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Morita equivalence of exact sequences

Let A, B be C*-algebras.
Morita equivalence between A and B is

@ a Hilbert B-module E which is full

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 2 /18



Morita equivalence of exact sequences

Let A, B be C*-algebras.
Morita equivalence between A and B is

@ a Hilbert B-module E which is full
(products (x|y) generate a dense subspace of B).

@ Isomorphism A — K(E).
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Morita equivalence of exact sequences
Let A, B be C*-algebras.
Morita equivalence between A and B is

@ a Hilbert B-module E which is full

(products (x|y) generate a dense subspace of B).
@ Isomorphism A — K(E).

A Morita equivalence E between A and B defines
@ A bijection: ldeals A <> ldeals of B.
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Morita equivalence of exact sequences
Let A, B be C*-algebras.

Morita equivalence between A and B is
@ a Hilbert B-module E which is full

(products (x|y) generate a dense subspace of B).
@ Isomorphism A — K(E).

A Morita equivalence E between A and B defines
@ A bijection: ldeals A <> ldeals of B.

e If J C B corresponds to | C A, Morita equivalence of | with J and of
A/l with B/J.
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Morita equivalence of exact sequences

Let A, B be C*-algebras.
Morita equivalence between A and B is

@ a Hilbert B-module E which is full
(products (x|y) generate a dense subspace of B).
@ Isomorphism A — K(E).

A Morita equivalence E between A and B defines
@ A bijection: ldeals A <> ldeals of B.

e If J C B corresponds to | C A, Morita equivalence of | with J and of
A/l with B/J.

More precisely: EJ = IE full Hilbert J module; and E/EJ = E ®g B/J
full. K(EJ) = I and A/l = K(E/EJ).
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Morita equivalence of exact sequences

Let A, B be C*-algebras.
Morita equivalence between A and B is

@ a Hilbert B-module E which is full
(products (x|y) generate a dense subspace of B).
@ Isomorphism A — K(E).

A Morita equivalence E between A and B defines
@ A bijection: ldeals A <> ldeals of B.

e If J C B corresponds to | C A, Morita equivalence of | with J and of
A/l with B/J.
More precisely: EJ = IE full Hilbert J module; and E/EJ = E ®g B/J
full. K(EJ) =1 and A/l = K(E/EJ).

Let's say that 0 =/ - A— A/l - 0and 0 —J — B — B/J — 0 are
Morita equivalent exact sequences.
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Statement

Let G = G(® be a smooth groupoid and denote by G its Lie algebroid.
Claire defined exact sequences:

@ Pseudo differential operators exact sequence
0— C*(G) — Vi(G) =% C(S*AG) = 0 (PDO)
@ Gauge adiabatic groupoid exact sequence :

00— C(G)®K — J(G) xR, — C(SAG) @K =0 (GAG)

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 3/18



Statement

Let G = G(® be a smooth groupoid and denote by G its Lie algebroid.
Claire defined exact sequences:

@ Pseudo differential operators exact sequence
0— C*(G) — Vi(G) =% C(S*AG) = 0 (PDO)
@ Gauge adiabatic groupoid exact sequence :
00— C(G)®K — J(G) xR, — C(SAG) @K =0 (GAG)

Theorem J

These two exact sequences are Morita equivalent
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Statement

Let G = G(® be a smooth groupoid and denote by G its Lie algebroid.
Claire defined exact sequences:

@ Pseudo differential operators exact sequence
0— C*(G) — Vi(G) = C(S*AG) — 0 (PDO)
@ Gauge adiabatic groupoid exact sequence :
00— C(G)®K — J(G) xR, — C(SAG) @K =0 (GAG)

Theorem

These two exact sequences are Morita equivalent J

Moreover, the corresponding Morita equivalences of the ideals is the
canonical one, as well as that of the quotients.
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The bimodule &£

It is the closure of J(G) with respect to the W*(G)-valued “scalar”
product

fle) = [ ra < V(o)
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The bimodule &£

It is the closure of J(G) with respect to the W*(G)-valued “scalar”
product

fle) = [ ra < V(o)

for f = (f;) and g = (g¢) in J(G) (as explained by Claire).
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The bimodule £

It is the closure of J(G) with respect to the W*(G)-valued “scalar”
product

fle) = [ ra < V(o)
for f = (f;) and g = (g¢) in J(G) (as explained by Claire).
Right action of W*:

Lemma

For f € J(G) and P order 0 (classical) pseudodifferential operator in G
with compact support, h = (fy * P) € J(G)
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The bimodule £

It is the closure of J(G) with respect to the W*(G)-valued “scalar”
product

fle) = [ ra < V(o)
for f = (f;) and g = (g¢) in J(G) (as explained by Claire).
Right action of W*:

Lemma

For f € J(G) and P order 0 (classical) pseudodifferential operator in G
with compact support, h = (fy x P) € J(G), with hg = fyo(P).

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 4/18



The bimodule £

It is the closure of J(G) with respect to the W*(G)-valued “scalar’
product

fle) = [ ra < V(o)
for f = (f;) and g = (g¢) in J(G) (as explained by Claire).

Right action of W*:

Lemma

For f € J(G) and P order 0 (classical) pseudodifferential operator in G
with compact support, h = (fy x P) € J(G), with hg = fyo(P).

o dt
To see this, we write P = / gtT, and use the adiabatic groupoid of the
0

adiabatic groupoid...
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Left action

J(G) is an ideal in §(G,y). We thus get an action of S(Ga4) on J(G):
f=(f) € S(Gay) and g € J(G): (f - g)t = fr * gt.
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Left action

J(G) is an ideal in §(G,y). We thus get an action of S(Ga4) on J(G):
f=(f) € S(Gag) and g € J(G): (f - g)r = fr * g+. Note

oo dt
(f-glf -g) = gt*f*ft*gt
0
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Left action

J(G) is an ideal in §(G,y). We thus get an action of S(Ga4) on J(G):
f=(f) € S(Gag) and g € J(G): (f - g)r = fr * g+. Note

+0o0 dt
(f-glf-g) = gt*f*ft*gt
0

+o0 dt
< / 1FellPer g &
0 t

+oo dt
Tk / .
0 t

IN
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Left action

J(G) is an ideal in §(G,y). We thus get an action of S(Ga4) on J(G):
f=(f) € S(Gag) and g € J(G): (f - g)r = fr * g+. Note

+0o0 dt
(f-glf-g) = / g *foxge—
0

+o0 dt
< / 1FellPer g &
0 t

teo dt
< WP [ e e
0

where ||f]| = sup, || || is the norm of f in C*(G,q).
Whence extends continuously as an action of C*(G,q4) on .
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Left action

J(G) is an ideal in §(G,q4). We thus get an action of S(G,q) on J(G):
f=(f) € S(Gyy) and g € J(G): (f - g)t = fr x g¢. Note

oo dt
(f-glf - g) = gt*f*ft*gt
0

oo dt
< [ InlRe e
0
oo dt
< WP [ e e
0

where ||f|| = sup; ||f¢]| is the norm of f in C*(G,y).
Whence extends continuously as an action of C*(G,q4) on .

For A € R} and f € J(G), put (Urf): = fys.
Covariant representation
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Left action

J(G) is an ideal in §(G,q4). We thus get an action of S(G,q) on J(G):
f=(f) € S(Gyy) and g € J(G): (f - g)t = fr x g¢. Note

oo dt
(f-glf - g) = gt*f*ft*gt
0

oo dt
< [ InlRe e
0
oo dt
< WP [ e e
0

where ||f|| = sup; ||f¢]| is the norm of f in C*(G,y).
Whence extends continuously as an action of C*(G,q4) on .

For A € R} and f € J(G), put (Urf): = fys.
Covariant representation: thus 7 : C*(G,q) ¥ R = C*(Gga) = L(E).
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Proof of Morita equivalence

Claim
m(J(G) x R%) = K(E).

Put & = £C*(G). It is a closed submodule of £. We prove that:

Q & ~ C*(G) ® L*(R%) and 7 induces isomorphism from Jo(G) x R*.
onto KC(&p) - natural Morita equivalence between
C*(G) ® G(R%) x R% and C*(G).
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Proof of Morita equivalence

Claim
m(J(G) x R%) = K(E). J

Put & = £C*(G). It is a closed submodule of £. We prove that:

Q & ~ C*(G) ® L*(R%) and 7 induces isomorphism from Jo(G) x R*.
onto K(&p) - natural Morita equivalence between
C*(G) ® Go(R%) x R% and C*(G).

@ T induced by 7, isomorphism from (J(G)/Jo(G)) x R onto K(E/&)
- it is the natural Morita equivalence between
C(S*AG) ® Go(R%) x R* and C(S*AG).
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Proof of Morita equivalence

Claim
m(J(G) x R%) = K(E). }

Put & = £C*(G). It is a closed submodule of £. We prove that:

Q & ~ C*(G) ® L*(R%) and 7 induces isomorphism from Jo(G) x R*.
onto K(&p) - natural Morita equivalence between
C*(G) ® G(R%) x R% and C*(G).

@ T induced by 7, isomorphism from (J(G)/Jo(G)) x R onto K(E/&)
- it is the natural Morita equivalence between

C(S*AG) ® Cp(R%) x R* and C(S*AG).
© (J(G) x R%) D K(E).
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Proof of Morita equivalence

Claim
m(J(G) x R%) = K(E).

Put & = £C*(G). It is a closed submodule of £. We prove that:

Q & ~ C*(G) ® L*(R%) and 7 induces isomorphism from Jo(G) x R*.
onto K(&p) - natural Morita equivalence between
C*(G) ® Go(R%) x R% and C*(G).

7 induced by 7, isomorphism from (J(G)/Jo(G)) x R% onto K(& /&)
- it is the natural Morita equivalence between
C(S*AG) ® Go(R%) x R* and C(S*AG).

@ 7(J(G) xR7) D K(E). Use again the adiabatic groupoid of the
adiabatic groupoid...

The claim follows.
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& is full

Since & is a full C*(G)-module and and £/& is a full C(S*AG)-module,
it follows that £ is a full W*(G)-module.

This concludes the Morita equivalence. O

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 7 /18



& is full

Since & is a full C*(G)-module and and £/& is a full C(S*AG)-module,
it follows that £ is a full W*(G)-module.

This concludes the Morita equivalence. O

Remark

One can also very easily construct f € J(G) such that (f|f) =1 up to
smoothing and invertible.
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& is full

Since & is a full C*(G)-module and and £/& is a full C(S*AG)-module,
it follows that £ is a full W*(G)-module.

This concludes the Morita equivalence. O

Remark

One can also very easily construct f € J(G) such that (f|f) =1 up to
smoothing and invertible.

It follows that the algebra Py(G) of order 0 pseudodifferential operators on
G is (up to smoothing) Or rS(C°(Gga))br f

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 7 /18



& is full

Since & is a full C*(G)-module and and £/& is a full C(S*AG)-module,
it follows that £ is a full W*(G)-module.

This concludes the Morita equivalence. O

Remark

One can also very easily construct f € J(G) such that (f|f) =1 up to
smoothing and invertible.

It follows that the algebra Py(G) of order 0 pseudodifferential operators on
G is (up to smoothing) Or rS(C°(Gga))bs f:

Pseudodifferential operators on G are smoothing operators on Ggs.
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Stability

Can we deduce that J(G) x R} ~ V*(G) ® K7?

The stability of the ideal Jo(G) x R and of the quotient
J(G) x R%/C*(G x R%) x R% is not enough!

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 8 /18



Stability

Can we deduce that J(G) x R} ~ V*(G) ® K7?

The stability of the ideal Jo(G) x R and of the quotient
J(G) x R%/C*(G x R%) x R% is not enough!

Proposition

The module & is stable - and therefore J(G) x R is isomorphic to
VU*(G) ® K.
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Stability

Can we deduce that J(G) x R} ~ V*(G) ® K7?

The stability of the ideal Jo(G) x R% and of the quotient
J(G) x R%/C*(G x R%) x R% is not enough!
Proposition

The module & is stable - and therefore J(G) x R is isomorphic to
VU*(G) ® K.

Idea of proof. Invertible positive pseudodifferential operator Dy of degree 1
on G unbounded multiplier of C*(G) (Vassout).

It can be (uniquely) extended as an R invariant family D unbounded
multiplier of C*(Gaq).
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The stability of the ideal Jo(G) x R% and of the quotient
J(G) x R%/C*(G x R%) x R% is not enough!
Proposition

The module & is stable - and therefore J(G) x R is isomorphic to
VU*(G) ® K.

Idea of proof. Invertible positive pseudodifferential operator Dy of degree 1
on G unbounded multiplier of C*(G) (Vassout).

It can be (uniquely) extended as an R invariant family D unbounded
multiplier of C*(Gaq). Dy = 01(D).
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Stability

Can we deduce that J(G) x R} ~ V*(G) ® K7?

The stability of the ideal Jo(G) x R% and of the quotient
J(G) x R%/C*(G x R%) x R% is not enough!
Proposition

The module & is stable - and therefore J(G) x R is isomorphic to
VU*(G) ® K.

Idea of proof. Invertible positive pseudodifferential operator Dy of degree 1
on G unbounded multiplier of C*(G) (Vassout).

It can be (uniquely) extended as an R invariant family D unbounded
multiplier of C*(Gaq). Dy = 01(D).

The map f — f(D) is non degenerate morphism Co(R% ) — J(G)
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Stability

Can we deduce that J(G) x R} ~ V*(G) ® K7?

The stability of the ideal Jo(G) x R% and of the quotient
J(G) x R%/C*(G x R%) x R% is not enough!
Proposition

The module & is stable - and therefore J(G) x R is isomorphic to
VU*(G) ® K.

Idea of proof. Invertible positive pseudodifferential operator Dy of degree 1
on G unbounded multiplier of C*(G) (Vassout).

It can be (uniquely) extended as an R invariant family D unbounded
multiplier of C*(Gaq). Dy = 01(D).

The map f — f(D) is non degenerate morphism Co(R* ) — J(G), of
course equivariant.
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Stability

Can we deduce that J(G) x R} ~ V*(G) ® K7?

The stability of the ideal Jo(G) x R% and of the quotient
J(G) x R%/C*(G x R%) x R% is not enough!
Proposition

The module & is stable - and therefore J(G) x R is isomorphic to
VU*(G) ® K.

Idea of proof. Invertible positive pseudodifferential operator Dy of degree 1
on G unbounded multiplier of C*(G) (Vassout).

It can be (uniquely) extended as an R invariant family D unbounded
multiplier of C*(Gaq). Dy = 01(D).

The map f — f(D) is non degenerate morphism Co(R* ) — J(G), of
course equivariant. Whence a non degenerate morphism
K~ G(RY) xRy — J(G) xR O
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Crossed product

Proposition

Can construct action a of R on V*(G) with isomorphism
0:V*(G) xR — J(G) such that:

e C*(G) is a-invariant, and 0(C*(G) x R) = J(G).
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Crossed product

Proposition

Can construct action a of R on V*(G) with isomorphism
0:V*(G) xR — J(G) such that:

e C*(G) is a-invariant, and 0(C*(G) x R) = J(G).

@ Dual action: the one considered above.
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Crossed product

Proposition

Can construct action a of R on V*(G) with isomorphism
0:V*(G) xR — J(G) such that:

e C*(G) is a-invariant, and 0(C*(G) x R) = J(G).

@ Dual action: the one considered above.

(We use duality R = R% ).
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Crossed product

Proposition

Can construct action a of R on V*(G) with isomorphism
0:V*(G) xR — J(G) such that:

e C*(G) is a-invariant, and 0(C*(G) x R) = J(G).
@ Dual action: the one considered above.

(We use duality R = R% ).
Put a(P) = DffPD;* (with Dy as above).
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Crossed product

Proposition

Can construct action a of R on V*(G) with isomorphism
0:V*(G) xR — J(G) such that:

e C*(G) is a-invariant, and 0(C*(G) x R) = J(G).
@ Dual action: the one considered above.

(We use duality R = R% ).

Put a(P) = DffPD; " (with Dy as above). Dif is pseudodifferential with
(complex) order it, whence DffPD; " is of order 0 (Vassout).
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Crossed product

Proposition

Can construct action a of R on V*(G) with isomorphism
0:V*(G) xR — J(G) such that:

e C*(G) is a-invariant, and 0(C*(G) x R) = J(G).
@ Dual action: the one considered above.

(We use duality R = R% ).

Put a(P) = DffPD; " (with Dy as above). Dif is pseudodifferential with
(complex) order it, whence DffPD; " is of order 0 (Vassout).

Djt multiplier of C*(G). Therefore the restriction of a; to C*(G) inner.
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Crossed product

Proposition

Can construct action a of R on V*(G) with isomorphism
0:V*(G) xR — J(G) such that:

e C*(G) is a-invariant, and 0(C*(G) x R) = J(G).
@ Dual action: the one considered above.

(We use duality R = R% ).

Put a(P) = DffPD; " (with Dy as above). Dif is pseudodifferential with
(complex) order it, whence DffPD; " is of order 0 (Vassout).

Djt multiplier of C*(G). Therefore the restriction of a; to C*(G) inner.

The identity at the quotient level.
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Further topics: 1. Intrepretation of C*(G,y)

We have interpreted J(G) C C*(G,q) as a crossed product.
Question
Can one interpret C*(G,q) in these terms? J
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Further topics: 1. Intrepretation of C*(G,q)

We have interpreted J(G) C C*(G,q) as a crossed product.

Can one interpret C*(G,q) in these terms?

Question J

Recall:

Construction (Baaj)

Let o be an action of a Lie group H act on a C*-algebra A.
Pseudodifferential extension of A x H. (Lie algebra £)).

05 AxH— WA G)-Z C(S*H) ® A — 0.
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Double pseudodifferential extension...

We prove:
Proposition

Commuting diagram, whose first line is Baaj's exact sequence:

0 — W*(G) x R%. — W*(W*(G),R) 2> W*(G) & W*(G) —=0

T

0— = J(G)— = C(Gpy) ————= C(GO) — 0
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Double pseudodifferential extension...

We prove:
Proposition

Commuting diagram, whose first line is Baaj's exact sequence:

0 —> W*(G) x R — W*(W*(G),R) —Z—> W*(G) & V*(G) —> 0
WT: T T,uo
0 ——J(G) ———— C*(Gog) —— C(GV) ———0

Where po(f) = (u(f),0)

12 Co(G©) — W*(G) inclusion by multiplication operators.

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 11 /18



2.a) Conic gauge groupoid

(This is related with work of Melo, Schick, Schrohe)
Our construction extends to groupoids with boundaries:

M compact manifold with boundary. Consider M as included in a manifold
M without boundary such as its double - could be non compact.
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2.a) Conic gauge groupoid

(This is related with work of Melo, Schick, Schrohe)
Our construction extends to groupoids with boundaries:

M compact manifold with boundary. Consider M as included in a manifold
M without boundary such as its double - could be non compact.

Let~a be a smooth groupoid such that G = M. Assume M transverse
to G (i.e. AGx + T, OM = T M - for all x € OM).
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2.a) Conic gauge groupoid

(This is related with work of Melo, Schick, Schrohe)
Our construction extends to groupoids with boundaries:

M compact manifold with boundary. Consider M as included in a manifold
M without boundary such as its double - could be non compact.

Let~6 be a smooth groupoid such that G = M. Assume M transverse
to G (i.e. AGx + T, OM = T M - for all x € OM).

Then the restriction G to M of G is a smooth groupoid and has a
neighborhood of the form G x (R x R) in G. Can then form a “conic

°

gauge groupoid” Gz, with objects M by gluing Gg, with the restriction G
of G to M.
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2.b) Symbol algebra and index

The algebra W*(G,g) contains as an ideal C*(G).

We then define:
o The full symbol algebra ¢ = W*(G.)/C*(G).

o The corresponding connecting map indeg : K«(Xf) — Kiy1(C*(G)).
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2.b) Symbol algebra and index

The algebra W*(G,g) contains as an ideal C*(G).

We then define:
o The full symbol algebra ¢ = W*(Gg)/C*(G).
@ The corresponding connecting map indeg : Ki(Xf) — Ko 1(C*(G)).

Let Wy (M) be pseudodifferential operators on M that become scalar in
OM (in other words Wyp(Gu) = W5(G) + C(M)).

Corresponding symbols on M that become trivial on OM:

T = Wou(Gm)/C*(G) = C(OM U S™G, ).

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 13 /18



2.b) Symbol algebra and index (2)

Theorem

@ The inclusions WaM(EM) C V*(Geg) and X+ C X induce
KK-equivalences.
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2.b) Symbol algebra and index (2)

Theorem
@ The inclusions \IlaM(Z;M) C V*(Geg) and X+ C X induce
KK-equivalences.

@ Natural exact sequence
0— CO(QL*GW) — C(B*QLGW UoM) — X — 0.

Then indcg is the composition of:
the KK-inverse of the inclusion X; C X¢;

the connecting map € KK(Z;, Go(A* Gjiy)) of this exact sequence;

the index map € KK(Go(2* Gyy), C*(G)) of the groupoid €.
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2.c) Boutet de Monvel calculus. Recall...

As above: M compact manifold with boundary. Consider M as included in
a manifold M without boundary.

Boutet de Monvel defines:

o Pseudodifferential operators on M with the transmitting property
(acting on fonctions on M).
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2.c) Boutet de Monvel calculus. Recall...

As above: M compact manifold with boundary. Consider M as included in
a manifold M without boundary.

Boutet de Monvel defines:

@ Pseudodifferential operators on M with the transmitting property
(acting on fonctions on M).
Let xp be the characteristic function of M.

Definition
A pseudodifferential operator P (with compact support) on M is said to

have the transmitting property if for every smooth function f on M, then
P(xmf) coincides on M with a smooth function on M.

Can be described in terms of the (restriction to M of the) total
symbol of P.

Let P () be the function on M which coincides with P(xf) on M.
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2.c) Boutet de Monvel calculus. Recall...
As above: M compact manifold with boundary. Consider M as included in
a manifold M without boundary.
Boutet de Monvel defines:
o Pseudodifferential operators on M with the transmitting property
(acting on fonctions on M).
Definition

A pseudodifferential operator P (with compact support) on M is said to
have the transmitting property if for every smooth function f on M, then
P(xmf) coincides on M with a smooth function on M.

Let P, (f) be the function on M which coincides with P(xf) on M.
The operators P, do not form an algebra as Py Q4 # (PQ)+
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2.c) Boutet de Monvel calculus. Recall...
As above: M compact manifold with boundary. Consider M as included in
a manifold M without boundary.
Boutet de Monvel defines:
o Pseudodifferential operators on M with the transmitting property
(acting on fonctions on M).
Definition

A pseudodifferential operator P (with compact support) on M is said to
have the transmitting property if for every smooth function f on M, then
P(xmf) coincides on M with a smooth function on M.

Let P, (f) be the function on M which coincides with P(xf) on M.
The operators P, do not form an algebra as Py Q4 # (PQ)+

The difference: a singular Green operator.
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2.c) Boutet de Monvel calculus. Recall...

As above: M compact manifold with boundary. Consider M as included in
a manifold M without boundary.

Boutet de Monvel defines:

o Pseudodifferential operators on M with the transmitting property
(acting on fonctions on M).

@ Singular Green operators (acting also on fonctions M).
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2.c) Boutet de Monvel calculus. Recall...

As above: M compact manifold with boundary. Consider M as included in
a manifold M without boundary.

Boutet de Monvel defines:

@ Pseudodifferential operators on M with the transmitting property
(acting on fonctions on M).

@ Singular Green operators (acting also on fonctions M).

Pseudodifferential operators with the transmitting property + singular
Green operators form an algebra. Call it Pgy(M).
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2.c) Boutet de Monvel calculus. Recall...

As above: M compact manifold with boundary. Consider M as included in
a manifold M without boundary.

Boutet de Monvel defines:
@ Pseudodifferential operators on M with the transmitting property
(acting on fonctions on M).
@ Singular Green operators (acting also on fonctions M).

Pseudodifferential operators with the transmitting property + singular
Green operators form an algebra. Call it Pgy(M).

@ Singular Poisson and Singular Trace operators adjoint of each other
(connecting fonctions on M and fonctions on its boundary).
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2.c) Boutet de Monvel calculus. Recall...

As above: M compact manifold with boundary. Consider M as included in
a manifold M without boundary.

Boutet de Monvel defines:
@ Pseudodifferential operators on M with the transmitting property
(acting on fonctions on M).

@ Singular Green operators (acting also on fonctions M).

Pseudodifferential operators with the transmitting property + singular
Green operators form an algebra. Call it Pgy(M).

@ Singular Poisson and Singular Trace operators adjoint of each other
(connecting fonctions on M and fonctions on its boundary).

They define a Morita equivalence between singular Green operators on
M and ordinary pseudodifferential operators on its boundary.
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2.c) Boutet de Monvel calculus: results

We have proved:

© The Boutet de Monvel calculus can be immediately extended to any
groupoid with boundary as above.

@ The corresponding Green operators coincide with smoothing operators
of Gg
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2.c) Boutet de Monvel calculus: results

We have proved:

© The Boutet de Monvel calculus can be immediately extended to any
groupoid with boundary as above.

@ The corresponding Green operators coincide with smoothing operators
of G¢g (more precisely, with the ideal J(G)).
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2.c) Boutet de Monvel calculus: results

We have (almost) proved:

© The Boutet de Monvel calculus can be immediately extended to any
groupoid with boundary as above.

@ The corresponding Green operators coincide with smoothing operators
of G¢g (more precisely, with the ideal J(G)).

© The Poisson and Trace operators coincide with our bimodule &£.
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2.c) Boutet de Monvel calculus: results

We have (almost) proved:

© The Boutet de Monvel calculus can be immediately extended to any
groupoid with boundary as above.

@ The corresponding Green operators coincide with smoothing operators
of G¢g (more precisely, with the ideal J(G)).

© The Poisson and Trace operators coincide with our bimodule &£.

@ The algebra W%, ,(G) of order zero Boutet de Monvel operators is
identified as a subalgebra of W*(Gcg).
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2.c) Boutet de Monvel calculus: results

We have (almost) proved:

© The Boutet de Monvel calculus can be immediately extended to any
groupoid with boundary as above.

@ The corresponding Green operators coincide with smoothing operators
of G¢g (more precisely, with the ideal J(G)).

© The Poisson and Trace operators coincide with our bimodule &£.

@ The algebra W%, ,(G) of order zero Boutet de Monvel operators is
identified as a subalgebra of W*(Gcg).

@ The inclusion W%, ,(G) C W*(G,) induces an isomorphism in
K-theory, and (by 2.b) we recover the Boutet de Monvel index
theorem.

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 16 / 18



Papers:
(All joint with Claire Debord)

[1] Adiabatic groupoid, crossed product by R* and
Pseudodifferential calculus.
Adv. Math 2014
http://math.univ-bpclermont.fr/~debord/

[2] Pseudodifferential extensions and adiabatic deformation of a
groupoid.
Almost finished...

[3] Boutet de Monvel calculus and adiabatic groupoid.
In preparation

Debord-Skandalis (Paris 7/ IMJ-PRG) | Groupoids and Pseudodifferential calculus |1 June 16, 2014 17 / 18



Papers:
(All joint with Claire Debord)

[1] Adiabatic groupoid, crossed product by R* and
Pseudodifferential calculus.
Adv. Math 2014
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[2] Pseudodifferential extensions and adiabatic deformation of a
groupoid.
Almost finished...

[3] Boutet de Monvel calculus and adiabatic groupoid.
In preparation

Thank you!
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Recall

Recall J(G) C C*(Ga.q): the kernel of C*(G.q) — C(G©) given as a
composition

C*(Gag) 22 C*(AG) ~ Go(A*G) — C(G@)
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Recall
Recall J(G) C C*(Ga.q): the kernel of C*(G.q) — C(G©) given as a
composition

C*(Gag) 22 C*(AG) ~ Go(A*G) — C(G@)

Exact sequence

0= C*(GxRL) — J(G) 22 G(A" G\ ) =~ G(S*AG x RY) — 0
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Recall J(G) C C*(Ga.q): the kernel of C*(G.q) — C(G©) given as a
composition

C*(Gag) 22 C*(AG) ~ Go(A*G) — C(G@)

Exact sequence

0= C*(GxRL) — J(G) 22 G(A" G\ ) =~ G(S*AG x RY) — 0
This exact sequence is equivariant with respect to the action of R7 .
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Recall

Recall J(G) C C*(Ga.q): the kernel of C*(G.q) — C(G©) given as a
composition

C*(Gag) 22 C*(AG) ~ Go(A*G) — C(G@)

Exact sequence
0= C*(GxRL) — J(G) 22 G(A" G\ ) =~ G(S*AG x RY) — 0

This exact sequence is equivariant with respect to the action of R7 .

C'(GxRY)xRY ~ C*(G)®K and
Co(S*AG X RL) x R ~ Co(S*AG) ® K. G
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