,q) that consist of a real
form gg of a complex semisimple Lie algebra g and of a complex parabolic
Lie subalgebra q of g. These were called parabolic CR algebras in [2, 21].
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In §2 we collect some facts about complex flag manifolds, for which we
refer to [16, 28]. We describe the Chevalley decomposition of a complex
parabolic subgroup Q of a semisimple complex linear group G (Proposition
23), to prepare for the description of the isotropy subgroup Iy of a Gg-orbit
M in §8l There we obtain a suitable Chevalley decomposition of Iy (Propo-
sition B4 from that of its Lie algebra iy (Proposition BZ). Note that, in
general, I is not a parabolic subgroup of Gy, while this is true in the stan-
dard case, corresponding to the semisimple Levi-Tanaka algebras (see e.g.
[18, M9]). This Chevalley decomposition is fundamental to understanding
the structure of the orbits. Our proof strongly relies on the semialgebraic
nature of the objects under consideration, and on the properties of complex
parabolic subgroups. In §8 we also consider the Cartan decomposition of
the reductive factor of the Chevalley decomposition of Iy, from which we
derive information about the group of connected components of Iy, in terms
of its maximally noncompact Cartan subgroups (Theorem B.6).

The Gg-orbits of the complex flag manifold X of G are completely de-
scribed by their associated C'R algebras (go,q). Recall that a complex par-
abolic subalgebra q of g contains a Borel subalgebra b of g, and hence a
Cartan subalgebra h of g. Then ¢ is conveniently characterized in terms of
the root system R defined by h. In fact, b corresponds to a Weyl chamber
C of R, and the parabolic q’s containing b are in one-to-one correspondence
with the subsets ® of the basis B of C-positive simple roots (see Formula
(28)). Next, we observe that, for every real form gy of g, a complex para-
bolic subalgebra q of g always contains a Cartan subalgebra hg of gg. It is
convenient to employ the root system R of g defined by the complexification
h of by, and Weyl chambers C of R yielding a b C gq. They are called fit for
(90,9) (Definition EZ1I). Then the conjugation rules for the set B of simple
C-positive roots, and the datum of the ® C B corresponding to ¢, encode
all relevant information for the orbit M associated to (go,q).

In [2] it was natural to restrict to maximally noncompact Cartan sub-
algebras hg of gg and to fit Weyl chambers C' yielding Satake diagrams of
go (see []). Here the consideration of gemeral orbits leads us first to con-
sider all Cartan subalgebras hy of gg, and then, after having fixed hg, to
select, among the fit Weyl chambers C, those for which B enjoys the best
conjugation properties (see Lemma E3). These are called S-fit or V-fit, as
they yield conjugation rules for B that are as close as possible to those of a
Satake or a Vogan diagram, respectively (see Definition ECZ]).

An important feature of parabolic C R manifolds is the fact that to every
go-equivariant morphism of parabolic C'R algebras (see [21]) always corre-
sponds a smooth Gg-equivariant fibration of the associated Gg-orbits. We
prove indeed that the inclusions between the isotropy subgroups of the G-
orbits are equivalent to those between their corresponding Lie subalgebras
(Theorem BT]). Besides providing the desired fibrations, this result also al-
lows to consider changes of C R structures. This amounts to considering the
given orbit M simply as a homogeneous Gg-manifold, and looking for its
possible realizations as a real submanifold of a complex flag manifold of G.
In particular, we can inquire about maximal and minimal Gg-homogeneous
parabolic C'R structures on M. In fact, one of these, the weakening of
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the CR structure (see Definition Bl will be one of the main ingredients
in the proof of the structure Theorem [[2 These Gg-equivariant fibrations
are not, in general, C R maps. When they are C'R, they are restrictions of
G-equivariant fibrations of flag manifolds, and their fibers F' have special
features. Indeed, F' consists of finitely many connected components, each
being a copy of a Cartesian product F’ x F”, in which F” is the orbit of a real
form in a suitable complex flag manifold Y, and F” a complex nilmanifold
(Theorem BTT).

The S-fit Weyl chambers are especially suited to discuss finite type (see
Theorem [B.2)), while the V-fit Weyl chambers are the proper setting for weak
degeneracy (see Proposition and Theorem [E4]). Thus the results of §fl
give a combinatoric way of constructing, in the special case of the orbits of
a real form in a complex flag manifold, the basis of the fundamental and
weakly nondegenerate reductions of a C'R algebra, that where discussed in
general in [21], §5], and for the minimal orbits in [2 §9,10,11]. The basis of
these reductions can indeed be obtained by first representing the parabolic
q that characterizes M by a subset ® of C-positive simple roots for an S-
or V-fit Weyl chamber C', and then obtaining a new set ¥ C ® by dropping
roots of ® according to some fairly easy rules, that are stated in Theorems
B2 B4 respectively. These ¥ give then the parabolic g for which the
(g0,q’) are the basis of the desired reductions.

The construction of the fibration in the structure Theorem [ is obtained
by alternating weakenings of the C'R structures, that produce weak degen-
eracy, and the corresponding canonical weakly nondegenerate reductions,
that have complex fibers (see Theorem [6]). This process ends by yielding a
fibering over a real flag manifold M,. An important feature is that, although
the fibering M — M, may not be CR, at each step the weakly nondegen-
erate reductions are C'R fibration, and therefore we obtain a better control
of the fibers (by Theorem BEI0). Our approach is a substitute for the use of
holomorphic arc components in [28, Theorem 8.15].

If M' — M is a Gg-equivariant C'R fibering, with typical fiber F, the
number of connected components of F' is proved to be equal to the quotient of
the orders of the analytic Weyl groups of the reductive and of the semisimple
part of the isotropy Iy of the basis, computed with respect to a maximally
noncompact Cartan subgroup Hy of the reductive part of the isotropy Ij, of
the total space M’ (Theorem EZI).

The results of J and §¥ are used, within §8 and the following I, to
study various topological properties of the Gg-orbits M and of the basis N
of their Mostow fibrations. In particular, we compute the first homotopy
and homology groups of M and N (Theorem (1] Corollary @4l and Theorem
B7). In 910 we show that the basis IV of the Mostow fibration M — N is
a C'R manifold with the same C'R codimension of M (Proposition [[2),
and then construct a Kg-equivariant map N — M, from N to the real flag
manifold M, (the real core of M of §l), as a tower of fibrations, with fibers
that are diffeomorphic to complex flag manifolds (Theorem [MIL3). This
allows, in Corollary 4, to relate the Euler-Poincaré characteristics of X,
M, and N (see [3] for related results concerning the minimal orbits).
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In the final section Il we compare our construction of the real core M,
of M with the space M, of its algebraic arc components, introduced in [2§].
In many cases, e.g. when M is a closed orbit, we have M, = M., but it
may happen for some M that M, and M, are not diffeomorphic. We point
out that the Gg-equivariant fibration M — M, has always simply connected
fibers, while the fibers of M — M, may not be simply connected.

1. HOMOGENEOUS C'R MANIFOLDS AND C R ALGEBRAS

Let M be a smooth manifold. A CR structure on M is the datum of a
smooth complex subbundle T%! M of its complexified tangent bundle TCM,
with TO1M NTOIM = 0, that is formally integrable, i.e. satisfies:

(1.1) [D(M, T M), T(M, T M)] € T(M, T M).

The complex rank n of 7% M is called the C' R-dimension, and k = dimg M —
2n the C'R-codimension of M. If n = 0, we say that M is totally real;
if Kk = 0, M is a complex manifold in view of the Newlander-Nirenberg
theorem.

Let M be a real submanifold of a complex manifold X. For z € M set
T;,?’IM = Tmo’lX N T;CCM . When the dimension of T;,?’IM is independent
of x € M, then TO'M = Usenr T'M is a formally integrable complex
subbundle of TCM, defining on M the structure of a CR submanifold of X.
If the complex dimension of X is the sum of the C'R dimension and the CR
codimension of M, we say that the inclusion M — X is generic.

If M and M’ are CR manifolds, a smooth map f : M’ — M is CR if
dfS(TO'M’) ¢ T%'M. In an obvious way, we define the notions of CR
immersion, submersion and diffeomorphism. In particular a smooth bundle
7w : M — M for which 7 is a CR submersion (i.e. 7 is a CR map and

drC(T% M) = T M) is called a CR bundle or a CR fibration.

Definition 1.1. Let Gy be a Lie group. A Gg-homogeneous C'R manifold
is a Gg-homogeneous smooth manifold endowed with a Gg-invariant CR
structure.

Fix a point zg of a Gy-homogeneous C'R manifold M, let Iy C Gg be
the isotropy subgroup of zg and m : Gy — M the corresponding principal
Ip-bundle. Denote by 3(Gyg) the space of smooth sections of the pullback
by 7 of T%'M to Gy, i.e. the set of complex valued vector fields Z in Gg
such that dr®(Z,) € Tfé)M for all g € Gg. By (1)), also 3(Gy) is formally
integrable, i.e. [3(Go),3(Go)] C 3(Gp). Moreover, 3(Gy) is invariant by
left translations in Gy. Hence its left invariant vector fields generate 3(Gy)
as a left C*°(Gy, C)-module.

Thus, denoting by g the complexification of the Lie algebra gg of G, by
the formal integrability condition (ZII), the subspace

(1.2) q = (dn") N(T'M) C g =T, Gy

is a complex subalgebra of g. We can summarize these observations by:
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Lemma 1.2. Let ig be the Lie algebra of the isotropy 1y. Then (LC2) estab-
lishes a one-to-one correspondence between the Gg-homogeneous CR struc-
tures on M = Gg/Iy and the complex Lie subalgebras q of g such that
qNgo=io. U

This was our motivation to introduce and discuss CR algebras in [21].
We rehearse some definitions.

Definition 1.3. A CR algebra is a pair (go,q), consisting of a real Lie
algebra go and of a complex Lie subalgebra g of its complexification g, such
that the quotient go/(q N go) is a finite dimensional real vector space.

If M is a Go-homogeneous C' R manifold and q is defined by (C2), we say
that the C'R algebra (go, q) is associated to M.

Remark 1.4. The C' R-dimension and C'R-codimension of M can be com-
puted in terms of its associated C'R algebra (go, q). We have indeed

(1.3) CR-dim M = dimcq — dimc(q N q),
(1.4) CR-codim M = dimcg — dime(q + q).

The C'R algebra (go, q), is said to be totally real when CR-dim(M) = 0,
totally complez when CR-codim(M) = 0.

Definition 1.5. A C'R algebra (go, q) is called:

e fundamental if there is no complex Lie subalgebra q’ of g with:

— / .
(1.5) q+3Cad &g
e strictly, or Levi-nondegenerate if
(1.6) {Z €qlad(2)(@) Ca+at=ana.
o weakly degenerate if there is a complex Lie subalgebra ¢’ of g with:
(1.7) 9 d Ca+a
We have:

Proposition 1.6. Let M be a Ggo-homogeneous CR manifold with associ-
ated CR algebra (go,q). Then:

(1) (go,q) is fundamental if and only if M is of finite type in the sense
of [;

(2) (go,q) is strictly nondegenerate if and only if the vector valued Levi
form (see e.g. [20]) on M is nondegenerate. Strict nondegeneracy
implies weak nondegeneracy.

(3) (g0,q) is weakly nondegenerate if and only if the group of germs
of CR diffeomorphisms at xg € M that stabilize xo is a finite di-
mensional Lie group, i.e. M is holomorphically nondegenerate (see

e.g. [A], [I1]).
(4) (g0, q) is weakly degenerate if and only if there exists a Go-equivariant
CR fibration M — M’, with nontrivial complex fibers. (]

Proof. All the statements, except (3), were proved in [21, Proposition 13.3]
and [2, Proposition 4.1]. Item (3) follows from the observation in [IT] that,
for homogeneous C'R manifolds, weak nondegeneracy is equivalent to the
finite nondegeneracy of [I1], which is in turn equivalent to the holomorphic
nondegeneracy of [5]. O
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2. COMPLEX FLAG MANIFOLDS

In this section we collect some notions on complex flag manifolds.

A complex flag manifold is the quotient X = G/Q of a connected complex
semisimple Lie group G by a parabolic subgroup Q. We recall that Q is
parabolic in G if and only if its Lie algebra q is a parabolic Lie subalgebra
of the Lie algebra g of G. This means that q contains a Borel subalgebra, i.e.
a maximal solvable Lie subalgebra of g. We also note that G is necessarily a
linear group, and that Q is connected, contains the center of G and equals
the normalizer of q in G:

(2.1) Q = {9 G| Ad(g)(a) =a} -

The isotropy subgroup of a point x = ¢gQ of X is ad(¢)(Q). Since Q is its
own normalizer in G, we can identify = with ad(g)(Q). Moreover, since Q is
connected, ad(¢)(Q) is completely determined by its Lie algebra Ad(g)(q).
Thus X can be viewed as the space of parabolic subalgebras of g that are
Ad(G)-conjugate to q. Hence we obtain an isomorphic X by substituting
Intc(g) to G.

In particular, a different choice of a connected G’ and of a parabolic
Q’, with Lie algebras g’ and ¢’ isomorphic to g and ¢, yields a complex
flag manifold X’ that is complex-projectively isomorphic to X. Thus a
flag manifold X is completely described by the pair consisting of the Lie
algebras g and q.

Fix a Cartan subalgebra h of g, contained in q, and let R = R(g,h) be
the corresponding root system. For each o € R, let g® = {Z € g|[H, Z] =
a(H)Z, YH € b} be the root subspace of . Denote by hgr the real subspace
of h on which the roots are real valued. The choice of a Weyl chamber
C C bgr defines a partial order < in the dual space by of hr. Since q
contains b, it is the direct sum of h and of the root spaces contained in q,
ie.

(2.2) q:h+Zga, where Q={aeR|g"Cq}.
acQ

Then the fact that q is parabolic means that one can choose C' in such a
way that:

(2.3) ae @ forall a>0.
The set Q is parabolic, i.e. is closed under root addition and Q U (—Q) = R.

Definition 2.1. A Weyl chamber C' for which (Z3)) holds true is called
fit for Q. We denote by €(R) the set of all Weyl chambers for R and by
(R, Q) the subset of those that are fit for Q.

Let C' € €(R) and B = B(C) be the corresponding system of C-positive
simple roots. All a € R are linear combinations of elements of the basis 5:

(2.4) a=Y KiB, kleL
BeB

Definition 2.2. We define the support supp(«a) of o with respect to B as
the set of # € B for which K2 # 0.
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Having fixed C € €(R, Q), we associate to q the subset ® of B, consisting
of the simple C-positive roots a for which g=* ¢ q.
Then Q and q are completely determined by ®. Indeed:

(2.5) Q = Q¢ ={a=0}U{a=<0|supp(a)N®=0} = Qf U Qy, with:
(2.6) Q" = Q¢ ={a € R|a > 0and supp(a) N ® # 0},
(2.7) Q" = Qg = {a € R|supp(a) N ® = 0},

and for the parabolic subalgebra q we have the decomposition:
(2.8) q :q¢:h+zaegég =q @q", where:

(2.9) " =qp = ZQEQ” g“ is the nilradical of q and
3

(2.10) g =qp =05 +Zaggr g% is a reductive complement of qg in qe.
3

We explicitly note that @ is related to Q and C' by
(2.11) d=9"NkB.

All Cartan subalgebras § of g are equivalent, modulo inner automor-
phisms. After h, and hence R, have been fixed, all basis of simple roots
of R are equivalent for the transpose of inner automorphisms of g normal-
izing h. Thus, after picking a Weyl chamber C, and having fixed in this
way a system B of C-positive simple roots, the correspondence ® < qg is
one-to-one between subsets ® of B and complex parabolic Lie subalgebras
of g, modulo inner automorphisms. In other words, the subsets ® of our
fixed B parametrize all different flag manifolds X of a connected semisimple
complex Lie group G with Lie algebra g.

The choice of a Cartan subalgebra h of g contained in q yields a canonical
Chevalley decomposition of the parabolic subgroup Q :

Proposition 2.3. Let Q be a parabolic subgroup of G, corresponding to the
complex parabolic Lie subalgebra q of g. With the notation above, we have a
Chevalley decomposition :

(2.12) Q=Q"x Q"
where the unipotent radical Q™ is the connected and simply connected Lie
subgroup of G with Lie algebra q" given by &), and Q" is the reductivd]

complement of Q™ in Q, whose Lie algebra q" is given by EI0).
Let ¢ C b be the center of q":

(2.13) ¢c=3(") ={H ebh|ad(H)(q") = 0}.
Then the reductive complement Q" is characterized by :
(2.14) Q" =Zcg(c)={9ge G|Ad(g)(H)=H VH €¢c}.

Moreover, Q" is a subgroup of finite index in the normalizer Ng(q") of

q" in G, and QN Neg(q") =Q".

1According to 6] we call reductive a linear Lie group Gy, having finitely many con-
nected components, with a reductive Lie algebra go, and such that, for the complexifica-
tion g of go, we have Adg(Go) C Intc(g). While stating here the reductiveness of Q", we
consider the given group G as a real linear group.
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Proof. A complex parabolic subgroup can also be considered as a real par-
abolic subgroup. The Chevalley decomposition (ZIZ) reduces then to the
Langlands decomposition Q = MAN, with N = Q"™ and MA = Q". Thus
our statement is a consequence of [I6, Proposition 7.82(a)].

Note that q" is the centralizer of ¢ in g and is its own normalizer. This
yields the inclusion Q" C Ng(q"). Since Ng(q") is semi-algebraic, it has
finitely many connected components. Thus its intersection with Q" is dis-
crete and finite, and thus trivial because Q" is connected, simply connected
and unipotent. O

3. G(-ORBITS AND THEIR ISOTROPY SUBGROUPS

We keep the notation of §2 Let X = G/Q be a complex flag manifold,
and Gg a connected real form of G. Note that G is semi-algebraic, being a
connected component of an algebraic group for the Fuclidean topology. We
know from [28] that there are finitely many Gg-orbits in X. Fix any such
orbit M and a point z € M. We can assume that Q C G is the stabilizer of
x for the action of G in X. Let I = Q NGy be the stabilizer of x in Gy, so
that M ~ Gg/Iy, as a smooth manifold. The Lie algebra gg of Gy is a real
form of g and the Lie algebra of the isotropy subgroup I is the intersection
ig = q N go, where q is the Lie algebra of Q.

Since Iy always contains the center of Gg, the orbit M actually only
depends on the pair of Lie subalgebras gg and q of g.

Definition 3.1. A pair (go,q), consisting of a semisimple real Lie algebra
go and of a complex parabolic Lie subalgebra g of its complexification g is a
parabolic CR algebra. The corresponding Gg-orbit M in X = G/Q is said
to be a parabolic CR manifold.

We summarize the results of [2, p.491] by stating the following :

Proposition 3.2 (Decomposition of the isotropy subalgebra). Let (go,q)
be a parabolic CR algebra, and iy = q N go the corresponding isotropy
subalgebra. Then iy contains a Cartan subalgebra by of go.

If bo is any Cartan subalgebra of gg contained in iy, there is a Cartan
involution ¥ : gy — go, with ¥(ho) = ho, yielding a decomposition

(3.1) ig=np®lo =npDso D30
such that :

(1) ng is the nilpotent ideal of iy, consisting of the elements Y € ig for
which adg,(Y') is nilpotent;

(2) lo =50 @ 30 is reductive;

(3) 30 C ho is the center of ly and sy = [ly, o] its semisimple ideal;

(4) no = [30,m0] = [30,10);

(5) lo =ipNY(ip) is a V-invariant Lie subalgebra of go, and also 30 and
50 are Y-invariant;

(6) so and 30 are orthogonal for the Killing form of go;

(7) the complezifications n of ng and [ of ly are:

(3.2) n=q"Ng+q"Ng, =g Nng". O
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Definition 3.3. Let (go, q) be a parabolic CR algebra. A pair (¢, hg), con-
sisting of a Cartan involution 9 of gy and of a J-invariant Cartan subalgebra
ho of ip will be said to be a Cartan pair adapted to (go,q).

We have the following :

Proposition 3.4 (Chevalley decomposition of the isotropy). Keep the no-
tation introduced above. The isotropy subgroup Iy is the closed real semi-
algebraic subgroup of G :

(3.3) Ip = Ng,(9) = {g € Go | Adg(g9)(q) = a} .
The isotropy subgroup 1o admits a Chevalley decomposition
(3.4) Ip = Lo x Ny

where :

(1) Ny is a unipotent, closed, connected, and simply connected normal
subgroup of 1o, with Lie algebra ng;

(2) Lo is a reductive Lie subgroup, with Lie algebra ly, and is the cen-
tralizer of 30 in Gg :

(3.5) Lo = Za,(30) = {9 € Go | Adg,(9)(H) = H VH € 3}.

Proof. Formula (B3)) holds because Q is the normalizer of q in G.

Fix a Cartan pair (9, ho) adapted to (go,q). We consider the complex-
ification b of hy and use the notation of (ZH)-EI0). Let us construct a
parabolic Q" C Q whose reductive part Q" is a complexification of Lg. To
this aim we set

q=q"®( Na).

We claim that ¢’ is a parabolic Lie subalgebra of g. It contains the Cartan
subalgebra b, because h C q"Ng". Since ¢’ is clearly a complex Lie subalgebra
of q, to show that ¢’ is parabolic it suffices to verify that, for each a € R
(the root system of g with respect to h) either g* or g~ is contained in ¢'.
This is obvious if {a, —a} N Q™ # (). We need only to consider roots a with
+a € Q7, and then observe that either g* or g~ is contained in ¢, because
g is parabolic and contains . Moreover, one easily verifies that

q"=q" and q'=9q"+(qN7).
Hence, the center ¢’ of q'" coincides with the complexification 3 of 3.

If g € Iy, then Adg,(g)(lp) is a reductive complement of ng in ip. Since
all reductive complements of ng in iy are conjugated by an inner automor-
phism from Ad;,(Ny), we can find a g, € Ng such that Adi,(g,,'g)(lo) = lo.
Consider the element g, = g 'g. We have:

Adg, (9-)(g0) = go, Adg(gr)(q) = g,
Adg(g-)(@") = 9", Adg(g-)(q) = g,

because g, € QNQ. Thus Adg(g,)(q") = q'. Moreover, Adg(g-)(q") = q" and
Adg(g,)(") = g". Since ' = q" N ", we obtain that Adg(g,)(q'") = q'".
Hence, by Proposition 3] g, belongs to Q" NIy, and the statement follows.
Note that in fact we obtain Ly = Q" N Gy, so that B3H) is a consequence
of Proposition B3l O
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Corollary 3.5. We keep the notation and the assumptions of Propositions
[ZA and[74 Let (9,h0) be a Cartan pair adapted to (go,q) and

(3.6) go=Ft ®po and Go=Kq x exp(po)

the Cartan decompositions of go and Gq, respectively, corresponding to 1.
Then :

(3.7) lo = €00 @ Poo with € =%t Nlo, Poo=poNlo,
(38) Lo =Ky x exp(poo) , with Koo = KoNLg.

Let Sy be the analytic Lie subgroup of Go generated by so = [lo, lo]. Then
So is a closed Lie subgroup of Ly and has a finite center.

Proof. The fact that the Lie subgroup Ly is reductive in the sense of [16]
and the validity of the decompositions ) and (BF) are straightforward
consequences of [I6, Proposition 7.25], because of the characterization of Ly
given in (B3l of Proposition Bl

The last statement follows because Sg is an analytic subgroup of a linear
group and has a semisimple Lie algebra (see e.g. [16, Proposition 7.9]). O

We conclude this section by proving a theorem about the set of connected
components of the isotropy.

Theorem 3.6. Let M be a Gg-orbit, with corresponding parabolic CR al-
gebra (go,q). Let (¥,bo) be an adapted Cartan pair. We keep the notation
of Propositions [, and Corollary [T,

Then the Cartan subgroup

(3.9  Ho=12Zg,(ho) = {9 € Go|Adg,(9)(H) = H, VH € o}

of Gg is contained in Lq.

Let o be mazimally noncompact in ig = q N go. Then the intersection
to = ho Nsg is a mazimally noncompact Cartan subalgebra of sq. The corre-
sponding Cartan subgroup Ty of So is given by :

(3.10) To = Zs, (to) = Zs,(ho)

Denoting by my the group of connected components, we obtain :
H, H,

3.11 Iy) ~ Kog) ~ mo(Lg) = ~

(3.11) mo(To) == mo(Koo) = mo(Lo) 7T0< T0> ToHY

where HY is the connected component of the identity of Ho. In particular,
mo(Io) is an Abelian group.

Proof. From 3¢ C bo, we have Hy = Zg,(ho) C Zg,(30) = Lo.

Assume that by is maximally noncompact in igp. We know, see e.g. [10,
Proposition 7.90 (a)], that Hy intersects all connected components of Ly and
hence of Iy and of K. Take hy € Hy in the connected component 18 of the
identity of Iy. We write hg = ko eXp(XQ) with kg € Kgp and Xy € pgo. By
[16, Lemma 7.22], both ky and exp(Xy) centralize by, and hence belong to
Hy. In particular, exp(Xj) belongs to the connected component H8 of Hy.
We note now that ky belongs to KoNIY, that is the connected component K80
of the identity of Kgg. Since the exponential exp : ¢y — K80 is surjective,
ko = exp(Y) for some Y € yy. Since 3¢ is ¢-invariant, the orthogonal of
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Boo N 30 in ¥ for the Killing form of gg is contained in the orthogonal sq of
30 in [p, i.e. Epg N 30L C sp, so that we have the decomposition :

Eoo = (£00 N 50) @ (o0 M 30) -
Let Y = S+ 7, with S € €9Nsp and Z € 8ypN3p. Then ky = exp(S) exp(Z).
Since exp(Z) € HY, we obtain that exp(S) € S N Hy = T and hence:
ho = exp(S) (exp(Z) exp(Xo)),
with exp(S) € To, and (exp(Z) exp(Xp)) € HY.
Finally, we note that my(Ip) is Abelian, being a quotient of the Abelian
group Hg. The proof is complete. O

4. ADAPTED WEYL CHAMBERS

We keep the notation of §8 Let (¢, hg) be a Cartan pair adapted to the
parabolic CR algebra (go,q), and go = € @ po the Cartan decomposition
corresponding to 9. We still denote by ¥ its C-linear extension to g and by o
and 7 the conjugations of g with respect to its real form gy and its compact
form u = &, P ipg, respectively. The C-linear map 9 and the anti-C-linear
maps o and 7 pairwise commute and:

(4.1) T=0ooc=0c019, oc="0or=710%, Y=0coT=To00.
Let R be the root system of g with respect to h = hg. Set
(4.2) by =boNt, by =boNpo, br=by ®iby.

The root system R is a subset of the dual by of hr. The subspace hg of g
is ¥, 0 and 7-invariant. Hence the corresponding involutions of by define
involutions of R, that are given by :

(4.3) o'y =a, 7 (a)=-a, 9(a)=-a
Definition 4.1. We denote by R,e the set of real roots in R, i.e. those
for which @ = «, by Rim the set of imaginary roots in R, i.e. those for

which & = —a, and by R, the set of complex roots in R, i.e. those for
which & # +a.

Lemma 4.2. Let (go,q) be a parabolic CR algebra and (¥,%o) a Cartan pair
adapted to (go,q). Then the reductive factor q" in the decomposition ()
with respect to the Cartan subalgebra h = C ®@g b is

(4.4) q"=an7(a)
Proof. Indeed, if R is the root system of g corresponding to the Cartan
subalgebra b, then 7 transforms the eigenspace g% of & € R into g=%. I

We have the following

Lemma 4.3. Let (go,q) be a parabolic CR algebra and (¥,%o) a Cartan pair
adapted to (go,q). Then:

(1) There exists a fit Weyl chamber C' € €(R, Q) such that, if < is the
partial order in by defined by C', B’ the basis of C'-positive simple roots,
and ® = Q"N B, the two following equivalent conditions are satisfied:

(4.5) if a ¢ Rim, @ = 0 and & < 0, then « and —a both belong to Q",
(4.6) a=0 forallow € B'\ (®' URim).
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(2) There exists a fit Weyl chamber C" € €(R, Q) such that, if < is the
partial order in by defined by C", B" the basis of C"-positive simple roots,
and ®" = Q"N B", the two following equivalent conditions are satisfied:

(4.7)  ifa¢ Ry, a = 0 and a > 0, then a and & both belong to Q",
(4.8)  a=0 foralla e B"\ (" URs).

Proof. For C € €(R), we denote by v(C) the number of C-positive roots o
for which also @ is C-positive. Choose C’ € €(R, Q) in such a way that:
/

(4.9) v(C') = Cerg(a%g) v(C).
If there was a complex C’-positive root a € B'\ ® with a C’-negative @, the
symmetry s, would transform C’ into a C* that still belongs to €(R, Q).
Since the set RT(C*) of C*-positive roots is (RT(C’) \ {a}) U {—a}, we
should have v(C*) = v(C") + 1 and hence a contradiction. This shows that
D) is valid for C”.

Next we observe that obviously (B3] implies ). Vice versa, assume
that (EL8H) is true and let o = Y 5.5 k33 be a complex C’-positive root

with a C’-negative @. Then 3 should be C’-negative for some complex 3 in
supp(a), and hence supp(a) N @’ # 0 by (L), implying that o € Q™. The
same argument, applied to the complex C’-positive root (—a), shows then
that also (—a) € Q™.

Similarly, by taking a C” € €(R, Q) that minimizes v(C) in €(R, Q) we
obtain a fit Weyl chamber that satisfies the conditions (1) and EX). O

Definition 4.4. Let (¢,ho) be a Cartan pair adapted to a parabolic CR
algebra (go,q), R the root system of g with respect to the complexification
h of by, Q the parabolic set of q in R. A fit Weyl chamber C' for Q is:

S-fit for (go,q) if C satisfies the equivalent conditions (EH), (EHl);
V-fit for (go,q) if C satisfies the equivalent conditions 1), [EX).

5. Go-EQUIVARIANT FIBRATIONS

In this section we shall discuss Gg-equivariant fibrations of (g-orbits.
We begin by proving that their structures of Gg-homogeneous space is com-
pletely determined by the Lie algebras of their isotropy subgroups.

Theorem 5.1. Let M, M’ be Gg-orbits, corresponding to CR algebras
(90,4), (g0,9"), where q, q' are two complex parabolic subalgebras of g. Let
ip =qNgo and iy = q' N go be the Lie subalgebras of the isotropy subgroups
Iy and I of M and M’, respectively. Then:

(5.1) iy Cip = I C I,

and therefore, if iy C ig, there is a canonical Go-equivariant fibration:

(5.2) M -2 M

Assume that iy C ig. We have:

1) If i, contains a Cartan subalgebra o that is mazimally noncompact
0
as a Cartan subalgebra of ig, then the fiber F' of ([B2) is connected.
(2) The projection ¢ is a CR map if and only if ' C q.
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(3) The projection ¢ is a CR submersion, and hence &2) is a CR
fibration, if and only if q=4q + (qNq).

Proof. Assume that if, C ig. To prove that Ij, C Io, it suffices to prove that
each connected component of If; intersects I.

Fix a Cartan pair (9, o) adapted to both (go,q’), and (go, q). This can be
obtained by first taking the Cartan involution ¢ associated to a maximally
compact subalgebra €, of go, with €y, = € N1} and €y = & N ip maximally
compact in i}, and iy, respectively, and then choosing any ¥-invariant Cartan
subalgebra b of i.

Consider the centers 3; of [[ = ij N Y¥(if) and 30 of lp = ig N V(ip). Since
30 C [67 we have 310 D 30- Thus, by (BZD7 Ly = ZG0(36) - ZGO(ﬁO) = Lo. By
B4, L{ is a deformation retract of If,. Then each connected component of
I, intersects Ly, and thus also I. This proves (G1).

(1). Assume that hg is a Cartan subalgebra of ij, that is maximally non-
compact both in i and in iy, and consider the corresponding Cartan sub-
group Hy = Zg,(ho). By [16, Proposition 7.90], each connected component
of Ly and of Ly, and, because of ([B4), of I}, and of Iy, intersects Hy. Being
H, C L} C Ly, this shows that each connected component of Iy contains
points of Ij), and hence fore Iy/Ij, is connected.

(2). Let Ifj and Iy be the isotropy subgroups of M’ and M at the points
zy and xy = ¢(z(), respectively. Denote by drn’ : g — T;CéM’ and by
dm : g — T;C%M the complexification of the differential at the identity of
the action of Go on M’ and M, with base points z{, and xo. By ([2)
q = dﬂ"*l(T:g,’lM’) and q = dr~(To;' M). Let dgbfé be the complexification
of the differerftial of ¢ at zy. When ¢ is a CR map, we have:

dr(q') = dog; (dr'(d) = dog, (Ty' M) € Tpy' M = dn(q) .

Since q = (dw)~!(dn(q)), this implies that g’ C q. Vice versa, when ¢’ C q,
the map ¢ : M’ — M is CR, being the restriction of the G-equivariant
holomorphic projection X' = G/Q' — G/Q = X.

Finally, (3) is a consequence of [21, Lemma 4.5]. O

Remark 5.2. By Theorem Bl orbits M and M’, corresponding to para-
bolic C'R algebras (g, q) and (go, q') with g'Ng’ = qNg, are Go-equivariantly
diffeomorphic. Thus, having fixed the real subalgebra iy, we can regard the
complex parabolic q’s with q N gg = ip as defining different Gg-invariant
CR structures on a same Gg-homogeneous smooth manifold M, each cor-
responding to a different C'R-generic embedding of M into a complex flag
manifold.

In the next theorem we construct a somehow minimal C'R structure on a
Gg-orbit M. Note that the subalgebra q,, of the theorem below is equal to
the q’ used in the proof of Proposition B4l

Theorem 5.3. Let (go,q) be a parabolic CR algebra. Then:

(5.3) Gw=9"+qNq
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is a complex parabolic subalgebra of g, contained in q. It is the minimal
complex parabolic subalgebra of g with the properties that:

(5.4) quNGw=9Nq and gy Cq.

Any Cartan pair (¥, ho) adapted to (go,q) is also adapted to (go,qw)- Fiz a
Cartan pair (9,bo) adapted to (go,q) and hence also to (go, qw). Let T be the
conjugation with respect to the ¥-invariant compact form of g (see BJ)),
and set

(5.5) " =an7@), qu=dwN7(duw)
Then we have:

(5.6) dw=9q"+9q" N4,

(5.7) dw=9" +9q"Nq",

(5.8) Qo = Quy = Ay, Ny, = 9" N 7"

Let My, be the Gq-orbit corresponding to (8o, qw). Then the canonical Go-
equivariant fibration M, — M is a CR map and a smooth diffeomorphism.

Proof. Let (9,h9) be any Cartan pair adapted to (g,q). Let R be the root
system of g, with respect to the complexification h of hy. We fix an A € by
that defines the parabolic set Q of g, i.e. such that (cf. e.g. [8 VIII §4]: A
is any element of the interior of the facet associated to q and b):

Q={aeR|a(A) >0}.

If € > 0 is so small that a(A) > €|la(A)| for all « € Q", then q,, is the
complex parabolic Lie subalgebra of g that corresponds to the parabolic set:

Quw={a€R|a(A+eA) >0}.
This observation easily yields (&4l), (B8), (&), (BF). The last statement
follows from (B4]), Theorem Bl and Remark B2 The fact that g, is min-

imal with the properties of (&4l follows from (EX): in fact any parabolic
subalgebra containing qNg must contain the reductive subalgebra q"Ng". 0

Definition 5.4. The parabolic C'R algebra (go, q. ), and the corresponding
Go-orbit M,,, are called the C'R-weakening of (go, q), and of M, respectively.

Remark 5.5. In [28, §9.1] the orbits M corresponding to parabolic CR
algebras (go,q) with q" = q" are called polarized. Thus the CR weakening

of M is polarized, and, vice versa, if M is polarized, M coincides with its
C R weakening M,,.

We have

Lemma 5.6. Let (go,q) be a polarized parabolic CR algebra, i.e. assume
that q contains a mazimal reductive subalgebra q" with q" = q". Then (go, q)
1s either totally real, or weakly degenerate.

Proof. Let (9, ho) be a Cartan pair adapted to (go, q) and R the root system
of g with respect to the complexification § of hy. We fix an S-fit Weyl
chamber for (go,q). By the assumption, the parabolic set Q of q has the
property that Q" = Q". This is equivalent to the fact that

supp(@)N® £ 0 Vae Q"
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where @ is the set of C-positive simple roots in Q. If @ > 0 for all « € P,
then @™ = Q" and q is totally real. Assume that there is « € ® with @ < 0
and consider the parabolic ¢’ = qy, with ¥ = ® \ {a}. Then

QyDQ and Qu\Q={B€R|B=0, supp(B) NP = {a}}.

If 3 € (Qy\ Q), then 3 = 0. Indeed, supp(a) N ® # (), and supp(y) NP = ()
if v is a C-positive simple root not belonging to ®. Thus, the decomposition
of (3 into a linear combination of C-positive simple roots contains some
element of ® with a positive coefficient and hence is positive. This shows that
(Qu \ Q) C Q. Therefore Qy C QU Q. Thus we obtained q C qy C q + q,
showing that (go, q) is weakly degenerate.

From Remark and Lemma B0, and the characterization of the CR-
weakening in the proof of Theorem B3, we obtain:

Proposition 5.7. Let (go,q) be a parabolic CR algebra, and (go,qyw) its
C R-weakening. Then (go, ) s either totally real, or weakly degenerate.
Let (¥,bp) be an adapted Cartan pair for (go,q), and hence also for
(g0,9w). Denote by R the root system of g with respect to the complex-
ification b of b, and by Q, Q. the parabolic sets of q, quw, respectively.
Then:
(1) C € &R, Q) is S-fit for (go,q) if and only if it is S-fit for (go, qw)-
(2) Let B be the basis of C-positive simple roots for an S-fit C € €(R, Q),
and ® = BN Q", so that q = q¢. Then qy = qs,, with

(5.9) ®, =dU{aeB|a>0, supp(a)nN® # 0} O
We introduce the following:

Definition 5.8. Let M be a Gy-homogeneous C' R manifold with associated
CR algebra (go,q). A strengthening of the C'R structure of M is the datum
of a complex Lie subalgebra q' with:

(5.10) gNgd=qNng and g>q Dy.
We say that the Go-homogeneous C'R structure defined by (g, q) is mazimal
if ¢’ = q for all complex Lie subalgebras q’ of g satisfying (&.10).

If (go,q) is a parabolic CR algebra and Mj is the Gg-orbit associated to
a strengthening (go, qs) of (go, q), then the Go-equivariant map M — M; is
a diffeomorphism and a CR map. We have:

Proposition 5.9. Let M be the Gg-orbit associated to the parabolic CR
algebra (go,q). Fiz an adapted Cartan pair (9,ho) and let ¢ = q¢ for a
system ® of C-positive simple roots of an S-fit Weyl chamber C. Then:

(1) The necessary and sufficient condition for the CR structure defined
by (g0, q) to be mazimal is that:

(5.11) acd®anda >0 = supp(a) NP C {a}.

(2) There are mazimal Go-homogeneous CR structures (go,q’) on M,
and for each of them q' = qy for some system of simple roots ¥ C ®.
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Proof. Let o € ® and set ¥ = ®\{a}. If & < 0, then —a € (QuyNQy)\(QaN
Qo), and hence qy does not satisfy (E&I). If @ = 0 and supp(a) N® C {a},
again —a € (Qy N Qy) \ (Qe N Qg ), showing that also in this case qy does
not satisfy (I0). Since all complex subalgebras ¢’ that satisfy (BI0) are
of the form q' = qy for some ¥ C @, this proves that (BI1]) is a necessary
condition.

Vice versa, if there is a € ® with @ > 0 and supp(a) N® ¢ {a}, then, for
U = &\ {a}, the complex subalgebra qy satisfies (BI0), and hence (go, qs)
is not maximal. This proves (1).

To prove (2), it suffices to take any maximal element of the set of all
complex Lie subalgebras ¢’ withqCq Cgand g Ng =qNgq. O

We conclude this section by proving a theorem that describes the structure
of the fiber F' of a Gg-equivariant C'R fibration.

Theorem 5.10. Let M, M’ be Gg-orbits, corresponding to the parabolic
CR algebras (g0,9), (80,9). Assume that q' C q, so that Iy D I, for the
isotropy subgroups with Lie algebras ip = q N go and i, = q' N go.

Fiz a Cartan pair (9,%o), adapted to (go,q’), and hence also to (go,q)-

Consider the canonical Gg-equivariant fibration M' — M, with typical
fiber F =1y/Ij,. We use the notation of Propositions [Z2 and [3Z)

The fiber F' is an Iy-homogeneous CR manifold. Its associated CR alge-
bra (ip,q N q') is the semidirect product of the CR algebras (Ip,q’ N1) and
(ng,q’ Nn), where:

(1) (fo,q’ NY) is a parabolic CR algebra;
(2) (ng,q’ Nn) is nilpotent and totally complez, i.e. n =ng + (¢’ Nn).
The fiber F' is CR diffeomorphic to a Cartesian product:
(5.12) F=F xF",
where:

(1) F' has finitely many connected components, each isomorphic to the
L3-orbit in the flag manifold X' = L/ (Q' NL), corresponding to the
parabolic CR algebra (Ip,q'NI). Here we denoted by L8 the connected
component of the identity of L.

(2") F" is a Euclidean complex No-nilmanifold, with associated CR al-
gebra (ng,q’ Nn).

Ifq C g+, then the fibers of the Go-equivariant fibration M’ — M are

complex and simply connected (but not necessarily connected).

Proof. The C'R structure of the fiber F' is defined by the embedding into the
complex flag manifold X" = Q/Q’. However, the embedding F — X" is,
in general, not C'R-generic. Thus we begin by considering a natural generic
embedding of F.

The algebraic subgroup Q N Q decomposes into the semidirect product

(5.13) QNQ=LxN,

where N is its unipotent radical and L = Q" N Q" is reductive.

The intersection Q N Q contains a Cartan subgroup of G, and therefore
is connected. Thus also the groups L and N are connected. Their Lie alge-
bras are [ and n, respectively. Moreover, N is also simply connected, being
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conjugate, in the linear group G, to a group of unipotent upper triangular
matrices (see e.g. [15] §17.5]).

The connected component L8 of the identity of Ly is a real form of L. The
parabolic subalgebra ¢’ of g, containing a Cartan subalgebra of [, intersects
[ into the complex parabolic subalgebra g’ N[ of [. The intersection Q' N L
is the parabolic subgroup of L corresponding to ¢’ N [. The quotient F’ =
Lo/ (Q' NLp) is therefore the union of finitely many copies of an LJ-orbit
in the flag manifold X’ =L/ (Q' NL).

Next we note that the intersection of Q" with the unipotent subgroup N
is a subgroup of its unipotent radical Q'". Thus it is connected and simply
connected and the quotient Y = N/(Q' N N) is a connected and simply
connected complex nilmanifold. Since both Q' N Gy and Q' NN are closed
and connected, and we have a Lie algebras semidirect sum decomposition:

(5.14) dng=(a"N0x(q Nn),
we also obtain a semidirect product decomposition :
(5.15) QNQ=(QNL)x (Q NN).

Hence the fiber F' = Ij/Ij, is CR diffeomorphic to the Cartesian product
F = F' x F", with the F’ described above, and where F” is the orbit of Ny
inY. Since g Nn2>q"Ng"Ng=q"Ng, we have

o+ (a' N n) O (4" Nn)+ (@ M) D (a" Na) + (@" Na) =n.

Thus (ng,q" Nn) is totally complex. The orbit F” of Ny in Y, being an
open Euclidean complex submanifold of Y, coincides with it, because Ny is
nilpotent.

Finally, if ¢ C ' C q + g, the factor F” in the decomposition (1) is an
open orbit in X’ and hence simply connected by [28, Theorem 5.4]. U

6. Go-EQUIVARIANT C'R FIBRATIONS AND FIT WEYL CHAMBERS

In this section we describe the fundamental and the weakly nondegenerate
reductions (see [2I]) of a parabolic C R manifold M, with associated C'R
algebra (go, q). This description will be obtained in terms of representations
q = qo of the parabolic subalgebra g with respect to systems ® of C-positive
simple roots for S-fit and V-fit Weyl chambers C. Since its fundamental and
weakly nondegenerate reductions share with (go, q) the same adapted Cartan
pairs, we can fix throughout this section a Cartan pair (19, ), adapted to
the parabolic CR algebra (go, q).

Lemma 6.1. Let (go,qs) be a parabolic CR algebra, with ® C B, where B
is the set of C'-positive simple roots for an S-fit Weyl chamber C'. Set

(6.1) o ={aed|a=<0}

Let ag € B. A necessary and sufficient condition in order that:

(6.2) 49 + 4o C Afag)
is that
(6.3) ap €PNQY and oy & U supp(f3).

BE(B\D)UD—
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Proof. First we show that @3]) implies (E2). If ap € ® N O, then ap = 0,
because all roots in QF are C-positive, and hence, in particular, g ¢ Rim.

We have q¢ C q{q,}, because {ag} C ®. To prove that also go C qqqa,}, it
suffices to show that q?om} C qg. Assume by contradiction that this inclusion

is false. Then there is a root a with o = o and o ¢ Q% i.e. with & ¢ OF.
If @ > 0, then supp(@) N ® = (). Being:

(6.4) ap € supp(a) C Uﬁ@upp(a)supp(ﬁ),

this would imply that «g € supp(3) for some 3 € B\ ®. Hence, by (@3,
a < 0, and, from (B3), we obtain that ag belongs to supp(3) for some
B € (B\ Rim) with 3 < 0. But then, because C is S-fit, 3 € ®~, yielding,
by ([@3)), a contradiction. This completes the proof that (63 implies (E2).

Let us prove the opposite implication. From qe C qoy}, we have that
ag € ®. Condition (62 is equivalent to the inclusion 7y C dg Ndg. In
particular, ag € Q%, and, as we already have ag € ®, this brings the first
half of (E33). Let 8 € B and assume that ag € supp(3). If 3 = 0, then
B e Q?ao C Q"N Q" yields B € Q" and hence, being simple, 3 € (®\ 7).
Otherwise, 3 < 0, and —f3 € Q?ao} C Q% N Q%. This would imply that
—B € Qg, but this is impossible because Qf consists of C-positive roots. [

We recall that the basis of the fundamental reduction of a CR algebra
(g0,q) is the CR algebra (go,q’), where ¢’ is the smallest complex Lie sub-
algebra of g with q +q C ¢’ (see |21, §5B]).

Theorem 6.2 (Fundamental reduction). Let (go,qe) be a parabolic CR
algebra, with ® C B, where B is the set of C-positive simple roots for an
S-fit Weyl chamber C. Let:

(6.5) ¢ ={aed|a=<0}
(6.6) U= (2n9%)\ ( Uae(s\é)uéisupp(d)).
Then:

(1) (go,qw) is the basis of the fundamental reduction of (80,9 )-
(2) A necessary and sufficient condition for (go,qs) to be fundamental
is that W =0, i.e. that:

(6.7) ®N Q% C Uae(

Let Mg and My be the Gg-orbits associated to (go, qa), (8o, dw), respectively.
Then the Gg-equivariant fibration Mg I My is CR and all connected com-
ponents of its fibers are parabolic C R manifolds (cf. Definition[31) of finite
type. In particular, Mg is of finite type if and only if @) holds true.

B\®)ud— supp().

Proof. The complex subalgebra q’ yielding the fundamental reduction (go, q)
of (go,qa) is a complex subalgebra of g that contains qg, and hence is par-
abolic and of the form q’ = q¢/ for some ® C ®. Thus ¢’ is the intersection
of all g4y}, with ag € @, for which qo + o C qqay). By Lemma Bl we
have ® = W. This proves (1) and (2).

The last statement is a consequence of [21l, Theorem 5.3]. (|
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Next we turn our consideration to weak nondegeneracy. First we prove:

Proposition 6.3. Let (go,qs) and (go, qw) be parabolic CR algebras, with
U C & C B, where B is the set of C-positive simple roots for a V-fit Weyl
chamber C. Let Mg, My be the corresponding Gg-orbits. Then the Gg-
equivariant fibration:

(6.8) My ——— My
is a CR fibration with complex fibers if and only if:
(6.9) a<0 Vaed\V.

Proof. The necessary and sufficient condition for (G.8) being a C'R fibration
with complex fiber is that:

(6.10) ge C qu C do + qo

(see [2I), Corollary 5.6]). We need to show that this condition is equivalent
to (BH). It suffices to discuss the situation where ® \ ¥ consists of a single
simple root. So we assume that g € ® and ¥ = @ \ {ap}.

Assume that (EI0) holds true. Then —ag € Qg, i.e. —ag € Qp. In
particular, since —ap ¢ Qa, o is not real. Thus, if @y € Qf, then ay < 0,
because C' is V-fit for (go,qs). Otherwise, —ap € Qf implies that ag < 0,
because Qf consists of C-positive roots.

Vice versa, let us show that, if @y < 0, then the parabolic set Qg of qg
is contained in Qg U Qg. This is equivalent to QF D9z N Qg Assume by
contradiction that there is some o € (Q% N Q%) \ Q4. Then supp(a) N® =
{ag}, but this yields @ < 0. Indeed, 3 < 0 for all non real roots 3 in
the support of «, because C is V-fit for (go,qs), and we assumed that
ap < 0. This gives a contradiction, since & € Qf, that consists of C-positive
roots. U

We recall (see [21, Lemma 5.7]) that, given any C'R algebra (go, q), there
is a unique maximal complex subalgebra q’ of g with ¢ C ' C (q + q). The
CR algebra (go,q’) is (see [21, §5C]) the basis of the weakly nondegenerate
reduction of (go,q).

We obtain:

Theorem 6.4 (Weakly nondegenerate reduction). Let (go, qs) be a parabolic
CR algebra, with ® C B, where B is the set of C-positive simple roots for a
V-fit Weyl chamber C. Set:

(6.11) U={aecd|a> 0}

Then the parabolic CR algebra (go,qw) is the basis of the weakly nonde-
generate reduction of (g0, qs)-

Let Mg, My be the Gg-orbits corresponding to (go,qs), (80,9w), respec-
tively. Then the Gg-orbit My is holomorphically nondegenerate and the
Go-equivariant fibration Mo = My is a CR fibration with simply connected
(but not necessarily connected) complex fibers.

In particular, Mg is holomorphically nondegenerate if and only if:

(6.12) a>0 Vaed.
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Proof. All complex subalgebras q' containing qe are parabolic and of the
form q' = qy for some ¥ C ®. Thus, by Proposition 63 condition ([GI2) is
necessary and sufficient for Mg to be holomorphically nondegenerate.

In general, we observe that, if C'is V-fit for (go, q), with q = q¢, and ¥ is
defined by (EIT]), then the chamber C is V-fit also for (g, qw ), and therefore
My is holomorphically nondegenerate by the argument above. Proposition
tells us that My - My is a CR fibration with a holomorphically non-
degenerate basis and a complex fiber. Then the statement follows by the
uniqueness of the weakly nondegenerate reduction (see [21, Lemma 5.7]) and
from the last statement in Theorem BI0 O

7. A STRUCTURE THEOREM FOR G( -ORBITS

Let M be any Gy-orbit, with associated parabolic C'R algebra (go,q).
It is easy to construct a smooth Gg-equivariant fibration, with complex
fibers, of M onto a real flag manifold M’ of Gy. Fix indeed a Cartan
pair (¢,ho) adapted to (go,q), and let R be the roots of g with respect
to the complexification h of hy. Choose any element A of the facet in hr
corresponding to q (cf. [8, VIII §4]). Then the facet of B = A + A defines
a parabolic ' with qNg C q =g C (q+ q). The Gp-equivariant fibration
M — M’ of M onto the parabolic C'R manifold corresponding to (go,q’)
has all the required properties. A different canonical construction is given
by Wolf (cf. §Idl). The construction below is also canonical, and allows a
better control of the structure of the complex fibers.

Starting from a parabolic C'R algebra (g, q), we construct recursively a
sequence of parabolic CR algebras (go, q(h)) by setting, for all h > 0:

(7.1) { (go, q(o)) = the weakly nondegenerate reduction of (g, q)

(h“)) = the weakly nondegenerate reduction of (go, q\).

90,9

We recall that (go, qgl )) is the C'R-weakening of (go,q"), defined in Theo-

rem[B.3l The weakly nondegenerate reduction was described in Theorem B4
Denote by M and by Ml(uh) the Gg-orbits associated to the C'R algebras
(g0, q™) and (go, qq(f )), respectively. We know that there is a Gg-equivariant

diffeomorphism f, : ngjh) — M™ | which is also a CR map, but in general
not a CR diffeomorphism. Let ¢y, : M — M "+ the composition of the

weakly nondegenerate reduction my, : Ml(vh) — M®HD) and of the inverse of
fn- We have a commutative diagram:

Mé}h) In M®

nhl lwh

MG+ pp(htl)

Denoting by 7 : M — M© the weakly nondegenerate reduction, we obtain
a sequence of smooth Gg-equivariant maps:

(7.2) M O Yo o) Y @
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In general, the maps vy, are not C'R. Since
(7.3) dim M® < dim M"Y wp >0,

and, by Proposition 7, equality in ([ZZ8) holds if and only if (go, q\.”) is to-
tally real, the sequence {q(h)} stabilizes and we have, for some integer m > 0,

(7.4) g =gl =qm —¢,  vh>m.

Definition 7.1. The limit manifold M, of (ZZ), which is the Gg-orbit
associated to the C'R algebra (go, ¢), is called the real core of M.

Theorem 7.2 (Structure theorem). Let (go,q) be a parabolic CR algebra,
M the corresponding Go-orbit, and M,, with CR algebra (go, ¢), its real core.
Then:

(1) (go,e) is totally real, i.e. ¢ =e;

(2) M, is a real flag manifold and the Go-equivariant projection:

(7.5) M - M,
has complex fibers, with finitely many connected components, that
are simply connected;
(3) each connected component Fy of a fiber F of (CH) is a tower of
holomorphic fibrations, in which each fiber is the Cartesian product
of a Fuclidean complex space and an open orbit of a real form in a
complex flag manifold.

Proof. We already established (1) and the first statement of (2). The weakly

nondegenerate reduction Ml(vh) — M®+D is a CR fibration for which we
know, by Theorem and Theorem B4, that the fiber has finitely many
components and each connected component is a Cartesian product of a
Euclidean complex space and an open orbit of a real form in a complex flag
manifold, hence we have also (2) and (3). O

8. CONNECTED COMPONENTS OF THE FIBERS

We keep the notation of §8 Let (9, hp) be a Cartan pair, adapted to the
parabolic C'R algebra (go,q) of the Gg-orbit M. Denote by Hy = Zg,(ho)
the Cartan subgroup of G corresponding to the Cartan subalgebra .

Definition 8.1. The analytic, or real, Weyl group W (G, o) is the quotient
by Hy of the normalizer of by in Gy:

(8.1) W (Gy, ho) = Ng,(ho)/Zg,(ho)-

Since we took Gg connected, the analytic Weyl group W (Gy, hp) only
depends, modulo isomorphisms, upon the pair (go, ho), and not on the par-
ticular choice of Go. We also have (see e.g. [16, p.489])

(82) W (Go, ho) = Nk, (ho)/Zx, (o),

where K is the compact analytic subgroup of Gy with Lie algebra ¢y, =
{X € go | 9(X) = X}. Since, by complexification, Ng,(ho) acts on hr =
bo @ihg , and then, by duality, on by and, by restriction, on the root system
R =TR(g,h), we obtain a homomorphism, that in fact is an inclusion:

(8.3) W(Go, ho) — W(R),
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of the analytic Weyl group W (G, hp) into the Weyl group W(R) of the
root system R.
We shall also consider the Weyl group:

(8.4) W (Lo, ho) = Nr,(bho)/Zr,(ho)

of the reductive subgroup Lg. Since Zr,,(ho) = Hy, this can be viewed as a
subgroup of the analytic Weyl group W (G, ho).

Let Sg be the analytic semisimple subgroup of Ly with Lie algebra sg =
[lo, lp] (see Corollary BH). The elements of Sy centralize 30. Thus, for the
Cartan subalgebra tg = hg N s of sg, since ho = tg P 30, we get:

(8.5) Ns, (to) = Ns,(ho) € Nry(ho)-
The Cartan subgroup T of Sy corresponding to tg is:
(86) Ty = ZSO (to) = ZSo(hO) =HyNSy.

Thus the inclusion (&) yields, by passing to the quotients, an inclusion of
the Weyl groups:

S WSt - 1;:((3 ~ Nso<zt2> (zhr;;w

Proposition 8.2. Let M be a Gg-orbit, with associated parabolic CR alge-
bra (go,q). Let (¥,ho) be a Cartan pair adapted to (go,q), Lo the ¥-invariant
reductive Levi factor of the isotropy Iy of M, and Sy the mazimal analytic
semisimple Lie subgroup of Lg. Then:

- W(LOa hO)

(1) Ng,(ho) is a closed normal subgroup of Ny, (ho) and the natural
inclusion Ni,,(ho) — Io yields a group isomorphism:

(8.8) mo(NL, (o) /Ns, (ho)) — mo(To)-

(2) We have the exact sequences:

H Nt (ho) W (Lo,ho)
B9 1w w0 b
B10) 1 —— o) — o) — W — 1

Proof. By B4), we have my(Lg) ~ mo(Ip).

Let go = €9 & po be the ¥-invariant Cartan decomposition of gg, and let
ap be any maximal Abelian subalgebra of pg that contains b, = ho Npg. Its
centralizer Zk,,(ap) in the maximal compact subgroup Ko of Ly intersects
all connected components of Ly (see e.g. [16, Proposition 7.33]). Thus a
fortiori Zk,, (b, ), containing Zk,,(ap), intersects all connected components
of Lg. The toroidal part har = ho N & of hp is a Cartan subalgebra of
the compact Lie algebra Zg,(hy ). Let go € Zk,,(hy ). Then Ad(go)(hg)
is also a Cartan subalgebra of Zg, (h,). Since all Cartan subalgebras of a
compact Lie algebra are conjugate by an inner automorphism, we can find an
element g7, in the connected component K80 of the identity of K, such that
Ad(g190)(bd) = bg. The element g1go € Zr,(hy ) N Nr, (b ) is in the same
connected component of gy in Koo. This shows that Zr,(hy) N N, (b)),
and therefore also Np,,(ho), intersect all connected components of Ly.

Let Z3 be the analytic subgroup of Ly with Lie algebra 30. Then the con-
nected component L8 of the identity in Lg is the direct product Sy Z8.
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It follows that the intersection Np,(ho) N LY is Ng,(ho) > Z9, and this
yields ([BH).

The exactness of (BI0) is a consequence of that of () and of the iso-
morphism (BF)). It will suffice then to prove the exactness of (B9).

By the definition of the Weyl group W (Lo, ho), we have an exact se-
quence :

(811) 1 H, N, (ho) —— W(Lg,hy) —— 1.

The image in W(Lg, ho) of the subgroup Ng,(tg) of Nr,(ho), under the
projection into the quotient, using the identification &), is W (So, to).
Finally, the Cartan subgroup Ty of Sy is the intersection HyNNg,(hp). Then
(B3) follows from (BITI) by the elementary group homomorphism theorems.

O

Remark 8.3. Note that the number of connected components of the isot-
ropy subgroup Iy depends on the choice of Gy. The exact sequence (BI0)
exhibits this number as a product of a term, |7o(Hg/Tp)|, that genuinely de-
pends on Gy, and another term, |(W (Lo, ho) /W (So, to))|, which is the same
for all possible choices of the connected linear Lie group Gg with Lie alge-
bra go. Indeed, modulo isomorphisms, the groups W (L, hy) and W(Sy, to)
only depend on the Lie algebras go, lp and hg (see e.g. [I6l p.489]).

Our main application of Proposition is counting the number of con-
nected components of the fibers of a Gg-equivariant fibration [&2). We
have:

Theorem 8.4. Let M, M’ be Gq-orbits, with associated parabolic CR alge-
bras (go,q), (go,q"), and isotropy subalgebras ig D i), respectively. Let (9, o)
be a Cartan pair adapted to (go,q’), with ho a mazimally noncompact Cartan
subalgebra of i,. Then the group of connected components of the typical fiber
F of the Go-equivariant fibration ¢ : M' — M is

(812) 7TO(F1) = W(L07 hO)/W(SO7 tO)a

where Lg is the reductive ¥-invariant Levi factor of Iy, having mazimal
semisimple analytic subgroup So, with Lie algebra sg, and tg = ho N s¢.

Proof. Since by is a maximally noncompact Cartan subalgebra of i), by
Theorem we have the isomorphism my(Hy/Ty) ~ mo(Ij). Thus from
(BI0) we obtain the exact sequence:

6191 ) —— ity — W — 1

yielding (B12). O

9. THE FUNDAMENTAL GROUP

We use Theorem and the results of § to compute the fundamental
group of the Gg-orbits, extending the results of [2, §8]. We have:

Theorem 9.1. Let M be a Gy-orbit, (go,q) its associated parabolic CR
algebra, and M, its real core (see Definition[71]), with CR algebra (go,e).

Let (9,b9) be a Cartan pair adapted to (go,q), with ho mazimally non-
compact in ig. Set L§, S for the reductive Levi factor of the isotropy If of
M, and for its mazimal analytic semisimple subgroup, respectively.
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Then we have an exact sequence:

W(Lg)vho)

WSt bonst) L

(91) 1 _— 7T1(M) _— 7T1(Me)

In particular, the image of the map m (M) — w1 (M,) in [@T) is a normal
subgroup of w1 (M,), with a finite index.

The map Hi(M,Q) — Hy (M., Q) of the rational homologies, induced by
the Go-equivariant projection M — M, is an isomorphism.

Proof. By (3) of Theorem [2, the fundamental group of the typical fiber F'
of ([LH) is trivial. Thus, since M is connected, the exact homotopy sequence
of a locally trivial fiber bundle yields the short exact sequence:

(9.2) 1 — (M) — m(M,) —— 7mo(F) —— 1.

The exactness of (1) follows then from the isomorphism (BI2) established
in Theorem
Since F' =If /Iy, we have the exact sequence:

(93) 7T0(Io) Em— 7T0(IB) m— 7T0(F) — 1.

By Theorem B8, the groups my(Ip) and mo(If) are Abelian. Hence 7o (F'), be-
ing in a one-to-one correspondence with a quotient of finite Abelian groups,
may be given the structure of a finite Abelian group, for which the maps
mo(I§) — mo(F') and m(M,) — mo(F') are group epimorphisms. Thus the
image of m (M) — m(M,) in (@I is a normal subgroup of m(M,), being
the kernel of a group homomorphism. The last assertion follows from the
fact that the kernel of the homomorphism (M) — m(M,) is a torsion
subgroup. O

Remark 9.2. We see from (@) that the fundamental group (M) only
depends on the totally real parabolic C'R algebra (go,¢) and from the max-
imally noncompact Cartan subalgebra bhg of ig.

We show by the following proposition that, vice versa, for each real flag
manifold M, of Gy, and every Cartan pair (¢, h) adapted to (go,¢), we can
find a Gg-orbit whose fundamental group is given by (@1]). We have indeed

Proposition 9.3. Let (9,hg) be an adapted Cartan pair for a totally real
parabolic CR algebra (go,vn). Then we can find a parabolic subalgebra q such
that:

(94) aqCp=q+a,

(9.5)  bo is a mazimally noncompact Cartan subalgebra of ig = q N go.
Denote by M the Gg-orbit with CR algebra (go,q). Then we have the exact
sequence

W(L(D)vbo)
W(S{,hoNs])

(96) 1 E— 7T1(M) E— 7T1(MU) ].,

where My, the Go-orbit associated to (go,v), is a real flag manifold, with
1sotropy subgroup Ig, Lg is the reductive part of I), and Sg the maximal
analytic semisimple subgroup of Lg, with Lie algebra 53.

Note that M, does not necessarily coincide with the real core M, of M.
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Proof. Let R be the root system of g with respect to the complexification h
of hp and let C' be a V-fit Weyl chamber of R for (gg,n). Let y = q¢ for a
subset ® of the set B of the C-positive simple roots. Set

(9.7) U=>0U{acBla<0}

and take q = qg. If @ > 0 is imaginary, then supp(a) contains some 3y
with By < 0. Thus, by @), fo € ¥, and therefore a € Q%, showing that
Qy does not contain any imaginary root. This implies that hg is maximally
noncompact in ig. Moreover, the equality in (@4 is valid because of (GJ)
of Proposition B3 Hence both (@4]) and (@) are satisfied.

The exactness of (@0 follows because the Go-equivariant C R map M —
M, is the weakly nondegenerate reduction, and hence the fibers are simply
connected by Theorem L2, so that the argument in the proof of Theorem
applies. O

In the last part of this section, we shall give an explicit description of the
fundamental group 71 (M) of the Gy orbit M.

Fix a Cartan pair (¢, hy) adapted to the parabolic C'R algebra (go, q) of M.
Let M., with CR algebra (go, ¢), be the real core of M. Keeping the Cartan
involution ¥ and the corresponding Cartan decomposition gg = £9®pg fixed,
we denote by b a ¥-invariant maximally noncompact Cartan subalgebra of
i5. We choose, as we can, hj in such a way that hNey C bg and hgNpo D b .

Let R* be the root system of g with respect to the complexification h° of
b5, and £ the parabolic set of e in R¢. We recall that, for a real root a € R,
the real eigenspace:

(9-8) 90 ={X € go|[H,X] =a(H) X, VH e€b;Npo}

is not trivial. Its real dimension is called the multiplicity of a.

Let C € €(R*,E) be an S-fit Weyl chamber for (g, ¢), denote by B the
basis of C-positive simple roots in Rf, and ®¢* = BN E™. The roots of B
correspond to the nodes of a Satake diagram and, in particular, & = 0 for
all non imaginary « > 0.

We utilize [27] to describe the fundamental group 71 (M,) in terms of a
set I' of generators, given by (@), and by the relations ([@I0) below:

(9.9) I' = {{n | @ € BNR;, has multiplicity 1}

_ : 4 _ (_1)(04\5\/)
(9.10) a=1 ifadgd, (&3 =E8E, Véa,Ep €.
In (@I0) we use the standard notation 8V = 23/|3|*.
From Theorem [0l and this description of 71 (M, ), we get:

Corollary 9.4. Let M be a Gg-orbit, with associated parabolic C R algebra
(g0,4), and M, its real core. If gy is a real semisimple Lie algebra such that
all its simple ideals ar

either of the complex type, or compact, or of one of the real types

) AL Alla, AV, BI, CI DI, DIIb, EII, EIV, FIL,

then all Gg-orbits are simply connected.

2Here we follow, for labeling the simple real Lie algebras, [I4, Table VI, Chapter X].
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If we allow the simple ideals to be either of the types listed in @) or of
the real types:

(b) Alllb and DIla,
then the map w1 (M) — m (M,) of @2) is an isomorphism.

Proof. Every Gg-orbit splits into the Cartesian product of Gg;-orbits, each
corresponding to a simple ideal go; of go (see e.g. [2, p.490]). Thus we can
reduce to the case where gg is simple. Consider a maximally noncompact
Cartan subalgebra b of go. Let R° be the root system of g with respect
to the complexification h° of hi. The first assertion follows from the fact
that, in the cases listed in (a), if C' is any S-fit chamber for (go,¢), then B
does not contain any simple real root with multiplicity one. Hence we have
m1(M,) =1 and thus also M is simply connected.

The last statement is a consequence of the fact that in the cases listed in
(), the quotient Hy/Z(Gy) of a Cartan subgroup Hy of G by its center
Z(Gy) is always connected. Then, by the exact sequence (@3]), the fiber F'
is connected, and therefore () yields an isomorphism of the fundamental
groups of M and M,. O

Remark 9.5. We note that Proposition B and Theorem provide an
effective construction of e, and hence of M., starting from a representation
q = qo in terms of the root system associated to a Cartan pair (9, o)
adapted to (go,q).

Fix a Chevalley basis { X, }aere U {Ha}aen of g (see [§]), with:
Xo € ga’ T(Xa) =X o [Ha,Xia] = +2X,, [XaaXfa] =—H,.
When a € Rf

re, we choose, as we can, X, € go.

Let &, € I'. The element exp(imH,) belongs to the normalizer of by in L,
and the map in (@) transforms &, into the equivalence class of exp(imHy)
in W (L, bo) /W (S5, ho N 55).

The Cartan subalgebra bg is obtained from h§ by the Cayley transform
with respect to a set aq,...,q,, of pairwise strongly orthogonal real roots
in E7. With b = (h§ Npo) + i(h§ N &) and hr = h, & ibJ, the Cayley
transform maps b onto hr by :

. m .
(9.11) X:by>H — H + %ijlaj(ﬂ) (iHa, + Xo, + X—a,) € br.

Since a(H) = 0 for all H € 3§ and o € E" = £, the Cayley transform is the
identity on 3§ C b§ N ho.
For a real 3 € ®¢, the action of exp(inHg) on hr is described by

012 Ad(exp(inHg)) (H + %ijlaj(H) (iHa, + Xo, + X_a,))
9.12 A m o
T ) (i, 0 X))

By duality, the Cayley transform defines a map \* : b — hi*, that gives
by restriction a bijection R — R* of the two root systems. Set:

(9.13) N R s —ateR.

Then we obtain:
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Lemma 9.6. Let 8 be any real root in ®¢. Then Ad(exp(imHpg)) defines in
the Weyl group of R the element:

\% \2
(9.14) sg?m o0 sfxognmw ) € W(R),
where s x is the symmetry with respect to aj‘ eR. O

J

Let s§ () for j =1,...,p, be the simple ideals of s§. Foreach j =1,...,p,
denote by R(;) the set of roots v € R = R(g,h) that are of the form
v = o for some a € R for which the eigenspace g® is contained in the
complexification 5@.) of 55(].). The R(;)’s are disjoint. Let S§ () be the
analytic Lie subgroup of S with Lie algebra s ()

For each j = 1,...,p, let A(;) be the subset of the set {ag,...,apy} of
roots of R¢, used to define the Cayley transform (I1I), consisting of those

for which aj‘ € R(j). Since:
W(S5, bo N's5) = W(SG 1y, b0 N85 (1)) >+ > W(SG (), bo N 8 (1))

we obtain:

Theorem 9.7. With the notation above: m (M) is the subgroup of m (M)
consisting of the elements of the form:

k

(9.16) E=¢h- &5,
where € is a positive integer, and ki,..., kg € Z, &a,,...,&p, € I' satisfy one
of the two equivalent conditions:

L ks v E k(am|BY
(9.17) So%’_1 i) g Som | lenlii) ¢ W (S5, bo N ), or
(9.18) Saiy 10 Say, " € W(S§ 1y, ho N 86 5))

where Ay = {a?l,...,oz?rh}, for h=1,...,p. O

£
Y ki (al 18)) . i ki(al (BY)

Remark 9.8. When Lg is a reductive real linear group, and by a Cartan
subalgebra of its Lie algebra [y, the analytic Weyl group W (L, ho) has been
explicitly computed (see e.g. [26 [[]). Thus Theorem B yields an effective
way to compute the fundamental group of a Gg-orbit M.

For the convenience of the reader, we give below a description of that part
of the Weyl group W (S, hoNsf), that is needed to understand (I17), (LIF]).
We take, as we can, G simply connected. Then also the complexification
S¢ of S§ is simply connected, because S is the semisimple Levi factor of a
parabolic subgroup of G. Indeed, each integral character of s° lifts to an
integral character of g and therefore defines a linear representation of G,
giving, by restriction, a linear representation of S¢ It is well known that
this property characterizes simple connectivity. This is the situation where
we can apply the results of [T, 26].

Let b be the complexification of hg, and S the root system of s® with
respect to the Cartan subalgebra t = h N s®. Denote by Sim . and by Simn
the sets of compact and noncompact imaginary roots of S, respectively.

For a Weyl chamber C € €(S), set pg = 23 {B € Simc|B = 0}. Let E
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be the subset of Sin of the C-positive noncompact imaginary roots that
are orthogonal to pg. The elements of E are pairwise strongly orthogonal,
thus the subgroup W(FE) generated by the symmetries s,, for o € E, is
isomorphic to Z5, where p > 0 is the number of elements of E. Let A be the
co-root lattice, generated by the elements oV = 2a/||a||? for a € S, and A*
the sublattice generated by the o¥ for o € Siyy. Let £ be the linear span of
S and @ the orthogonal projection of t; onto the linear span of Sip,.

Let W* be the subgroup of the Weyl group W (S) generated by the sym-
metries s, for & € Rimn. Then we have:

(9.19) W*NW(S§, o Nsg) =ker (f: W(E) — A" /2w (A))

where f is the homomorphism that maps s, to aV.

We note that the elements (@I6]), having been constructed from real roots
of the root system R¢, belong to the subgroup of W(R) generated by the
symmetries with respect to noncompact imaginary roots that are orthogonal
to po, and therefore to W*.

10. THE MOSTOW FIBRATION

Let M = Gg/Iy be the homogeneous space of a Lie group Gg, with Ij a
closed subgroup of Gg. We assume that both Gy and Iy have finitely many
connected components. We fix maximal compact subgroups Kqy and Ky of
Gy and of I, respectively, with Koo C Ko. In [22] and [23] G.D. Mostow
proved that there exist closed Euclidean subspaces F' and F in G such that:

K()XFXEB(ki,f,e)—)k‘-f-eEGQ

and Ko x E> (k,e) = k-e€l }are iffeomorphisms onto,

ad(k:)(F) =F Vk e K.

In particular, M is isomorphic, as a Kg-space, to the manifold Ko xk,, F,
i.e. to the quotient of the Cartesian product Ky x I with respect to the
equivalence relation that identifies (k, f) and (k - kg ', ad(ko)(f)) if k € Ko,
f€F, and kg € Kgo. Let N be the homogeneous space Ko /K.

Definition 10.1. The Ky-equivariant fibration M — N defined by the
commutative diagram

KOXF ————)KO

(10.1) | |

M~ KO XKoo F—— N
is called the Mostow fibration of M.

We come back now to the situation where M is a Gg-orbit in a complex
flag manifold X, with associated parabolic CR algebra (go,q). We keep
the notation of the previous sections. In particular, we denote by K the
complexification of Ky, and by €, £ the Lie algebras of K, K, respec-
tively. Then the basis N of the Mostow fibration is the intersection of M
with the complex K-orbit M* in X = G/Q, that corresponds to M in the
Matsuki duality (see [I7], [9]). Note that N is a Kp-homogeneous generic
C R-submanifold of M*, with associated C'R algebra C'R algebra (£y,q N £).
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Proposition 10.2. The CR manifold M and the basis N of its Mostow
fibration M — N have the same C' R-codimension. In particular, the fibers
of the Mostow fibration M — N have an even dimension.

Proof. The CR codimensions of M and N are (cf. Remark [
CR-codim M = dimcg — dimc(q + §) and
CR-codim N = dim¢t — dimc([q N €] + [q N §).

Thus, we need to prove that

(10.2) dimcg = dime(q + q) + dimct — dime([q N €] + [N €)).

First we show that

(10.3) (@+q)Ne=(qne)+(gne).

Fix any ¥-invariant Cartan subalgebra hg of ig. Let h be the complexification
of hp and R = R(g,h) be the root system of g with respect to its Cartan
subalgebra h. Recall that ¢ = {X + 9(X) | X € g} and that, if X, € g%,
then 9(X,) € g~®. To prove ([IL3), it suffices to show that, if X, # 0 and
(Xa+9(Xa)) € (q+7), then o and —a both together belong either to Q, or
to Q. The assertion is trivially true when & = —a. When & # —a, the fact
that (Xo +9(Xa)) € (q+ q) implies that {o, —a} C QU Q. Ifa € Q\ Q
and —a € @\ Q, then neither &, nor —& would belong to Q, contradicting
the fact that Q is a parabolic set. Analogously, we rule out the case where

a€Q\Qand —a € Q\ Q. This proves ([[IL3)). Since
dime(q + ) + dimct — dime([q + g N ¢) = dime(q + g + €),

to complete the proof that M and N have the same C'R codimension it
suffices to verify that:

(10.4) g+q+t=g,

and, to this aim, that all root spaces g are contained in the left hand side
of (ITA). If g% ¢ q + g, then « is either real or complex, and g~% C q N g.
With X, € g, we have 9(X,) € g=* C qNq and (X, + 9(X,)) € & Thus
X4 belongs to the left hand side of (L4]). This completes the proof. O

Theorem 10.3. Let M be a Gg-orbit, with associated parabolic CR algebra
(90,9), and M — N its Mostow fibration. Let M, be the real core of M (see
Definition [71]). Then there is a sequence of Ko-equivariant fibrations:
(10.5) N=NO  NO ... Nym=D) _ N0 = pp

in which, for each h > 1, fiber L") of the Kg-equivariant fibration N1 —
N s diffeomorphic to a disjoint union of a finite number of copies of a
complex flag manifold.

Proof. We consider the sequence ([L2). For each h = 0,1,...,m we take
N®) 6 be the basis of the Mostow fibration of the Gg-orbit M), Let I(()h)
be the isotropy subgroup of M (") and K(()IS) its maximal J-invariant compact
subgroup. Being complex, by Theorem B0 each connected component of
the fiber Fj, = F} x F}! of the Gy-equivariant fibration of MY ) i
C R-diffeomorphic to the product of a complex Euclidean space F}’ and of the
disjoint union Fj, of finitely many copies of an open orbit Q" in a complex
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flag manifold Xj,. Then L") is the basis of the Mostow fibration F, by — LM,

Thus L™ has finitely many connected components, each diffeomorphic to a
complex flag manifold, being equal to the Matsuki-dual of an open orbit. [

Thus we have:
Corollary 10.4. With the notation of Theorem [IIL3:
(10.6) X(N) =0 <= x(M,) =0,

where x is the Fuler-Poincaré characteristic.
Let {M;|j € J} be the set of all Go-orbits in the complex flag manifold
X =G/Q. Then:

(10.7) X(X) =" x(N),

JjeJ
where N; is the basis of the Mostow fibration M; — Nj.

Proof. We keep the notation of Theorem The Euler-Poincaré charac-
teristic (V) is the product x(N) = x(M,)-x(LM) - - - x(L™) and x (L") >
0 for h =1,...,m, because each LM is a complex flag manifold.

The last assertion follows by considering a cell decomposition C of X in
which every cell is contained in some Gg-orbit M;. Since the fibers of the
Mostow fibration are Euclidean, we may obtain a cell decomposition of M;
from a cell decomposition of the basis N; of its Mostow fibration. Since the
dimension of the fibers is even, the contribution of the cells of M; to the
alternated sum x(X) = Zcec(—l)dim(c) of the cells contained in x(X) is
exactly x(NV;). O

11. REAL CORE AND ALGEBRAIC ARC COMPONENTS

In this section we compare our construction of §i with the algebraic arc
components of [28, §8]. They were defined in the following way.

Definition 11.1. Let M be a Gg-orbit, with associated parabolic CR alge-
bra (go,q). Let (9, ho) be an adapted Cartan pair and R = R(g, h). Define

(11.1) 0= connan®
(11.2) Q. ={aeR| (§la) >0},
(11.3) da=bo) o

The Gy-orbit M,, corresponding to the parabolic CR algebra (go,qq), is
called the space of algebraic arc components of M.

Lemma 11.2. If (go,q) and (g0,q’) are parabolic CR algebras with q+ ¢ =
q +4d, then q, = q,,. This holds in particular when (go,q’) is the weakly
nondegenerate reduction of (go,q).

Proof. Indeed Q"NQ" = R\ (-QU-Q) = R\ (-QU-Q) = 9"ng™. O

Lemma 11.3. Let (go,q) be a parabolic CR algebra. Fixz an adapted Cartan
pair (9, o). Let R be the root system of g with respect to the complezification



32 A. ALTOMANI, C. MEDORI, AND M. NACINOVICH

h of ho and Q@ C R the parabolic set of q. Consider the complement of qNq
in q given by

114 = g%

(11.4) E=D 0"

If (g0, q) is weakly nondegenerate, then

(11.5) {ZerllZalc@+a)}ca™

Proof. Set Q" =R\ Q={-a|aec Q"}and Q" ={a|ac Q"L
We apply an argument similar to that of the proof of |2, Proposition 12.3].
The left hand side of ([IIH) decomposes into a direct sum of root spaces g“.
Since
(Q\Q)=(Q'NQ™Mu(Q"NA™),

it suffices to show that the left hand side of ([ILH)) does not contain g¢ if
a € Q"N Q™. By the assumption that (g, q) is weakly nondegenerate, by
[ZT, Theorem 6.2] there exist roots f1,..., 0 € Q such that:

(i) vi=a+Y, BieRforj=1,....k

(i) e ¢ QU Q.
If we take a sequence ((,..., k) satisfying (i) and (i7) with & minimal,
then (i) and (i¢) hold true for all sequences (Bs,, ..., s,) obtained by a
permutation of the 3;’s. At least one of the 3;’s does not belong to 9, so we
can assume that 5y € Q7. Then v € @7, because o € Q", and Q"U Q™"
is a parabolic set. We also have v; € Q", because 3s,...,0; € Q and
Ye = 71+ Z?:z Br € Q™. This shows that & = 1 and hence g is not
contained in the left hand side of ([[TH). O

Lemma 11.4. If (go,q) is weakly nondegenerate, then
(11.6) Qw N Gw C da C qu + G-

Proof. We keep the notation introduced in the proof of the previous lemma.
Let us consider the normalizer of ¢" N g™ in g:

(11.7) Ng(q"ng")={Zegl|[Zq"Ng" ] Cq"NT"}.

The first inclusion in ([IZ6]) is obvious, because g, NGy = q N g, and q,
contains Ng(q" N g") D gNg. Since Ng(q” N g") is the direct sum of b
and of root spaces, we can decompose Ng(q" Ng") into the direct sum of its
nilradical N§(q"Ng") and of a 7-invariant reductive complement N (q"Nq")
(recall that 7 = o o ¥ is the conjugation with respect to the compact form
ug = € + ipp of g). Wolf proved (see [28, Theorem 8.5(2)]) that

(11.8) Ng(g"Ng") Caz, Ng(a"Ng") Cqq,

so that in particular

(11.9) Ng(a" Na") = Ng(a" Ng") Nag, Ng(a"Ng") = Ng(a" Ng") Nqg.

To complete the proof of ([[LH), it suffices to show that Q, C (Q, U Qu).
Since (see [28, Theorem 8.5(2)]) q, is contained in q + q and is invariant by
conjugation, we can assume, by substituting, if needed, & to «, that o € Q.
Assume by contradiction that a ¢ Q,, U Q.. Since we have the partition

R\ (QuUQy) =(Q NO™MU(Q NQ ™M uU(@™Nna™),
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we obtain that @ € Q '\ (Qw U Qw) = Q"N Q™. This implies that g=*
is contained in Ng(q" N g") C q,. Then g™ C ¢, and hence, by ([[T1),
gte c Ni(g" N g"). But Ni(q" N g") also normalizes (¢~ N g~ "), and
hence (q + q). By Lemma this implies that o € Q" C Q,,, yielding a
contradiction. O

Example 11.5. Denote by .7:517d27m7dT the complex manifold consisting of
the flags (¢1,¢2,...,¢,) where ¢; is a d;-dimensional linear complex subspace
of C"and £; Cly C --- C 4,

Let (e1,...,er) be a basis of the real form R” of C”, and (ey,...,e7) the
basis of C” given by

€1 = e +ie7, € =€y, €3=e3+ i, €4 = €4,

€5 = €5, €g =e3—1ieg, €7 =e€] — iey.

Let Q be the Borel subgroup of G = SL(7,C) that stabilizes the complete
flag

= ((61>(c, <61, 62>(c, ce <61, R ,€6>(C) S ‘7:17,2,3,4,5,6'

Set Go = SL(7,R), and consider the orbit M = Gg-¢ C .7:177273747576, with
associated C'R algebra (go, q), where gg = sl(7,R) and q is the Lie algebra of
Q. The weakly nondegenerate reduction of M is the Gg-orbit M©) ¢ Fi,
through the flag 7

¥ = ((e1,€2)c, (€1, €2, €3, €4)C) € Fy 4.
Continuing with the construction of § [ we obtain that M1 ¢ .7-"1773’576 is
the Gy-orbit through the flag

81 - (<€2>C7 <€2761764>(C7 <62761764763767>C7 <€2761764763767766>C) S fi375,67

and M©?) C ]:17,2,4,6 is the Gg-orbit through the flag

52 - (<€2>C7 <€2764>(C7 <€2764761767>C7 <€2764761767763766>C) S f’1772,476'

Being totally real, M) coincides with M.

Denote by X : R — R® the Cayley transform with respect to the roots
€1 — €7 and €3 — eg According to (@9), (@I0), the fundamental group of
Me is generated by 51 = 5)\*(52—64)? 52 = 5)\*(64—51)’ 54 = 5)\*(57—63) and 56 =
Ex(eg—es)> With relations 2 = 1 and &&; = &;&; for 4,5 = 1,2,4,6.

The semisimple part s of the isotropy subgroup of M, is the subgroup
corresponding to the root subsystem {+(e; — €7), +(e3 — €6)}, the subset E
in Remark @8 is {€; — €7, €3 — €6} and the map f: W(E) — A*/2w(A) is a
bijection. By Theorem .1 the fundamental group of M is generated by &;
and £264&6 and is isomorphic to Z3.

The space of algebraic arc components of M is the Gg-orbit M, C ]:17,4,6
through the flag

e = ((e2)c, (€2, €4, €1, 1), (€2, €4, €1, €7, €3, €6)C) € Fi 46

showing that in this case ¢ C q,. Furthermore, the algebraic arc components
are not simply connected, and their fundamental group is isomorphic to Zs.
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Example 11.6. We keep the notation of the previous example. We consider
now the basis (w1, ...,wr) of C” given by
wy =e; t+ier, wp=ez, Wz=e€3, Wy=ey
ws = e, Wg = eg, Wy =e] — iey.
With Gy = SL(7,R), we consider the Gg-orbit M C .7-"27’3 through the flag
w = ((wl,w2>, (wl,wg,w3>) € .7-"2773.

Then M, = MM ¢ .7-"1774 is the Gg-orbit through the flag

W = ({wa), (wr,we, ws,wr) € F.

On the other hand, the space M, of the algebraic arc components of M is
the Go-orbit M, C F,, through the flag

W@ = ((wa), (wa, ws), (w1, we, w3, wr)) € Fi g 4.
Thus we obtain in this case that q, C e.

Proposition 11.7. Let (go,q) be a parabolic CR algebra, (¥,bo) an adapted
Cartan pair, R the root system of g with respect to the complexification of
ho, and Q the parabolic set of q. Assume that there is an S-fit Weyl chamber
in €(R, Q) with

(11.10) a0 if ac€Reyp and o >0.

Then:

(11.11)  qu =,

(11.12)  qu + Gu s a Lie subalgebra of g,

(11.13)  if moreover (go,q) is weakly nondegenerate, then ¢ = qy + Qo -

In particular (ILIT) holds true when (go,q) is the parabolic CR algebra
corresponding to a closed Gg-orbit.

Proof. Fix an adapted Cartan pair (1, ho) and choose an S-fit Weyl chamber
C for (g0, q), such that (III0) is satisfied. We have q,, 4G, = 4" +g"+(qNq).
Hence, to prove ([IL1Z)), we only need to show that, if a root 7 is the sum
v =a+ [ of aroot « € Q" and a root J € Q"\Q, then v € Q, U Q.
Because of (ITIM), G is a negative imaginary root. If also a is imaginary,
then « is imaginary and hence belongs to Q,, U Q,,. If « is not imaginary,
then ~ is positive and not imaginary, and thus belongs to @ N Q.

Statement ([[ITI3)) follows from ([TIZI).

While proving (ITITl), by Lemma we can assume that (go,q) =
(g0,q) is weakly nondegenerate. Since by ([[II3) we have in this case
Guw + Guw = g = ¢, the inclusion g, C ¢ follows by Lemma T4l

We claim that ¢ C Ng(q" N q") +>_,cx, 8% Indeed let o € R be a root
for which g* C e but g* ¢ Ng(q"Ng"). Since e = q"+q"+(qN4q), then either
o€ Q"\Q, ora € Q"\Q By ([[TI0), in both cases we have o € Rip,. Since
Ny(q" Ng") C qq by [28, Theorem 8.5(2)], and ) .. g% C qq because qq
is the complexification of a real parabolic subalgebra of gg, we obtain that
e C qq.

The last statement is a consequence of the fact (see e.g. [3]) that for a

closed orbit there are S-fit Weyl chambers for which ([TI0) holds true. O
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