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G. MORSELLA

1. IMPROPER INTEGRALS

1.1. Tell if the following improper integrals are convergent, and in the positive case compute them:

o0 =1/l /2 sin 2z
(a) /_Oo o dx; (b) /0 md:& aeR;
© [ A g @ [ TlEE ),
o Vr(Vr+1)2 1 (I f))? '

Solution. (a)-(c) Solved in class.
(d) Tt is necessary to study the behavior of the integrand function for x — —17, 2 — 0 and
x — +00. One has

log(z?(1+x))  2log|a| + log(1 + x) {log(l +z) forz— —17,

(T+]z))? (14 [z[)? log || for z — 0,

and being, for all a > 0,

/ logtdt = lim logtdt = lim (aloga —a —eloge +¢) = a(loga — 1),
0 e—=0t /. e—0+

it follows that 2 — log(1 + z) is integrable in a (right) neighborhood of x = —1 and = — log |z|
is integrable in a neighborhood of x = 0. Moreover, being

log(z2(1 + z))

=0
96—1-&-00 (1+|$|)1/2 )
one has, eventually for x — 400,
log(z?(1+x))  log(z?(1 4 z)) 1 _ 1 1
(14 |z))? - (1 + |x])1/2 (14232 = 1+ [a])3/2 23/

and then the given function is integrable in [—1,+00). In order to compute the integral, it is
convenient to split it as

/+°° log(z%(1 + z)) dp = /0 2log(—x) + log(1 + z) i

P G I ) (1)
+/+°°210gx+10g(1+:1c) .
0 (1+z)?

Then there holds, integrating by parts,

/210g(—x)+log(1+x) do — 2log(—x) +log(1 4 =) _/ 1 <2 + 1 ) dz,

(1—2x)? 11—z l—z\z 14z

and one readily verifies that

11, S S WA B
l—z =2 2 11—z’ 1—z 142 2\1—2 142/’

from which

L2, 1 y_2, 5 . 1
l—2z\z 14+z) 2 201-2) 2(1+z)
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and consequently

/0 2log(—x) +log(1 + x) p
1 (1 - l‘)2

€

1 2(1 1
e—=0"

Let us compute the two limits one by one. One has
2
lim log(e*(1 +¢))
e—0- 1-¢
loge? — (1 —¢)loge? n log(l+¢) 5

5 1
—loge? + 510g|1 —¢|— ilog(l +e)

1
_ 2log|1 —¢] — = log(1
es0- 1—¢ 1=z Tgleellmel-glosllte)
~ fim 2eloge —0,
e=0- 1—¢€
and
1 21 ) 1
agrinﬁmg(al(f;a))—loga2+§log|l—a\—ilog(l—i—a)
. 2log(1+a)— (1 —a)log(l+a) log(a?) 5 B
= 1 —1 —log|l —
M 2(1— ) T lesa’ T glegfl—al

. (I+a)log(l+a) 5 5
— 1 21og2 = 2log2
BT 2(l—a) 2087708

from which

/0 2log(—x) +log(1 + x)
-1 (1—=)?
With computations analogous to the ones above one finds then

dr = —g log 2.

+oo 2 T

21 log(1 1 1 1

/ ogrtlogl+z) , 1) {— og(z"(1+2)) _ +2log ——| |

0 (1+x)? HJ9+ (1+x) 1+z 14+x],
T—>+00

and it is clear that the r — 400 limit vanishes, while, analogously to above,

log(c2(1 | 21
lim 1081 +e)) t2log—— = lim —2%% _

im 1=-1
e—0+ (1+4¢) 1+e¢ l1+e esot 14e

In conclusion

o0 2

1 (LA f))?

. Tell for which a € R the following improper integrals are convergent, and if applicable compute
them for the indicated values of a:

1 —+o00
) / |1o\g/5|a dr; a=-1; (b) / (a2 = a2 a = 2,
0 € 0

Solution. (a) The integrand is infinitesimal for 2 — 0 for all a. Near 1 |logz|~® behaves as
|z — 1|7, which is integrable for a« < 1. When oo = —1,

1

1
2
/ Vz|loga|de = Za2*/?(=3logz +2)| = =
A 9 .9

(b) Solved in class.

. Tell for which « € R the following improper integrals are convergent:
arctan(az) — ax

+o0 +oo .
(a) . V2t loa(l 1) x; (b) /0 sin(z®) dz.

Solution. (a) To start with, we observe that, indicated by f the integrand function, for & =0
there holds f = 0, which is then integrable. For o # 0 we must study the asymptotic behavior
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of f for x — 0 and for x — oco. We start with the behavior for x — 0, separating the two cases
a>0and a <0. For o > 0, recalling that arctant =t — g + o(t*), one has

a‘gw‘ . 043 1
z2/2(24+1og2)  3(2+log2) 2/2-3

forx — 0

f@) ~ -

and then the given function is integrable, in a neighborhood of x = 0, for 0 < o < 8. For a < 0
one has instead e3*" — 400 for  — 0, and then log(1 + egza) ~ 3z¢, from which

o3z® 3
f(x)N—%z—%xg_ga/QﬁO forx = 0
e T

and then f is integrable, in a neighborhood of x = 0, for all & < 0. Summing up, f is
integrable, in a neighborhood of x = 0, for all & < 8. We now consider the asymptotic behavior
for 2 — +o00. For a > 0 one has again log(1 + ¢3*”) ~ 32® and then

ax o 1
f(x) ~ _713“/2(33:@) =3 a1 for z — 400,

and therefore the given function is integrable, for x — +oo, for @ > 4/3. Finally for a < 0
there holds

ax _ a 1—a/2

J(@) ~ S z02(2+1log2) 2+ log?2

— —00 for x — +o0,

and then f is not integrable for x — 400 if @ < 0. In conclusion, the given integral is convergent
for 4/3 < a < 8.

(b) The integrand function is continuous and bounded in a right (open) neighborhood of
x = 0, and therefore it is integrable there, for all & € R. For what concerns integrablity at
infinity, clearly if @ < 0 one has the asymptotic behavior sin(z®) ~ 1/z!®!| from which the
integrability for & < —1, and the non integrability for —1 < a < 0 both follow. Moreover
clearly the function is constant, thus non integrable, if &« = 0. Let then o > 0. Making the
change of variable ¢t = £® one reduces to studying the convergence of the integral

400 :
sint
—dt,
1 th

where f = (o — 1)/ < 1. If then g8 € (0, 1), which corresponds to « > 1, one has, integrating

by parts,
sint _cosr cost
/ —dt —— +cosl— 5/ tﬁﬂ

and since t — ggii is absolutely integrable and lim,, y o <25~ = 0, one sees that the r — +o0

limit of the left hand side exists, i.e., the considerd integral is convergent. If then 5 = 0, i.e.
a = 1, the considered integral is clearly not convergent. For 5 € (—1,0) one has moreover,
integrating two times by parts,

smt _ cost sint]” " sint

Being then 8+ 2 > 1 the r — 400 limit of the integral in the right hand side exists, while the
one of the expression in square brackets does not exist since 8 < 0, and then the integral in the
left hand side is not convergent. Analogously, integrating by parts a sufficient number of times,
one verifies that the integral is not convergent for any 3 < 0, i.e., for @ € (0,1). Suming up,
the considered integral is convergent if and only if |a| > 1. Observe that this gives examples of
integrable functions which do not vanish at infinity.
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2. SEQUENCES OF FUNCTIONS

2.1. Determine the intervals of pointwise and uniform convergence of the following sequences of

functions:
x nx
W) = s D) fula) = s
(@) ula) = T (0) fule) = s
1 x
(©) ful@) = \[2> + = (@) fulw) = nlog (147 );
(€) fn(x) :=sin(nz)e™"*; (£) folz) == 2™(e®/™ = 1);
(8) falw) = (/" = 1); (h) fa(@) = YT+ nam, @ >0.
Solution.  (a) Clearly, if x # 0, Trnzgz — 0 for n — +o0, and fn(0) = 0 for all n € N.
Then {f,} converges pointwise to the identically vanishing function on R. In order to see if the
convergence is also uniform, we have to determine || f,,|| = sup,eg | fn(z)|. There holds
d x 1 —n22? 1
= = =0 r==+—
dx <1+n2x2> (14 n2z2)? v n’
from which one sees that f,, has a relative minimum for z = —% and a relative maximum for

x = 1. Moreover f,(x) — 0 for # — o0, and then || f,| = fa(1/n) = 5= — 0 for n — +00, so
the convergence is uniform on R.

(b) - (e) Solved in class.
(f) Since /™ — 1 ~ x/n for n — 400 and z # 0, it is evident that

+00 x> 1,
lim z"(e®/™ —1) =40 -1<z<1,
n——+0o
A T < —1,

and then the sequence {f,} converges pointwise to the identically vanishing function in [—1, 1].
One has furthermore |f,,(x)| < [e®/™ — 1| for all 2 € [~1,1], and one readily sees that z
le®/™ — 1] is decreasing for z € [~1,0] and increasing for = € [0, 1], and then its maximum is
inz = —1orina = 1. Being then e'/” —1 > 1 — e~'/™ (since cosht > 1 for all ¢ € R), one
concludes that

sup  |fa(z)] < e/ =150 for n — +oo,
z€e[—1,1]

which implies the uniform convergence in [—1, 1] of the given sequence.

() Clearly there holds, for all z € [0, +00), lim,,_,; o z(2'/™ —1) = 0, and then the sequence
{fn} converges pointwise to the identically vanishing function in [0,4+00). Moreover since
lim, 4 oo (2™ — 1) = +00, one has, for every unbounded interval T C [0, 4+00),

sup | fn(z)| = 400 A0 for n — +o0,

xzel
and then {f,} does not converge uniformly to the vanishing function in I. Let now J = [0, al.
In order to find the supremum in J of |f,(x)| we compute

d 1 "
x(xl/”l)<+1>x1/”10@zxn:(1+> ,
dz n n

and from the sign of the derivative one sees that f,, is increasing in (0, z,) and decreasing in
(Zpn,+00). There follows that,

SUp | fn(2)] = max{|fu(@n)l, [ fa(a)[} = 0 pern = +oo,
kS
and then {f,} converges uniformly in J, and then in every bounded interval in [0; +00).

(h) As one sees easily, there holds

n—-+oco T x> 1.

lim /1+nz" = f(z) = {1 z € [0,1],
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Being then

Vi+nzr —1< {Yl+n—-1 z € [0,1],

1
\"/l—i-nz"—x—x(\n/—|—n—1>§:c(\”/1+n—l) z>1,
mn

one has |f,(x) — f(z)| < max{1,z2}(/1+n —1) for all x > 0, and then
sup |fn(z) — f(2)] <max{l,a}(V1+n—-1) =0 per n — 400,
z€[0,a]

which implies the uniform convergence of {f,} to f in every interval [0,a], a > 0 (and then
in every bounded interval in [0, 4+0c0)). For what concerns the unbounded intervals, being, for
n — +o00,

lfu(n) = f(n)] = ¥/1+nott —n > p! V% — = n(en 8™ — 1) ~ logn — +00,
the given sequence does not converge uniformly in any unbounded interval.

. Given the sequence of functions

Ao rves
fo(T) := ——emVH z €eR,
n
(a) determine the intervals of pointwise and uniform convergence;
. 2
(b) compute lim,, o [y fn(2) da;
(c) study the convergence of the improper integral f0+oo fn(z) dz and, if applicable, compute

limy, oo fo ™ fo(z) da.
Solution. (a) There holds

‘fn(x)l — lenlog |z|—zvn2+n _ len(log |x\—x)€—x(\/n2+n—n) — len(log \m|—x)e_$ﬁ_

n n n
From the inequality logz < z for all x > 0, and from the fact that x — log|z| is strictly
decreasing for x < 0, there follows that there exists a unique Z € R such that log |z| < z if and
only if z > Z, and moreover = € (—1,0), which implies

0 se x> I,

lim  en(os lzl—2)

=<1 se r = I,
n—-+oo

400 sex <.

Observing then that exp[—mm] — e~ %/2 for n — +oo0, for all z € R, and that n — 2"
takes alternatively positive and negative values for z < < 0, one sees that

. 0 ifx>z,
lim f”(x){/a ifo<z

Concerning uniform convergence, there holds

d z" Vs> g1 pl
—eTTVRANY = (p — z\/n2 +n)e*w‘/” o
dx n

and then defining z,, = \/n’;ﬁ one has that for n even f,, is non negative and decreasing in

[Z,0) and in (z,, +00), and increasing in (0, z,,), while for n odd f,, is increasing in [Z, x,,) and
decreasing in (x,, +00). Being moreover lim,_, o fn(z) = 0, one has

[falloo = sup )Ifn(ff)I = max{|fn(2n)], [fn(T)[},

TE€[T,+ 00

and being furthermore

1 —n(1-log ——2—
fn(xn) = —€ ( ® v "2+n> —0 for n — +00,
n

one concludes that || fi|lcc — 0 and f,, — 0 uniformly in [Z, +00).
(b) In view of point (a) f, — 0 uniformly in [0, 2] C [Z, +00), and then thanks to the theorem
of passage to the limit under the integral

2 2
li n(x)de = dz = 0.
nﬁuﬁ)@/0 fn(z)dx /0 0dx=0
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(c) Since the considered integral is extended to an unbounded interval, we can not apply the
theorem of passage to the limit under the intergal (even if the convergence is uniform on the
whole integration interval). However, we can observe that being v/'n? + n > n, there holds, for
n — +o00,

+o00 +o0o
0< / ﬁe"“ nitn o < / ﬁe‘"” dx
0 n 0

n

1 too n!



