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Introduction

Introduction

Conventional approach to the Renormalization Group:
@ Pass from ¢ to renormalized field ¢ (x) = Z\¢(Ax);

@ Renormalization constants Z, fixed by requiring e.g.
(Q, oA (X)oA(¥)Q2) has finite limit as A — 0.

Problems:

@ many choices of Z,: all equivalent?

@ why not more general renormalization?

@ fields do not have direct physical interpretation.
Algebraic approach [Buchholz-Verch *95]:

@ Z, not needed,;

@ based only on observables and model independent.

How does it compare to the conventional approach? How can
we recover 2,7
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Scaling Algebras

Data:
@ O Cc R* — &/(0) C B() net of observable algebras.
@ (A, x) — U(A, x) unitary representation of Poincaré group.
@ Q e s vacuum.

On C*-algebra of bounded functions X € R} — A, € </ define
® a((A)x == AdU(A,AX)(A));
° éN(A)A = A)\M;
® g = Quax) = 04 0 QA x):

Local scaling algebra of O:

%0) = {4 Ay € /(10). Iim lay(4) - 4] =0
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Scaling Algebras

m mean on (0, 1], i.e. state on #((0,1]),
wo(A) :=m(A — w(A,))
scaling limit state on .
Examples:
Q@ m, (f) = f(N\o), then wy vacuum state at scale \g;

@ m weak* limit point of my, as A\p — 0, then w,
Buchholz-Verch limit state;
© miinvariant: m(f(x-)) = m(f).
2 and 3 generalizations of limit A — 0: m(f) = limy_¢ f(\) if
limit exists.
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Scaling Algebras

@ (mo, 74, ) GNS representation of wy —
2(0) = mo(2(0))"” Poincaré covariant net in vacuum
representation: scaling limit net;

@ in case (1 and) 2wy is pure, in 3 it is not;

@ in case 3 a7 also dilation covariant.

Example: o massive free fieldin d =3 + 1:
° %(O) = fQ{massless(O)@ﬂ-O(B(g))”;
° Wo pure — %(O) = %massless(o);

@ wy dilation invariant = 7(3(21))” Qo non-separable,
UO(g) = Umassless(g) ® U3(g)
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Pointlike Fields from Local Algebras

Basic idea [Haag-Ojima ’96]: assume
Yer={o | (O) : 0 € P(E)B(s).P(E)}

is compact and “does not change” for small r
= “finite” number of states describe short distance behaviour
= basis (¢;) of £ | are pointlike fields.
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Pointlike Fields from Local Algebras

Quantitative version:
0 ¥ = B(#),, C°(X) = Np=oR'ZR’, R= (1 + H)";
o |lo|“) =|[R~“oR™|, 0 € C=(%);
@ =:0ecC>®X)—oek.

Definition ([Bostelmann ’05])

O — #/(0O) satisfies the microscopic phase space condition | if
Vy > 0,30 >0, : C>®(X) — X of finite rank such that

1911 < oo,
IE = ¥)() T (0 = o(r).
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Pointlike Fields from Local Algebras

ranky minimal, ¢ = Zj Uj¢js oj € X, ¢j S COO(Z)*.
Define &, := span{¢;}. &, C &/ if v <4/,

Theorem ([Bostelmann '05])

@ &, independent of 1),
@ Uyno®, = {¢: 3> 0, RGR € Nr=o(R'«(O;)RY~}.

o(f) = /dx f(x)U(x)oU(x)*, ped,,
Wightman field on C*(H) = Ny~oR‘#, and ¢(f)na/(O)

[Fredenhagen-Hertel *81].
¢ free: g = C1, &1 = span{l, ¢}, ®» = span{®,d,¢,: ¢ :},...
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Pointlike Fields from Local Algebras

According to phase space condition, if A € &7 (Oy):

A~ oi(A¢;  asr—0.
J

Can be generalized to unbounded objects by /3 argument.

Theorem ([Bostelmann ’05])
¢,¢' € d,. Forall 3 > 0 existo; € ¥, ¢; € b/, £ > 0 such that

l6(F)¢' (') =D ai(¢(F)d' (1)1 ) = o(a”),

J

where d = max{diam supp f, diam supp f'}.

Operator product expansion of ¢(f)¢'(f').
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Renormalization Group

Basic Idea

@ |s the microscopic phase space condition valid for .7 ?
@ Can we recover Z, such that ¢g(x) = limy_o Zx¢(Ax)?

1 C°(X) — X as above of rank 1:
P =0, 0E XL, ¢EUyoP,.

Typically ||o | &/ (AO)|| — 0as A — 0 (e.g. as O()) for free
fields).

Let A € A(0O): v*(A,) = o(A,)¢ should be thought as a field at
scale A\ = we can choose Z, = o(A,) ~ .

Message: maps v are the good scale independent objects.
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Phase Space and Scaling Limit

Scaling: r — Ar, E —» \"'E = phase space condition needs
sharpening:
Definition

O — &/(0O) satisfies the microscopic phase space condition Il if
Vv >0, 3c,e > 0and ¢ : C*(X) — X of finite rank such that for
large E, small r,

v I e, 2 (Or)| < c(1+ Er)?,
I(Z—v) | Ze,(0r)|| < c(Er)*e.

Satisfied by free fields in d = 3 + 1 [Bostelmann ’00].
Reasonable for asymptotically free theories (logarithmic
corrections).

Note: PSC Il — PSC .




Basic Idea
Phase Space and Scaling Limit
Scaling Limit of Pointlike Fields Uniform Operator Product Expansion

Renormalization Group

Phase Space and Scaling Limit

Theorem
Let O — </(O) satisfy PSC I, ¢, := ¢*(Ay), A € A(O;).
@ 7o extends to ¢ and mo(¢) is a local field of <.
Ifwy pure:
@ O — o (O0) satisfies PSC I;
@ dim®dy , < dimd,,.

For B € 2L with B,Q € P(E/\) 7

(m0(B)Q0, mo(9)70(B)<20) = M(A — (B2, 6, B,\2)).
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Uniform Operator Product Expansion

Consider ;¢ = [ dx f(x @
') =

mo(¢) local = Wo(aﬂﬁaﬂ g rmo(¢) g, rmo(9).
Define R, = (1 + AH)™!

Theorem
Forall 3 > 0 existoj \ € ¥, ¢;j € ®,/, £ > 0 such that

sup IR\ (ar9, and) — > oja(ard, apd))) RS = o(d”),
j

where d = max{diam supp f, diam supp f'}.

Therefore OPE terms converge to OPE terms.
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Renormalization Group

Renormalization constants:

® Lety =3} ;050 then ¢, =3 0i(A\)dj = 32 Zind)
@ 2-point Wightman functions:

(20, 60(X)p(x')02%) = M(X = 3 ZnZt 1 (2, 6(M) (M) );
J.k
@ therefore Z; , = 0;(A,) are renormalization constants.
Scaling transformations:

@ (8,0 = b= > 4j,uxdj: renormalization group;
® w invariant: mo(d,¢) = Uo(u)mo(¢) Uo(1)*
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Summary & Outlook

Summary:
@ no new observable fields appear in the limit;

@ multiplicative renormalization obtained in an axiomatic
framework;

@ scaling of OPE coefficients is some substitute for coupling
constant renormalization;

@ renormalization group induces dilations in the limit theory.
Outlook:

@ Structure of limit theory in general case (in particular for m
invariant);

@ Extension to charge carrying fields;
@ Conditions for asymptotic freedom, completness...
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