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Examples of CQG

Definition (Woronowicz 80’)

G = (C (G),∆) GQC : C (G) Woronowicz C ∗-algebra ; C (G) unital,
∆ : C (G)→ C (G)⊗min C (G) s.t.

1 (∆⊗ id)∆ = (id ⊗∆)∆,

2 {∆(a)(b ⊗ 1) : a, b ∈ C (G)} et {∆(a)(1⊗ b) : a, b ∈ C (G)} lin.
dense in C (G)⊗ C (G).

Peter-Weyl theory : Corep. u ∈ MN(C (G)) ' MN(C)⊗ C (G),

∆(uij) =
∑N

k=1 uik ⊗ ukj .

• Hom(u; v) = {T ∈ Mnv ,nu(C) : v(T ⊗ 1) = (T ⊗ 1)u},
• u ∼ v , ∃T invertible T ∈ Hom(u; v),

• u is irreducible if Hom(u; u) = Cid.

Theorem (Woronowicz)

Let G = (C (G),∆) be a GQC. The corepresentations of C (G)
decompose as direct sums of irreducibles.
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We consider the unital C ∗-algebra defined by generators and relations:

C ∗com − 〈sij : 1 ≤ i , j ≤ N : (sij) magic unitary〉 ' C (SN)

sij 7→ (σ ∈ SN ⊂ MN(C) 7→ σij).

Magic unitary: (sij) unitary matrix whose entries are projections which
sum up to 1 on each row and column.

Removing the commutativity:

C (S+
N ) := C ∗ − 〈vij : 1 ≤ i , j ≤ N : (vij) magic unitary〉,

one obtains a new C ∗-algebra for N ≥ 4. We have the coproduct on
C (S+

N ):

∆ : C (S+
N )→ C (S+

N )⊗ C (S+
N ), ∆(vij) =

N∑
k=1

vik ⊗ vkj .

S+
N = (C (S+

N ),∆) is the quantum permutation group (Wang 98).
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We denote by NC (k, l) the set of non-crossing partitions on k + l points:

p =

 P

· · · ·

· · ·

 P non-crossing diagram.

Theorem (Banica 99)

HomS+
N

(v⊗k ; v⊗l) = span{Tp : p ∈ NC (k , l)}, Tp ∈ B(CN⊗k
;CN⊗l

) :

Tp(ei1 ⊗ · · · ⊗ eik ) =
∑

j1,...,jl
δp(i , j)ej1 ⊗ · · · ⊗ ejl .

Corollaire (Banica 99)

The irreducible corepresentations of S+
N can be labeled by N with

• v (0) = 1 is the trivial representation and v = 1⊕ v (1).

• v (k) = (v
(k)∗
ij ) is equivalent to v (k),∀k ∈ N.

• ∀k , l ∈ N, v (k) ⊗ v (l) =
⊕2 min(k,l)

r=0 v (k+l−r) (Clebsch-Gordan).
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Definition (Bichon 00’)

H+
N (Γ) := (C (H+

N (Γ)),∆) where C (H+
N (Γ)) is the C ∗-algebra generated

by the elements aij(g), i , j = 1, . . . ,N s.t. ∀g , h ∈ Γ,

• aij(g)aik(h) = δj ,kaij(gh), aji (g)aki (h) = δj ,kaji (gh),

•
∑

i aij(e) = 1 =
∑

j aij(e),

• ∆(aij(g)) =
∑N

k=1 aik(g)⊗ akj(g).

Bichon : H+
N (Γ) ' Γ̂ o∗ S+

N where

C (Γ̂ o∗ S+
N ) := C ∗(Γ)∗N ∗ C (S+

N )/〈g (i)vij − vijg
(i) = 0〉

via aij(g) 7→ g (i)vij = vijg
(i).

Example

• Γ = {e} trivial : S+
N .

• Γ = Z/sZ : quantum reflection groups Hs+
N .
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Motivations

Fusion rules for quantum reflection groups

• Fusion rules for quantum reflection groups
Banica and Vergnioux obtained a combinatorial description of the
intertwiner spaces for Hs+

N = H+
N (Z/sZ) and then deduced the fusion

rules:

Theorem (Banica, Vergnioux 08)

The irreducible representations of Hs+
N can be labelled by the worlds

(i1, ..., ik) whose letters are in Z/sZ, with involution
(i1, . . . , ik) = (−ik , . . . ,−i1) and the fusion rules:

(i1, . . . , ik)⊗ (j1, . . . , jl)

= (i1, . . . , ik−1, ik , j1, j2, . . . , jl)⊕ (i1, . . . , ik−1, ik + j1, j2, . . . , jl)

⊕ δik+j1,0[s](i1, . . . , ik−1)⊗ (j2, . . . , jl)
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Operator algebraic properties for CQG

• Operator algebraic properties for CQG
Let G = (C (G),∆) be a GQC whose Haar state h is a trace.

L∞(G) := Cr (G)
σw
,Cr (G) = πh(C (G)) ' C (G)/ker(πh).

Notations:

• Pol(G) ⊂ C (G) sub-∗-algebra (dense) generated by the coefficients
of irreducible corepresentations,

• C (G)0 = C ∗ − 〈
∑

i Uii : U ∈ Irr(G)〉 central algebra.

Some results:

• Cr (U+
N ) is simple with unique trace, N ≥ 2 (Banica 99).

• Cr (O+
N ) is simple with unique trace, L∞(O+

N ) is a full II1 factor,
N ≥ 3 (Vaes and Vergnioux 07).

• Cr (S+
N ) is simple with unique trace, L∞(S+

N ) is a full II1 factor,
N ≥ 8 (Brannan 13).

• L∞(O+
N ), L∞(U+

N ), L∞(S+
N ) have the Haagerup property, N ≥ 2

(Brannan 12, 13).
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Fusion rules for the free wreath products Γ̂ o∗ S+
N

Intertwiner spaces in H+
N (Γ):

Strategy: Find a CQG G = (C (G),∆),

• s.t. we have a surjective morphisme π : C (G)� C (H+
N (Γ)),

→ If Γ = 〈S〉, |S | = p, G = ∗pi=1(H∞+
N )

• s.t. the intertwiner spaces in G have a combinatorial description,

• s.t. the kernel of π admits a combinatorial description.

⇒ The intertwiners in H+
N (Γ) are given by the intertwiners in

G = ∗pi=1(H∞+
N ) and by the relations in the kernel.

 Combinatorial description of the intertwiner spaces for tensor
products of the corepresentations a(g) := (aij(g))1≤i ,j≤N , g ∈ Γ.
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Fusion rules for the free wreath products Γ̂ o∗ S+
N

Theorem (L.)

Let Γ be discrete N ≥ 4.

HomH+
N (Γ)(a(g1)⊗ · · · ⊗ a(gk); a(h1)⊗ · · · ⊗ a(hl))

= span{Tp : p ∈ NCΓ(g1, . . . , gk ; h1, . . . , hl)}

NCΓ(g1, . . . , gk ; h1, . . . , hl) : NC part. s.t. in each bloc
∏

gi =
∏

hj .

Theorem (L.)

The irreducible corepresentations of H+
N (Γ) can be indexed by the words

(g1, . . . , gk), gi ∈ Γ, with involution (g1, . . . , gk) = (g−1
k , . . . , g−1

1 ) and
fusion rules:

(g1, . . . , gk)⊗ (h1, . . . , hl)

= (g1, . . . , gk−1, gk , h1, h2, . . . , hl)⊕ (g1, . . . , gk−1, gkh1, h2, . . . , hl)

⊕ δgkh1,e(g1, . . . , gk−1)⊗ (h2, . . . , hl).
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Operator algebraic properties for Γ̂ o∗ S+
N

Irreducible + fusion rules for H+
N (Γ): allow to prove several interesting

properties for the associated operator algebras.

Theorem (L.)

The von Neumann algebras L∞(H+
N (Γ)) have the Haagerup property for

all N ≥ 4 and all finite groups Γ.

Strategy:

• Construct convolution operators on L∞(H+
N (Γ)) from states on the

central algebra C (H+
N (Γ))0 (Brannan 12),

• Understand π : C (H+
N (Γ))0 → C (S+

N )0 ' C ([0,N]),

• Consider the states on C (H+
N (Γ))0, given by evx ◦ π + estimates on

Tchebytchev polynomials.
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Operator algebraic properties for Γ̂ o∗ S+
N

Theorem (L.)

The reduced C ∗-algebra Cr (H+
N (Γ)) is simple with unique trace for all

N ≥ 8 and all discrete groups Γ.

Strategy:

• Adapt Powers methods (C ∗r (FN) is simple),

• Conditional expectation P : Cr (H+
N (Γ))� Cr (S+

N ),

• Simplicity of Cr (S+
N ) (for N ≥ 8, Brannan).

Theorem (L.)

L∞(H+
N (Γ)) is a full II1 factor for all N ≥ 8 and all discrete groups Γ.

Strategy:

• Adapt “14-ε” (Murray-von Neumann L(FN) does not have prop Γ),

• L∞(H+
N (Γ)) = M ⊕ N, M ' L∞(S+

N ),

• L∞(S+
N ) is full (N ≥ 8, Brannan).
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Let G be a GQCM of Kac type generated by a unitary u = (ukl)kl . Let
v = (vij) be a magic unitary generating C (S+

N ),N ≥ 4:

C (G) ∗w C (S+
N ) := C (G)∗N ∗ C (S+

N )/〈[u(i)
kl , vij ] = 0〉

Bichon proved:

• G o∗ S+
N = (C (G) ∗w C (S+

N ),∆) is a GQCM of Kac type with a
coproduct ∆.

• From representations α ∈ Rep(G), one can construct

representations r(α) =
(

vijα
(i)
kl

)1≤k,l≤dα

1≤i ,j≤N
of G o∗ S+

N .

Description of intertwiners:

Rp ∈ HomGo∗S+
N

(r(α1)⊗ · · · ⊗ r(αk); r(β1)⊗ · · · ⊗ r(βl)) ⊂

⊂ B
(

(CN ⊗ Hα1)⊗ · · · ⊗ (CN ⊗ Hαk ); (CN ⊗ Hβ1)⊗ · · · ⊗ (CN ⊗ Hβl )
)

?
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Rp associated to p =


αk−1α2

β2

. . .

. . .

αk

β1 βl

α1
 ∈ NCG((α1, . . . , αk); (β1, . . . , βl))

where NCG is the set of non-crossing partitions p s.t.

• the points of p are decorated by the representations of G,

• the blocks of p ∈ NCG are decorated by the morphisms of G.

Projet: Monoidal equivalence G o∗ S+
N 'mon H with H = (C (H),∆):

• C (H) ⊂ C (G) ∗ C (SUq(2)) generated by the coefficients of
s(α) = b ⊗ α⊗ b,

• α ∈ Rep(G), q + q−1 =
√

N, 0 < q ≤ 1, b if the fundamental
representation of SUq(2).

⇒ This monoidal equivalence and the work of De Commer, Freslon,
Yamashita (13) imply in particular that L∞(G o∗ S+

N ) has the Haagerup
property if and only if L∞(G) has the Haagerup property.
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