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A finite group action on a vN algebra M

MCCMCMxGC(MxG)xGcC..

Outer action : (M®)' N M = C1 = All vN algebras
are factors and [M : M®] =[M x G : M] = ... = |G|

Galois correspondence: M® € K € M <= subgroups of G.
Ih-factors: (M, 1), where 7 faithful normal finite trace
(t(ab) = 7(ba)).

Example of /l; factor: M = L(H), H a discrete ICC group,
T(m) =< mbe, Je >
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Fundamental construction

Mo C (My,7) — e: L2(My,7) — Moy, My = {My, e} - a factor
either of type /i (finite index case) or Il

Mo C My C M, C ... Jones tower
[My, Mo] := 7(e) ! € {4 cos? % In >3} U[4, o0
Derived tower:
My My C MyN My C MyN Mz C ... Finite dim
Depth k -fundamental construction from step k

Example : M6 C M C Mx G C (MxG)x G C .. - depth 2
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Quantum groups and subfactors

Theorem(Longo; Szymanski)
Mo C My: type I} subfactors of finite index A and depth 2,

M(/) NMy =C1, Mg C My % Mo % Ms....... Jones tower

o A= M{N M,, B= M;n Ms: C*-Hopf algebras in duality
e Bactson My and My = MB, M3 = 60(M, x B)
o [My: My 1] =dimA=dimB (k=1,2,..)

Duality : | < a,b >= \"2r(aee1b). |

<T(a),b®c>=<a,bc>
< k(a),b>= < a*, b* >
e(a) =< a, 1>
Motivation: Mj N My # C1, non integer index

Leonid Vainerman Subfactors, quantum groupoids and tensor categories



C* quantum groupoid (A, I, K, ¢€)

Definition (Bohm, Nill, Szlachanyi)

e A: finite dim. C*-algebra (A= @ M,,(C))
i=1,.k

o[:A— A® A: x-homom.
FredfF=enNr (r1)#1e1,in general)
@ x: A — A, linear antimultiplicative :
(ko *)2 =i
(k@K)F=Tok
(mre)@NTe)lM(x)=(1®x)I(1)
(where m(a ® b) = ab)
@ ¢: A— C: linear
(exF=(®al =i
(c@e)(xN(1)(1®y)) = elxy)

ef(b) = (e@i)(M(1)(b®1)), e(b)=(i®e((l®b)(1))
A; = Imet, Ag = Ime®

A is a Hopf algebra iff (1) = 1 ® 1. Duals.
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Definition

A finite groupoid G is a finite category for which any morphism is
invertible.

@ Vx € G, there exists x~ 1,

e G%(Units:) C G: s(x) = x71x, t(x) = xx71
x= xs(x) =t(x)x
e Vx,y €G:
x.y composable iff s(x) = t(y)
(xv)z = x(y2),
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Commutative finite quantum groupoid

g finite groupoid

o A=C(G), A® A= C(GxG)

0 otherwise

F(fH(x,y) = { f(xy) x,y composable
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Symmetric quantum groupoids

g finite groupoid

Leonid Vainerman Subfactors, quantum groupoids and tensor categories



Quantum groupoid actions

Definitions
Action of (A,T, k,€) on a von Neumann algebra M
Linear w-continuous application : AQ M —- M, a®@ m— abm

M a left A-module via >

avxy =(aq) > x)(ap)>y) (M(a) =aq) ®ap)
(a>x)* = k(a)* > x*
apl=c¢'(a)pland ar1=0iffe'(a) =0

Crossed product of Aby M: M x A= M® A:

At
Vz,z € Ai(:={z/e'(z2) =z}) m(zpl)@a=m®za
[m® a][n® b] = [m(a) > n) @ ap)b], [m®a]" = [, > m* ® afy]

Fixed point subalgebra: MA = {m/Va € A,a>m = ¢t(a)> m}
MACMCMxA
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Quantum groupoids and subfactors

Theorem(Nikshych-V)
My C Ms: type 1 subfactors of finite index A and depth 2

€ €
My C M C1 Mo C2 Ms....... Jones tower

o A= MyN M,, B= M;n Ms: C*-weak Hopf algebras in
duality

@ B acts on M, and My = MzB, Ms; = 6(M, x B)
(] [Mk . Mk—l] = [B . Bt]

Duality : | < a, b >= dA?r(aese1Hb). |
(He Z(M[ N My) st. 7(Hz) = Tr(2))
<T(a),b®c>=<a,bc>
< k(a),b>= < a*, b* >
e(a) =< a, 1>

Leonid Vainerman Subfactors, quantum groupoids and tensor categories



Temperley-Lieb algebras

Generators:

2 * _ —
P = €6 =€ . €416 = )\e;, e,-ej = eje,-

eI 1

if[i—j]>2 (A =4dcos® 75, n>2; i=1,2,..)

For fixed n, let A= Alg{1,e1,...,e2n-1}
At — Alg{]-) €1, .4y enfl}v AS — Alg{17 en+17 ceey eznfl}

Forn=2:A=Alg{l,e1, e, e3} >~ My(C) & M3(C)
Ac=Alg{l,e} ~CaC, A, =Ak{l e}~CaC,

A1 = 4 cos? %
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Galois correspondence

Left coideal *-subalgebra: /| C B stl(l)C B® |
One can define M x | = span{[m ® b]lme M,be I} C M x B

Theorem(Nikshych-V) There is isomorphisms of lattices

I(My C Ms3) of intermediate vN subalgebras M, C K C M3 and

I(B) of left coideal *-subalgebras of B:
K—0Y(MNK)CB, [+—0MxI)C Ms

K is a factor iff / is connected: Z(/) N Bs = C1.

Observation: If Depth (My C My) = n and

€ €
My C M ¢ M, é Ms....... is the Jones tower,

then Depth (Mo C M) =2 if k = n— 1. Then the previous
theorem characterizes all finite index and finite depth subfactors.
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Relation to tensor categories

Theorem(Nikshych-V) If Depth (My C M;) = n, then
Bimodp,—nm, ~ Rep(B*) as tensor categories with ®p4, and
VXRW =T(1)(V® W), resp. (b-(vXRw) = b(l) -vIiX b(2) ‘W),
where B corresponds to the depth 2 subfactor My C M, _1.

Fusion category: an abelian semisimple rigid tensor category
(C, ®) with finitely many simple objects and finite dim.
Hom-spaces

Vi@ V; = &N Vi (fusion rule) and Vi'=V;, 1=V,
k
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e Finite dim. vector spaces ( rank 1 cat.)
@ Rep(B), where B is a (weak) Hopf algebra
@ Yang-Lee fusion category: Ob(C) = {1, V}

VeVvV=1gV

Then (dim V)? =1 +dim V = dim V = 1ir27\/§
= Temperley-Lieb quantum groupoid
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Reconstruction Theorem (T. Hayashi): Given a fusion category
(C,®), there is a WHA B, even with commutative B; = C”
where n is the number of simple objects of C, s.t. C ~ Rep(B)

Tambara-Yamagami fusion category
Simple objects: X = G U {m}, where G is a finite abelian group
Fusion Rules:

goh=gh g'=g" 1l=ecG,
gdam=mg=m=m", mam= & g.
geG

= WHA = Coideal *-subalgebras = Intermediate subfactors.

[B: Be] = (n+v/n)?,

where n = |G|.
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