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C* quantum groupoid (A, I, K, ¢€)

Definition (Bohm, Nill, Szlachanyi)
o A: finite dim. C*-algebra (A= & M,,(C))
i=1,..k

o:A— A® A: x-homom.

Fref=Genr (r1)#1®1,in general)
@ x: A — A, linear antimultiplicative :

(ko) =i

k@K)F=Tok

(mk®i) NI i)M(x)=(1®x)(1)

(where m(a ® b) = ab)

@ c:A—C: linearst. (e@NM=(i®el =

(e®e)((x@r1)(1@y)) = e(xy)

Bases: Ar:={ac A/T(a)=(ax@1)I(1)=T(1)(a® 1)}
Asi={acAll(a)=(1®al(1)=T(1)(1®a)}
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Definition

A finite groupoid G is a finite category for which any morphism is
invertible.
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A finite groupoid G is a finite category for which any morphism is
invertible.

@ Vx € G, there exists x~ 1,

e G%Units:) C G
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Definition

A finite groupoid G is a finite category for which any morphism is
invertible.

@ Vx € G, there exists x~ 1,

e GO%(Units:) C G: s(x) = x1x, t(x) = xx71
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Definition

A finite groupoid G is a finite category for which any morphism is
invertible.

@ Vx € G, there exists x~ 1,

e GO%(Units:) C G: s(x) = x1x, t(x) = xx71
x= xs(x) =t(x)x

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



Definition

A finite groupoid G is a finite category for which any morphism is
invertible.

@ Vx € G, there exists x~ 1,

e GO%(Units:) C G: s(x) = x1x, t(x) = xx71
x= xs(x) =t(x)x
o Vx,y €G:
x.y composable iff s(x) = t(y)

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



Definition

A finite groupoid G is a finite category for which any morphism is
invertible.

@ Vx € G, there exists x~ 1,

e GO%(Units:) C G: s(x) = x1x, t(x) = xx71
x= xs(x) =t(x)x
o Vx,y€gG:
x.y composable iff s(x) = t(y)
(xv)z = x(yz),
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Definition

A finite groupoid G is a finite category for which any morphism is
invertible.

@ Vx € G, there exists x~ 1,

e GO%(Units:) C G: s(x) = x1x, t(x) = xx71
x= xs(x) =t(x)x
o Vx,y€gG:
x.y composable iff s(x) = t(y)
(xv)z = x(yz),
o VueG? GY:={xecG/t(x)=u}
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0 Gg=XxG
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@ G =X x G if G acts on the right on X
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@ G=XxGif Gactson the right on X G%= X x{e} =X
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@ G=XxGif Gactson the right on X G%= X x{e} =X
t(x,g) = x,
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@ G=XxGif Gactson the right on X G%= X x{e} =X
t(x,g) = x, s(x,8) = x.g
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@ G=XxGif Gactson the right on X G%= X x{e} =X
t(x,g) = x, s(x,8) = x.g
(x.8).
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@ G=XxGif Gactson the right on X G%= X x{e} =X
t(x,g) = x, s(x,8) = x.g
(x,8).(xg,8')
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@ G=XxGif Gactson the right on X G%= X x{e} =X
t(x,g) = x, s(x,8) = x.g
(x,8)-(x-g.8") = (x, 88")
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,8) = x, s(x,8) = x.g
(x,8)-(x-g.8") = (x, 88")
(x.8) 7t =(xg.87")
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,8) = x, s(x,8) = x.g
(x,8)-(x-g.8") = (x, 88")
(x.8) 7t =(xg.87")

e G=XxX
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,8) = x, s(x,8) = x.g
(x,8)-(x-g.8") = (x, 88")
(x.8) 7t =(xg.87")

0 G=XxX G'={(x,x)/xeX}=X
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,g) =x, s(x,8) =x.g
(x,8)-(x.g,8") = (x,g8")
(x.8) 7t =(xg.87")
0 G=XxX G'={(x,x)/xeX}=X
t(x,y) = x,
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,g) =x, s(x,8) =x.g
(x,8)-(x.g,8") = (x,g8")
(x.8) 7t =(xg.87")
0 G=XxX G'={(x,x)/xeX}=X
t(x,y) = x, s(x,y) =y
(x,¥)-(y,2) = (x,2)
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,g) = x, s(x,g) = x.g
(x,8)-(x.g,8") = (x,88")
(x,8) ' =(xg,g™")
0 G=XxX G'={(x,x)/xeX}=X
t(x,y) =x, s(x,y) =y
(x,¥)-(y,2) = (x,2)
@ G equivalence relation on X :
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,8) = x, s(x,8) = x.g
(x,8)-(x-g,8") = (x, 88")
(x,8) ' =(xg,87")
0 G=XxX G'={(x,x)/xeX}=X
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(x,¥)-(y,2) = (x,2)
@ G equivalence relation on X : G subgroupoid of X x X
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,8) = x, s(x,8) = x.g
(x,8)-(x-g,8") = (x, 88")
(x,8) ' =(xg,87")
0 G=XxX G'={(x,x)/xeX}=X
t(x,y) = x, s(x,y) =y
(x,¥)-(y,2) = (x,2)
@ G equivalence relation on X : G subgroupoid of X x X

Groupoid are stable for disjoint union and cartesian product
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@ G =X x G if G acts on the right on X gosz{e}EX
t(x,8) = x, s(x,8) = x.g
(x,8)-(x-g,8") = (x, 88")
(x,8) ' =(xg,87")
0 G=XxX G'={(x,x)/xeX}=X
t(x,y) = x, s(x,y) =y
(x,¥)-(y,2) = (x,2)
@ G equivalence relation on X : G subgroupoid of X x X

Groupoid are stable for disjoint union and cartesian product

G= U X, x X, x G,

finite
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Commutative finite quantum groupoid
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Commutative finite quantum groupoid

g finite groupoid

o A=CY,
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Commutative finite quantum groupoid

g finite groupoid

e A=CY9 A®A=C9%9

[
—
—~~
-~
~—
~—~
x
<
~—
I

f(xy) x,y composable
0 otherwise

e ¢(f) = Zuego f(u)
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Commutative finite quantum groupoid

g finite groupoid

e A=CY9 A®A=C9%9

[(F)(x,y) = { g(galer;vci,s}é composable
o r(f)(x)=rf(x"1)

o €(f) =2 ego fu)

o Ar={pot/peCT} A ={pos/peCT}

c9’ — A, 9’ A,
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Symmetric quantum groupoids

g finite groupoid:
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Symmetric quantum groupoids

g finite groupoid:
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Groupoids actions on fibered spaces
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Groupoids actions on fibered spaces
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X: (b, <)
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X: (b, <)

@bh: X —=g°
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X: (b, <)

@ b: X — G° (X is fibered by G%)
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X: (b, <)

@ b: X — G° (X is fibered by G%)

0 4: X, x:G— X, (x,8)— x<g
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X: (b, <)

@ b: X — G° (X is fibered by G%)
0 4: X, x:G— X, (x,8)— x<g
b(xag) =s(g) , xb(x) =x

x<(g182) = (x<g1)<g
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X: (b, <)

@ b: X — G° (X is fibered by G%)
0 4: X, x:G— X, (x,8)— x<g
b(xag) =s(g) , xb(x) =x

x<(g182) = (x<g1)<g

Examples:

@ The action of a group G on a space X
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X: (b, <)

@ b: X — G° (X is fibered by G%)
0 4: X, x:G— X, (x,8)— x<g
b(xag) =s(g) , xb(x) =x

x<(g182) = (x<g1)<g

Examples:
@ The action of a group G on a space X
e X x X acts on (X, idx):
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Groupoids actions on fibered spaces

Definition
Right action of G on a space X: (b, <)

@ b: X — G° (X is fibered by G%)
0 4: X, x:G— X, (x,8)— x<g
b(xag) =s(g) , xb(x) =x

x<(g182) = (x<g1)<g

Examples:
@ The action of a group G on a space X
o X x X actson (X,idx): x<(x,y)=y
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Action of G on (X, b) = Action of CY on CX
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Action of G on (X, b) = Action of CY on CX

(b, <) right action of G on X
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Action of G on (X, b) = Action of CY on CX

(b, <) right action of G on X
@ h: X —»g°
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Action of G on (X, b) = Action of CY on CX

(b, <) right action of G on X
@ h: X —»g°

0 4: X, x:G— X, (x,8)— x<g

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



Action of G on (X, b) = Action of CY on CX

(b, <) right action of G on X
@ h: X —»g°

0 4: X, x:G— X, (x,8)— x<g
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Action of G on (X, b) = Action of CY on CX

(b, <) right action of G on X
@ h: X —»g°
0 4: X, x:G— X, (x,8)— x<g

N

e b:C9 - CX b(f)=Ffob
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Action of G on (X, b) = Action of CY on CX

(b, <) right action of G on X
@ h: X —»g°
0 4: X, x:G— X, (x,8)— x<g

~

e b:C9 - CX b(f)=Ffob
° oz:Cg—NCX@(Cg(:(CXXQ)
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Action of G on (X, b) = Action of CY on CX

(b, <) right action of G on X
@ h: X —»g°
0 4: X, x:G— X, (x,8)— x<g

~

e b:C9 - CX b(f)=Ffob
° oz:Cg—NCX@(Cg(:(CXXQ)

() (x.£) = { f(x<g) if b(x) = t(g)

0 otherwise

Jean-Michel Vallin
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Action of a C*- quantum groupoid
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Action of a C*- quantum groupoid

Definition
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)

@ b: A, — M: *-antihom. unital injective
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
Vne A a(l)(b(n)®1) =a(l)(1®n) ((M) C My X iA)
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
Vne A a(l)(b(n)®1) =a(l)(1®n) ((M) C My X iA)

0 (a@Na=(i®Na
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
Vne A a(l)(b(n)®1) =a(l)(1®n) ((M) C My X iA)

0 (a@Na=(i®Na
e Vne A a(b(n)) = a(1)(1® k(n))

Quantum groupoids and matched pairs of groupoids

Jean-Michel Vallin



Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
Vne A a(l)(b(n)®1) =a(l)(1®n) ((M) C My X iA)

0 (a@Na=(i®Na
e Vne A a(b(n)) = a(1)(1® k(n))

Crossed product
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
Vne A a(l)(b(n)®1) =a(l)(1®n) ((M) C My X iA)

0 (a@Na=(i®Na
e Vne A a(b(n)) = a(1)(1® k(n))

Crossed product A
Mx A =< a(M) U a(l)(l X A/) > ( C (M X E(HA))a(l))
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
Vne A a(l)(b(n)®1) =a(l)(1®n) ((M) C My X iA)

0 (a@Na=(i®Na
e Vne A a(b(n)) = a(1)(1® k(n))

Crossed product A
Mx A =< a(M) U a(l)(l X A/) > ( C (M X E(HA))a(l))

Fixed points algebra
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (b, @)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
Vne A a(l)(b(n)®1) =a(l)(1®n) ((M) C My X iA)

0 (a@Na=(i®Na
e Vne A a(b(n)) = a(1)(1® k(n))
Crossed product

Mx A:=<a(M)Ua(l)(1®A) > (C (M L(Ha))a))

Fixed points algebra
MA = {m e M/a(m) = a(1)(m® 1)}
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Action of a C*- quantum groupoid

Definition
Right action of (A, T, k,€) on the von Neumann algebra M
= (ba Oé)
@ b: A, — M: *-antihom. unital injective
@ a: M— M®A, *-hom. injective (a(1) # 1)
Vne Ay al)(b(n)®1) = a(1)(1® n) ((M) C My * iA)
0 (a@Na=(i®Na
e Vne A a(b(n)) = a(1)(1® k(n))

Crossed product A
Mx A =< a(M) U a(l)(l X A/) > ( C (M X E(HA))a(l))

Fixed points algebra
MA = {m e M/a(m) = a(1)(m® 1)}
MACMCMxA
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Quantum groupoids and subfactors

Theorem
(Nikshych-Vainerman)
Mo C M;y: type I} subfactors of finite index and depth 2

er e
My C My C My C Ms....... Jones tower

o A= M{N M,, B= M;n Ms: C*-weak Hopf algebras in
duality

@ Aactson Band Bx A= M,N Ms
@ A acts on My:
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Quantum groupoids and subfactors
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Mo C M;y: type I} subfactors of finite index and depth 2

er e
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o A= M{N M,, B= M;n Ms: C*-weak Hopf algebras in
duality
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Quantum groupoids and subfactors

Theorem
(Nikshych-Vainerman)
Mo C M;y: type I} subfactors of finite index and depth 2

er e
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o A= M{N M,, B= M;n Ms: C*-weak Hopf algebras in
duality

@ Aactson Band Bx A= Myn M
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Quantum groupoids and subfactors

Theorem
(Nikshych-Vainerman)
Mo C M;y: type I} subfactors of finite index and depth 2

er e
My C My C My C Ms....... Jones tower

o A= M{N M,, B= M;n Ms: C*-weak Hopf algebras in
duality

@ Aactson Band Bx A= Myn M
@ A acts on Mj: and I\/lozl\/IlA,l\/lzzl\/leA

Jean-Michel Vallin
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Adapted pairs of groupoids

Definition
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Adapted pairs of groupoids

Definition

H, K subgroupoids of G, adapted pair if:
G = HK = {hk/h € H,k € K, (h, k) € G*}

If moreover HN K = G°, then H, K is called a matched pair
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Adapted pairs of groupoids

Definition

H, K subgroupoids of G, adapted pair if:
G = HK = {hk/h € H,k € K, (h, k) € G*}

If moreover HN K = G°, then H, K is called a matched pair

Remark: g = hk = hxx"'k x € (HN K)*th
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Adapted pairs of groupoids

Definition

H, K subgroupoids of G, adapted pair if:
G = HK = {hk/h € H,k € K, (h, k) € G*}

If moreover HN K = G°, then H, K is called a matched pair

Remark: g = hk = hxx"'k x € (HN K)*th

Definition

vk (8) = H(hk)/g = hk}| (= (HNK)*™)))
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Adapted pairs of groupoids

Definition

H, K subgroupoids of G, adapted pair if:
G = HK = {hk/h € H,k € K, (h, k) € G*}

If moreover HN K = G°, then H, K is called a matched pair

Remark: g = hk = hxx"'k x € (HN K)*th

Definition

vk (8) = H(hk)/g = hk}| (= (HNK)*™)))

If G group Yuk(g)=|HNK|,if HNK = Go YHk(g) =1
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Examples of matched pairs (H N K = G°)
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS

Let H, K be a matched pair of groups, such that
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS

Let H, K be a matched pair of groups, such that G = HK acts on
the right on a set X.
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS

Let H, K be a matched pair of groups, such that G = HK acts on
the right on a set X.

then H = X x H,K = X x K matched pairin G = X x G:
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS
Let H, K be a matched pair of groups, such that G = HK acts on

the right on a set X.
then H = X x H,K = X x K matched pairin G = X x G:

(x,8)
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS
Let H, K be a matched pair of groups, such that G = HK acts on

the right on a set X.
then H = X x H,K = X x K matched pairin G = X x G:

(x; &) = (x, hk)
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS
Let H, K be a matched pair of groups, such that G = HK acts on

the right on a set X.
then H = X x H,K = X x K matched pairin G = X x G:

(x,g) = (x, hk) = (x, h)(x.h, k)
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS
Let H, K be a matched pair of groups, such that G = HK acts on
the right on a set X.
then H = X x H,K = X x K matched pairin G = X x G:
(x,8) = (x, hk) = (x, h)(x.h, k)

HNK =X x {e} =G°
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS
Let H, K be a matched pair of groups, such that G = HK acts on
the right on a set X.
then H = X x H,K = X x K matched pairin G = X x G:

(x,g) = (x, hk) = (x, h)(x.h, k)

HNK =X x {e} =G°

Forany he H, k € K, x € X:
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS
Let H, K be a matched pair of groups, such that G = HK acts on
the right on a set X.
then H = X x H,K = X x K matched pairin G = X x G:
(x,8) = (x, hk) = (x, h)(x.h, k)

HNK =X x {e} =G°

For any h € H, k € K, x € X: let's define:
(x,h) 4« k= (x.(h> k), h< k)
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS
Let H, K be a matched pair of groups, such that G = HK acts on
the right on a set X.
then H = X x H,K = X x K matched pairin G = X x G:
(x,8) = (x, hk) = (x, h)(x.h, k)

HNK =X x {e} =G°

For any h € H, k € K, x € X: let's define:
(x,h) 4« k= (x.(h> k), h< k)
then <« action of K on X x H
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Examples of matched pairs (H N K = G°)

ACTIONS OF MATCHED PAIRS OF GROUPS
Let H, K be a matched pair of groups, such that G = HK acts on
the right on a set X.
then H = X x H,K = X x K matched pairin G = X x G:
(x,8) = (x, hk) = (x, h)(x.h, k)

HNK =X x {e} =G°

For any h € H, k € K, x € X: let's define:
(x,h) 4« k= (x.(h> k), h< k)
then <« action of K on X x H and C7 ~ C(X*XH) w K
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Examples of matched pairs (H N K = G°)
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

FX=XixXo,G=XxX
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2><X]_XX2
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2><X]_XX2
H= u X1X{X2}><X1X{X2}NX1><X1XX2

xo€X>

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2><X]_XX2
H= u X1X{X2}><X1X{X2}NX1><X1XX2

xo€X>

K = |_|X { }XX2X{ }XXZNXQXX2XX1.
€X1
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2><X]_XX2
H= u X1X{X2}><X1X{X2}NX1><X1XX2

xo€X>

K = |_|X { }XX2X{ }XXZNXQXX2XX1.
€X1
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2><X]_XX2
H= u X1X{X2}><X1X{X2}NX1><X1XX2

xo€X>

K = |_|X { }XX2X{ }XXZNXQXX2XX1.
€X1

H, K are matching: (a, b, c,d) = (a, b, ¢, b)(c, b, ¢, d)
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2XX1XX2
H= u X1X{X2}><X1X{X2}NX1><X1XX2

xo€X>

K = |_|X { }XX2X{ }XXZNXQXX2XX1.
€X1

H, K are matching: (a, b, c,d) = (a, b, ¢, b)(c, b, ¢, d)

Let « be the natural action of X7 x X7 on X5 x Xo x Xj fibered by
X1 via the third component, defined by
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2XX1XX2
H= u X1X{X2}><X1X{X2}NX1><X1XX2

xo€X>

K = |_|X { }XX2X{ }XXZNXQXX2XX1.
€X1

H, K are matching: (a, b, c,d) = (a, b, ¢, b)(c, b, ¢, d)

Let « be the natural action of X7 x X7 on X5 x Xo x Xj fibered by
X1 via the third component, defined by :
(b)d) )‘(7 ):(bada )
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2XX1XX2
H= u X1X{X2}><X1X{X2}NX1><X1XX2

xo€X>

K = |_|X { }XX2X{ }XXZNXQXX2XX1.
€X1

H, K are matching: (a, b, c,d) = (a, b, ¢, b)(c, b, ¢, d)

Let « be the natural action of X7 x X7 on X5 x Xo x Xj fibered by
X1 via the third component, defined by :

(b’d’ )‘( ) ):(b7d7 )
then CT ~ CX2XX1x%2 5 (X1 x Xq)
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Examples of matched pairs (H N K = G°)

THE PAIR GROUPOID OF A CARTESIAN PRODUCT Xj x X3

IfX:X]_XXQ,g:XXX:X1XX2XX1XX2
H= u X1X{X2}><X1X{X2}NX1><X1XX2

xo€X>

K = |_|X { }XX2X{ }XXZNXQXX2XX1.
€X1

H, K are matching: (a, b, c,d) = (a, b, ¢, b)(c, b, ¢, d)

Let « be the natural action of X7 x X7 on X5 x Xo x Xj fibered by
X1 via the third component, defined by :

(b’d’ )‘( ) ):(b7d7 )
then CT ~ CX2XX1xX2 5 (X; x X;) >~ CX* % Mx,(C)
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Adapted pairs and C* quantum groupoids
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Adapted pairs and C* quantum groupoids

1) Double groupoids T, T".
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Adapted pairs and C* quantum groupoids

1) Double groupoids T, T".

h
T={K| |k/ hH € H k. k' € K hk=KH}
h/
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Adapted pairs and C* quantum groupoids

1) Double groupoids T, T".

h
T={K| |k/ hH € H k. k' € K hk=KH}
h/

T —T"
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Adapted pairs and C* quantum groupoids

1) Double groupoids T, T".

h
T={K| |k/ hH € H k. k' € K hk=KH}
h/

T — T': transposition
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Adapted pairs and C* quantum groupoids

1) Double groupoids T, T".

h
T={K| |k/ hH € H k. k' € K hk=KH}
h/

T — T': transposition

h K
(K |Kf=h [N
H k
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Adapted pairs and C* quantum groupoids

T is a groupoid of basis K and a groupoid of basis
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Adapted pairs and C* quantum groupoids

T is a groupoid of basis K and a groupoid of basis

/ aal

@ Horizontal product: c‘ : ‘kg k‘ b= c‘
d d’ dd’

b/
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Adapted pairs and C* quantum groupoids

T is a groupoid of basis K and a groupoid of basis

a a aa
@ Horizontal product: c‘ ‘k; k‘ b= c‘ b
d d dd’
@ Vertical Product a
c b
5 a
b = ¢ bb’
c’ b d
d/
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Adapted pairs and C* quantum groupoids

T is a groupoid of basis K and a groupoid of basis

a a aa
@ Horizontal product: c‘ ‘k; k‘ b= c‘ b
d d dd’
@ Vertical Product a
c b
s a
b = ¢ bb’
c’ b d
d/
r(k
@ Horizontal units : k k
s(k

Quantum groupoids and matched pairs of groupoids
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Adapted pairs and C* quantum groupoids

T is a groupoid of basis K and a groupoid of basis

a a’ aa’
@ Horizontal product: c‘ ‘k; k‘ b= c‘ b
d d’ dd’
@ Vertical Product a
c b
s a
b = | |bV
c’ b’ d
d/
r(k h
@ Horizontal units : k k, vertical units r (h s(h)
s(k h
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Adapted pairs and C* quantum groupoids

T is a groupoid of basis K and a groupoid of basis

a a’ aa’
@ Horizontal product: c‘ ‘k; k‘ b= c‘ b
d d’ dd’
@ Vertical Product a
c b
s a
b = | |bV
c’ b’ d
d/
r(k h
@ Horizontal units : k k, vertical units r (h s(h)
s(k h
a at

@ Inverses: (¢ b)=P

Quantum groupoids and matched pairs of groupoids
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Adapted pairs and C* quantum groupoids

T is a groupoid of basis K and a groupoid of basis

a a aa’
@ Horizontal product: c‘ ‘k; k‘ b= c‘ b
d d’ dd’
@ Vertical Product 3
c b
s a
b = | |bV
c b’ d
d/
r(k h
@ Horizontal units : k k, vertical units r (h s(h)
s(k h
a a’! a d
@ Inverses: (c| |b) ™ P=b| |c, (c|] |p)B= c1 b1
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Adapted pairs and C* quantum groupoids

2) The C*- algebra CT
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Adapted pairs and C* quantum groupoids

2) The C*- algebra CT

@ Product: (> art).( > bet')= > > (ayby,)t

teT t'eT teT D
€ IS <€ tl;tz:t
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Adapted pairs and C* quantum groupoids

2) The C*- algebra CT

@ Product: (> art).( > bet')= > > (ayby,)t

teT t'eT teTtlgtzzt
K
o Involution: (3 a;t)* = (. a3t P)
teT teT
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Adapted pairs and C* quantum groupoids

2) The C*- algebra CT

@ Product: (> art).( > bet')= > > (ayby,)t

teT t'eT teTtlgtzzt
K
o Involution: (3 a;t)* = (. a3t P)
teT teT

these C*- algebras are crossed product
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Adapted pairs and C* quantum groupoids
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Adapted pairs and C* quantum groupoids

3) The C*-quantum groupoid CT
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Adapted pairs and C* quantum groupoids

3) The C*-quantum gzoupoid CT

Definition: If t = k k
h/
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Adapted pairs and C* quantum groupoids

3) The C*-quantum gzoupoid CT

Definition: If t = k k
/
h h

o (t):=1{ | [k} =2knu(KH)=|(HNK)EK)
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Adapted pairs and C* quantum groupoids

3) The C*-quantum gzoupoid CT

Definition: If t = k k
/
h h

o (t):=1{ | [k} =2knu(KH)=|(HNK)EK)

o L(t) = (K[|} = vmk(hk) = |(H N K)*®)
h/
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Adapted pairs and C* quantum groupoids

3) The C*-quantum gzoupoid CT

Definition: If t = k k
/
h h

o (t):=1{ | [k} =2knu(KH)=|(HNK)EK)

o L(t) = (K[|} = vmk(hk) = |(H N K)*®)

h/

o () = 1{ [ [k} = vin(k—Th) = [(H N Ky
h/
h

o T(t) = [k |} = vk (Hk"L) = [(H N k)]
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Adapted pairs and C* quantum groupoids
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Adapted pairs and C* quantum groupoids

Theorem [Andruskiewicz-Natale]
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Adapted pairs and C* quantum groupoids

Theorem [Andruskiewicz-Natale]

The C*-algebra C7 has a canonical structure of C*-quantum
groupoid
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Adapted pairs and C* quantum groupoids

Theorem [Andruskiewicz-Natale]

The C*-algebra C7 has a canonical structure of C*-quantum
groupoid

Or(t): Z (tl)t1®t2_ Z (t2)t1®t2

B B
tixto=t tixth=t
H H
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Adapted pairs and C* quantum groupoids

Theorem [Andruskiewicz-Natale]

The C*-algebra C7 has a canonical structure of C*-quantum
groupoid

Or(t): Z (tl)t1®t2_ Z (t2)t1®t2

B B
tixto=t tixth=t
H H

° k(t) = %t‘DB
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Adapted pairs and C* quantum groupoids

Theorem [Andruskiewicz-Natale]

The C*-algebra C7 has a canonical structure of C*-quantum

groupoid

Or(t): Z (tl)t1®t2_ Z (t2)t1®t2
B

tlftQ t tixth=t
H H
o x(t) = %t‘DB
h
"(t) si t de la forme r(h) s(h)
o ¢(t) = h

0 sinon
@ The bases (A¢, As) are isomorphic to C(H N K)
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Adapted pairs and C* quantum groupoids

Theorem [Andruskiewicz-Natale]

The C*-algebra C7 has a canonical structure of C*-quantum

groupoid

Or(t): Z (tl)t1®t2_ Z (t2)t1®t2
B

tlftQ t tixth=t
H H
o x(t) = %t‘DB
h
"(t) si t de la forme r(h) s(h)
o ¢(t) = h

0 sinon
@ The bases (A¢, As) are isomorphic to C(H N K)

Corollary: x%(t) = [8#81‘
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Mutual actions of double groupoids
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Mutual actions of double groupoids

4) The C*-quantum groupoids (C7,C7") have mutual actions
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Mutual actions of double groupoids

4) The C*-quantum groupoids (C7,C7") have mutual actions
The groupoid 7 of basis K
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Mutual actions of double groupoids

4) The C*-quantum groupoids (C7,C7") have mutual actions
The groupoid 7T of basis K acts on the space 7’ ( fibered by K)
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Mutual actions of double groupoids

4) The C*-quantum groupoids (C7,C7") have mutual actions
The groupoid 7T of basis K acts on the space 7’ ( fibered by K)

b k> b c
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Mutual actions of double groupoids

4) The C*-quantum groupoids (C7,C7") have mutual actions

The groupoid 7T of basis K acts on the space 7’ ( fibered by K)

b’ c

b k> b c'=
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Mutual actions of double groupoids

4) The C*-quantum groupoids (C7,C7") have mutual actions

The groupoid 7T of basis K acts on the space 7’ ( fibered by K)

b’ c

b k> b c'= = bal c'c™

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



The inclusion R C R x K (adapted pair of groups)
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The inclusion R C R x K (adapted pair of groups)

Any finite group acts on the hyperfinite type //; factor R
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The inclusion R C R x K (adapted pair of groups)

Any finite group acts on the hyperfinite type //; factor R
Let H, K be an adapted pair of groups and My = RK, My = R x K

Theorem [JMV]
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The inclusion R C R x K (adapted pair of groups)

Any finite group acts on the hyperfinite type //; factor R
Let H, K be an adapted pair of groups and My = RK, My = R x K

Theorem [JMV]
If H, K is an adapted pair of finite groups,
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The inclusion R C R x K (adapted pair of groups)

Any finite group acts on the hyperfinite type //; factor R
Let H, K be an adapted pair of groups and My = RK, My = R x K

Theorem [JMV]

If H, K is an adapted pair of finite groups, the inclusion My C M;
is in the conditions of Nikshych-Vainerman theorem,
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The inclusion R C R x K (adapted pair of groups)

Any finite group acts on the hyperfinite type //; factor R
Let H, K be an adapted pair of groups and My = RK, My = R x K
Theorem [JMV]

If H, K is an adapted pair of finite groups, the inclusion My C M;
is in the conditions of Nikshych-Vainerman theorem, and:

e 1 The WHA M{ N M, is isomorphic to CT
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The inclusion R C R x K (adapted pair of groups)

Any finite group acts on the hyperfinite type //; factor R
Let H, K be an adapted pair of groups and My = RK, My = R x K
Theorem [JMV]

If H, K is an adapted pair of finite groups, the inclusion My C M;
is in the conditions of Nikshych-Vainerman theorem, and:

e 1 The WHA M{ N M, is isomorphic to CT
@ 2 The WHA Mj N Mjz is isomorphic to CT”’
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The inclusion R C R x K (adapted pair of groups)

Any finite group acts on the hyperfinite type //; factor R
Let H, K be an adapted pair of groups and My = RK, My = R x K

Theorem [JMV]

If H, K is an adapted pair of finite groups, the inclusion My C M;
is in the conditions of Nikshych-Vainerman theorem, and:

e 1 The WHA M{ N M, is isomorphic to CT
@ 2 The WHA Mj N Mjz is isomorphic to CT”’

@ 3 The action of M] N M3 on MjN M, can be identified with
the one of C7’ on CT

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids




Measured Quantum Groupoids
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Measured Quantum Groupoids

MOTIVATION:
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Measured Quantum Groupoids

MOTIVATION:

Theorem

(Nikshych-Vainerman)
Mo C M;: type I} subfactors of finite index and depth 2

e &
My C M C1 My C Ms....... Jones tower

o A= MynN M,, B= M;n Ms: C*-weak Hopf algebras in
duality

@ Aactson Band Bx A= Myn Ms
@ A acts on Mj: and I\/Iozl\/lf‘,l\/lzlexA
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Measured Quantum Groupoids

MOTIVATION:

Theorem

(Nikshych-Vainerman)
Mo C M;: type I} subfactors of finite index and depth 2

e &
My C M C1 My C Ms....... Jones tower

o A= MynN M,, B= M;n Ms: C*-weak Hopf algebras in
duality

@ Aactson Band Bx A= Myn Ms
@ A acts on Mj: and I\/Iozl\/lf‘,l\/lgzl\/llle

What occurs when My, M; are no more factors?
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Measured Quantum Groupoids

MOTIVATION:

Theorem

(Nikshych-Vainerman)
Mo C M;: type I} subfactors of finite index and depth 2

e &
My C M C1 My C Ms....... Jones tower

o A= MynN M,, B= M;n Ms: C*-weak Hopf algebras in
duality

@ Aactson Band Bx A= M,N Ms

@ A acts on My: and I\/Iozl\/llA My~ M x A

What occurs when My, M; are no more factors?
Answer: A and B are measured quantum groupoids
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :

@ M, N von Neumann alg. a: N — M (resp. 5: N° — M) non
deg.norm.faith.repres. [a(N), B(N°)] =0
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :

@ M, N von Neumann alg. a: N — M (resp. 5: N° — M) non
deg.norm.faith.repres. [a(N), B(N°)] =0
° F:I\/I—>Mﬁ7\<lal\/l : 1to 1 normal rep.
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :

@ M, N von Neumann alg. a: N — M (resp. 5: N° — M) non
deg.norm.faith.repres. [a(N), B(N°)] =0
° F:I\/I—>Mﬁ7\<lal\/l : 1to 1 normal rep.

F(300) = 15 2 aB() T(a(x)) = a(x)5 & ol

M5 @ oid)T = (ids @ 47T
(BN id) (’BN )
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :

@ M, N von Neumann alg. a: N — M (resp. 5: N° — M) non
deg.norm.faith.repres. [a(N), B(N°)] =0
° F:I\/I—>Mﬁ7\<lal\/l : 1to 1 normal rep.

F(300) = 15 2 aB() T(a(x)) = a(x)5 & ol
(Mg % oid)l = (ids @,\i; o)l

o T (resp T') n.sf.f ope.val.weight: M — a(N) (resp B(N))
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :

@ M, N von Neumann alg. a: N — M (resp. 5: N° — M) non
deg.norm.faith.repres. [a(N), B(N°)] =0
° F:I\/I—>Mﬁ7\<lal\/l : 1to 1 normal rep.

F(300) = 15 2 aB() T(a(x)) = a(x)5 & ol
(Mg % oid)l = (ids @,\i; o)l

o T (resp T') n.sf.f ope.val.weight: M — a(N) (resp B(N))
ids @ o T)T(x) = T Wl (TR uT(X) =15@ T
(ids 2« TIT() = T()s @l 5 (Th a)T(6) = 13 aT/(x)
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :

@ M, N von Neumann alg. a: N — M (resp. 5: N° — M) non
deg.norm.faith.repres. [a(N), B(N°)] =0
° F:I\/I—>Mﬁ7\<lal\/l : 1to 1 normal rep.

F(300) = 15 2 aB() T(a(x)) = a(x)5 & ol
(Mg % oid)l = (ids @,\i; o)l

o T (resp T') n.sf.f ope.val.weight: M — a(N) (resp B(N))
ids @ o T)T(x) = T Wl (TR uT(X) =15@ T
(ids 2« TIT() = T()s @l 5 (Th a)T(6) = 13 aT/(x)

e v n.sf.f.weight on N,
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :

@ M, N von Neumann alg. a: N — M (resp. 5: N° — M) non
deg.norm.faith.repres. [a(N), B(N°)] =0
° F:I\/I—>Mﬁ7\<lal\/l : 1to 1 normal rep.

F(50:0) = 15 @ () T(alx)) = alx)s @ ol
M5 ® oid)l = (idg @ o)l
(M @ aid)l" = (ids © oT)

o T (resp T') n.sf.f ope.val.weight: M — a(N) (resp B(N))
ids @ o T)T(x) = T Wl (TR uT(X) =15@ T
(ids & T () = T3 @ al + (Th& ai)T(x) = 15 @ T

o v nsffweighton N, d=voaloT,UV=vofB 10T
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Measured quantum groupoids

Definition (F.Lesieur,M.Enock)

& =(N,M,«a,3,T, T, T',v) measured quantum groupoid :

@ M, N von Neumann alg. a: N — M (resp. 5: N° — M) non
deg.norm.faith.repres. [a(N), B(N°)] =0
° F:I\/I—>Mﬁ7\<lal\/l : 1to 1 normal rep.

F(300) = 15 2 aB() T(a(x)) = a(x)5 & ol
(Mg % oid)l = (ids @,\i; o)l

o T (resp T') n.sf.f ope.val.weight: M — a(N) (resp B(N))
(ids © 0 TIM(x) = T(x)3 @ al (Th ®ai)l(x) =15 @ a T'(x)
o v nsffweighton N, d=voaloT,UV=vofB 10T

OV _ v o
00y —0: 0y
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example

G measured groupoid , {\Y/u € QO} Haar system, v quasi
invariant measure on G°, ;i = fgo AYdv(u) int.mes. on G
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example

G measured groupoid , {\Y/u € QO} Haar system, v quasi
invariant measure on G°, ;i = fgo AYdv(u) int.mes. on G

®(g) = (Loo(g()”/)v Loo(g“u)’ t,s, rgv TQ7 TngaV)a
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example

G measured groupoid , {\Y/u € QO} Haar system, v quasi
invariant measure on G°, ;i = fgo AYdv(u) int.mes. on G

®(g) = (Loo(g()”/)v Loo(g“u)’ t,s, rgv TQ7 TngaV)a

0 5,t:L(G% V) — L®(G, ) : s(¢) = posg, t(¢p)=dotg
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example

G measured groupoid , {\Y/u € QO} Haar system, v quasi
invariant measure on G°, ;i = fgo AYdv(u) int.mes. on G

Qj(g) = (Loo(g()?’/)v Loo(g“u) t,s, rg, Tg, T 77/)7

0 5,t:L2(G% ) — L(G,p) : s(¢) = posg, t(p)=dotg
0 Ig: (G, ) = L(G2,,1i2,) = Ta(F)(x,y) = f(xy)
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example

G measured groupoid , {\Y/u € go} Haar system, v quasi
invariant measure on G°, ;i = fgo AYdv(u) int.mes. on G

Qj(g) = (Loo(g()?’/)a Loo(g“u) t,s, rg, Tg, T 77/)7

@ s, t: Loo(gojy) - Loo(g :u) : ((b) = ¢05g, t((b) = ¢o tg
°lg: LOO(Q ) — Loo(gsthust) : rg('c)(x y) = f(XY)

o Tg(f)(g fg d)\t (x), f) g)= fg s(g)()’)
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example

G measured groupoid , {\Y/u € go} Haar system, v quasi
invariant measure on G°, ;i = fgo AYdv(u) int.mes. on G

Qj(g) = (Loo(g()?’/)a Loo(g“u) t,s, rg, Tg, T 77/)7

@ s, t: Loo(gojy) - Loo(g :u) : ((b) = ¢05g, t((b) = ¢o tg

o lg: LOO(Q ) — Loo(gsthust) : rg(f)(X y) = f(X)’)

° Tg(f fg d)‘t (x), f) g)= fg s(g)()/)
fgo ¢(u)dv(u)
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example:

Jean-Michel Vallin Quantum groupoids and matched pairs of groupoids



example:

B(G) = (L=(¢° v), L(G). t, t,Tg, Tg, Tg,v),
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example:

B(G) = (L=(¢° v), L(G). t, t,Tg, Tg, Tg,v),

o L(G) C L(L2(G, 1)) = vN < \(f) >
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example:

B(G) = (L=(¢° v), L(G). t, t,Tg, Tg, Tg,v),

o L(G) C L(L2(G, 1)) = vN < \(f) >
AF)h(x) = Jg f(g)h(g~ x)dA™)(g)
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example:

&(G) = (L°(G% ), L(G), t, t, TG, Tg, Ta, ),
o L(G) C L(L*(G,p)) = vN < A(f) >
x) = Jg f(g)h(g~x)dA ) (g)
e Iﬁg()‘(f))g(xvy) = fg f(g)ﬁ(g_lx,g _y)d)\tg(x)( )
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example:

@(g) = (Loo(g07 I/),ﬁ(g), t, t,/r\g, /7\—97 /7\—97 V)u
o L(G) C L(L%(G,pn)) = vN < X(f) >
AF)h(x) = [;F(g)h(g " x)dA ™) (g)
o Fg(MN)E(x,y) = [5 F(8)s(g 7 x, 87 y)dA M (g)
o Tg(f) =t(f| G
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example:

B(G) = (L=(G% v), L(G), t, t,Tg, Tg, Tg,v),
o L(G) C L(L*(G,p)) = vN < X(f) >
MF)h(x) = [5 F(g)h(g~ x)dA ) (g)
o Fo(A(F))E(x.y) = [ F(g)é(e ™ x, 87 y)dAl M) (g)
o Tg(f)=t(f| G
o 1(¢) = [y d(u)dv(v)
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Matched Pairs of Measured Subgroupoids
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Matched Pairs of Measured Subgroupoids
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Matched Pairs of Measured Subgroupoids

If G1,G> closed, measured subgroupoids of G, then one says it is a
matched pair iff:
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Matched Pairs of Measured Subgroupoids

If G1,G> closed, measured subgroupoids of G, then one says it is a
matched pair iff:

® G1.Go = {hk/h € G1,k € Ga, (h, k) € G?} co-neglec. in G
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Matched Pairs of Measured Subgroupoids

If G1,G> closed, measured subgroupoids of G, then one says it is a
matched pair iff:

® G1.Go = {hk/h € G1,k € Ga, (h, k) € G?} co-neglec. in G
© G1NG =¢g°
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Matched Pairs of Measured Subgroupoids

If G1,G> closed, measured subgroupoids of G, then one says it is a
matched pair iff:

® G1.Go = {hk/h € G1,k € Ga, (h, k) € G?} co-neglec. in G
© G1NG =¢g°

@ There exists a common quasi inv.measured v for G, G1,Go
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Examples of matched pairs
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Examples of matched pairs

@ G group
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Examples of matched pairs

@ G group: G1,G> matched pair of groups
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Examples of matched pairs

@ G group: G1,G> matched pair of groups
@ G field of matched pairs of groups (s = r),
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Examples of matched pairs

@ G group: G1,G> matched pair of groups

e G field of matched pairs of groups (s = r), G“ = G{' G
gl = (gf)uego y g2 = (gél)uego
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Examples of matched pairs

@ G group: G1,G> matched pair of groups

e G field of matched pairs of groups (s = r), G“ = G{' G
gl = (gf)uego y g2 = (gél)uego
(*] g =X x ”G1G2”,
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Examples of matched pairs

@ G group: G1,G> matched pair of groups
e G field of matched pairs of groups (s = r), G“ = G{' G
G1 = (gf)uego , Go= (gé’)uego
@ G =X x"G1G,", matched pair of groups acting on a space
X,
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Examples of matched pairs

@ G group: G1,G> matched pair of groups
e G field of matched pairs of groups (s = r), G“ = G{' G
gl = (gf)uego y g2 = (gél)uego
@ G =X x"G1G,", matched pair of groups acting on a space
Xr
g1:X><G1 s g2:XXGQ
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Examples of matched pairs

@ G group: G1,G> matched pair of groups
e G field of matched pairs of groups (s = r), G“ = G{' G
G1= (gf)uego , G = (gé’)uego
@ G =X x"G1G,", matched pair of groups acting on a space
X,
g1:X><G1 s QQZXXGQ
e Gg=XxX
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Examples of matched pairs

@ G group: G1,G> matched pair of groups
e G field of matched pairs of groups (s = r), G“ = G{' G

G1 = (gf)uego , Go= (gé’)uego
@ G =X x"G1G,", matched pair of groups acting on a space

X,

g1:X><G1 s QQZXXGQ

@ G=XxX,where X = X; x X5
g1~X1><X1><X2 s QQNXQXXQXX;[
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Finally (for the moment...)
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Finally (for the moment...)
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Finally (for the moment...)

If G1,G> matched pair in G then:
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Finally (for the moment...)

If G1,G> matched pair in G then:
There exists a can.action a; of &(G;) on Gj, (i # j € {1,2}) such
that L*°(G}) x4 &(G;) measured quantum groupoids in duality
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