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C ∗ quantum groupoid (A, Γ, κ, ε)

Definition (Bohm, Nill, Szlachanyi)

A : finite dim. C ∗-algebra (A = ⊕
i=1,..k

Mni (C))

Γ : A→ A⊗ A: ∗-homom.
(Γ⊗ i)Γ = (i ⊗ Γ)Γ ( Γ(1) 6= 1⊗ 1, in general)

κ : A→ A, linear antimultiplicative :
(κ ◦ ∗)2 = i
ς(κ⊗ κ)Γ = Γ ◦ κ
(m(κ⊗ i)⊗ i)(Γ⊗ i)Γ(x) = (1⊗ x)Γ(1)

(where m(a⊗ b) = ab)

ε : A→ C: linear s.t. (ε⊗ i)Γ = (i ⊗ ε)Γ = i
(ε⊗ ε)((x ⊗ 1)Γ(1)(1⊗ y)) = ε(xy)

Bases : At := {a ∈ A/Γ(a) = (a⊗ 1)Γ(1) = Γ(1)(a⊗ 1)}
As := {a ∈ A/Γ(a) = (1⊗ a)Γ(1) = Γ(1)(1⊗ a)}
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Groupoids

Definition

A finite groupoid G is a finite category for which any morphism is
invertible.

∀x ∈ G, there exists x−1,

G0(Units:) ⊂ G: s(x) = x−1x , t(x) = xx−1

x= xs(x) =t(x)x

∀x , y ∈ G:
x .y composable iff s(x) = t(y)

(xy)z = x(yz),

∀u ∈ G0 Gu := {x ∈ G/t(x) = u}
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Examples

G = X ×G if G acts on the right on X G0 = X × {e} ≡ X

t(x , g) = x , s(x , g) = x .g

(x , g).(x .g , g ′) = (x , gg ′)

(x , g)−1 = (x .g , g−1)

G = X × X G0 = {(x , x)/x ∈ X} ≡ X

t(x , y) = x , s(x , y) = y

(x , y).(y , z) = (x , z)

G equivalence relation on X : G subgroupoid of X × X

Groupoid are stable for disjoint union and cartesian product

G = t
finite

Xα × Xα × Gα
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Commutative finite quantum groupoid

G finite groupoid

A = CG , A⊗ A = CGxG

Γ(f )(x , y) =

{
f (xy) x, y composable
0 otherwise

κ(f )(x) = f (x−1)

ε(f ) =
∑

u∈G0 f (u)

At = {φ ◦ t/φ ∈ CG0},As = {φ ◦ s/φ ∈ CG0}

CG
0 → At CG

0 → As
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Symmetric quantum groupoids

G finite groupoid:

Â = CG

Γ̂(λ(s)) = λ(s)⊗ λ(s)

κ̂(λ(s)) = λ(s−1)

ε̂(λ(s)) = 1

Ât = Âs = CG0 CG0 → Ât : δu → λ(u)
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X : ([, /)

[ : X � Go (X is fibered by G0)

/ : X[ ×t G → X , (x , g) 7→ x/g

[(x/g) = s(g) , x/[(x) = x

x/(g1g2) = (x/g1)/g2

Examples:

The action of a group G on a space X

X × X acts on (X , idX ): x / (x , y) = y
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Action of G on (X , b) 
 Action of CG on CX

([, /) right action of G on X

[ : X � Go

/ : X[ ×t G → X , (x , g) 7→ x/g

 

b : CG0 → CX b(f ) = f ◦ [
α : CG → CX ⊗ CG

(
= CX×G)

α(f )(x , g) =

{
f (x/g) if [(x) = t(g)
0 otherwise
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Action of a C ∗- quantum groupoid

Definition
Right action of (A, Γ, κ, ε) on the von Neumann algebra M

:= (b, α)

b : At ↪→ M: *-antihom. unital injective

α : M ↪→ M ⊗ A, *-hom. injective (α(1) 6= 1)

∀n ∈ At : α(1)(b(n)⊗ 1) = α(1)(1⊗ n) (α(M) ⊂ Mb ?
At

i A)

(α⊗ i)α = (i ⊗ Γ)α

∀n ∈ At : α(b(n)) = α(1)(1⊗ κ(n))

Crossed product
M n A :=< α(M) ∪ α(1)(1⊗ Â′) >

(
⊂ (M ⊗ L(HA))α(1)

)
Fixed points algebra
MA := {m ∈ M/α(m) = α(1)(m ⊗ 1)}

MA ⊂ M ⊂ M n A
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(
⊂ (M ⊗ L(HA))α(1)

)
Fixed points algebra
MA := {m ∈ M/α(m) = α(1)(m ⊗ 1)}

MA ⊂ M ⊂ M n A

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



Action of a C ∗- quantum groupoid

Definition
Right action of (A, Γ, κ, ε) on the von Neumann algebra M

:= (b, α)

b : At ↪→ M: *-antihom. unital injective

α : M ↪→ M ⊗ A, *-hom. injective (α(1) 6= 1)

∀n ∈ At : α(1)(b(n)⊗ 1) = α(1)(1⊗ n) (α(M) ⊂ Mb ?
At

i A)

(α⊗ i)α = (i ⊗ Γ)α

∀n ∈ At : α(b(n)) = α(1)(1⊗ κ(n))

Crossed product
M n A :=< α(M) ∪ α(1)(1⊗ Â′) >
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(
⊂ (M ⊗ L(HA))α(1)

)
Fixed points algebra

MA := {m ∈ M/α(m) = α(1)(m ⊗ 1)}
MA ⊂ M ⊂ M n A

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



Action of a C ∗- quantum groupoid

Definition
Right action of (A, Γ, κ, ε) on the von Neumann algebra M

:= (b, α)

b : At ↪→ M: *-antihom. unital injective

α : M ↪→ M ⊗ A, *-hom. injective (α(1) 6= 1)

∀n ∈ At : α(1)(b(n)⊗ 1) = α(1)(1⊗ n) (α(M) ⊂ Mb ?
At

i A)

(α⊗ i)α = (i ⊗ Γ)α

∀n ∈ At : α(b(n)) = α(1)(1⊗ κ(n))

Crossed product
M n A :=< α(M) ∪ α(1)(1⊗ Â′) >
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(
⊂ (M ⊗ L(HA))α(1)

)
Fixed points algebra
MA := {m ∈ M/α(m) = α(1)(m ⊗ 1)}

MA ⊂ M ⊂ M n A

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



Quantum groupoids and subfactors

Theorem

(Nikshych-Vainerman)
M0 ⊂ M1: type II1 subfactors of finite index and depth 2

M0 ⊂ M1
e1⊂ M2

e2⊂ M3....... Jones tower

A = M ′0 ∩M2, B = M ′1 ∩M3: C ∗-weak Hopf algebras in
duality

A acts on B and B o A = M ′0 ∩M3

A acts on M1:

and M0 ' MA
1 , M2 ' M1 n A
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Adapted pairs of groupoids

Definition

H,K subgroupoids of G, adapted pair if:

G = HK = {hk/h ∈ H, k ∈ K , (h, k) ∈ G2}

If moreover H ∩ K = G0, then H,K is called a matched pair

Remark: g = hk = hxx−1k x ∈ (H ∩ K )s(h)

Definition

γH,K (g) := |{(h, k)/g = hk}| (= |(H ∩ K )s(h))|)

If G group γH,K (g) ≡ |H ∩ K | , if H ∩ K = G0 γH,K (g) ≡ 1
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Examples of matched pairs (H ∩ K = G0)

ACTIONS OF MATCHED PAIRS OF GROUPS

Let H,K be a matched pair of groups, such that G = HK acts on
the right on a set X .

then H = X × H,K = X × K matched pair in G = X × G :

(x , g) = (x , hk) = (x , h)(x .h, k)

H ∩K = X × {e} = G0

Theorem[JMV]

For any h ∈ H, k ∈ K , x ∈ X : let’s define:
(x , h) J k = (x .(h . k), h / k)

then J action of K on X × H and CT ' C(X×H) o K
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THE PAIR GROUPOID OF A CARTESIAN PRODUCT X1 × X2

If X = X1 × X2, G = X × X = X1 × X2 × X1 × X2

H = t
x2∈X2

X1 × {x2} × X1 × {x2} ∼ X1 × X1 × X2

K = t
x1∈X1

{x1} × X2 × {x1} × X2 ∼ X2 × X2 × X1.

H,K are matching: (a, b, c , d) = (a, b, c , b)(c , b, c , d)

Theorem[JMV]

Let J be the natural action of X1 ×X1 on X2 ×X2 ×X1 fibered by
X1 via the third component, defined by :

(b, d , a) J (a, c) = (b, d , c)
then CT ' CX2×X1×X2 o (X1 × X1) ' CX2×X2 ⊗M|X1|(C)
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Adapted pairs and C ∗ quantum groupoids

1) Double groupoids T , T ′.

T = {
h

kk ′

h′
/ h, h′ ∈ H, k , k ′ ∈ K hk = k ′h′}

T → T ′: transposition

(
h

kk ′

h′
)t =

k ′

h′h

k
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Adapted pairs and C ∗ quantum groupoids

T is a groupoid of basis K and a groupoid of basis H

Horizontal product:
a

kc

d

D
?
K

a′

b′k

d ′
=

aa′

b′c

dd ′

Vertical Product a
bc

h
B
?
H

h
b′c ′

d ′

=
a

bb′cc ′

d ′

Horizontal units :
r(k)

kk

s(k)

, vertical units r
h

s(h)(h)

h

Inverses: (
a

bc

d

)−D =
a−1

cb

d−1

, (
a

bc

d

)−B = c
d

b−1−1

a
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Adapted pairs and C ∗ quantum groupoids

2) The C ∗- algebra CT

Product: (
∑

t∈T
att).(

∑
t′∈T

bt′t
′) =

∑
t∈T

∑
t1

D
?
K

t2=t

(at1bt2)t

Involution: (
∑

t∈T
att)∗ = (

∑
t∈T

att−D)

these C ∗- algebras are crossed product
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Adapted pairs and C ∗ quantum groupoids

3) The C ∗-quantum groupoid CT

Definition: If t =
h

kk ′

h′

q(t) := |{
h

k.

.

}| = γK ,H(k ′h′) = |(H ∩ K )s(k ′)|

x(t) := |{
.
.k ′

h′
}| = γH,K (hk) = |(H ∩ K )s(h)|

y(t) := |{
.

k.

h′
}| = γK ,H(k ′−1h) = |(H ∩ K )r(h)|

p(t) := |{
h

.k ′

.

}| = γH,K (h′k−1) = |(H ∩ K )s(h′)|
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Adapted pairs and C ∗ quantum groupoids

Theorem [Andruskiewicz-Natale]

The C ∗-algebra CT has a canonical structure of C ∗-quantum
groupoid

Γ(t) =
∑

t1
B
?
H

t2=t

1
p(t1) t1 ⊗ t2 =

∑
t1

B
?
H

t2=t

1
x(t2) t1 ⊗ t2

κ(t) = p(t)
q(t) t−DB

ε(t) =

 p(t) si t de la forme r(h)
h

s(h)

h
0 sinon

The bases (At ,As) are isomorphic to C(H ∩ K )

Corollary: κ2(t) = p(t)y(t)
x(t)q(t) t
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Mutual actions of double groupoids

4) The C ∗-quantum groupoids (CT ,CT ′) have mutual actions

The groupoid T of basis K acts on the space T ′ ( fibered by K )

a
kb

c

.
a′

c ′b′

k

=

a′

c ′b′

k
B
?
K

a−1

k
c−1

b

= b′a−1
b

c ′c−1

b
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The inclusion RH ⊂ R o K (adapted pair of groups)

Any finite group acts on the hyperfinite type II1 factor R
Let H,K be an adapted pair of groups and M0 = RK ,M1 = R o K

Theorem [JMV]

If H,K is an adapted pair of finite groups, the inclusion M0 ⊂ M1

is in the conditions of Nikshych-Vainerman theorem, and:

1 The WHA M ′0 ∩M2 is isomorphic to CT
2 The WHA M ′1 ∩M3 is isomorphic to CT ′

3 The action of M ′1 ∩M3 on M ′0 ∩M2 can be identified with
the one of CT ′ on CT
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Measured Quantum Groupoids

MOTIVATION:

Theorem

(Nikshych-Vainerman)
M0 ⊂ M1: type II1 subfactors of finite index and depth 2

M0 ⊂ M1
e1⊂ M2

e2⊂ M3....... Jones tower

A = M ′0 ∩M2, B = M ′1 ∩M3: C ∗-weak Hopf algebras in
duality

A acts on B and B o A = M ′0 ∩M3

A acts on M1: and M0 ' MA
1 , M2 ' M1 n A

What occurs when M0,M1 are no more factors?
Answer: A and B are measured quantum groupoids
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

G = (N,M, α, β, Γ,T ,T ′, ν) measured quantum groupoid :

M,N von Neumann alg. α : N → M (resp. β : No → M) non
deg.norm.faith.repres. [α(N), β(No)] = 0

Γ : M → Mβ ?
N
αM : 1 to 1 normal rep.

Γ(β(x)) = 1β ⊗
N
αβ(x) Γ(α(x)) = α(x)β ⊗

N
α1

(Γβ ⊗
N
αid)Γ = (idβ ⊗

N
αΓ)Γ.

T (resp T ′) n.sf.f ope.val.weight: M → α(N) (resp β(N))

(idβ ⊗
N
αT )Γ(x) = T (x)β ⊗

N
α1 ; (T ′β ⊗

N
αi)Γ(x) = 1β ⊗

N
αT ′(x)

ν n.sf.f.weight on N, Φ = ν ◦ α−1 ◦ T ,Ψ = ν ◦ β−1 ◦ T ′

σΦ
t σ

Ψ
t = σΨ

t σ
Φ
t
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Commutative example

G measured groupoid , {λu/u ∈ G0} Haar system, ν quasi
invariant measure on G0, µ =

∫
G0 λ

udν(u) int.mes. on G

G(G) = (L∞(G0, ν), L∞(G, µ), t, s, ΓG ,TG ,T
−1
G , ν),

s, t : L∞(G0, ν)→ L∞(G, µ) : s(φ) = φ ◦ sG , t(φ) = φ ◦ tG

ΓG : L∞(G, µ)→ L∞(G2
s,t , µ

2
s,t) : ΓG(f )(x , y) = f (xy)

TG(f )(g) =
∫
G f (x)dλt(g)(x), T−1

G (f )(g) =
∫
G f (y)dλs(g)(y)

ν(φ) =
∫
G0 φ(u)dν(u)
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Symmetric example:

Ĝ(G) = (L∞(G0, ν),L(G), t, t, Γ̂G , T̂G , T̂G , ν),

L(G) ⊂ L(L2(G, µ)) = vN < λ(f ) >
λ(f )h(x) =

∫
G f (g)h(g−1x)dλtG(x)(g)

Γ̂G(λ(f ))ξ(x , y) =
∫
G f (g)ξ(g−1x , g−1y)dλtG(x)(g)

T̂G(f ) = t(f | G 0)

ν(φ) =
∫
G0 φ(u)dν(u)
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Matched Pairs of Measured Subgroupoids

Definition

If G1,G2 closed, measured subgroupoids of G, then one says it is a
matched pair iff:

G1.G2 = {hk/h ∈ G1, k ∈ G2, (h, k) ∈ G2} co-neglec. in G
G1 ∩ G2 = G0

There exists a common quasi inv.measured ν for G,G1,G2
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Examples of matched pairs

G group: G1,G2 matched pair of groups

G field of matched pairs of groups (s = r), Gu = Gu
1 G u

2

G1 = (Gu
1 )u∈G0 , G2 = (Gu

2 )u∈G0

G = X × ”G1G2”, matched pair of groups acting on a space
X ,

G1 = X × G1 , G2 = X × G2

G = X × X , where X = X1 × X2

G1 ∼ X1 × X1 × X2 , G2 ∼ X2 × X2 × X1
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Finally (for the moment...)

Theorem

If G1,G2 matched pair in G then:
There exists a can.action ai of G(Gi ) on Gj , (i 6= j ∈ {1, 2}) such
that L∞(Gj ) oai G(Gi ) measured quantum groupoids in duality
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